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Stability analysis in the inverse Robin
transmission problem
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In this paper, we consider the conductivity problem with piecewise-constant conductivity and Robin-type boundary con-
dition on the interface of discontinuity. When the quantity of interest is the jump of the conductivity, we perform a local
stability estimate for a parameterized non-monotone family of domains. We give also a quantitative stability result of local
optimal solution with respect to a perturbation of the Robin parameter. In order to find an optimal solution, we propose
a Kohn-Vogelius-type cost functional over a class of admissible domains subject to two boundary values problems. The
analysis of the stability involves the computation of first-order and second-order shape derivative of the proposed cost
functional, which is performed rigorously by means of shape-Lagrangian formulation without using the shape sensitivity
of the states variables. © 2016 The Author. Mathematical Methods in the Applied Sciences Published by John Wiley & Sons
Ltd.
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1. Introduction

The problem of reconstructing the jump of conductivity is a classical inverse problem. Such problem arises in many physical situations
such as electrical impedance tomography (for instance, [1-5]). In [6], a partial differential equation with Robin-type transmission con-
ditions, which models the situation where the corrosion takes place between two layers of a non-homogenous medium, is considered.
The authors provide an algorithm for the recovery of the Robin parameter and the jump set of the conductivity, either independently
or simultaneously. A uniqueness result was proved for the same problem in [7].

In this paper, we consider the same model problem as in [7]. We give a local stability estimate for a non-monotone parameterized
family of domains. Let us recall that a similar result was proved in [8] for the classical conductivity problem. We give also a quantitative
stability result of the interface of the conductivity when the Robin parameter is uncertainly known.

For the computation of local optimal solution of the shape problem, we propose a Kohn-Vogelius-type functional. The stability
analysis require the computation of the first-order and second-order shape derivative of the proposed shape functional. For shape
analysis, we use the velocity method [9, 10].

The material/shape derivative method is known to be very hard for the computation of the first-order and second-order shape deriva-
tives, and it require more regularity for the states variables. In this work, we follow the Lagrange method in the spirit of [9] to compute
the first-order and second-order shape derivatives of the proposed shape functional. For the computation of the shape gradient, we
use Lagrangian method combined with the use of theorem on the derivative of a MinMax with respect to a parameter. Such method is
well known and extensively used in mechanical sciences, mathematical programming, and optimal control theory. Their application to
shape sensitivity analysis is not completely straightforward because it leads to the time dependence of the underlying function spaces
appearing in the MinMax formulation. There are two techniques to overcome this difficulty: the function space parameterization and
the function space embedding methods. The first one will be used here.

For the computation of the shape Hessian, we follow the method given in [11] to differentiable semiconvex cost functionals.

This methods have the advantage of providing the first-order and second-order shape derivative without the need to compute the
material derivative of the partial differential equations.
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The rest of the paper is outlined as follows: In Section 2, we present the model problem. In Section 3, we give a local stability estimate.
In Section 4, we formulate the shape optimization problem, and we show the existence of a solution. The stability analysis of the
optimization problem is performed in Section 5.

2. Problem statement

Let Q C R? be a bounded domain with C' boundary 922 and w € O, where

O := {w open with Lipschitz boundary dw, » C €, dist(dw, IR2) > §}

for some positive constant 8, see Figure 1. For a given current density g € H~'/2(3Q), a Robin coefficient p Ri and a piecewise
constant conductivity o := oy + (02 — 01) Y, 01,02 € Rj_, where y, is the characteristic function of w, the potential u satisfies the
following Neumann problem with Robin-type transmission conditions:

—div(cVu) =0 inQ\ do,
[ul=0 onow,
[odyu]l =pu  onow,
dyu=g ond,

where v is the unit normal vector to the interface dw or 92 pointing outward of w or €, respectively, and [.] means the jump across the
interface dw. From the physical point of view, problem (1) can be viewed as a model for corrosion detection [12-14]. The weak solution
to problem (1) is defined by

Findu € H'(Q) suchthat

JooVu-Vvdx + [y, puvds = [, gvds forallv e H'(Q). @)

The existence and uniqueness of the weak solution follows from the Riesz representation theorem.
The inverse problem under consideration is the following:

Find w € O knowing the pair (uj3g := f,g). (3)

Recently, a uniqueness result for the simultaneous identification of the conductivity o, the Robin parameter p, and the interface dw is
established in [7]. Other references studying various inverse corrosion problems can be found in [12, 14-16].

3. Local Lipschitz stability

In this section, we shall establish a local Lipschitz stability for the inverse Robin transmission problem formulated in (3), where the
potential u is measured only on some part y of the boundary 02 with positive measure. The stability analysis is performed in
the framework of shape optimization techniques (e.g., shape derivatives with respect to a parameterized non-monotone family of
domains wy).

Before giving the statement of our main result, we introduce some notations and definitions in the following subsection.

3.1.  Elements of shape calculus

In this subsection, we recall some basic facts about the velocity method from shape optimization used to calculate the shape derivative
of the functional J (for instance, [9, 10]). In the velocity (or speed) method, a domain €2 is deformed by the action of a velocity field V.
The evolution of the domain is described by the following dynamical system:

Figure 1. Representation of the domain €2. [Colour figure can be viewed at wileyonlinelibrary.com]
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%x(t) =Vx(),te[0,¢), ¢eRY.
x(0) = X e R?

(4)

Suppose that V is continuously differentiable and has compact supportin , thatis, V € D' (2, R?). Then, the ordinary differential Eq. 4
has a unique solution on [0, ). This allows us to define the diffeomorphism

T :R2 = R?2: X > T:(X) := x(b). (5)

ForV € D'(R,R?), the domain Q is globally invariant by the transformation T;, that is, T;(2) = Q and T,(0Q) = Q2. Fort € [0,¢), T;
is invertible. Furthermore, for sufficiently e > 0, the Jacobian determinant &y (t) is strictly positive

Vte[0e), &(t)=detDTi(X) > 0, (6)

where DT;(X) is the Jacobian matrix of the transformation T; associated with the velocity field V. In the sequel, we use the following
notation: M~ for the inverse of M and M—* for its transpose. We also denote by

wy(t) := Ev(t)|(DT) ™ v, (7)
the tangential Jacobian of T; on dw and

Ay(t) := &y(0)DT, DT, ™. 8
We will also need the following assumption:
Assumption (Hp): Given («, 8) and (¢, B7) satisfying 0 < @ < Band 0 < &’ < 8/, we can find ¢ > 0 such that

v eR?,  aln? <cAv®)n-n < Bln? anda’ < plwy(t)| < B’ forte|0,e). 9

We denote u, the solution of (1) with w; := T;(w) in place of @, and u* = u; o T;. The function u! is defined on the fixed domain 2, and
its material derivative (or Lagrangian derivative) is defined by

YR -0y cg
— .

u(x) := lim
( ) t—0

The shape derivative (or Eulerian derivative) is defined by
v=u—-Vu-V.
Now, we are ready to state our main result.

Theorem 1
Let y be a subset of 2 with positive measure . We assume that

(i) gisnotidentically equal to zero;
(i) there exists a vector field V € D' (2, R?) such that the following sets:

Yypi={xe€dw;V-v>0}, X_:={xecdw;V-v<0},

are both non-empty;
(iii) there exists an open subset I" C X such that

dist(, 24 \TUX)= _ inf x—y| >0,
xel‘,yeEJr\l“Ui

(iv) p > 0and 07,0, are chosen such that p + « [o] < 0, where k is the mean curvature of dw.

Then, we have the stability result:

t

ut —u

. ‘ by ™ "2
lim > "lEQ)
t—0 |t|

> 0. (10)

Remark 1
We can construct a vector field V satisfying condition (ii) and (iii) as follows. Let z;, z,, z3 be distinct points on the boundary dw. Let
r > 0 sufficiently small such that

B(zi,2r) N B(z,2r) =@ i #}.
. ______________________________________________________________________________________________________|
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Here, B(z;, r) denotes the ball of center z; and radius r. Fori = 1...3, let ¢; € CZ°(R?) be such that
¢i >0, ¢ =1inB(z,r) andsupp¢; C B(z,2r).

We set V = (¢1 + ¢, — ¢3) ¥, where ¥ is a C'-extension of the normal vector v, € CR2), ¢ = 1in a neighborhood of w and
supp ¥ C Q. Because Vv = ¢ + ¢, — ¢3 on dw, we obtain X4 = T'UT" where ' C B(z,2r) and I'" C B(z,, 2r). We have also
Y._ C B(zs, 2r). Therefore,

(z+ \T U T_) N T C (B(z2r) U B(z3,2r)) N B(z1,2r) = 0.

This imply that
disr((z+ \T ui),f) > 0.
Let us recall that this example was considered in [8] to prove local Lipshitz stability for the conductivity problem by measurements
of the Neumann data.

The proof of Theorem 1 will follow from the fact that the map t — u! is differentiable at t = 0, and its derivative is not identically
equal to zero on y. Before giving the proof, we need the following result.

Theorem 2
The state u has a material derivative i € H'(Q2) that solves

/ JVL'I-Vvdx—i—/ pL'lvds:—/ oA(,(O)Vu~Vvdx—/ pw{,(Q)uvds Vv e H(Q), (11)
9] Jw Q Jw

where
A, (0) = div(V) — DV — DV* and w;,(0) = div¢ (V).

The state u is shape differentiable, and its shape derivative u’ solves the following system:

AU =0 inQ\ @andw,
[v] = (Mavu_—ﬂu)v‘u on dw,
01 [ox]
[oduu']]—pu" = [o] dive (VuV - v) (12
+p@yu +xku)V-v ondw,
oy =0 on Q.

Before proving Theorem 2, we make some comments. The derivative u’ is not continuous across the interface dw. As a consequence
u’ cannot be in H'(Q), it belongs only to H' (2 \ @) U H'(w). We will explain how both the derivative and (12) can be obtained by the
classical methods of shape optimization.

Proof
We compose the proof in four parts: first, transport the problem on a fixed domain, then prove weak convergence of the material
derivative, then strong convergence, and return to the shape derivative.

First step: The transported solution u' solves the variational equation:
Vv e H'(Q), / cAy(H)Vu' - Vvdx + / pwy(t)u'vds = / Wy (t)g o Tyv ds.
Q dw aQ

Second step: Subtracting the variational equation solved by u, and using the fact that T;(x) = x on 92, we obtain

LoAv(t) (u) -Vvdx-|—/3wpwv(t)(u t_u)vds: /Qa(w) Vu-Vvdx—i—/;wp(w) uvds

+ / (wy(t)go Ty —g) vds (13)
aQ

= /Qa (%) Vu-Vvdx + Awp (w) uvds.

Plugging (u' — u)/t as a test function, we obtain from assumption H (9).
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V(ut —u)|? ut —ul? I —Ay(t Vut—u
o H¥ + o < 57() ||VU||L2(Q) (7)
t 12() t 2w t oo t 12(2)
1T—wy(t) ut—u
e T = T
t oo U llizew)
From Young's inequality and the fact that ||u]|> = ||Vu||fz(9) + ||u||f2(aw) is a norm on H'(Q) equivalent to the natural norm

(Proposition 2), we deduce that

2
ut—u

t

I—Ay(t) T—wy(t)
<c([o =20 1ulig + o 1| W)
H'(2) ) oo

where C is a positive constant. Therefore, (u' — u)/t is bounded in H'(Q2). Hence, the sequence is weakly convergent in H'(Q), and its
weak limit is the material derivative U of u.

Third step: We show the strong convergence of (ut — u)/t in H'(2). Passing to the limit t — 0in (13) yields
/ oVu-Vvdx + / puvds = —/ oAy (0)Vu - Vvdx — / pwy, (0)uv ds.
Q w Q ow

Therefore, U satisfy (11) in Theorem 2. This enable us to show the strong convergence in H'(R2); indeed, setting v = (uf —u)/tin (13),
we obtain

I—wy(b)
——uv

I—Ay(t) ds
t

/aAv(t)Vv~Vvdx+/ pwv(t)v2d5=/ o
Q [9) «Q

Vu~Vvdx+/ p
d

dw
=/ o(Ay(t) —I)Vv-Vvdx+/ p(wy(t) — 1)V ds
«Q ow

I—Ay(t 1— t
+/ 07V()Vut'Vvdx+/ pwutvds
Q t E) t

w

(14)

= & (1) + & (1),

where
61(t)=/ o(AV(t)—/)vV.dex+/ p(wy(t) — 1)V ds,
Q dw
and
sz(t)zf oﬂVu’-Vvdx+/ pwutvds.
Q dw t
We have
ImA© =1 =1 i O =0, O <
Therefore,

¢;(t) — O0and &,(t) — —/ oAy (0)Vu - Vidx — / pwy(0)uli ds as t — 0.
@ é

dw

Using (11), we conclude that

Gz(t)—>/ 0|V[1|2dx+/ pir ds.
«Q Jw

1/2
From the weak convergence of v to 4, and the fact that (||Vu||fz(9) —+ ““”fZ(aw)) is a norm equivalent to the norm of H'(Q)
(Proposition 2), we deduce the strong convergence of v to ¢ in H' ().

Forth step: We deduce that the equation satisfied the shape derivative u’ = i — Vu- V. We have the classical identity (for instance, [17]).

—Vu-A(0)Vv = div(b) — (Vu-V)Av — (Vv - V)Ay,

where

b= (Vu-V)Vv+ (Vv-V)Vu— (Vu-Vv)V.
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From Eq. 11, we have
/ 0V0~Vvdx+/ puv ds :/ adiv(b)dx—/ o(Vu-V)Avdx
Q dw Q Q
—/ o(Vv-V)Au dx—/ puw,,(0)v ds.
9] Jw
From the divergence theorem, and integration by parts, yields
/ oVu-Vvdx +/ puvds = —/ [o(Vv-V)d,u] ds + / [o(Vu-Vv)V-v] ds
Q w dw ow

—/ puw’V(O)vds—i—/ oV(Vu-V)Vvdx.
dw Q

Finally, we obtain

/ oV(U—Vu-V)-Vvdx +/ p(U—Vu-V)vds
9] ow
= —/ [o(Vv-V)d,u] ds +/ [o(Vu-Vv)V -] ds
ow Jw

—/ p(Vu-V)vds—/ puw,,(0)v ds
w w

led Vru-V,vV-vds—/ p(Vu~V)vds—/ div (V)puv ds
Jw dw Jw

—lol / divy (VzuV-v)vds — / p(@yu~ + ku)vV -vds.
dw Jw
Therefore, the shape derivative v’ = i — Vu - V solves the following equation:
/ oVu' - Vvdx + / pu'vds = — I[U]]/ dive (VzuV-v)vds — / p(@uu~ + ku)vV - v ds.
9] dw dw Jw
Because v’ € H'(Q \ @) U H'(w), we obtain
—/ o1 AU’V dx —/ oy AU'vdx + / (pu' —[[odvu'])vds =— [[a]l/ divy (VeuV - v)vds
Q\w [ Jw ow
— / p(@yu™ + ku)vV - v ds.
Jw
This imply that Au” = 0in Q \ @ and w with the transmission condition
[odvu']|—pu" =[] dive (VeuV - v) + p(d,u™ + ku)V - v. (15)
It remains to compute the jump [u’]. Because i € H' (), we have
[v] =-T3vulV-v, (16)
and from the transmission condition [0 d,, u] = pu, we obtain

[v] = (gauu_—aﬂu)%v, 7)
1 1

which concludes the proof. O

Proof of Theorem 1
By definition of the material derivative, the limits in (10) is given by

t

1 T gy ,
Ay ] =l [z = 10 =Vu-¥), [z, -
Because V € D' (2, R?), we have V|, = 0.Therefore, it is enough to prove that ul’y ) > 0. Assume that u?y ) = 0. Then, from
L2(y L(y

(12), we have
]
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AU =0 inQ\ad,
=0 ony,
dyu’ =0 ony.

By the unique continuation property for the Laplace operator, we deduce that v’ = 0in Q \ @. From assumption (iii), we deduce that
the subset

Yo :={x € dw;V-v = 0}
is non-empty. Using again (12), u’ solves the overdetermined problem:
AU =0 ino,
uU=0 onX

o' =0 onX,.

Therefore, we obtain v’ = 0in w by the unique continuation property. Consequently, we conclude from (15) and (17) that

[e]0yu™ = puonidw \ Zo, (18)
and
[o]? Veu- VvV -vds = / (P> + kplol) uvV - v ds. (19)
dw\Xo dw\Xo

Using again assumption (iii), we can find an open subset ® C R? such that
Frc® and ONEL\TUZ_) =4
Let i € C°°(R2) such that supp(y¥) C ©® and ¥ = 1 in a neighborhood of T. Let z € C2 be the solution of the following problem:

Az=0 ino,
z=Yu ondw.

From Equation 19 and using the factthatz = 0in (X4 U X_) \ T, we obtain
[[0]]2/ [Veul?V-vds = / (p* + «plo]) v*V - v ds.
r r

From assumption (iv), we obtain V;u = 0and u = 0in I'. From (16) and (18), we have d,,u™ = 0 on I'. According to the unique
continuation property, u = 0 in Q \ w, which contradicts the assumption that g is not identically equal to zero, and the proof

is completed. O
Remark 2
Theorem 1 prove the ‘local continuity’ of the map
n:l2(y) — O
Uy —> wy

for t sufficiently small t, and O is the set of admissible domains equipped with an appropriate topology.
Let us consider the topology induced by the Hausdorff metric (see [9] for more details). Then, we have

dy(wr, @) < [[V|lioo(s2)lt]- (20)

Thus, from Theorem 1 and inequality (20), we deduce a ‘local directional continuity’ of 7, because for V € D'(Q,R?), there exists a
constant C(V) > 0 such that

Vil (2)

du(w, 0) < W

lue = ull2p)

for sufficiently small t.

In the following section, we introduce the minimization problem to solve numerically the inverse problem (3), and we prove the
existence of optimal solution.
]
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4, The minimization problem

A typical approach to solve the inverse problem (3) numerically is to consider the so-called Kohn-Vogelius functional
J(w, uy, up) = o / |V (uy — up)|> dx + a3 / luy — upl? dx. 21
Q Q

Here, a1, 3 € Ri are parameters, uy is the solution of the Neumann problem

—div(cVuy) =0 inQ\ dw,
[un] =0 on dw,

[e0,un] = puy onow, (22)
dyuy =g on 4%,
and up is the solution of the Dirichlet problem
—div(cVup) =0 inQ\ do,
up] =0 on dw,
[un] 23)
[od,up] = pup on dw,
up = f on aQ,
where f € H'/2(3Q) is a measurement of the potential corresponding to the input flux g.
The variational formulation corresponding to (22) is given by
Findu € H'(Q) such that
(24)

/aVu~Vvdx+/ puvds:/ gvds forallv e H'(Q).
Q ow Q2

For the Dirichlet problem (23), the constraint up = f makes the Sobolev space dependent on f. To get around this difficulty, we
introduce a Lagrange multiplier, and we obtain the variational formulation [9, Sec 6.2, p 433]:

/ oVup - Vvdx + / pupv ds +/ (f—up)ds =0 Vv eHy (Q),pneH239),
Q o a0

where
Hy o (R) := {v € H3(Q) : div(aVv) € L*(Q)}.

Writing the saddle point equation for the Lagrangian, one obtains i = 0710, v, and the weak solution of the Dirichlet problem is then
defined by

Findu € H'(Q) such that

25
/ aVu-Vvdx+/ puvds+/ (f —u)or0,vds forallv € Hy, (Q). (23)
Q dw 02

In this paper, we consider the situation when the Robin parameter p is known, and we aim to reconstruct the domain w. The
corresponding minimization problem is the following:

{ minimize J(w, uy, Up) (26)

subject to w C O, uy and up solutions of (22) and (23)

An optimal solution ™ = w* (p) of (26) if exists depend on p trough the state equations.
Let us define the reduced functional

J(@,p) := J(o, un(w, p), up(®), p).

We have the following theorem.

Theorem 3
The minimization problem (26) has at least one solution.

Before proving Theorem 3, we need some auxiliary results.

© 2016 The Author. Mathematical Methods in the Applied Sciences Math. Meth. Appl. Sci. 2017, 40 2505-2521
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Definition 1 ([18])
Let A, B be two subsets of R?, d > 2, and define

d(x,B) = )l/rewg x—yl, p(AB) = suApd(x, B), du(A,B) = max{p(A B),p(B,A)}.
X

dy, is the Hausdorff distance between A and B; it defines a topology on the closed bounded sets of R¢.
Let (2,) be a sequence of open subsets of a fixed closed domain D and 2 be an open subset of D. We say that the sequence (£2,)

converges on 2 in the Hausdorff sense, and we denote 2, i> Qiflimp— oo dy(D\ 2,,D\ ) = 0.

Definition 2 ([18])
Let £ be a unitary vector of RY, d > 2, ¢ be a real number strictly positive, and y € R?. We call a cone with vertex y, direction £, and
dimension ¢, the set defined by

C(y,&,8) = {x e R":< x —y,& >pa> cos(e)|x — y|lgs and 0 < |x — y||gs < &},

where < .,. >Ra is the euclidean scalar product of RY and ||.||g« is the associated euclidean norm.
An open set Q of RY verifies the e-cone property, if for x € 9<2, there exists a unitary vector £, of R9 such that

forally e Q NB(x,&), C(y, & e) C 2,

where B(x, ¢) denotes the open ball with center x and radius ¢.

Proposition 1 ([18])
An open bounded set Q of R? has the e-cone property if and only if Q has a Lipschitz continuous boundary with constant k(¢) > 0.

Proof
(of Theorem 3) It is clear that inf 7 (w) is finite. Therefore, there exists a minimizing sequence w, € O such that

i T (en) = o, T @)

The sequence w, € O is bounded. According to [19, Theorem 2.4.10], there exists ™ € ©, and a subsequence still denoted w, such
that w, converges to ™ in the sense of Hausdorff and in the sense of characteristic functions.
By definition, uy(wp) and up(wy,) solve

/ xo\@;01 Vun(wp) - Vvdx + / Xw,02Vun(wn) - Vvdx + / X, div(pun(wp)vy) dx = / gvds VYveH(Q). (27)
Q Q Q aQ

/Q xo\@;01 Vup(wp) - Vvdx + /Q Yw,02Vup(wy) - Vvdx + /Q X, div(pup(wp)vv) dx + /{)Q(f — up(wp))or10yvds, (28)
forallv e ng (2). Taking v = uy(wy) in (27), we obtain the estimate
lun(@n)llm (@) = cllglliz), (29)
where ¢ depends only on 2. Thus, we may extract a subsequence still denoted uy(wj,) such that

un(wp) — uy  strongly in L2(Q) and Vuy(w,) — Vuy  weakly in L2(Q). (30)
By the same way, we can prove that

up(wn) — upy  strongly in L*(Q) and Vup(w,) — Vu},  weakly in L2(Q). (31)

The pointwise a.e. convergence of the characteristic functions yq, t0 xw* and xo\@, t0 xq\ 5+ With (30) and (31) yields at the limit, in
(27) and (28)

/ aVuﬁ-Vvdx—k/ puﬁvds:/ gvds YveH (Q),
Q dw* a0

/ oVup - Vvdx + / pupvds + / (f—up)odyvds =0 Vv e Hy,(Q).
Q dw* aQ

© 2016 The Author. Mathematical Methods in the Applied Sciences Math. Meth. Appl. Sci. 2017, 40 2505-2521
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Because of the uniqueness of the limit, we conclude that uy = un(w™) and uj = up(w™). The lower semi-continuity of the
L2-norm imply

J(@*) < lim inf J(wp) < J(w),
n—o0
which concludes the proof. O

5. Shape stability wit respect to the Robin parameter

In this section, we study the situation where the Robin parameter p is known with some uncertainty, and we are looking for the
geometry w, that is, this corresponds to problem (26). The optimality conditions for problem (26) reads

D J (w,p)(0) = 0forall & € D'(2,R?).
It can be rewritten as
Find o™ (p) such that D, J (0™ (p),p) = 0 (32)
where D, 7 (0* (p),p) : D'(Q,R?) — R.
In this paper, we are interested in the stability of the optimal solution w™* (p) of the minimization problem (26) with respect to p. More

precisely, we study the variation ™ (p) of the optimal solution w™ (p) when the exact Robin parameter p takes an uncertain value p.
Because the parameter-to-solution map p > @™ (p) is not properly speaking a function of p, instead we consider a parameterization

o™ (p) = (1 + 67 (P) (@™ (p)),

and we differentiate the map p — 6* (p). This is performed in the following by applying the implicit function theorem to the optimality
conditions D, J (w*(p), p)(#) = 0. Essentially, the idea is to linearize D, J (0™ (p), p) = 0 to obtain

D5, T (@™ (p), P) (@07 (p)) + 8,Der T (@™ (p), p) = O.

This yields the following result.

Theorem 4
If Dfo J(w*(p), p) is invertible, then the first-order approximation of 8*(p) is given by

0™ (p) ~ 8,0 (p) = —(D5, T (@™ (P))) ' 3pDer T (@™ (P)). (33)
In (33), the computation of second-order shape derivatives of 7 is required. Therefore, in what follows, we compute first-order and

second-order shape derivatives and the second-order mixed derivative of 7 (w, p). To obtain the expression of the shape derivative, it
is convenient to simply compute the directional derivative given by Definition 3.

5.1.  Shape derivative of the functional J

In this subsection, we perform the analysis of the shape derivative of the functional J.

5.1.1. Lagrange formulation and adjoints states. Denote by u = (uy, up), u® = (uf, ud), u = (un, up), u® = (ug, ud) and introducing
the Lagrangian functional

(0, u,u) = / 1|V — up) 2 + ey — up|? dx
Q

—|—/ UVu-Vu“dx-l-/ pu-u"ds—/ gup ds
Q dw 19

+ / (f —up)or0,up ds.
a0

Then, it is easy to check that

J(w,u(w)) = min sup L(w,u,u?),
uEH(D? a1 () xH) 5 (2)
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because

J(w,u(w))ifu=u
wo  Llomu — )@@ ifu =
uaeH (2)xH} , (€2) +oo otherwise.

We can easily shown that the functional £ is convex continuous with respect to # and concave continuous with respect to u?. Therefore,
according to Ekeland and Temam [20], the functional £ has a saddle point (u, u?) if and only if (u, u) solve the following system:

duL(w,u,u®)(@) =0  YaeH (Q)?

duo L(w,u,u") @ =0  Yus € H'(Q) x Hy 5 ().

This yields that £ has a saddle point (u, u?), where the states uy and up are the unique solutions of (22) and (23), respectively, and
the adjoint states uf, and ug, solve the following problems:

/;z oVupy - Vgydx + /; puygnds =—2 /Q a1 V(uy — up) - Vo + az(uy — up) @y dx
w

(34)
Yoy € H(Q),
/ (TVUGD . V(Z)D dx + / pUaD(Z)D ds = 2/ (X]V(UN — UD) . V@D + O{z(UN — UD)QZJD dx
«Q dw Q (35)
Y@p € Hy, ().
The previous analysis holds also for the functional depending on the transformed domain w; = T;(w). Thus, we obtain
Jwy, u(wr)) = min sup L(we, u,u).
UEH ()2 Yok () xH], , (2)
The corresponding saddle point (u(w;), u?(w;)) is characterized by
Ou L(wy, U(wy), U (wr)) (@) =0 Vi e H'(Q)?%,
dus L(@r, u(@r), U (@) (@?) =0 Yu® € H'(Q) x Hy 5 (%),
Theorem 5 (First-order shape derivative)
The shape derivative of the functional 7 in the direction V € D'(Q, R?) is given by
DT @i¥) = [ a0V (un o) - V(e — uo) + calum — uof6; 0)
Q (36)
+ / oA, (0)Vu - Vul dx + / pu - u®wy,(0) ds.
9] Jw
Alternatively, the shape derivative can be rewritten in a more structured way using the tensor representation:
Dy J(w,p)(V) = / S(u,u®) - DV dx + [ So(u,u®) - DV ds, (37)
Q ow
where
S(u,u”) := =207 (V(uy — up) ® V(uy — up)) —o (Vu ® Vu° + Vu® ® Vu)
+ [oVu- Vu® + azluy — up|® + i V(uy — up) - V(uy — up)] ,
and
So(u,u?) := p(u - uM)l.
Proof

Let us consider transformations T; defined in (5). Our aim is to compute the derivative of the functional J using Theorem 8. In order to
differentiate L(wy, u, u?) with respect to t, the integrals in L(w;, u, u?) on the domain w; needs to be transported back on the reference
domain w using the transformation T;. However, composing by T; inside the integrals creates terms u o T;, and u? o T;, which might be
|
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non-differentiable. To avoid this problem, we need to parameterize the space H'(2) by composing the elements of H'(Q2) with T,
Following this argument, we rewrite

Gt,u,u) =L (wpuoT " u®oT ).

After change of variable, we obtain

G(t,u,u") = /Q (X]A\/(t)V(uN — uD) . V(uN — uD) + Olz|uN — uD|2$\/(t) dx
+ / cAy(t)Vu - Vu dx + / pu - u’wy(t) ds (38)
9] Jw

- / g o Teufwy (t) ds + / (fo Ty —up)o10, upw(t) ds,
Ele} aQ

where £y (t), wy(t), and Ay (t) are defined in (6), (7), and (8).
Note that in (38), the integrals on 92 are unchanged because T; = / on 9. The functional G has a saddle point (uf, u%') =
(Ul ub), (U, u%h) that solve

/ GAv(t)VU:rv'Vl/deX-F/ pupYnwy (t) dS:f go Teynwy(t) ds
Q dw aQ

/ O'Av(t)VUtD . VWD dx + / p(prDWV(t) ds = —/ (f o Tt — QDD)U1 Bv WDWV(I') dS,
Q ow 02

/ oAy (H)V; uZ’f - Voy dx + / pu‘,{,’twv(t)(p,v ds =
Q el

w

2 f AVOV (Ul — ub) - Vo + aa(uly — Ub)Ey (Dgn dx
Q

/ oAy (t)Vul' - Vop dx + / puiwy(t)gp ds =
Q 0

w

2 /Q o Av(DV (uy — up) - Vgp + a2 (uly — up)év(t)ep dx,

for all (Y, Vo, o, ¢p) € H'(R) x H'(2) x H'(R) x H ().
Under hypothesis of Theorem 8, we obtain

DJ (w; V) = 98:G(t, u, u")|r=0
- /Q o1 A (0)V (uy — Up) - V(uy — up) + ealuy — upPE} (0) dx

+/ﬂoA(,(0)Vu-Vu“dx+/ pu - u®w{,(0) ds.

ow

Using the algebraic relations

2
AL (0)Vu-Vu® = (Vu-Vu9)I-DV — Z Vu; ® Vui' + Vui ® Vu; | - DV
j=1

and
divy V:=1-D.V,

we obtain the expression (37).
Verification of hypothesis of Theorem 8: Introduce the sets

X(t) = xt e H(Q)?: sup G(t,x'y) = inf sup G(tX,y)},
yEH! (€2)xH) 5 () XEHU(SD? et () xH) , ()
and
Y(t) =y e HY(Q) x H) () : inf G(txy) = su inf  G(t,x,y)} .
)=y 0o () _inf ,Gtxy) yem(g)x'ifgﬂ(g)xeff‘<ﬂ>2 (tx,y)
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We obtain
Vte[0,e S(t) =Xt xY(@) = {u, v #a,
and assumption (H;) is satisfied.

Assumption (H,): The partial derivatives t — 0:G(t, ¢, ¥) exist everywhere in [0, €], and the condition (H,) is satisfied.

Assumption (Hs) and (H4) : Due to the strong continuity of Ay (t), wy (t) as a functions of t, the assumption Hop, and the boundness of

(ut,, ub, vi, vE), one can deduce the strong convergence u}, — uy, ub — up, Ul — ufin H'(Q), and ul’ — u% in H}(2). Finally, in view

of the strong continuity of (t,u) — 9:G(t, u, u?) and (t, u®) — 9,;G(t, u, u), assumptions Hs and H, are verified. O

5.2. Second-order shape derivative

In this subsection, we compute the second-order shape derivative of the Kohn-Vogelius cost functional J using a general method that
applies to differentiable semiconvex cost functionals.

5.2.1. Lagrange formulation and adjoints states. For the second shape derivative, we need two vector fields V and VinD' (S RY))
and the expression of the ﬁ[st shape derivative D7 (T;(w); V), where T;(w) is the perturbation of the domain w by T; defined in (5)
correspond to a vector filed V. Then, we can express D7 (T:(w); V) as the min-sup of new Lagrangian

DI (To(w); V) = min sup Ly(w, U, W),
U Dy (2) e (2

where U := (up, up, uy, up), W := (wy, wp, wi, wh) and L, is given by

L2l U,W) = [ A (0) (o) - Vi — )+ asln — o 1} (0)d
Q
+ / oA,(0)Vu - Vu® dx + / pu - uw,(0) ds.
Q dw
—|—/ aVU~Vde+/ pU-st—/ ngds—I—/ (f —up)o10,wp ds
Q ow 0% Ele’
—+ 2/ a1V(uy — up) - Vw§y + oz (uy — up)w§ dx
Q
- 2/ o V(uy —up) - Vwd + oz (uy — up)wp dx.
Q
The adjoint state W := (wy, wp, wj, wj) solves the following equations:
I La(, UW)(0) =0  YUeH(Q)?xH,(Q)?

or equivalently

/ an,‘\’,-Vdex+/ pw,‘\’,w,\,ds—i—/ aA(,(O)VuﬁVt//Ndx—i—/ pusw,(0)ynds =0 Yy € H(Q), (39)
Q Jw Q Jw

/ ang-Vl/fDdx—i-/ pwgl/des-i-/ oA(,(O)Vug-Vl/fDdx—i-/ pujwy(0)ypds =0 VYiyp € Hy (), (40)
Q dw «Q dw

/ oVwy - Vo dx + / pwyen ds + 2/ a1 V(wy —wi) - Von + aa(wy — wi)ey dx

Q dw Q

=+ 2/ 041A(,(0)V(UN — UD) . V(pN + Olz(UN — UD)S(,(O)(/JN dx + / O’A/V(O)VUZ . VQL?N dx (41)
Q Q

+ [ puswiOpnds =0 Von e H'(@),
Jw

/ oVwp - Vop dx + / pWp@p ds — 2/ a1V (Wi — wp) - Vp + oz (wfy — wp) gp dx

Q do Q

- 2/ 1AL (0)V (un — Up) - Vep + ez (un — up)&y(0)gp dx + / oA, (0)Vup - Ve dx (42)
Q Q

+/ pupwy(0)ppds =0 ¥ gp € Hy 5 ().
Jw

© 2016 The Author. Mathematical Methods in the Applied Sciences Math. Meth. Appl. Sci. 2017, 40 2505-2521
Published by John Wiley & Sons, Ltd.




H. MEFTAHI
I ——

Theorem 6 (Second-order shape derivative )
The second-order shape derivative of the functional 7 in the directions V and V is given by

D2, T (w,p)(V, V) = [Q a1 P’ (0)V (uy — up) - V(un — Up) + a2Q’ (0)|uy — up|? dx

+LUP/(O)VU-VU“dX+/ pu - u’Q’% (0)ds

dw

+/ oAg/(O)VU-VdeJr/ pU - Ww},(0) ds
«Q dw

+2 /Q 1AL (0)V (un — up) - V(W — wp) + aa(un — up) (wyy — wp)E((0) dx,

where

P’(0) = V(div(V))VI — D*VV — DV*V, Q’(0) = V(div(V))V + div(V) div(V), and Q’, (0) = V(div¢ (V))V + dive (V) dive (V).

Proof
Introduce the Lagrangian

Go(t, U W) =Ly (w0, UoT, "\, WoT ).

After change of variable, we obtain

G (LU W)= /Q 1Ay (DAY(0) o TV (uy — up) - V(uy — up) + azluy — up|*£,(0) o Te&y(t) dx
+ / Ay (H)AY(0) o TeVu - Vu dx + / pu - u®wy(0) o Tewp(t) ds
Q dw

+/ oAy (VU - VW dx—i—/
o ‘

Jw

pU - Wwy(t)ds — / gwyds + / (f —up)o10, wp ds
aQ

)

+ 2/ a1 Ap(V (uny — up) - Vwyy + ax(uy — up)wi&p (t) dx
Q

- 2/ arAy(OV(uny — up) - Vwd + oy (uy — up)wi sy (t) dx.
Q
Under hypotheses of Theorem 8, we have

0Ga(t, U, W),y = /Q a1P’(0)V(uy — up) - V(uy — up) + @2Q’(0)|uy — up|? dx
+ / oP/(0)Vu-Vu®dx + f pu - u’Q’%(0)ds
Q Jw
+ / GAL(O)VU - VW dx + / pU - Ww),(0) ds
Q w
+2 /Q 1AL (0)V (uy — up) - V(wy — wp) + az(uy — up) (Wyy — wp)E;(0) dx.

Now, we need to check hypotheses of Theorem 8. The Lagrangian G, is affine in W = (wy, wp, w§, wg) but not necessarily convex
inU = (un,up,uf,ud). However, it is semi-convex in U = (un, up, uy, up), and we can apply Theorem 8 of Correa and Seeger for
the Lagrangian G,. The reader is referred to [11] for more details about the differentiability of semi-convex cost functionals. For the
verifications of hypotheses, the technique is the same as in the proof of Theorem 5. Therefore, we shall not repeat it here. O

Theorem 7 (Second-order mixed derivative)
The functional D, J (w, V) is Gateaux differentiable, and its Gateaux derivative at p € L°°(dw) in the direction p is given by

3,00 T (0, V)p = / p(U-W + u-u'w,,(0)) ds. (43)
Jw

Proof
Letp, = p + tp, where p € L°(dw) and t € R is sufficiently small parameter. As in the previous sections, and under the hypothesis of
Theorem 8, we have

DpDo T (0, V)P) = 9:L2(pr, U, W)) —
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where
£atp, U, W) = [ e, (0)V G — o) - Vay o) + ezl — ol 0)
+ / oA,(0)Vu - Vu dx + / peut - u®wy,(0) ds.
Q ow
+/ oVU - Vde+/ pU - st—/ gwy ds + / (f —up)o10,wp ds
Q dw aQ A
+ 2/ a1V(uy —up) - Vw§ + o2 (uy — up)wy, dx
Q
— 2/ o1 V(uy —up) - Vwd + oz (uy — up)wg dx.
Q
and
(P UW)| _ = / BU- W + u- W], (0)) ds.
= dw
From the aforementioned equation yields (43). O
Appendix A

Proposition 2
Let Q be a bounded connexe domain in R? with C' boundary 2. The mapping

1/2
— 2 2
u— lull:= (IVul ) + 10130 )

is a norm on H'(2) equivalent to the natural norm.

Proof
Itis clear that if ||u|| = 0, then Vu = 0in [2() and u = 0in L?(dw). We can deduce that Vu = 0 in the sense of distribution and thus
uis constant in Q. Because u = 0in L?(dw), we conclude that u = 0in Q. In the next step, we prove the equivalence with the H'-norm.
From the trace theorem, we have |ul;2¢30) < Cllullyi (). Therefore, ||ul| < Ci|lully (), Where C; is a positive constant. Still to
prove that ||u]| > Gllu|lm (q)- By contradiction, suppose that there exists a sequence (up) in H'(2) with ||up|l;2¢e) = 1 such that
lunllizcey = nllull- Then, Vu, — 0in L2(R2) and u, — 0in L?(dw) as n — 0. The sequence u, is bounded in H'(2). From the compact
embedding of H'(2) into L?(£2), we can extract a subsequence still denoted (u,) such that u, — & in L2(2). Thus, we have u, — 0
and Vu, — Vu in the sense of distribution. By the uniqueness of the limit, we conclude that 4 = 0 in &, which contradict the fact
that limp— oo [[Unlli2¢2) = lUlli2(e) = 1. Therefore, there exists a positive constant c such that ||u||fz(m <c (||Vu||fz(m + ”“”fl(aw))'
which ends the proof.

Definition 3

e Given a velocity field V € D'(Q2,R?) and denotes T the corresponding deformations. A functional J : Q — R is said to have an
Eulerian semiderivative at 2 in the direction V if the following limits exists and is finite:

lim J(TY () — J&)

t—0 t

Whenever it exists, it is denoted by dJ($2; V). The shape functional J is said to be shape differentiable if dJ(2;V) exists for all
V e D'(R,R?) and the map V — dJ(; V) is linear and continuous.

o LetV, Ve (2,R?) and denotes T/, T/ the corresponding deformations of V and v respectively. Assume that for all t € [0, ¢),
dJ(TV(Q); V) exists at T/ () in the direction V. The functional J is said to have a second-order Eulerian semi-derivative at €2 in the
directions (V, V) if the following limit exists:

lim dITV(Q); V) — dI(Q; V)'

t—0 t

Whenevgr it exists, it is denoted by dZJ(QA; Vv; \7). The shapAe functional J is said to be twice shape differentiable if d>J(Q; V; \7) exists
forall V,V € D'(2,R?) and the map (V, V) — d?J(R; V; V) is bilinear and continuous.
|
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Definition 4

We say that the functional (t, x) : [0, €] x X — F(t, x) is semiconvex in x if there exists a family of continuous convex functionals C(t, x) on
the Banach space X such that F(t, x) + C(t, x) is convex in x. This means that F(t,.) 4+ C(t,.) and C(t, .) both have directional derivatives,
and hence, F(t,.) also has a directional derivative: the following limit exists:

F(t,x + 6Xx) — F(t,x)

dF(t,x;x) = i
k) =l =
A.1. An abstract differentiability result
We first introduce some notations. Consider the functional
G:[0,e] xXxY—>R (A.1)
for some ¢ > 0 and the Banach spaces X and Y. For each t € [0, ¢], define
g(t) = inf sup G(t, x,y), h(t) = sup inf G(t,x,y), (A.2)
xXEX yey yey xXEX
and the associated sets
X(t) = {xr € X:supG(t,x',y) = g(t)} , (A3)
yey
Y(t) = {y’ evY:infG(txy") = h(t)}. (A4)
xeX

Note that inequality h(t) < g(t) holds. If h(t) = g(t), the set of saddle points is given by

5(t) == X(t) x Y(1). (A.5)
We state now a simplified version of a result from [9], which gives realistic conditions that allows to differentiate g(t) at t = 0. The main
difficulty is to obtain conditions that allow to exchange the derivative with respect to t and the inf-sup in (A.2).
Theorem 8 (Correa and Seeger[9])

Let X, Y, G, and ¢ be given as previously. Assume that the following assumptions hold:

(H1) S(t) #@for0<t<e.
(H2) The partial derivative 0:G(t, x, y) exists forall (t,x,y) € [0,¢] x X x Y.
(H3) Forany sequence {tn}nen, With t, — 0, there exist a subsequence {t,, }kerny and x° € X(0), x,, € X(t,,) suchthatforally € Y(0),

li 3:G(t, Xn ¥) = 0:G(0,x°,y),
A (t, Xny) = 0:G(0,x", y)

(H4) Forany sequence {tn}nen, With t, — 0, there exist a subsequence {t,, ey and y° € Y(0),yn, € Y(t,,) suchthatforallx € X(0),

li 3:G(t, X, yn,) = 0:G(0,x,y°),
t\ollkrloor(xynk) tG(0,x,y")

Then, there exists (x°,y°) € X(0) x Y(0) such that

d
d—f(O) = 3,G(0,x°,°).
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