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Abstract

The thesis High resolution coding of point processes and the Boolean model is a
contribution to the field of coding theory, with a special focus on the problem
of quantization, entropy constrained coding and random coding. We provide an
asymptotic upper bound for the quantization error of point processes on bounded
metric spaces with finite upper Minkowski-dimension. Therefore we consider the
point process conditioned upon the number of points and construct specific code-
books for these conditional processes. Via the cardinality of these codebooks we
get a relation between the quantization error and the given rate. As a special
case, we establish upper and lower bounds for the quantization error asymptotics
of a stationary Poisson point process on a compact subset of R? under Hausdorff-
distance. For the lower bound we use the relation between the quantization error
and the so called small ball probabilities. Furthermore we compute an asymptotic
upper bound of the entropy constrained error and compare the results with the
Gaussian case.

In the case of one dimension we introduce a D ([0, a], {wy, . .., w,})-valued random
element induced by a point process on the compact interval [0, a] C R satisfying
a certain growth condition and provide an asymptotic upper bound of the quan-
tization error under L;-distance. For a D ([0, 1], {0, 1})-valued random element
induced by a stationary Poisson point process on [0, 1] we give asymptotic upper
and lower bounds of the quantization error and compare these to the asymptotics
of the random coding error and the entropy constrained error.

We further discuss the Boolean model, where a random set is constructed as the
Minkowski sum of the points of a Poisson point process and a given random set,
e.g. a ball with random radius. For an asymptotic upper bound of the quantiza-
tion error under Hausdorff-distance we consider the corresponding Poisson point
process conditioned upon the number of points in a compact set. We use one
part of the given rate to code the number and the position of these points and
the rest of the rate to code the random compact sets. For the lower bound we use
again the relation between the quantization error and the small ball probabilities.
Therewith we provide asymptotic upper and lower bounds for the quantization
error under Hausdorff-distance and compare these with the asymptotics of the
quantization error of the Boolean model under the L;-distance.
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Zusammenfassung

Die Arbeit High resolution coding of point processes and the Boolean model be-
schaftigt sich mit der Kodierungstheorie, wobei ein besonderes Augenmerk auf
das Problem der Quantisierung, der Entropie beschrankten Kodierung und der
zufélligen Kodierung gelegt wird. Wir berechnen unter anderem asymptotische
obere Schranken des Quantisierungsfehlers eines Punkt Prozesses, dessen Ver-
teilung der Punktanzahl eine bestimmte Wachstumsbedingung erfiillt, auf einem
beschrankten metrischen Raum mit endlicher oberer Minkowski-Dimension. Dazu
betrachten wir den Prozess bedingt auf die Anzahl seiner Punkte und konstruieren
fiir diese bedingten Prozesse spezielle Kodebiicher. Mit Hilfe der Machtigkeit der
Kodebiicher erhalten wir Beziehungen zwischen dem Fehler und der vorgegebenen
Rate. Insbesondere geben wir obere und untere Schranken fiir die Asymptotik des
Quantisierungsfehlers eines stationdren Poisson Punkt Prozesses auf einer kom-
pakten Teilmenge des RY unter Hausdorff-Abstand an. Fiir die untere Schranke
benutzen wir den Zusammenhang zwischen dem Quantisierungsfehler und der
Wahrscheinlichkeit kleiner e-Umgebungen um gegebene beliebige Kodebuchele-
mente. Ausserdem berechnen wir die Asymptotik des Entropie beschriankten
Fehlers und vergleichen die Ergebnisse mit dem Gaufischen Fall.

Im eindimensionalen Fall fithren wir ein D ([0, a], {ws, . .., w, })-wertiges Zufallse-
lement ein, dessen Spriinge durch einen Punkt Prozess auf dem kompakten Inter-
vall [0,a] C R erzeugt werden, der eine bestimmte Wachstumsbedingung erfiillt.
Fiir dieses berechnen wir eine obere asymptotische Schranke des Quantisierungs-
fehlers unter L;-Abstand. Fiir ein D ([0, 1], {0, 1})-wertiges Zufallselement, dessen
Spriinge durch einen stationéren Poisson Punkt Prozess auf [0, 1] erzeugt werden,
geben wir asymptotische obere und untere Schranken des Quantisierungsfehlers
an und vergleichen diese mit der Asymptotik des zufilligen Kodierungsfehlers
und der des Entropie beschrankten Fehlers.

Auflerdem betrachten wir das Boolesche Modell, bei dem eine zufallige Menge
durch die Minkowski-Summe der Punkte eines Poisson Punkt Prozesses und einer
gegebenen zufélligen kompakten Menge, zum Beispiel ein Ball mit zufalligem
Radius, konstruiert wird. Fiir eine asymptotische obere Schranke des Quan-
tisierungsfehlers unter Hausdorff-Abstand betrachten wir erneut den zugrunde-
liegenden Punkt Prozess bedingt auf die Anzahl der Punkte in der kompak-
ten Menge. Wir benutzen einen Teil der zur Verfiigung stehenden Rate fiir die
Kodierung dieser Punkte und den restlichen Teil fiir die Kodierung der zufalligen
kompakten Mengen, die zu den Poisson Punkten addiert werden. Fiir die un-
tere Schranke benutzen wir wieder den Zusammenhang zwischen dem Quan-
tisierungsfehler und der Wahrscheinlichkeit kleiner e-Umgebungen um gegebene
beliebige Kodebuchelemente. Damit erhalten wir obere und untere asymptotische
Schranken fiir den Quantisierungsfehler des Booleschen Modells unter Hausdorff-
Abstand und vergleichen diese mit der Asymptotik des Quantisierungsfehlers
unter Li-Abstand.
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Introduction

The present work is a contribution to the field of coding theory, with a special
focus on the problem of quantization. The aim is to send a random signal from a
source to a user via a given channel. One speaks of lossless source coding when-
ever it is possible to reconstruct the original signal perfectly. Else, there will be a
discrepancy between the original and the reconstruction: in this case one speaks
of lossy source coding, and we shall assume that this difference is measured by
a distortion measure. Usually, this inaccuracy is due to some constraints on the
capacity of the channel. In such a case, it becomes necessary to measure the
information one can transmit; as explained in the sequel, we shall be using four
different ways of measuring this information. A good introduction to the funda-
mentals of information theory can be found in Cover and Thomas [6] or in Gersho
and Gray [22].

From a mathematical standpoint, the problem is modeled using a separable Ba-
nach space (E, ||.||) and a Borel measurable random element X. The main aim
of the present work is to give asymptotic upper and lower bounds for the mini-
mization problem

1
s

inf(E[|X — X||°]) (1)
with s € (0,00), where the infimum is taken over a set of random elements X,
the received signals or reconstructions, which has an information constraint pa-
rameterized by n € N.

Let us present the four different ways in which we shall be measuring the infor-
mation. The first one uses a set of deterministic subsets of E, whose cardinality
is bounded by n. In this case, we call (1) the quantization error of order s of X,
denoted by D@#(logn | X, ||.||).

Another way of measuring the information is to use a codebook having random
elements, with a cardinality again bounded from above by n. In such a case, (1) is
called the random coding error of order s and is denoted by DU*(logn | X, ||.||).
The third kind of constraint uses a bound on the entropy of the codebook ele-
ments, giving rise to D©*(logn | X, |.||) the entropy constrained error of order
s. The fourth kind of constraint uses the so called Shannon mutual informa-
tion of the original signal respective to the codebook element, which results in
Ds(logn| X, |.]|) the Shannon distortion rate function. The first and the last two
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kinds of constraints were proposed by Kolmogorov in 1965 [31].

However, the leading pioneering figure of modern information theory is most cer-
tainly C.E. Shannon, who contributed fundamental reference works such as [40],
[41] and [37] in the 1940s, [42] in the 1950s and e.g. [38] in the 1970s, together
with his collaborators Oliver and Pierce. They introduced the idea of measur-
ing the complexity of a given signal through its entropy, and defined the mutual
information of two random elements via their conditional entropy.

Known results

An overview of the history of quantization and rate distortion theory was given
by Berger and Gray in 1998 ([2]), such an overview may also be found in [29].
In the 1960s, Zador issued several articles on this theme. Among other things,
he gave results for the asymptotic high-rate behavior of the entropy constrained
vector quantization (see [44] and [45]), which were generalized by Gray et al. (see
[30]).

Recent years saw a renewed interest for the topic, which resulted in a great
number of research publications from e.g. Graf, Luschgy, Pages, Dereich et al.
Dembo and Kontoyiannis studied in 2001 the convergence of the compression
ratio of a memoryless source, which is compressed using a variable length fixed-
distortion code (see[12]). In 2002 they presented a development of parts of rate-
distortion theory and pattern-matching algorithms for lossy data compression,
centered around a lossy version of the asymptotic equipartition property (AEP)
which relies on recent results of large deviation theory (see [13]).

Some of the main results for quantization error of continuous random variables
in a finite dimensional space are given in Bucklew and Wise [5] and in Graf
and Luschgy [23]. One of the essential contributions of [23] is to establish that
the asymptotics of the quantization error are related to the asymptotics of the
quantization error of a uniform distribution on the unit cube: let Y be a R%valued
random vector with E[||Y||**¢] < oo for some ¢ > 0. Denote the distribution of
Y by v. Then it follows

s S d a
lim né (D (logn |V, .1)" = Qu([0, 1) || = ,
d/(d+s)
where d‘f\”(‘;> is the Radon-Nikodym density of the absolutely continuous part of v

with respect to the Lebesgue measure A\ on R? and ||.||,, denotes the LP-norm
induced by the probability measure P on the set of real-valued random variables.
Q.([0,1]%) denotes a constant depending on the quantization error of order s of
the uniform distribution on [0, 1]%.

The more general case of the quantization error in an infinite-dimensional Banach
space was treated by Fehringer in 2001 [21], by Dereich in 2003 (see [14] and
[15]), and by Dereich et al. in 2003 [16]. In these references, upper and lower
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bounds are given for the quantization error appearing in the reconstruction of a
centered Gaussian random element on a separable, infinite-dimensional Banach
space. Thereby, the asymptotics of the quantization problem are related to some
small ball probabilities: let u be a centered Gaussian measure on a separable
Banach space (E, ||.||). Define the small ball function ¢ of the measure u as

¢(e) = —log u(B(0,¢)),

where B(b,¢) denotes the closed ball with center b and radius €. Under the
assumption that z +— ¢(1/x) is regularly varying at infinity with index a > 0
Dereich et al. stated in [16]

¢ (logn) < DW*(logn|p,||.||) < D*(logn|p, ||.||) S 20 (logn),

the notation f(x) < g(z), © — a, signifying that for any sequence (z)reny in R
with lim z; = a, one has lim sup few) <

k—00 koo g(zr)
Moreover we write f(x) ~ g(z), x — a, if f(x) < g(z) and g(z) < f(x), © — a.
In this case we call the functions f and g (strongly) asymptotically equivalent.
Moreover, f and ¢ are called weakly asymptotically equivalent if there exists
C € R, such that f(z) < Cg(x) and g(z) < Cf(x) as + — a. In this case we
write f(z) ~ g(x) as © — a.
Recall that x — ¢(1/x) is regularly varying at infinity with index a > 0 if there
exists a function L which is slowly varying at infinity such that

1
p(e) =e L (E) , >0,
and that the function L :]0,00[—]0,00[ is called slowly varying at infinity if

tlim LL((SS) =1 for each s > 0 (see Bingham et al. [4]).

Furthermore, Dereich gave in his dissertation [14] asymptotic upper and lower
bounds for the distortion rate function via the small ball function: suppose that
o '(logn) ~ ¢~ (2logn) as n — oo. Then, for any s > 1,

- s s _1 (logn
¢ logn) 5 D ogn L) < D (loga | ) 5 7 (<57

as n — 0o.
Interestingly, in this case the asymptotics of the quantization error and of the
random coding error are related to the distortion rate function.

Furthermore, Dereich stated in his dissertation results for the quantization prob-
lem of a centered Gaussian random measure g on a separable real Hilbert space
(H,(-,-)). Under the assumption that x has infinite dimensional support denote
the sequence of eigenvalues of the covariance operator of u by {A;}ren. If this

sequence satisfies
log log(1/\s)
m S ——

k—o0 k

=0
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he gave for the distortion rate function, the quantization error and the entropy
constrained error the following relation: for any s € (0, 00) it follows

D10 n | . |1.|) ~ D*(10gn |, |1 @

as n — oo. And for any s € (0, 00) it follows

D (logn |, 1) ~ D*(logn |, |LI) ~ D*(ogn | l),  (3)

as n — oo (see [14]).

In 2005 Dereich and Scheutzow gave results for the quantization and the entropy
coding of the fractional Brownian motion for the supremum and LP[0, 1]-norm
distortions (see [17]): Let H € (0,1) and let W = (W});>o denote fractional
Brownian motion with Hurst index H. Denote by C([0,a]), a > 0, the space of
real-valued functions on the interval [0, a]. Furthermore denote by D([0,a]) the
space of right continuous functions with left limits (RCLL) on [0, a]. Both spaces
are endowed with the supremum norm ||.||jo,q. Let (LP[0,al, ||.||zrj0,a)) denote the
standard LP-space of real-valued functions defined on [0, a]. Let E and E denote
measurable spaces, and let d : E x E — [0, 00) be a product measurable function.
Define the quantization error of the original W by

D@*(logn | W, E, E, d) = inf ||d(W, =(W))|.,

where the infimum is taken over all measurable functions 7 : E — E with discrete
image that has quantization rate logn > 0.
The entropy constrained error is defined by

D 5(logn | W, E, E, d) := inf ||d(W, 7(W))||s,

where the infimum is taken over all measurable functions 7 : E — E with discrete
image that has entropy rate logn > 0.

Choose as original space E = C([0,00)). In the case where E = D([0,1]) and
d(f,g9) = |If — glljp,) Dereich and Scheutzow state in [17] that there exists a
constant k = k(H) € (0, 00) such that for all s; € (0,00] and s3 € (0, 00),

lim (log n)® D=1 (logn|W, E, E,d) = lim (logn)? D92 (logn|W, E, E, d) = &.

(4)

In the case where F = L?[0,1] and d(f,9) = ||f — gllzeo, for some p > 1 it
follows that for every p > 1 there exists a constant k = k(H,p) € (0,00) such
that for all s € (0, c0),

lim (logn)® D©*(logn|W, E, E,d) = lim (logn)® D9*(logn|W, E, E, d) = k.
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They showed that for the supremum norm-based distortion, all moments and
both information constraints lead to the same asymptotic approximation qual-
ity. For the LP[0, 1] norm-based distortions both information constraints lead to
the same asymptotic approximation quality, too. In particular, quantization is
asymptotically just as efficient as entropy coding.

Another approach to the quantization error problem is studied by Creutzig in his
doctoral dissertation ([8]), who established that the quantization error is related
to an approximation quantity called average Kolmogorov width. In 2006 Dereich
et al. studied in [19] the relation between quantization and numerical integration
of Lipschitz functionals on a Banach space by means of deterministic and ran-
domized (Monte Carlo) algorithms. In the course of that they determined the
asymptotic behavior of quantization numbers and Kolmogorov widths for diffu-
sion processes.

Further generalizations of the quantization problem and entropy constrained cod-
ing of Gaussian measures are studied by Graf and Luschgy. In [25], the exact
rates of convergence of the quantization error are derived for absolutely continu-
ous distributions and for self-similar distributions, and the rates of convergence
are related to the Hausdorff dimension of the distribution of the original signal.
The case of self-similar probabilities, corresponding to an iterated function sys-
tem of contracting similitudes, is treated in [26]. In this article, the authors gave
properties of the quantization dimension, which is studied in detail by Zhu [47]
in his doctoral dissertation. The sharp asymptotics for the entropy constrained
L?-quantization errors of Gaussian measures on a Hilbert space, in particular for
Gaussian processes, is derived by Graf and Luschgy in [27].

In 2003 Graf, Luschgy and Pages established a complete relationship between
upper and lower bounds of the quantization error and small ball probabilities
(see [24]). In 2006 they investigated the quantization problem for Radon random
vectors in Banach spaces, studied the existence of optimal quantizers and derived
their stationarity (see [28]).

Luschgy and Pages worked in 2002 on the quantization problem for random
vectors in an infinite-dimensional Hilbert space and in particular, for stochastic
processes (X¢)iepo,1) viewed as Lo([0, 1], dt)-valued random vectors. For Gaussian
vectors and the Lo-error, they presented detailed results for stationary and opti-
mal quantizers and established a precise link between the rate problem and the
Shannon-Kolmogorov entropy of X. This yields the exact rate of convergence
to zero of the minimal Ls-quantization error under rather general conditions on
the eigenvalues of the covariance operator (see [34]). In [35] Luschgy and Pages
investigated the functional quantization problem for one-dimensional Brownian
diffusions on [0,7]. They proposed several methods to construct some rate-
optimal quantizers and extended the results to d-dimensional diffusions when the
diffusion coefficient is the inverse of a gradient function.

In 2004 and 2006 Delattre, Graf, Luschgy and Pages considered the minimiza-
tion problem inf E[V (|| X — X||)], where V is a nondecreasing function. Under
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certain conditions on V', they derived the precise asymptotics of the quantization
error for nonsingular distributions (see [10]) and for self-similar distributions (see
[11]), and gave the asymptotic performance of optimal quantizers using weighted
empirical measures.

Another generalization of the problem of quantization error asymptotics for a
Re-valued random vector X with distribution y is given in Dereich and Vormoor
18], where the quantity (E[||X — X||*])%, which is to be minimized, is replaced
by )

1X — X|ly == inf{t >0 BV (“Xt;x“> < 1}.

The norm ||.|| is called an Orlicz norm. Thereby the function 9 : (0, 00) — (0, 00)
is monotonically increasing, left continuous with %in% Y(t) = 0. Defining by

S(n|X.9) = if X - Xy
X

[range X|<n

the quantization error under ¥ one says that the quantization error problem is
studied under Orlicz norm distortion. The main result is the following: assume
that there exists a function W with EDV(||X||)] < oo and that W satisfies
a certain growth condition which depends on the function 9. If additionally
tta(RY) sup,>, ¥(t) > 1 there exists a constant 0 < I < oo such that

lim n'/?5(n|X,9) = 14,

n—oo

Alternating renewal processes, point processes
and the Boolean model

In this thesis we consider the quantization error of point processes on bounded
metric spaces and of alternating renewal processes induced by a point process
on [0,a] C R, a > 0, a compact interval. As a special case, we establish upper
and lower bounds for the quantization error asymptotics of a stationary Poisson
point process on a compact subset of RY, and compare these to the asymp-
totics of the entropy constrained error. We further consider the Boolean model,
where a random set is constructed as the Minkowski sum of the points of a Pois-
son point process and a given random set, e.g. a ball with random radius. We
study the quantization error under two sorts of distances, the L;-distance and
the Hausdorff-distance.

In the first chapter we describe the basics of coding theory and give some nota-
tions and definitions corresponding to the several ways of measuring information
and the corresponding error functions.

In Chapter 2, we introduce simple point processes in R? for d > 1. Let (FE,dg)
be an arbitrary metric space. Furthermore let ¢ € N with 2 < ¢ < oo and
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wy,...,w, € E with w; # wj for i # j and w = max; j—1_,dp(w;, w;) < oco.
We define a jump process Y as a D ([0, a], {w, ..., w,})-valued random element,
where D ([0, al, {w,...,w,}) denotes the Skorohod-space, the set of all RCLL
functions from [0, a] to {wy,...,w,}. The number and position of the jumps are
given by a simple point process ¥ on the interval [0, a] satisfying the following
growth condition. Defining for every B C [0, a] the number of the points of ¥ in
B as Ng(B) :=4(¥ N B) it satisfies: there exists a constant ¢ € R, such that

P[Ng([0,a]) = k] < cF-e 8% for all k € N.

In Figure 1 we give a sketch of a realization of Y.

Figure 1: A jump process on [0, al

We can interpret this kind of process firstly as a sound signal with finite number
of different notes, or alternatively as a picture with finite number of different
colors without combination colors.

For two D ([0, a], E)-valued processes Y and Z, we define the L;-distance as

pE(Y, Z) = / dg(Yy, Zy) dt,
0

the Lebesgue measure of the parts of the interval [0,a], where Y and Z are
in different states weigthed with the distance of the states in E. With these
preliminaries, we compute an asymptotic upper bound for the s-th moment of
the quantization error of Y. Denoting the quantization error of order s for rate
n € N under p?-distance as D@*(logn | Y, p¥), the main theorem of this section
yields

D(q),s(logn | Y,pf) < 6—(1-&-0(1))4/%lognloglogn as n — 00,
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where o denotes the Landau symbol.

Furthermore, we introduce a special alternating renewal process X as a
D ([0, a], {0, 1})-valued random element. The waiting times of X are described by
independent identically exponential-A-distributed random variables with A > 0.
This means that the number and positions of the renewals are described by a sta-
tionary Poisson point process ® on [0, a] with parameter A\. We call this process
X an alternating Poisson renewal process. Moreover, we give asymptotic upper
and lower bounds for the quantization error of order s of X under L;-distance on
[0, a], denoted by p,, that are stated in the following

D(Q)»S(logn | X’ pa) — 6—(1+0(1))-\/%10gn10g logn

, N — 00.

For the lower bound we use the relation between the quantization problem and
small ball probabilities which is explained in [14], [15] or [16].

In the following sections we consider the random coding error and the entropy
coding error of the process X. For the entropy constrained error of order s, we
obtain the following upper bound:

there is a constant C'(), s), depending only on A and s such that

D (logn| X, p1) S “*-n7hasn— oc.

Let us remark that the asymptotic approximation bounds of the quantization
and the entropy constrained errors of the alternating renewal process X under
Li-norm distortion behave differently in contrast to the Gaussian case (see Equa-
tions (2) and (3)). Furthermore, it is interesting to observe that the asymptotic
upper bound of the quantization error depends on the s-th moment of the dis-
tortion while the asymptotic bound for the entropy constrained error is the same
for every s € Ry. On the other hand the asymptotics of the quantization error
do not depend on A, the intensity of ®, but the asymptotic upper estimate of the
entropy constrained error does.

This brings a contrast to the Gaussian case, where for the supremum norm-based
distortion, both information constraints lead to the same asymptotic approxi-
mation quality (see Equation (4)). For the L?[0, 1] norm-based distortions, both
information constraints lead again to the same asymptotic approximation quality
(see Equation (5)). In particular, quantization is asymptotically just as efficient
as entropy coding. This was shown by Dereich and Scheutzow in [17].

In the third chapter we turn to a more general subject. We introduce a simple
point process on an arbitrary metric space (E,dg). To compare two arbitrary
subsets of E we define the Hausdorff distance for A, B C E as

dy(A, B) :== max {sup d(a, B) , sup d(b, A)} , where d(A, B) := gn]g dg(a,b).
S

acA beB acA
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Moreover, for a bounded metric space (F,dg) we define the upper Minkowski
dimension to be
- log M(E
dimy/ F = limsup og—(,e)
o log(1/e)

Here, M(E,¢) denotes the smallest number of e-balls needed to cover E.

J
M(E,e) = min {j > 1 : there exist z1,...,2; € E with £ C UBE(@-)},

i=1

where B.(z) :={y € F : dg(x,y) < e} is the open ball around x of radius ¢.
On a bounded metric space (E, dy) with upper Minkowski dimension dim;(E) =:
d < 0o, we introduce a special simple point process T, for which the total number
of the points in F has a distribution satisfying

PHYNE) =k <" e ¥l8F forall k> 1

with ¢ € R, constant. We give an asymptotic upper bound for the quantization
error of order s relative to this process T:

[N

D(q)’s(lOgH|T,dH) < e—(1+0(1))~(3—d-logn~loglogn) . n— oo.
Using this, we prove asymptotic upper and lower bounds for the quantization
error of order s of a stationary Poisson point process ¢ on a compact cube

C = [-1,1]¢ Cc R [ > 0, namely

[T

D@5 (logn | ®,dy) = e~ (o) (Flosnioglosn)® =y,

Again, we consider in the following section the entropy constrained error of order
s and give an asymptotic upper bound for ® on C := [—[,1]*

1/d
D@ (logn |®,dy) < Vd- (%) -n_m, n — oo.
This time, one may notice that the quantization error asymptotics do not depend
on the intensity of ® or on A@(C), the Lebesgue measure of the cube C, but on
s, while the entropy constrained error asymptotics do not depend on s but on A
and on A (C).

In Chapter 4, we come to a more general situation, that of the so called Boolean
model, denoted by Z. Let K4 be the system of compact subsets of R? and B(K,)
the corresponding o-field. The Boolean model is composed of the Minkowski
sum of a stationary Poisson point process ® = {x1,zs,...} in R?, the so called
germs, and a sequence of independent identically distributed random compact sets
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Y1,Ys, ... (here we deal with a ball with random radius) which are independent
of ®, the so called grains. Let Y; satisfy

EDDYV+K)] < oo for all compact K.

The Boolean model is defined as follows: Given the germs x; and the grains
Y; as above a Boolean model is defined as a measurable map = : (Q,F,P) —

(’Cd, B(Kd)) with
=1

In Figure 2 we give a sketch of a realization of = for the case d = 2 in the unit
square. Furthermore, Y; is a ball with random bounded radius.

(L1.0)

oS

Figure 2: The Boolean model with bounded balls

This construct is useful to model quite complicated compact sets in R? with
irregular boundaries. If the intensity A of ® is small relative to the size of the
grains, then primary grains will not often overlap and hence, = will consist mainly
of separated particles. A typical example of such systems is the set of nodular
graphite particles in cast iron. A random sparse configuration of plants may also
yield such a pattern over an area covered by vegetation.

With increasing A, the number of overlaps increases. Simple examples of such
occurrences in nature are pores in cheese or areas of weeds in fields.

We differentiate between the cases d = 1 and d > 1. In the case of one dimension
and balls with random but bounded radii, the balls turn into intervals, so that
we can compare the Boolean model on the interval [0, 1] with a D ([0, 1], {0, 1})-
valued random element as considered in Section 2.3. As a consequence, we obtain

Xvi



the following asymptotics for the quantization error of order s € R, of =:
DW5(logn |2, dy) = e Ty lognlogloan  qq oo

This corresponds to the asymptotics of the quantization error of order s of the
stationary Poisson point process in dimension one.

In the case d > 1 we obtain the following asymptotic upper bound for the quan-
tization error of order s corresponding to the Boolean model on a compact cube,
where the germs consist of a stationary Poisson point process and the grains of
balls with random but bounded radius:

— 72 .
D@*(logn|Z,dy) < e (o), sy log mlog log as n — o0.

In the case where the grains consist of compact sets that can be included in
a certain way by balls with independent identically distributed radii we get an
asymptotic lower bound for the quantization error of order s of the Boolean model

D(q)’s(logn |2, dy) > e~ (Fo(D)y/ Flognloglogn gy,

The asymptotics of the upper bound are the same as the asymptotics of the
quantization error of a (d + 1)-dimensional Poisson point process. The reason
for this lies in the construction of the codebook: we use a codebook that first
codes a d-dimensional Poisson point process and uses more rate to code the radii
of the balls. Hence, intuitively we have d dimensions for the point process and
one dimension for the radii. But as the lower bound yields in the case d = 1 the
right asymptotics, we conjecture that this yields the right asymptotics as well in
the case d > 1. Heuristically, this may be understood by considering the overlaps
of the Boolean model. If the radii are quite large with high probability, we have
many overlaps in the Boolean model (e.g. some balls may be entirely contained
in other balls), and we need not code all points of the Poisson point process. If
the radii are that small that we do not have any overlaps, the Boolean model is
very close to the d-dimensional Poisson point process, and thus the quantization
error asymptotics may be equal.

In the last section of this chapter, we discuss the quantization error of the d-
dimensional Boolean model under p(¥), the L;-distance on R?. Although the
Hausdorff distance and the Li-distance are not equivalent, we obtain the same
asymptotic upper bound for the quantization error of a special Boolean model
on a compact cube with bounded grains, namely

D(Q)’S(logn | E, p(d)) < 6—(1+o(1))\/s((1%1)~10gn10g10gn as 7 —s 00,

Finally, Chapter 5 discusses open problems.
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Chapter 1

Preliminaries

1.1 Coding theory

The basic problem of coding theory consists in transmitting a message from a
source to an user. The fundamental choice of communication is whether the
message is reproduced either exactly or approximately. We will discuss the ap-
proximation approach and evaluate its fidelity.

The coding problem consists of

e a polish space (E,d), called the source alphabet,

e a probability distribution u on the Borel sets of F, called the source distri-
bution,

e a Borel measurable function p: £ x E — [0, 00) with

- p(w,y) :p<y,$) Vm7y€ E
— plz,y) 2 0Vz,y € E and p(z,y) =0 & z =y,

called distortion measure.

Notice that p is not necessarily a metric, because the triangle inequality need not
hold. Let (2, F, P) be the underlying probability space and X : Q@ — E be a
p~distributed random element (hereafter abbreviated by r.e.) on E, the original
data signal. Let X : Q — E be a random element on E which is called the
received signal. The distortion between X and X is modeled by p(X, X ).

As we have a capacity constraint of the channel we use for transmitting the signal,
it is important to measure the quantity of “information” we can transmit. We
measure this information by the following quantities: One possibility is admitting
a finite number of deterministic received signals, called the codebook.



Definition 1.1.1 For s € R, we define the quantization error of order s of a
source (u, p) in terms of the rate n € N as follows

|

(9),s — i i s
D' (log n|u, p) = comf min p(, y)°* u(dz)
E
Here C' # () is called a codebook that is associated with a quantizer which associates
X with an optimal replication X in C. Sometimes we write D@ (logn|X, p)
instead of D'D*(logn|u,p) and for the case where s = 1 we use the notation
D9 (logn|u, p) := D@ (log n, p).

One method of generalizing the quantization error is to use instead of a deter-
ministic codebook a codebook consisting of independent pu-distributed random
variables.

Definition 1.1.2 Let {Y;},en be a sequence of independent p-distributed random
elements which are independent of the original X. Denote for s € Ry andn € N

by 1
D(R)’S(lognm,p) = (E[ min p(X,Yj)s]) :

je{lv“-vn}

the average coding error when using the random sequence {Y;}jen as codebook
elements. Again we use for the case where s = 1 the notation DY (logn|u, p).

Another way of measuring the information is the entropy of X.
Definition 1.1.3 For a random element X : Q — E with countable range define

H(X):=- ) P(X=u1)logP(X =uz)

z€supp(X)

the entropy of X.

Entropy can be seen as a measure of “uncertainty” or “randomness” of a random
phenomenon. For a given probability distribution p the entropy H measures
how much freedom one is given to select an event, or how difficult to predict the
outcome.

Definition 1.1.4 We define the distortion under entropy constrained coding of
order s € Ry for rate logn > 0 by

D (log n|p, p)
1
= (inf{E[p(X,X)s] (X, X) re in E%, L(X)=p, HX) < 10gn}>s.
Analogously we define D (logn|u, p) := D (logn|u, p).

2



D©)5(logn|u, p) is the minimal distortion that arises under the constraint that
the “uncertainty” of the replication X is smaller than logn > 0.

The fourth sort of constraining the capacity is the mutual information between
X and X.

Definition 1.1.5 For any Borel probability measures & and v on a Polish space

let
_ Jlog(£)dv, ifeé<v
H<5||u>.—{007 ) dv ¢

the relative entropy of & with respect to v.

The relative entropy measures the distance between two distributions. H(§||v)
is a measure of the inefficiency of assuming that the distribution is v if the
true distribution is €. Note that it is not a true distance, because it is neither
symmetric nor does it satisfy the triangle inequality.

Definition 1.1.6 For two random elements X and X on E with joint distribu-
tion Py %) and marginal distributions Px and Py we define the mutual informa-

tion I1(X, X) as the relative entropy of the joint distribution with respect to the
product distribution Px Pg

(X, X)=H (P(X,X)HPXPX) .

The mutual information measures the amount of information that one random
element contains about another random element. It describes the reduction of
uncertainty of one element due to the knowledge of the other.

Definition 1.1.7 For n > 1 the Shannon distortion rate function of order s €
R, s defined by

D (log n|u, p)

= (inf{E[p(X,X)s] (X, X) re in E?, L(X)=p, [(X,X) Slogn})

1

s

with the convention D(logn|u, p) := DM (logn|u, p).

D(logn|u, p) is the minimum distortion attainable by sending mutual information
not greater than logn. It is the main object used by Shannon in his works
1948 (see [40]) and 1959 ([42]). He considered the problem of reconstructing an
original X on the basis of the information received via a channel with restricted
capacity. One of his main results is that the distortion rate function gives the
asymptotically best achievable accuracy between the original and its replication
in the latter problem.



Remark 1.1.8 Due to the fact that for any discrete replication X

~ A

H(X) < log [supp(X)|

and X R
I(X, %) < H(X),

the coding quantities are ordered as follows

D(logn|p, p) < D (lognlu, p) < D' (logn|u, p), n€N.

1.2 Notation

Let f, g be two nonnegative real-valued functions on R. For a € RU{oo}U{—00}
we write

f(x) S g(x), ©—a,

if and only if for any sequence (zj)ren in R with klim zr = a it follows that
—0Q

lim sup ED)

< 1.
koo 9(TK) T~

Moreover we write

f(x) 2 9(z), v —a, ifg(z) S f(2), z—a,

and
f(z) ~g(x), v —a, if f(z) < g(z) and f(z) 2 g(z), v — a.

In this case we call the functions f and g (strongly) asymptotically equivalent.
Moreover, f and g are called weakly asymptotically equivalent if there exists
C € Ry such that f(z) S Cg(z) and g(z) < Cf(x) as x — a. In this case we
write f(z) =~ g(x) as © — a.

Let f,g be two positive real-valued functions on R. For a € R U {oo} U {—c0}
we write the Landau symbols

f(x) =0(g(z)), =—a,

if and only if for any sequence (zy)reny in R with klim 2, = a there exist M > 0
and ko € N such that for all £ > kg

fxy) < M- g(zx)

and



if and only if for any sequence (zy)geny in R with lim x; = a it follows that

k—o0

lim f (k) =

k—oo g(xy)

Denote the Lebesgue measure in R? by A\@ and let |z := max{j € Ny | j < 2}
and [z] :=min{j € Ny | 7 > 2z} for x € R,.
During the whole work we will use the following proposition.

Proposition 1.2.1 There exist constants 0 < ¢; < 1 < ¢y < 00 such that for all
x € R with x > 1 it follows

i T

c1 VT <—>x < T(x+1) <c-vz- <—>x
e e
Proof: From Theorem 8.22 (Stirling’s formula) in Rudin [39] we conclude that

r 1
lim (z+1)

Vo (B

Hence, for every € > 0 there exists xq > 1 such that for all x > x7 we have

(1—5)-\/§.\/§.(§>$ < D(r+1) < (1+5).\/§.\/§,(g)

xT

The functions I'(z + 1) and f(z) = V2rz - (£)" are continuous and strictly
monotonically increasing on [1, 00). Therefore we have I'(x + 1) > 1 and f(x) >
27 -e~ ! for all x > 1. Thus

[(x+1)
Vi )

is continuous for all z > 1. For all x < zq it follows

g(z) =

2 < o) < St

27TZL‘Q . (;p_eo)xo B

Hence, ¢ is continuous and strictly positive on [1, zo] and there exist constants
0<e; <1<e¢y < oo such that for all z € R with x > 1 it follows

we () st 20y ()






Chapter 2

Jump processes, alternating
renewal processes and the
Li-distance

2.1 Definition and basic properties

One of the original signals we are going to code will be the Poisson point process.
In this section we introduce point processes, in particular the Poisson point pro-
cess and give some properties. Furthermore we define two jump processes whose
jumps are related to a special point process and to the Poisson point process on
R, respectively. Moreover, we introduce the distortion measure, which is defined
via the Li;-norm. We follow the definition of point processes from Stoyan et al.
[43].

For 6 > 0, a € R? denote the open ball in R? with center a and radius § by
Bs(a). Denote the system of the bounded Borel sets by 9B,(R?). A simple point
process is defined as a random element in a measurable space (G, G), where G is
the family of all locally finite subsets ¢, of R%. Each ¢ in G can be regarded as
a closed subset of R?. An element ¢ of G can also be regarded as a measure on
R? so that N,(B) is the number of points of ¢ in B. The o-field G is defined as
the smallest o-field on G to make measurable all mappings ¢ — N, (B) (for B
an arbitrary bounded Borel set).

Definition 2.1.1 A simple point process is defined as a random element ® in a
measurable space (G,G), i.e. ®: (Q,F,P) — (G,G) is measurable.
We denote the intensity measure of ® by

A(B) := E[Ng(B)], B € B,(R%).
It is the expected number of points of ® in B.

Stationarity of a point process ® means that ® and the shifted process ¢, := &+x
for all x € R? have the same distribution.



Remark 2.1.2 If ® is stationary then A is of the form
AB)=X-A9B), 0< )< o0

A is called the intensity of the point process (see Stoyan et al. [43], Section 4.1).
Choosing B to have measure 1 shows that A may be interpreted as the mean
number of points of ® per unit volume. We shall always assume that 0 < A < oco.

Definition 2.1.3 A stationary Poisson point process with parameter A > 0 is
defined as a point process ® on (G,G) with the following properties:

o The number of points in pairwise disjoint sets By, ..., B, € By(R?), i.e. the
random variables No(B1), ..., No(B,) are independent for alln =1,2, .. ..

e The number of points No(B) in B € B,(R?) is Poisson distributed with
parameter X - \)(B), i.e.

(A AO(B)"

P(No(B) =m) = =—

exp(—=\ - A9(B)).

Remark 2.1.4 If it is known that exactly n points of ® are in B € B,(R?) then
the position of the points is uniformly distributed in B (see Daley and Vere-Jones
9], page 21).

Let (F,dg) be an arbitrary metric space. For a € R, the Skorohod-space
D ([0,a], E) is the set of all right continuous functions with left limits (RCLL)
from [0,a] to E. We denote by B (D ([0,al, F)) the smallest o-field containing
all finite dimensional cylinder sets of the form

C:={feD([0,a],E); (f(tr),-.., [(ta)) € A},

where ¢; € [0,a], i=1,...,d and A € B (E%) where B (E?) denotes the system
of Borel-sets in £,

Remark 2.1.5 In Chapter 3 of [3] Billingsley showed that for £ = R the space
D ([0, a], E)) is metrizable by the Skorohod metric in such a way that D ([0, a], E)
is a complete and separable metric space and that B (D ([0, a], £)) is the smallest
o-field containing all open sets.

Let g € N satisfy 2 < ¢ < oo and let wy,...,w, € E with w; # w; for i # j and

w = max; j—1._,dg(w;,w;) < co. Let D([0,a],{wy,,...,w,}) C D([0,a],E)
denote the Skorohod-space of the RCLL mappings from [0, a] to {wy,,...,w,}
and B (D ([0, a], {w1,,...,w,})) the corresponding o-field.

Define

Gloa :=1{¢ C[0,a] : H(¢) < o0},
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and Gy q as the smallest o-field on Gp, to make all mappings ¢ — Ny(B)
measurable for all bounded Borel sets B.

We define a jump process which lives on the time interval [0, a]. The distribution
of the number of the jumps has to satisfy a certain growth condition.

Definition 2.1.6 Leta € Ry. LetY be aD ([0, a], {w:,, ..., wy})-valued random
element that satisfies the following condition: The number and the position of the
Jumps are described by a simple point process ¥ on (G[o,a], Q[O,a]) that satisfies

P[Ny([0,a]) = k] < cF-e7"ogk forall k> 1

with ¢ > 1 constant. Denote by 1 the distribution of V. We call this random
element Y a jump process.

Now we define a special alternating renewal process with fixed starting distribu-
tion and corresponding to a Poisson point process.

Definition 2.1.7 Let X be a D ([0, al,{0,1})-valued random element that satis-
fies the following conditions

e The number and the position of the jumps are described by a stationary
Poisson point process ®x on (G[O,a], Q[O,a]) with parameter X > 0. Denote
by X the distribution of ®x.

We call this random element X an alternating Poisson renewal process.

The process jumps between zero and one, so we can think of it as a sound signal
that is either high or low. The number and the position of the jumps are described
by a Poisson point process ®x on the interval [0, a]. We define a random variable
Ng, that is Poisson distributed with intensity A to characterize the distribution
of the number of jumps. The waiting times of X in state zero or state one
respectively can be described by a sequence of exponential-A-distributed random
variables (11,75, . ..), i.e.

P(T;<t)=1—-eMwithi=1,2,... and t € [0, q].

Denote by S;, i = 1,... the position of the i-th jump, i.e. S; = > T.
k=1
The definition of this process corresponds to the definition of a renewal process

with exponentially distributed waiting times (see Alsmeyer [1] or Cox [7]), but
normally the renewal process jumps at every renewal upwards, our process alter-
nates between jumping upwards and downwards.

Now we are going to define three distortion measures, one for jump processes, one
for alternating jump processes and one for random elements of the form (Xg, ®x).

9



Definition 2.1.8 For two D ([0,a], E)-valued maps Z and Y define the distor-
tion measure pZ : D ([0,a], E) x D ([0,a], E) — [0,00) by

pE(Z,)Y) = / dp(Z,,Y,) ds.
0
Remark 2.1.9 For two D ([0, a], {w,,...,w,})-valued maps Y and Z clearly it

holds the upper bound s
pe(Z2,Y) < w-a.

Consider now two D ([0, a], {0, 1})-valued random elements, i.e. two alternating
jump processes Y and Z. Denote the point process corresponding to Z by &,
and the point process corresponding to Y by ®y. Via Z; and ®, the stochastic
process Z is uniquely determined.

The next definition introduces a special case of the definition above with E = R,
dg(.,.) = dg(.,.) with dg(z,y) = |z —y| for all z,y € R, ¢ = 2, w; = 0 and
wy = 1:

Definition 2.1.10 For two D ([0, al,{0,1})-valued random elements Z and Y
define the distortion measure p, : D ([0,al,{0,1}) x D ([0,al,{0,1}) — [0,a] by

PuZ.Y) = |2 =Y oy = [ 12~ Vilds.
0

In the following we write |||, instead of |||, (o,aq ) and in the case a =1 we
write p(.,.) instead of p1(.,.).

With the preliminaries above we define the distortion measure between (Zy, @)
and (Yo, @y) as follows: we consider all points of ®; and Py, order them and
express the distortion measure via 2, Yy and ¢, ®y.

Remark 2.1.11 For the case that Y has dy € N jumps and Z has dy € N
jumps we denote the position of the jumps by 0 < S} < ... < S} < a and
0 <87 <...< 87 < arespectively. Now let

. Z

Sl — Sl 3

~ o 7

$ = 7,

_Q Z
Sdz — Sdz’

_Q Y
Sdz+1 - Sl 9
S Sy
dz+2 2

_ _ Y
Sdz+dY - de



and

A1 = min {SJ}

Je{l,...dz+dy}
Without loss of generality let A, = 5'2-1 with iy € {1,...,dz +dy}. Let
AQ = S }

Without loss of generality let Ay = S;, with iy € {1,...,dz +dy} \ {i1}. Let
Az = min S}

. .o J
Je{1,...dz+dy }\{i1,i2}

Ady+dz = min{S’j : jE{1,...,dZ—|—dy}\{il,iz,...idy+dz_1}}.

Then we have
0< A <A< ... SAdYerZ < a.

0
Definition 2.1.12 With the preliminaries above and with Y |Ag; — Ag;i_1]| :=0
i=1

we define po.a : Gpoe X Gloq — [0, al

o0

(@2, ®y) == Y N, (0a)=ds .y (0a)=dy}
dz=0dy=0

dz+dy
2

1{dz+dy even} * Z |A22 - A2i71|

=1
dg+dy —1
2

+1¢a,+dy oddy - Z |Agi — Agi—q| + |la — Adyiay |
i1

and ppoq ¢ ({0,1} X Gjoq) x ({0,1} x Gloq) — [0, a] with

p[oﬂ}((ZO’ (PZ)? (}/0’ @Y)) = 1{ZO:YO} : ﬁ[O,a](CI)Z; (I)Y)
+1{Z0¢Y0} ’ (CL - ﬁ[O,a](q)Za (I)Y))-

Lemma 2.1.13 With these definitions we have
1Z =YL, = po.a((Zo, Pz), (Yo, Py)).
Hence, it suffices to code (Xo, Px) instead of X.

Remark 2.1.14 As p,(.,.) defines a metric on D ([0,al,{0,1}), by ppq(.,.) is
defined a metric on ({0, 1} x G[o,a]) and thus pp (., ) is a metric on Gjo 4.
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2.2 A jump process

In this section we consider the jump process from Definition 2.1.6 which lives on
the time interval [0, a] with @ € R,. The distribution of the number of the jumps
satisfies a growth condition. For this process we give an asymptotic upper bound
of the quantization error.

Theorem 2.2.1 Let s,a € Ry and E = {wy,...,w,}. Let'Y be a jump pro-
cess as stated in Definition 2.1.6. Denote the distribution of Y by v. Let 1
denote the distribution of the corresponding point process V. Then we have for
the quantization error the following asymptotic upper bound

D(q),s(logn | Y, Pf) < e—(1+o(1))~(%logn-loglogn)% as 1 — 00.

Proof:

The proof is outlined as follows: first we split the distribution v of Y into a
sum of several distributions. Then we deduce an upper bound for the sum by
constructing concrete codebooks for each of the summands.

Define Ny (a) := §(¥ N[0, a]). Let Y := Y|{ny ()=} and v be the distribution of
Yi. We split the distribution of Y via

Vv =

P[Ny(a) = k| - v.

00
k=0

Let Wy, := Wy (a)=k} and 9, be the distribution of W;,. Analogously we split the
distribution of ¥ via

Y = P[Ny(a) = k] - ¢y,

[M]#

i

0

where ¥, = () almost surely.
Following the reasoning in Graf and Luschgy [23] we estimate the quantization
error of Y by the sum of the quantization errors of the Y.

Let (ng)ken, be a sequence such that for all 0 < k <4 li?ﬁ)gg’; and for n large
enough it holds that n; > 1 and

[o.¢]
E nE < n.
k=0

For0 <k <4- ,/isgll% let Cy be an arbitrary codebook for vy, with |Cy| < ny.

4/ fogtess )
Let C := U Cy. For k > 4 - lisglﬁ)ggz we code the case of k jumps with
k=0

12



the codebook C.
We estimate the quantization error of Y in the following way. Since C is a
codebook for v with |C| < n, we deduce

(D“*(logn|v, p¥))*
< / min(py (v, y))* dv(z)
_ szvﬂ, i [ min(eE (o))" (o)

\_ 2slogn logn
log log n

< P[Ny(a) = k] - ;rellcn(pa (2,9))” dvy(x)
+ > P[Ny(a) = k] - [ min(py (z,y))* dvp(x).  (2.1)

y€Co

k=L4-\/®J+1
Now we are going to construct the specific codebooks Cy we are going to use for
the upper bound.
Without loss of generahty assume e~ 'n > ¢. In the case of no jumps we define
ng 1= q and Cy := {yo ,...,yoq)} Wlthy(())( t)=w, forallt € [0,a],i=1,...,qas
the codebook for vy. Hence, we can transmit and reconstruct the signal exactly
with only ¢ elements in the codebook Cy and it follows

H&n(pa (x,y))*dvy(x) = 0 for ng =gq. (2.2)
yelo

For the case where 1 < k < 4.,/ isgll% we first construct codebooks for the point

process ¥ and therewith we introduce codebooks for Y.
Let
T = {(zy,...,2) €[0,a) : 0<azy<my<...<ap <a}

and
k
AW = {(zy,.. . x)€eRY 2, >0, Vi=1,...,kand inga}.

Consider a realization of Wy and denote the points in [0,a] by 0 < s1 < 3 <
. < sk < a. Thus (s1,82,...,5k) € '™, Then using the bijective map

T: ng) — A((zk)

$1 1 S1
52 — () = S3 — 81 (2.3)
Sk t Sk — Sk—1



yields the tuple
(tr,ta, ... ) € AP
Let

1

5 = a- (ot a-n7 et Eont]) (24)

We show that for all 1 <k <4 - ffglﬁ) &% and for n large enough it holds § > 1
and this is valid if

¢l - (g-DF et (k) n> 1
Using Proposition 1.2.1 yields
¢ =D Fe )T g (g =) e (e VE BT
Thus there exists ¢ < 1 such that forall 1 <k < 4. ’/13)211% we have

g =) )
> ko

> exp (4 - /—i‘;lﬁ)@é’; logc—4- 4 /—lisglf(’)gg’; log (4 - /—i‘?ﬁfgi) + log n)

= exp (4 Ly 2sken o0 & — 24/25Tog nloglog n)

loglogn
_A. [2slogn . 2s
exp < 4 loglogn log (4 log logn> + lOg TL)
— OO as n — OQ.

Hence, forall 1 <k <4 - w/i;% and for n large enough we have

>1 (2.5)

STIRS

and therefore % € N.

We cover the simplex AP with small k—dimensional cubes with side length §.
To cover the simplex we need

a —
ORI B T k=1,
k T 5 _

POEIINED Dl EREED DL T 2

small cubes. Since for all £ > 1 it holds A,(Ik) C [0,a]* and we need (%)k small
cubes to cover [0,a)” it follows

1 k k
E(E) <2 < (2) . forallk>1 (2.6)

14



Denote the small cubes by K , 7 =1. 1 We put in the center of each

small cube a coding point, denoted by (t(] (J)) Jg=1,. n,(gl). Our code-

book on the simplex is defined as the set of the center points of these small cubes.
Hence, we define the codebook for v, by

Cp= {87, ..., 89y =171 (@Y, ..., i) j=1,... .0},
Now we define the codebook Cj, for Y.
Co = 1{0:[0,a] = {wr,...,w} : s € {wl,.. Jw,}, s € 0,89,
gs € {wr o w b\ {do ), se[3V 89 i=1,.. k-1,
Us € {wy, ... wq}\{ym 1 se[sk cal, j=1,...,n4}
with i = lim g Hence, Col =1l g+ (g — 1)~

The cardinality of C, is the rate we use for this case and thus we define

2s1
ng = n,(gl)-q-(q—l)k forall 1 <k <4. 29081
loglogn

Since § > 1 (see equation (2.5)) we have n,(cl) > 1 and therefore for n large enough

251
ny>1 foralll<k<4. i AL (2.7)
log logn

Furthermore for k > 4 - li‘;lﬁ)ggz we define ny := 0. With equation (2.6) and the

definition of § follows

k

_ Qq—%.(q_l)—l.e—%.(k[)—%.n%D q-(g—1)F
gefl-lwz, foralll1 <k <4. M,
k! loglogn

|4/ Z2heen | X
} : -1
k=0

k=
(o)

>

k=0

n.

and, hence,

IN

1
1

(2.8)

15



Now we give an upper bound of the error on the simplex AP Leth € {1,..., n,(gl)}
be fixed. For the case the original tuple (¢i,...,%) is in the small cube Kék)’h

our coding point (Eﬁh), o ,fﬁf‘)) is in the middle of this cube with side length 0.
Hence,

~h
|tz‘—t§ | <

| S

, foralli=1,...k h=1,... n". (2.9)

By construction we have §§h) = 22:1 f;h) foralle=1,...,k, h =1,... ,n,ﬁl).
This leads with (2.9) to

ng k ) 7
_ 2(h)
- 1{(t1 ,,,,, tk)EK(k)’h} ’ Z Zt] o th
h=1 i=1 | j=1 j=1
N k [
(h)
< Loty tyer®ny Z Z t; — 17
h=1 =1 j=1
k ) 5
< b
- e )
=1 j=1
p— Z D—
: 2
=1
0
=k (k1) (2.10)
Consider a given realization yy, of Yj, with jumps (s1, ..., sx). Let (§§h>, o ,é,(!")) be

the corresponding codebook element for the jumps out of Cj, with h € {1,. .., n,(gl)}.
For the realization of the jump process we choose the codebook element g),‘;”) out
of C; that satisfies (§"™)o = (yx)o and (@]E;m))§<h) = (yr)s; for all i =1,...,k and

me{1,...,|Ckl}.
Clearly it holds

min pZ (yx, 9) < pE (yr, 95")

IR ECk
<w- A(l)({t €[0,d] : (?J,ﬁm))t A (yk)t})

and

k
{te[0,q] : (gl(cm))t # (yr)i} C U [min{si, §Eh)},max{si, §§h)}}

16



Therewith and with equation (2.10) we can deduce

ng k
yrkmn PE (g, 1) < w - Z 1{@1 77777 hyek Z |5 §1h)|
h=1 i=1
)
and therefore for s € R
5 S

yITlll'l (pa, (ykayk)) < w-k- (k: + 1) ’ Z : (211)
k<

Thus, with the definition of § (see (2.4)) we deduce

min(p? (z,y))* dvy(x)
yeCx

< (S e (oot gt )”

w-a-k(k+
4

~

D-(¢g—1DY\ = o s
) - (q )) gt -er - (K)E-nTF asn — oo

251
toglogn -

uniformly in k£ € {1,...,|4-

e/ et
Let C := U  Ck. Due to equation (2.8) C is a codebook for Y with |C| < n.
k=0
With equations (2.1) and (2.2) and with the growth condition satisfied by Y, it

follows for large n that

(D' (logn|Y, py))*

L \/ 2s log n
log logn
< c* - e7Mek [ min(pg (2, y))" dvi(z)
y€eCy

[ee])
Y e i (e ) )
k:L4\/ QSlognJ+l

loglogn
4/ B s _s
_ \/1g1g b klogk (w-a-(q—l)‘k(/f—l-l)) (i l ) k
~ c . e . . . . n
p 4 qge k!
£ et fin(of (e,y) dvi(a) (2.12)
k:L4.\/li;1§)géjLJ+1

17



For all n € N we introduce the function
f iRy — Ry

1 1 i .
k k(k+1 R — e Mgk Tk
~ ety (G ) et

From Proposition 1.2.1 we know there exists a constant ¢y > 1 such that ¢y VEk
(%)k > T'(k+ 1) and therefore

fu(k) < fulk)

S
2 s _
ch ke ket

c - (k)(k + 1))8 . (% . e—1>_E . e*klogk . nfi_

From equation (2.12) and with the definition of f,, we split the sum and get for
large n

(D'9*(logn | Y, p¥))*
|4/ 2heen |

> (%) Fal)

[e.e]

> Fee [min(pl(e,y)) du(a)
k= L4\/2slogn v

log log n

AN

le] (- D\ 5/ 22hen | (- D\
aw(q — aw(q —

S () e > (M)

k=1 k=|c]+1
|4/ Z2keen

+ Z (M)S < fu(k)

4
b= L¢i§§m+1
k  _—klogk : E s
+ Z e ;IélCI(}(pa (x,v))° dv(z). (2.13)
k=L4-\/1isgl§)ggZJ+1

We assert that the sum is of order

(D(q) (logn|Y,pf))S < e—<1+o<1>>~\/w,

n — oQ.

To prove this we will discuss each part of the sum and start with the first one
Part 1: We consider the case where 1 < k < ¢. Define

aj(c,cy) =

c-logc+ slogcy + slogv/c + log((qe)®) —
+2slogc+ slog(c+ 1).

18



For these k& we consider

(k)
c—VZslognloglogn

= exp <\/2310gn10g logn + k(logc —log k) + %(log co + log \/E)>

1
- exp (E log((qe)®) 4+ 2slogk — s + slog(k + 1) — %log n)

< exp <\/210gn10glogn+c-logc+slog02+slog\/E>

- exp (log((qe)s) + 2sloge — s+ slog(c+ 1) — s log n>
c

= exp <\/2510gnloglogn — Zlogn + aq(c, cg)>

—0 asn— oo.

which yields

c 1
() k)
e—\/2310gnloglogn

]
Z CI —1) fa(k)
efx/210gn10glogn

—1\°?
< |c] - (%) - exp <\/25 log nloglogn — 2 logn + a1 (c, 02)>

— 0, n — oo.

Hence,
Le] (1)
Z ( ) fu(k) = ofeVZlesrlogloeny o (2.14)
k=

2slogn
loglogn”

Part 2: In the second part of the sum k lies between ¢ and % It is easy

to see that

as(c,co,n) = (10g ¢y + 1 log zfoﬁfogn) + ¢ log((ge)*) + 25 - log (%\/ —1iilﬁgg2)

—s + slog (% fosgllcc’)gg’; + 1)

= o0 <—\/2510gn10g10gn) , N — 00.

19



Therewith we can give an upper bound

il = e ( (log"’z“og %v@%)mog«qw)
o (2stos (3 5) o+ os (365855 +1))

-exp (—y/2slognloglogn)

= exp (ag(c, ca,n) — /2slognloglog n)

and hence,

1 2slogn
L§ \/log lognJ

> (M=)

k=lc]+1

< (%) - exp <log (% isgf)ggz) + as(c, ca,n) — +/2slognlog logn) :

Since

log (%1 “i;%) + as(c, ¢3,n) — \/2slognloglogn

~ —+/2slognloglogn asn — oo,

we get
13/ ogrogn] s
> (W) falk) < e elDhvEsERRglET (9 15)
k=[c|+1
as n — oQ.

Part 3: For the third part of the sum we first prove the following assertion: for
slogn slogn
I={1,...,|4- ’/—igloggnj — L% —ligloggnj} we define

L% 2slognJ iy,

N log log n
L/ st
and
k= 1; L,/@%J, iel
We assert

log fn(ki,) < —(1+0(1))v/2slognloglogn, n— oo, 1€ l.

20



To prove this we use the fact that

043(07 Ca, N

./ 2slogn _ 1, /[2slogn 1.
8 loglogn lOgC 2 loglogn lOg <2 (

+8-log (8- (/2hEs —1))
1 2slogn
+l.( QSSlOgn 71> (10g Co + 2 IOg (8 ) logloggn>>
2 loglogn
s 2slogn
e ( QSllogn 1) log((qe)®) 4 2slog (8- logloggn> —s
2 loglogn
2slogn
+slog (8 . logloggn + 1)
= o(y/2slognloglogn), n — oc.
Without loss of generality assume lisg ll‘:)gg = > 2. Therewith we deduce
|- 2s lognJ 2slogn
log 1 log 1
l = 4=t <8 forallicl
2slogn 2slogn
L log logt;gnJ logloggn -1
and
3y )+ 1 5 e
li > e > BE = 2 foralliel
L 2slognJ 2slogn
loglogn loglogn

\/g—\/(loglogn)/logn>>

V1oglogn

We consider log f,, (ki )) As ¢ > 1 we have logc > 0. Using the fact that for all

b e R, it holds lb—f— ;> 1 we get
log fulk)) < -/ loge— i (/2 — 1) log (1, (/2
-5 . 1 . 2slogn
+li'(\/li;ll%géz_1> <10g et 2 log <ll loglogn>>

oy ostlae)) + 2slog (1 fEREER) o
+slog (1 /% 1) — g g

= (3l + 5)v2sTognloglogn +1; - |/ o log ¢
e o (1 (P )

+1; - log (z (,/i;% . 1))

21
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slogn
+W <log ¢+ 1log <l ligloggn>>

log logn
1 s . 2slogn .
R ) oella) + 2slog (/i) -

+slog (l,» A /—lisgll‘;ggz + 1)
—+v/2slognloglogn + 8 - 4 /—lifglﬁ)ggz log ¢

1 2slogn 1 V2s—+/(loglogn)/logn
1 ()

loglogn Vioglogn
+8-log (8- ((/2kez — 1))

IN

loglogn
+—;,(\/2511W_1> log((ge)®) 4 2slog <8 . ,/—i‘?ﬁfg%) -5
2 loglog n

+slog (8 1/ lifglf(’jggz + 1)

= —y/2slognloglogn + asz(c,ce,n).

Using this in the third part of the sum yields
1/ g n ‘
aw(qg—1
> (%) 0
h=13y/ et +
L4/ e )
aw(g 1)
Z — -exp(—v/2slognloglogn + as(c, ca,n))
k=13 Earalt
<%‘1)> -4 lisgll‘;gg’; -exp(—+v/2slognloglogn + asz(c, ca,n))
= (%) - exp (log (4 lizlﬁ)ggz) —/2slognloglogn + as(c, 02,71))

and since

IN

IN

2slogn )

log (4 oglaer) — Vv2slognloglogn + as(c, ca,n)

~ —y/2slognloglogn as n — 0o
we get for large n
4/ o) "~
Z (aw(q — )) falk) < e—(1+0(1))v2slognloglogn_ (2.16)

2slogn
k= L \/loglogn




Part 4: We consider the last part of the sum, where k£ > 4 - @%. We code

the case of k jumps with one of the ng codebook elements of Cy, denoted by
Y/O(l) %(no)‘

Due to Remark 2.1.9 we estimate the distortion between these codebook elements
and Y} by
min (pF(Yg", 2))* dv(z) < (aw)”.

Therefore we estimate the fourth part of the sum

oo
ST FeerEh e [ min(pF (1, V) di(a)
JE— Y €eCy
b=/ B
o
< Z Ck . e—klogk . (aw)s‘

k:L4'\/ 2slognJ+1

loglogn
Define
g(k) = ek-(logc—logk).
Consider
2slogn
g(L4 ’ 1ogloggnJ + 1)
 aTgoshon < exp (v2slognloglogn)
2slogn 2slogn
1 6Xp <4 ) logloggn (10g ¢— log <4 ’ log loggn>>>
= exp (—v/2slognloglogn)
2slogn 2s
- exp <4 - /—logl‘z)ggn <logc — log <4 . loglogn>>>
— 0 as n — oo.
Therefore g(|4 - lisjglﬁ)ggZJ + 1) = o(e~V#slognloglogn) 55 1y — o0,
For 4 - lisglf(’)gg = < k consider now
g(k+1) k*
_— g C+s ———
g(k) (k + 1)k

IA
o

VAN
o

/ 2slogn
4 loglogn +1

— 0, n — o0.

23



Thus there exists a 7 > 0 such that foralln > n and &k > 4 - ,/lisgll% we have

k+1 1
gk+1) 1

g(k) 2
Hence, for n > n it holds

> gk

_ 2slogn
k_L4.\/loégloggnJ+1

2slogn
28 logn 0 1 k7L4'\/loglognJ71
< 4., 022200 41, Z
=9 (L loglognJ - > Z (2)
k:L4\/ 2slogn

log log nJ+1

slogn
= 2gl4- B 4

— 0(67\/2510gnlog10gn)’ n — oo. (217>

Combining now equations (2.13), (2.14), (2.15), (2.16) and (2.17) yields

(D" (logn |, p))* < e~ VETETIRIET o, o

and thus
D(q),s(logn ‘ Y, paE) < e*(lJro(l))‘\/flognloglogn as 1 — 0o.

O

In the following we consider the question whether the quantization error asymp-
totics will get better, if D ([0, a], E')-valued codebook elements are admitted in-
stead of D ([0, a], {w, ..., w,})-valued. That this is not the case is shown by the
following lemma.

Lemma 2.2.2 Let (E,dg) be a metric space and E C E measurable. Let'Y be
a E-valued random element. Let C = {fi,---, fa} C E be an arbitrary codebook
with n € N elements. Then there exists a codebook C = {gi,...,gn} with n
elements which are taken from E, such that

. — . . |
E[rgneléng(Kg)} <2 E[r]glelng(Kf)

Proof:

Consider an arbitrary E-valued random element Y and an arbitrary codebook
C={fi,..., fa} with n € N elements which are taken from E. Let (A4;)i=1, . »
be a measurable partition of E satisfying

de(g, fi) = min dp(g, f;) forall g € 4

j: 7777
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for i = 1,...,n, the so called Voronoi-regions (see Graf and Luschgy [23]). Let
Pi(.) := P(.]4;). In the definition of the quantization error we consider

B[ min dp(V,f)|Y € A = Blde(Y f)|Y € A]

j_l """

= E"dp(Y. ).

Assume that BV [dg(Y, f;)] = k; with x; € R, constant. Then there exists g; € E
such that dg(fi,9;) < k; and P[Y = g;] > 0. Thus it follows

EPdp(Y, )] < EP[dp(Y, ;)] + de(fi, 9:)
< 2. EB[dp(Y, f;)].

This is valid for all i = 1,...,n. If we define the codebook C := {91, ,gn} we
can deduce
E| mindg(Y, g)} < 2. E[I}pig dp(Y, f)].
S

geC
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2.3 Deterministic coding of the alternating Pois-
son renewal process under L;-distance

In this section we deal with an alternating renewal process induced by a Poisson
point process and give upper and lower bounds for the asymptotics of the quan-
tization error.

Consider a D ([0, al,{0,1})-valued random element X as stated in Definition
2.1.7. The aim is to give asymptotically upper and lower bounds for the quanti-
zation error of X with rate n € N with respect to the distortion measure p, from
Definition 2.1.10.

Theorem 2.3.1 Leta,s € Ry. Let X be an alternating Poisson renewal process
as stated in Definition 2.1.7. Let u~ denote the distribution of the corresponding
Poisson point process ®x with intensity A > 0. Then we have for the quantization

error the following estimate

1
2

D@+ (logn|X, p,) = e (o) (Zlognoglonn)® ), oo

Proof:

We split the proof into two parts, one for the upper and one for the lower bound.
We start with the upper bound.

We use Theorem 2.2.1. Hence, we have to prove, that X satisfies the conditions
of the theorem. By definition X is a D ([0, a], {0, 1})-valued process which means
we can apply the results we got for the D ([0, al, {w,...,w,})-valued random
element using £ = R, dg(.,.) = dg(.,.) with dg(x,y) = |z — y| for all z,y € R,
q =2, w; =0 and wy = 1. It remains to show, that the Poisson point process
® y satisfies the condition

Pli(®x N[0,a]) = k] < ¥ e ¥o8F forall k> 1

with ¢ € R, constant.
By definition of ®x we estimate with Proposition 1.2.1

Pl§(®x N[0, a]) = k] :ekw<$) (2.18)
(Aa)*
< —— BL (2.19)
< ci - (Mae)k - g7Hlosk (2.20)
ﬂ ’ . g~ klogk
< ( - ) . (2.21)

Thus the growth condition is fulfilled, too. And we can apply Theorem 2.2.1 with
g =2, w; =0 and wy = 1 and it follows

Nl

D@5 (logn|X, p,) < e o) (Flogmloglogn)® =y g (2.99)
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Now we proceed with the lower bound.

Let
a

2slogn '
loglogn

Hence, ¢ € N. We split the interval [0, a] into small intervals with length ¢ and

g =

denote them by I, ..., I1. Put in the center of every interval I; a smaller interval
Liye=1,...,%, with lenggth 5. Consider the event A that Xy, = 0 and every I;
contains one of the points of the Poisson point process ®x, i.e. the jumps of X,

and that [0, a] \ (Ui%:l[i) contains no point. Now we give for small £ the probability
that this event A occurs.

a

£

PlA] - [ﬂ (1Mo (1) = 13}) N {Noc (0,0 \ ((J 7)) = 0}]

ie1 i=1

_ %.H@A-;.A.%) L Ma=2:5)
=1
N
= e () e 2.2
2 ° (2) © (2.23)

Let X4 := X|4 be the alternating Poisson renewal process X conditioned upon
A and let g\ be the distribution of X 4. Denote the jumps of X4 by {z1,..., 2}
where z; € I;. Let

se

- ()

Hence, 55 < 5. Consider an arbitrary codebook with n elements X1, X,
where the X;, j =1,...,n, are taken from D ([0, a], {0 1}). A

P[pa(XA,X) <5] = P[pa(XA, )<5 ]

we estimate the probability that the original signal X4 and a codebook element
A . 1 i
X, have a distance less than 6. Due to Proposition A.1.1 we have

1/s
Plpa(Xa, ;) < 8%] < (2

Using this we can estimate the quantization error of X 4 depending on € and ¢ as
follows

(q)vs s . ] _
(D'9*(logn | X4, pa)) 5CC01££00k<1 1A (UBg ))

= 6'CCO1££001(<1_ZPP(1 XA7 )<5]>

=1
(10 (5))
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2

Using the definition of § = (i)f . (9)8 nTa

P i yields

se

D@s(] X 4. Pa S € a.(f)s. -5 a )
( (logn | A’p)) - <a+55 4 " a+ se

Weighting this estimate with the probability of A yields combined with equation
(2.23) a lower bound for the quantization error

(D'9*(logn | X, pa))°’
> P[A] - (D(q)’s(logn | XA,pa))s

1, [/Aa\: [e\: se \* [e\' s a
> Lo (29E(5)F () e
2 2 a a+ se 4 a + se

= exp (— log2 — Aa + 2log(3%) — 2log(%) + £ log (H%))

- exp (s log(%) — *logn + log (ﬁ)) .
With the definition of ¢ = —=2%— we deduce

2slogn
loglogn

(DD (1ogn | X, p.)’
> exp (—log2 — Aa+ \/ZREn - log(e) — (/20 1 1) log (/Zhan 11))
1 S a
) 1) s 1 __a
o (5 (m;l;;zw) " (%ﬁ?ﬁi%ws) T <4<¢ Sk D )

log 1
esp (s o + g ()

2slogn

slogn a slogn V2s+ loiléin
o (~1ow2 /B w2 - /R o (T )
2s1 1 s
- exp (_ lOg ( losgl(())gg?z + 1) + s <—\/125110gn+1> log (m))
oglogn oglogn

cexp [ slog | ——=2—— | + 1o +)>
p( g(ﬂwi;hzi%l) g<1+s Tor

-exp (—v/2slognloglogn)
= exp (—(140(1)) - v2slognloglogn) asn — oo,

and therefore
D@Ws(logn|X, p,) > exp <—(1 +o(1)) - \/% -lognloglog n) (224)

as n — oo. Combining estimates (2.22) and (2.24) yields

D(‘J)’s(logn | X, pa) = exp (—(1 +o(1)) - (% logn - log log n)%> as n — 00.
O
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2.4 Random coding of the alternating Poisson
renewal process under L;-distance

In this section we compute an upper bound for the random quantization error.

Theorem 2.4.1 Let X be a D ([0,1],{0,1})-valued process as stated in Defini-
tion 2.1.7 whose jumps are generated by a Poisson point process ®x with intensity
A. Let pu denote the distribution of X and p™ the distribution of ®x. Then we
have

1
D(R)GOng’X, pl) < 67(1+0(1))-(2logn-loglogn)2 as 1 — 00.

Proof:
As in the proof of the quantization error we consider the distribution p of X and
decompose it as follows

_ A MR
n= Z@ k_ ks

where 1, denotes the distribution of X conditioned upon & jumps in [0, 1].

Let n € N and denote by {Y(® ... Y™} a sequence of D ([0, 1], {0, 1})-valued,
independent p-distributed random elements.

Therewith we can write DU (r | X, p1) as

D@ (logn| X, pr)
= B[ min 1X YO}
je{l

77777

.....

)\k
< // N =YWV, > e, lae — Y, > €] de dpg ()

- Zwy / /0 Hpma:k—wum > &) de dy (a)

k=0

Z -2 m // (7% — (l)HLl > 5])n de dp(xy,). (2.25)

Now we estimate the inner integral.
The deterministic realization zp, k = 1,2,..., has k jumps. The codebook
element Y is p-distributed. Denote by ®yq) the corresponding Poisson point

29



process. Let 0 < ¢, < 1. Then we estimate

1 €k
/P(ka—Y(l)Hlea)nds = / P (g =YW, >e)" de
0 0

1
—I—/ P (|| — YW, > 5)” de

€k

< et (1= P (lax = YO, < &))"

Consider P (|lzx, — YW||1, < ). Denote the jumps of the realization zj by s; <
... < sk. We construct a diluted version of the set {s1, ..., s} as follows: starting
from the left we remove the first pair (s, s;41) that satisfies |s;41 —s;| < ep/k or
the first point that satisfies |1 — s;| < €4 /k. Repeating this procedure until every
remaining point has a distance more than e;/k to his neighbor points or to the
point 1 leads to a new set {31,...,5;} with k < k and |3;41 — §;| > ex/k for all
j=1,....,k—1and |l —s;| >e/k for all j = 1,..., k. Consider the case where
k > 1. Let A be the event, that Y[](I) = (71)o and YV has exactly one jump inside
each interval [3;,5; +¢ex/k] forall j = 1,..., k. Thus A C {||lzx — Y| < &} and

P [[lzy =YW, <ex] > P[A]
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In the case where the diluted version has no jump we have

-

P [||1L'k—Y(1)||L1 <5k] > - e

DO | —

Since ¢, < 1 and k = 0 we estimate

P |:||[L'k — Y(l)HLl < 6]6} >

v

Let A := min{1, \} which leads to A¥ > \*. Hence,

1
/ P (ka — Y(l)HLl Z €)nd€ S €k + (1 —P (Hl‘k — Y(l)HLl < €k))n
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- 1
Let oy, := %e’\kk A Fand g = (ozk . k’%) " A 1. Hence,

1
/ Py — YO, > )'de
0
1 ~ n
< (o =) a 1) + (1= & ontoen) "y )
$ X rn
 (on )} porlo o)

1
logn\ * _o—A AR oy
= |- & +n ¢ ETZ
n

3

and thus

1
// P ([l =YDz, = )" de dpu ()
0

1
] 3 5k a
((Ozk' ogn) +n° A'Zk';‘)/dﬂk(xk)
n
< logn)’c oA AF g
= |ag- +n kko2

For the case where the realization zy of the original signal is constant, we will
have a positive distortion if every element of the codebook has at least one jump
or if (Y®W)y # (10)o with i € {1,...,n}. Denote the realization of Y@ by 3@,
Then |lzg — y®||z, < 1foralli=1,...n. The probability that this event occurs
ise - (1— %)” Thus we estimate the random quantization error in equation
(2.25) as follows

IN

DM (logn|X,p) < e (1— )"

o~ AN logn\ & e A AR o
S NI
k=1

>
by

Using e < 1 for A > 0 and with the definition of oy, follows

e M\n - —AAF % Y- ogn %
D(logn | X, p1) < (L=g)"+ ey~ ()" - k- A7 ()"
+ Z e_A)I‘C_T -n % (226)

We consider the first part of the estimate and assert

(1 _ %)n S 0(67\/210gn10g10gn) as 1 — oo.
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Since A > 0 it follows log(1 — %) < 0 and therefore

(1— 50" o
@—m - P (” log(1 - 5-) + /2 10gnloglogn)
— 0 as n — oQ.

Thus

(1— <20 < e VIEROEIER) oy, o (2.27)

Now we consider the first sum in estimate (2.26).

For all n € N we introduce the function

’?n:R-&- - R-ﬁ-

e A\F 2e) k logn x
N T(k+1) k n

Using Proposition 1.2.1 we estimate

Gulk) < N (V- (557 (2) k- ()t

For all & > 1 it follows k2 < 2* and therefore

1\
>~
>
=
—_
Q
£
N
[\
5
>
N——
Bl
o
ol
VAN
Cb‘
>
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>~
9]
S~—
>
‘N)
Q)
>
oyl
N

and hence,

2.28
e (2.28)

1
2 logn\ *
(2Xe)F - = kk ( Og”) .
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From equation (2.26) and with the definition of 4,, and ~, we split the sum and

get
X e ) % 1 3
Z C(2e) e (R
b k' n
<Dl
=1
I_QAEJ \-%\/lgghl)oggnnj |~ \/lfgl?fgnn
= wmE)+ D k) + > Yn (k)
k=1 k:LQAeJJrl k= |_ \/lgglcl)fgnnj+l
logn J
loglogn [e/e)
+ > WmE+ D k). (2.29)
k= \-2 \/ lc?glcl)ggnn J +1 k= \‘ lolg(')lgOg n J +1
We assert
Z’Yn < e (140(1))- (210gnvloglogn)% as 7 — 0o,

To prove this we dlscuss the five parts and start with the first one.
Part 1: In the first part of the sum we have 1 < k < 2\e. Therewith we give an
upper bound for 7,

(k) = exp <k(10g(2)\e) —logk) + log(j\—il) + 1 - loglogn — 1 log n)
< exp <10g(2)\e) + log(;\—il) + loglogn — 55 log n)

Thus it follows

[2Xe]
21 lk
6_\/% < exp <10g(2)\6) + log(i) + log log TL>

-exp( e 1ogn+\/210gn loglogn>

— 0 as n — o0.
Hence,
[2Xe]
Z (k) = o (e‘mog”'loglog”> as n — 00. (2.30)

Part 2: In the second part of the sum & lies between 2\e and 1 lfgl‘ffg”n There-

with we estimate

(k) = exp <k(log(2)\e) —logk) + log(j\—il) + % -loglogn — %log n>

< exp <log(/~\%l) + 5 loglog n — v/2log nloglog n) .
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and hence,

L% 2logn J

loglogn
logn
Z Vn(k) S exp (10g(% 1§gl§gn) + 10g(%)>
k=|2X\e]+1

- exp (z—ie loglogn — v/2lognloglogn) .

Since

log(% lfé‘ffg"n) + % lfgl‘ffg”n -log(2Xe) + 10g(;\%1) + ﬁ loglogn — v/2lognloglogn

~ —(2lognloglogn)z asn — oo,

we get

L%\/log)ignJ
Vn(k> < 6—(1+o(1))\/210gn10g10gn as 1. — 0o, (2‘31)

k=1

Part 3: For the third part of the sum we first prove the following assertion: for

logn logn
I={1,...,|2- ,/—lfgloggnj - L% —1§g1§gnJ} we define

B 2logn |4 4

- loglog n
and
i, izli'h/ljgkf%b iel,
and deduce

log v (ki) < —(1 4 o(1))v/2lognloglogn, n— oo, i€l

To prove this we consider

Bi(Aer, A\,n) = 4. /280 og(2)e) —i—log(;\%l)

loglogn

+4 - log(4- (y/2en 1))+ ——2_loglogn

log1 21
oglogn (\/1og?§gnn71)

2logn \/5—\/ (loglogn)/logn
_% ) \/ loglfgn ’ log(% ) ( ))

V1oglogn

= o(—+/2lognloglogn), n — oo forall7 € 1.
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Without loss of generality assume 4/ 135;1)% > 2. Therewith we can deduce

L 2logn J 2logn
loglogn loglogn .
li < — < §4 forallz eI
L 2logn J 2logn
loglogn log log n
and
1 2logn 1 / 2logn
|-§ loglognJ +1 2" loglogn 1 .
li > = — foralliel.
L 2logn J 2logn 2
loglogn log logn

Now consider log v, (k;,). Using the fact that for all ¢ € R it holds %c—l— 2% > 1 we

get
log (ki) < i+ /gty - log(2Ae) + log(55)
2logn 2logn
_li ) ( loglfgn - 1) log <ZZ ) ( loglggn - 1))
+——L .loglogn — —=——1logn
li-(\/lc?gl(l)ggnnil) l \/lggl(l)fgnn
= —(3Li+ g)\/Z lognloglogn +1; - l(?gkl)ggnn -log(2Xe) + log(j\—il)
. . 2logn . r
+i-log(li - (\/ 1oty — 1) + li'(\/m—l) loglogn
21log n, V2—+/(loglogn)/logn
_lz ’ loglggn ’ lOg(lZ ) ( VIoglogn ))
< —1-+/2lognloglogn + 4 - lfgl‘ffg"n -log(2Xe) + log(%)
. . 2logn
+4 - log(4 - ( o log 1)+ —(\/m_ 5 loglogn
1 [ 2loon 1 V2—+/(loglogn)/logn
T2 loglggn 10g(§ ) ( V/loglogn ))
= —\/2lognloglogn + Bi(Ac1, A\, n), for all i € I.
Hence,

log Y (k1) < —(1 4+ o(1))\/2lognloglogn asn — oo for alli € I.

Using this in the third part of the sum yields for large n
L \/lggl(l)fgnn

21
k= L \/ log?oggnnJJrl

2logn

3
I)/n(k) < 21/ loglogn

- exp(log 1, (k))

= exp <log (% 101;1%)271) + logvn(k:))
= exp(—(1+o0(1))y/2lognloglogn).  (2.32)
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oglogn — — loglogn

Part 4: In the fourth part of the sum we have 2,/ 1210gn < k< 298" There-

with we estimate

(k) = exp (k(log(2Xe) — logk) + 1og(5\%1) + % -loglogn — %log n)

< exp (2, / lgé'ffg”n (log 2)e) — log (2 102gl(l)§gnn>> + 10%(%))
p
p

-ex <+%, / lggl(l)‘;gn” loglogn — loglog n)
= exp(24/ lgéngnn (log (2X\e) — log (2, /W>> + log( ))
-ex <+%, / lgglézgn” loglogn — loglogn — v/2lognloglog n)
= exp (—(1 +0(1))y/2 lognloglogn) as n — oo.

Hence, we can estimate the fourth part of the sum

logn J
loglogn

Z Yn (k)

k= |-2 lc?gl?fgnn J +1
< exp (log(R2E22) + log (k) )

= exp (—(1 + 0(1))y/2log nlog log n) asn — oo.  (2.33)

=

Part 5: We consider the last part of the sum. For & — oo the term (1"%) .
increases monotonically to one for n > 1, hence, we can give an upper bound for
this part of the sum

oo oo 2 B
Yook < ) @)k —
kzl_ logn J“l‘l kzl_ logn J‘i’l )\Cl
loglogn

loglogn

._ k.2 gk -
Define h(k) := (2Xe)" - 5. - k™" and consider

P + 1)

loglogn

e—V2lognloglogn
< exp <M(log(2)\e) log(—28n_Y) 4 log(%l) + v/2log nloglog n)

loglogn loglogn

— 0 as n — o0.
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_Jlognloglogn .
Thus, h(—22_) < g(e~V2lognloglogn) a5 5 s o0, Consider now for —2&2 < k
) loglogn loglogn

h(k+1) 2)e < k >’f
h(k) E+1 \k+1
2)e

k+1
2)\e

logn
loglogn

— 0 as n — o0.

<

<

Hence, there exists a ng > 0 such that for all n > ng and k > —25" we have

loglogn
hk+1) 1
— < .
hk) 2
Therefore,
> k) < > Wk
kzl—lo?ignj—’_l kzl—lo{golgoyglnj—i_1

ogn = k—[ologognj—l
< Mgl 1 X (57

loglogn
k:L logn J‘i’l

loglogn
logn
= 2 h( logfgognJ + 1)

—VZlognloglogny oo (2.34)

= ofe

Combining now equations (2.29), (2.30), (2.31), (2.32), (2.33) and (2.34) yields
- (z¢)

éi%@

< 6—(1+0(1))~(2 log - log log n)%

=

- (leany

n

Bl
™8
L
(0]
>/l| |
>
=[x

IN

as n — 0. (2.35)

We consider now the second sum in equation (2.26) and assert
x k 1 1
Z ef)\% nE < e*(1+o(1))-(2log-loglogn)2 as n — 0o.
k=1 ’

To prove this we introduce the function

YRy — Ry



Without loss of generality assume n > e. This yields 1/n < (logn)/n.

Proposition 1.2.1 we can estimate

Bulk) < e (e VR ()7 ()
S RO AN O
< Lo@xe)k .kt (lsnyE
- %’M(l{;)

with v, (k) defined in (2.28). Due to equation (2.35) we get

oo B k 1 oo L

e nTE < 35 (k)
< e 1+o(1))~(210g~log10gn)% as m — 0o.

Combining now equations (2.26), (2.27), (2.35) and (2.36) yields

1
D(R)(logn]X, Pl) < 6—(1+o(1))-(210g~10glogn)? as n — oo.
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2.5 The entropy constrained coding of the al-
ternating Poisson renewal process under -
distance

Theorem 2.5.1 Lets € Ry. Let X be a D ([0,1],{0,1})-valued process as stated
in Definition 2.1.7. Let i be the distribution of the corresponding Poisson point
process ®x with intensity A\ > 0. Let

C(A,s) = %-(10g2+)\—/\logx\+z:e_’\A log(k!)

+g.1og(zeu, () ))

Then we have for the entropy constrained error the following asymptotic upper
bound )
D@3(logn| X, p) S M n™x  asn — oo,

Y

Proof:

The proof is outlined as follows: similarly to the proof of the upper bound for the
quantization error we construct a codebook by splitting the distribution x into a
sum of distributions . and create for each of the p; a random codebook. For this
codebook we estimate the expected error and compute the entropy. Comparing
this with the rate log n yields an upper bound for the entropy constrained error.
Due to Lemma 2.1.13 it suffices to code (X, Px) instead of X. Let NV, :=
Ng, ([0,t]) be the number of jumps of X in [0,¢]. Let (®x)x := ®x|{n,=} be the
process ®x conditioned upon ®x has k points in [0, 1]. Let u;X be the distribution
of (®x)k. We decompose p*X into

Zefz\)\ X

Due to Remark 2.1.4 43 is a product distribution of & uniform distributions on
0,1]. pg describes the case of no jumps and we set pg (0) = 1.
Recall the definitions

T® =T® = {(zy,. . 2) €[0,1]F : 0<zy <a2<...<mp <1}

k
A®) ::Agk):{(xl,...,xk)ERd cax; >0, Vi=1,...,kand Zmi<1}.

We identify pi¥ with a uniform distribution U(A®) on the simplex A® in the
following way. By Remark 2.1.4 uiX is a product distribution of pairwise indepen-
dent uniform distributions on [0, 1]. Denote by Sy, ..., Sy the points. Hence, the
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unordered tuple (Si,...,Sy) is uniformly distributed on [0,1]*. By sorting the
tuple we get an ordered tuple (S, ..., S)) that is uniformly distributed on I'®).
Using the bijective and measure preserving map 7" defined in (2.3) with a = 1 we
get the tuple (71,...,T}) that is uniformly distributed on A®).

Let

C(\,s) = §~(10g2+)\—/\10g>\+;e_’\’\ log(k!)

2 bg<zjgk%_(W%ﬁy))‘
5= ( {@a nk - (z e A (@)) lJ ) ) . (2.37)

Hence, for n large enough we have 1 s € N. We cover the simplex A®) with small
k—dimensional cubes with side- length 0. Denote the number of the cubes we
need to cover A® by j.. Hence,

and

lk—1

ZI B!

loo1=11lp_o=1  I1=1

Denote the small cubes by K (), ,m = 1,...,jr and the number of the cubes
(1)

that are completely inside A "’) by j,’. Hence,
51 Uy Io
T I S S8
lk 1=1 lk =1 1=1

Denote the number of the cubes that are not completely inside A®) by j,f)
Hence,

1
H lk—2

(2

iWo=aeit = 3 D0 §]1
lpg_o=11p_3=1 =1

Therefore we have

k),m k! 6k, m:1,...,j(1)
U@WWQ)}:{w m=30 41
, =J e

and, hence,

U(A®) [Kék)’m} > o forallm=1,...,j. (2.38)
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Denote the center of the cube Kék)’m by (f&m), . ,f,(cm)) for m = 1,...,j,. We
introduce the random codebook. Let X be a D ([0, 1], {0, 1})-valued process with
starting point X, and jump variable ® ¢ with

A

XO = Xo
; - Iy () )
and ®; = k;;() Liny =k} mZ:1 T <(t1 - )) . 1{T(¢’Xﬂ[0,l})eK§k>’m}'

Denote by X|{n,—k} the original signal X under the condition X has exactly
k jumps. Consider a realization xp of X |{N1:k} and denote the corresponding
realization of (®x)x by ¢x. Denote the corresponging realizations of the random
codebook defined above by z, and (ng Analogously to the proof of the upper
bound for the quantization error (see equation (2.10)) we estimate the distortion

of ¢k and Q;k

=]

ﬁ[&ﬂ(‘ﬁk#ﬁk) < k-(k+1)-
As Xo = Xj this yields by Lemma 2.1.13

|2k — 2glle, < k- (k+1)-

and, hence, for s € R,

O:O k S
<> e % <@) L 6% (2.39)

In the following we compute the entropy of X and show that it is smaller or equal
to logn.
Let

Jk

) . R OO

xlimery = T <<t1 et )> Lr@xnomer® )
m=1
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be the random element of the jumps of the codebook element under the condition
N; = k. Then we have

H[X] = H[Xo|+ H[Ny] + H[® ¢|N]

= H[Xo] + H[N,] + iP[Nl = k|- H[®¢|N, = k]

. s \F
= H[Xo]+H[N]+> e o H[®¢|N, = k]
k=0 ’

We compute the terms of the sum. It is easily seen that H[X,] = log 2. Further-
more

k k
H[N] = — Z e % -log (e_)‘ %)

= - )\log)\+Ze X T log(k)

Now with equation (2.38) follows

H[®4 N, =k = — i U(A®) [ng%m] log <U(A(k)) [Kék)’mD

v

— ZU A(k [ ] log ((5’“)

_ 1g<()) S 0t ]
(1),

Therefore we have
. > \F
H[X] = H[Xo]—I—H[Nl]JrZe‘AE-H[<I>X|N1:k]
1
< log2+ XA — Alog A —lk:' —kl
< log2+ og ~|—Ze og( ~|—Ze og((S)
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Thus with the definition of 6 and C'(A, s) we estimate

<

IN

log2 + X\ — Alog)\+Ze
log2 + A — )\log)\+Ze

\ A
log2 + X — )\log)\+Ze log(k')

A SN L
—A-C(\,s) +logn+ — log Z i

k=0
log n.

log (k!) —l—Ze

2 log(k') + A -log ((15)

k(k+ 1)
1

k- log<

)

1
)

)

By construction of the codebook, equation (2.39) and the definition of § we have

(D'*(log n| X, p1))*

<

and hence,

S
Seh A (k(k:l)) .5

O

We compare the asymptotic bounds of the quantization error and the entropy
constrained error of the alternating Poisson renewal process with the asymptotics

of the fractional Brownian motion.

The results for the quantization and the

entropy coding of the fractional Brownian motion for the supremum and LP[0, 1]
norm distortions are given by Dereich and Scheutzow in [17]. We repeat Theorem
1.1 and Theorem 1.3 of [17].

Let H € (0,1) and let W =
Hurst index H. Denote by CJ0,al,

(Wi)i>o denote fractional Brownian motion with
a > 0, and by D[0,a] the space of real-

valued functions on the interval [0, a] and the space of RCLL functions on [0, a,

respectively. Both spaces are endowed with the supremum norm ||.||jpq. Let
(LP[0,al, ||.||zr(0,a)) denote the standard LP-space of real-valued functions defined
n [0,a]. Furthermore, |.||;, ¢ € (0,00] denotes the L%-norm induced by the

probability measure P on the set of real-valued random variables. Let E and E
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denote measurable spaces, and let d : E x E — [0,00) be a product measurable
function. Define the quantization error of an original Y by

D@(logn|Y, E, E,d,q) := inf |d(Y,7(Y))llys

where the infimum is taken over all measurable functions 7 : E — E with discrete
image that has quantization rate logn > 0.
The entropy constrained error is defined by

D®(logn|Y,E, E,d,q) := inf |d(Y, 7(Y))]l,

where the infimum is taken over all measurable functions 7 : E — FE with discrete
image that has entropy rate logn > 0.

Choose as original Y = W and as original space E = C[0,00). First treat the
case where F = D[0,1] and d(f,g) = ||f — glljo,;j- Then Theorem 1.1 of Dereich
and Scheutzow [17] states

Theorem 2.5.2 There exists a constant k = k(H) € (0,00) such that for all
¢1 € (0,00] and g2 € (0, 00),

lim (logn)? D® (logn|W, ¢;) = lim (logn)? D9 (log n|W, ¢;) = .
In the case where £ = L?[0,1] and d(f, g) = |.f =gl zr(0,1) for some p > 1 Theorem
1.3 of [17] yields

Theorem 2.5.3 For every p > 1 there exists a constant k = k(H,p) € (0,00)
such that for all q € (0,00),

nlirgo(log n) D (logn|W, q) = nlirrolo(log n) D@ (logn|W, q) = k.
They showed that for the supremum norm-based distortion, all moments and
both information constraints lead to the same asymptotic approximation qual-
ity. For the LP[0, 1] norm-based distortions both information constraints lead to
the same asymptotic approximation quality, too. In particular, quantization is
asymptotically just as efficient as entropy coding.

In our case comparing the results of Theorem 2.5.1 and Theorem 2.3.1 shows that
the asymptotic bounds of the quantization and the entropy constrained error of
the renewal process under L; norm distortion are different. Furthermore it is
interesting that the asymptotic upper bound of the quantization error depends
on the s-th moment of the distortion while the asymptotic bound for the entropy
constrained error is the same for every s € R,.
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Chapter 3

Point processes and the
Hausdorff distance

3.1 Definition and basic properties

In the previous chapter we gave upper and lower bounds for the quantization
error of an alternating renewal process related to a Poisson point process in di-
mension one under Li-norm. In this chapter we deal with a more general subject,
the d-dimensional simple point processes which will be defined in the next section
and a d-dimensional Poisson point process as stated in Definition 2.1.3.

To compare two sets in R%, we need a convenient distance. We define the Haus-
dorff distance for an arbitrary metric space (F,dg) and for (RY, dga).

Definition 3.1.1 Let (E,dg) be an arbitrary metric space. Let A, B C E be two
arbitrary sets. The Hausdorff-distance of A and B is defined as

dy(A, B) := max {Sup d(a, B) , sup d(b, A)} ,

a€A beB

where

d(A, B) := ;eng dg(a,b).
acA
For the special case of the empty set, we define dg(0,0) := 0 and dg (0, A) := oo

for A #10).

Definition 3.1.2 In the case E := R? we denote for x := (x1,...,14) € R? the
absolute value as follows

We define the Hausdorff distance on R? as stated in the above definition with
dg(a,b) = dga(a,b) :=|a —b|.
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Remark 3.1.3 If A and B are unbounded subsets of R¢, the Hausdorff distance
may be infinite. Denoting by K.(R?) the set of non-empty compact subsets of
R?, the space (K.(R?),dg(.,.)) is a complete separable metric space (see Li et al.
[33], Theorems 1.1.2 and 1.1.3).

We define the L;-distance in R? as follows

Definition 3.1.4 Let A, B C R? two arbitrary sets. Denote by

1, x€A,
1A($>:{o v A

the indicator function of A. Therewith define

PIAB) = L= 1al = [ La(e) - 1a(o)] ds
R
A (A A B).

Which kind of distance one prefers depends on the intention: in case one is
interested in the exact volume of the set, where A and B do not intersect, the
L, distance is the right one. If one is more interested in the gap between A and
every part of B, the Hausdorff-distance yields the desired quantity.

Remark 3.1.5 The two distances are not equivalent which will be argued via
an example. For a € N arbitrary let

Ay = {z=(21,...,zq)|z; €(ZN[0,a]), i=1,...,d}
and By = {x=(r1,...,2q) | x; € (ZN]=a,0]), i=1,...,d}.

Hence
di (A1, By) =Vd-a and pD(A;, By) = 0.

On the other hand for ¢ > 0 we define eZ :={¢-j | j € Z}. For a € N let

Ay = {z=(21,...,2q)|z; € (eZN]0,a]), i=1,...,d}
and By := [0,a]%.

Therefore

Vd
dH(A2, B2) = 5 - and p(d)(A27 BQ) = a?,
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3.2 The quantization error of a point process in
a bounded metric space

In the following section we will consider a bounded metric space that satisfies
some dimension conditions. Therefore we recall some definitions of Mattila [36].
Let (E,dg) be a bounded metric space. Here bounded means that the diameter
of E' is finite. The example we have in mind is a bounded subset of R™.

Definition 3.2.1 For 0 < e < oo let M(E,¢) be the smallest number of e-balls
needed to cover E.

J
M(E,¢) :min{j > 1 : there exist x1,...,x; € E with E C UBa(xi)},

i=1
where B:(z) :={y € E : dg(z,y) < e} is the open ball around x of radius ¢.

With this definition we introduce the so called Minkowski dimension.

Definition 3.2.2 For a bounded metric space we define the lower Minkowski
dimension as

log M(E
dim ,, F := lim inf og—(,s)j
=0 log(1/e)

and the upper Minkowski dimension as

S— , log M(E,¢)
dimy F = limsup ————=
M c—0 P log(1/¢)

We always have dim ,, E < dimup E, but equality need not hold. If it holds we
write .
dimy £ = dim  F = dimp E.

Remark 3.2.3 The upper and lower Minkowski dimension are also introduced
as the upper and lower box counting dimension (see Falconer, [20]).

Consider now a bounded metric space (E, dg) with d := dimyE < oo.

A simple point process is defined as a random element in a measurable space
(G,G), where G is the family of all finite subsets ¢ of E. Each ¢ in G can be
regarded as a closed subset of E. An element ¢ of G can also be regarded as a
measure on £ so that N,(B) is the number of points of ¢ in B. The o-field G is
defined as the smallest o-field on G to make all mappings ¢ — N, (B) measurable
for all bounded Borel sets B.

Definition 3.2.4 A simple point process is defined as a random element ® in a
measurable space (G,G), i.e. ®: (Q,F,P)— (G,G) is measurable.
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We now define the special point process we are going to give an asymptotic upper
bound for the quantization error.

Definition 3.2.5 Let T be a simple point process on (é, G), that satisfies
PH(Y) = k] < cF-e7™8% forall k> 1
with ¢ € Ry constant. Denote the distribution of T by v.

Theorem 3.2.6 Let (E,dg) be a bounded metric space with d := dimpE < 0.
Let s € Ry and denote the Hausdorff distance defined in 3.1.1 by dy. Let T be
a point process as stated in Definition 3.2.5. Let v denote the distribution of T.
Then we have for the quantization error the following asymptotic upper bound

Nl

D(q),s(logn | T, dH) < e*(lJro(l))-(%-logn-loglogn) . n— oo.

Proof:

The proof is outlined as follows: first we split the distribution v of T into a sum
of several distributions. By constructing concrete codebooks we give for each
of them an upper estimate and therewith deduce an upper bound for the whole
sum.

Recall the definition Ny(B) = §(Y N B) for all B C E. Let Ty, := Y|y (5)=k}
and v, be the the distribution of T;. We split the distribution of T via

v =

(e 9]

k=0
By definition of d = dimyFE we have the following:

) log M(E,¢)
limsup ————— = d,
eo  log(1/e)
and thus, for all 6 > 0 there exists £; > 0 such that for all € < &; we have
log M(E,e) < (d+0)-log(1/e),
and hence,
M(E,e) < =@+, (3.1)

Let § > 0 and let (ng)ren, be a sequence such that for all0 < k < 4- (df;)ll%
it holds that n; > 1 and

S <

k=0
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2slogn
(d+90)loglogn

|-4\/ (dji; 112?, 7lA;g; n
for vy, with |Cx| < ng. Let C := kL—Jo C). For k > 4 - (dﬁf)ll% we
code the case of k points with one of the ny codebook elements of C',. Since C' is
a codebook for v with |C] < n, we can deduce

for n large enough. For 0 < k <4 let C be an arbitrary codebook

(D% (logn | Y, dy))°®
< miél(dH($, y))* dv(x)

_ZPNT = K- | min(di(,y))" du(a)

I_ " 2slogn _ 2slogn
(d+9d) Toglogn n

< Z P[Ny(E)=k]- | min(dy(z,y))® dv(x)

k=0 yeCK
+ > P[Nv(E) = k] - [ min(dy(z,y))* dog(z). (3.2)
yeCr
B4y G e o 41
Now we are going to construct the codebooks C) we use for the estimate.
Without loss of generality assume e™! - n > 1 and define ng := 1. In the case

where the realization of T has no point we define Cy := {0} as the codebook for
vg. Hence,

min(dg(z,y))* dvg(x) = 0 for ng = 1. (3.3)

yeCo

Consider the case where 1 < k <4 % and let
\V glogn

1 1 1
€y (= €FETY) . (k;!)k(d+6) I

Without loss of generality assume n to be large enough such that equation (3.1)
is satisfied. Denote the smallest number of ¢y, ,-balls needed to cover E by M :=

M(E, ) and let M := M(E, e, 0) := 6];51(“—5). For n large enough we have

that €y, is small uniformly forall 1 <k <4 2slogn

@50 loglogn” Hence, due to equation

(3.1) for large n we have
M < M. (3.4)

Denote the M e-balls by El, cee By and their centers by Z1,...,2Zp. Let I :=
{Z1,...,%a}. As the original signal has exactly k points we have to allocate k
or less than k coding points in the centers of the M balls to get a distortion less

49



than €. We define the codebook C}, for the point process as the set of all these
allocations

Cv:={g9ClI : |gl=1i=1,...,k},
which yields
k
M
ar=> ()
i=1
We define the rate we are going to use for this case by

It is easy to verify, that for all 1 < k <4,/ wﬁ% and M > 2 it holds

1 <n <M< M (3.5)
due to equation (3.4). For k > 4 - Wr%s)ll% we define n, := 0. Due to

equations (3.5) and the definitions of M and of e, it follows for large n

2slogn
L4 (d+9) log lognJ

Swe<tt Y A
k=0 k=1

. 2slogn
\-4 (d+9) log lognJ

1
§1+ Z e_l‘E'TL
k=1 '

> 1
-1
et gy
k=0
n.

IA

VAN

By construction of Cy we get for a given realization ¢, of T

;IEHCIidH(g’ ¢k) S Enk-

Combining this with the definition of ¢, yields for all 6 > 0 and for 1 < k <

2slogn
4 (d+9) 10§ logn
_ R 1 Eez=)
mlcn(dH(x,y))S dug(z) S <?) : n—oo, (3.6
yelk € o n



uniformly for all 1 < k <4 WFQ;’)II%_

Consider the case where k > 4 -, /%. We have n, = 0. As E is bounded
g logn
by assumption there exists b € R, such that

sup dy(z,y) <b.
zyel

Therewith we can estimate the distortion we make using the codebook C; by

min(dg(z,y))* dog(z) < b°. (3.7)

yeC

Combining equations (3.2), (3.3),(3.6) and (3.7) yields for all 6 > 0

14\ @ ios g ) . -
(@)s s _
(D9*(logn |, d))* < > P[Ny(E)=k]- (—)
el-5-n
k=1 k!
+ > P[Nx(E) = k] - b°
k=4 ) 2sloan |4

(d+6) loglogn

2slogn
L4 (d+9) log lognJ

S
k(d+d
k —klogk 1 (@+8)
¢ e B U R
k=1 €

+ Z ch . eRlogk ps (3.8)

2s1
k= \-4. (d+5sj l?)i?og 7LJ+1

IN

as n — 0o.
For all n € N we introduce the function

fo iRy — Ry

From Proposition 1.2.1 we know there exists a constant ¢ such that co-v/k- (f)k >
I'(k+ 1) and therefore

fu(k) < fu(k)

— CS(‘“‘S) kIS . kdrs . o - CF . eR@re) . g Rlogk | T EGTe)

o1



From equation (3.8) and with the definition of f,, we split the sum and get for
all 0 >0

(DD3(logn | Y, dy))®

4/ anE ) 00
5 Z fn(]{;) n Z Clc . e—klogk . bS
h=1 b=/ e tog g 1
le) 13 \/ (dJ:Ss iiiﬁgn
=S hE+ > k)
Py

(d+6) loglogn

+ > fn(k')

_ 2slogn
k= I— \/ (d+96) log logn

+ Z . eThlosk s n — oo. (3.9)

_ 2slogn
k7|—4' (d+96) loglognJ+1

We assert that for all 6 > 0 the sum is of order

(D(Q),S(logn | T, dH))S < 67(1+0(1))-\/ d+6 lognloglogn n — 0o,

To prove this we estimate each part of the sum and start with the first one.
Part 1: We consider the case where 1 < k < ¢. Define

ai(c, c,d,0) = c-loge+ gizloges + gizlogv/e+ 35
For these k& we consider

)
e ‘/d§+6 lognloglogn

= exp <\/d+5 lognloglogn + k(logc —logk) + 35 logk>

" CXp ( k(d+9) (log cz + log Vk) + Wdr) T a5 T kare) 108 n)
< exp (\/210gn10glogn+c log e+ gi5loges + 55 log\/_)
- exp <d+6 + 75108 c = 35 — qare 08 n)

(di(;) log n+ o (Ca C2, d7 5))

= &Xp ( d+6

— 0, n — oo,
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which yields for all § > 0

Lc]
p=1 Sn(K)
e ‘/d+5 lognloglogn

L]

Z 210gn

1 6 d+6

loglogn

k=
< |e] ~exp< 5 lognloglogn — FCE] logn + ay(c, ca, d, 5))

— 0, n — 0.
Hence, for all § > 0 we have

Le]

an(k) = o(e Vits lognlogbg”> as n — 00. (3.10)
k=1

2slogn

Part 2: In the second part of the sum k lies between ¢ and % @) Toalog"

Clearly for all § > 0 it holds that

a2(07 Ca, d7 67 n)

PR S 1 1 2s 1 S
= iy (108 ea + Ylog by [ ) + iy + s loge — 25

= 0( d+5lognloglogn) n — o0.
Therewith we estimate
fuk) < exp( i) (logcg—i— log2 mﬁ%))
- exp <C(d+5) + 75 log ¢ — F: \/d+5 lognloglogn>

= exp <a2(c, ca,d,6,n) — \/d+6 log n log logn)

and hence,
2s1
L3/ s e o)

S k)

k=lc]+1
slogn
< exp (log (%M@%) + (¢, c2,d, 6,n) — d+5 )

Since

e R N

dM lognloglogn asn — oo,
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for all 6 > 0 we get

13/ o)
S fuk) < e GOV n—oo. (3.11)
k=|c]+1

Part 3: For the third part of the sum we first prove the following assertion: for
I={1,...,|4- _2slogn | - L __2slogn |} we define

(d+9)loglogn (d+0)loglogn
1 2slogn .
l 13 (d19) log lognJ +
v L 2slogn J
(d+90)loglogn

and

2slogn .
k, = lz s 1.
b L\/(d+ loglogny ' €

For all § > 0 we assert
log fu(ki,) < —(1+0(1))

To prove this we consider

n—oo, 1€l

d+6

053(0,02, da 5? TL)
= 8. ) ZlEn 15004801 (8- (,/—QSW —1))
- (d+6) loglog n g & (d+6) loglog n
1 [ 2slogn 1o 1. V2slogn—+/(d+6)loglogn
2 (d+9)loglogn & 2 \/(d+6) lognloglogn
s 1 1 (8 2slogn ) 1)
;ww(wﬁﬁma)<%@+ 08 "\ @roesloan )

2slogn s
+ 715 log (8 (@+9) loglogn) d+o

= o(— d+5 ), n — oo, forall § > 0.
Without loss of generality assume Wﬁ% > 2. Therewith for all i € I we
can deduce
|-4 _ 2slogn J 2slogn
(d+6) log 1 d+0) logl
I < Joglogn- 4.V @0 loslogn ¢ (3.12)
L _ 2slogn J 2slogn -1
(d+6)loglogn (d+90)loglogn
and
Ll 2slogn J +1 1, 2slogn
2'\/ d(1+0)logl 2 d+0)logl 1
> (146) loglogn > (d+6)loglogn _ L (313>
L 2slogn J 2slogn 2
(d+0)loglogn (d+9)loglogn

o4



We consider log f,(k;,) and use the fact that for all b € R it is 36+ > 1. Hence,

log fn(klz) < i (d-j;s) llgiﬁ)gn logc

2slogn 2slogn
—l; - ( @19) 12§1c>gn - 1) log <li : ( @) 12§1c>gn - 1))

s (oo ey + 110 (l-~ M))
(d+5)l¢-( ((ifas)ll%*l) ( g2 T 2 108 (i (d+6) loglogn
2slogn s
R ot (/B - 1
slogn d d+s d+6) log d+§
(d+6)li'( m—l) + (d+0)loglogn +
- slogn
2slogn
(d+9)liy/ @rsyog oz n
— 2slogn
= l +21 \/d+élognloglogn+l ,/(d+5)loglognlogc
—1 - 2slogn log [ . V2slogn—+/(d+6)loglogn
¢ (d+6) loglogn 4 \/d(1—|—5) log n log log 1
. oo, ) 2slogn
+i log (ll ( (d+6) loglogn 1))
S . 1 . 2slogn
d(1+6)li-( (dffﬁ%*l) <10g G2+ 3 log (lz (d+9) loglogn)>
S lo I . 2slogn >_L
Siloan + 7% g( d+9) log | d+3
(d+6)l-~( m_g T (d+5) loglogn T

\/d+6 lognloglogn + 8 - M%logc

2slogn 10g <% . (\/m—\/(d-i-é)loglogn))

IN

L/ __2slogn |

2 (d+9) loglogn \/(d+5) lognloglogn
251

+8 : 10g <8 ' < (d+68) l(c)é?ogn B 1))

s 2slogn
+ %(d—i—é)A( 2slogn _1> (10g 2t 3 IOg (8 ) \/ (d+9) 10§10gn> + 1)

(d+9) loglogn

s . 2slogn s
+ d+9d log <8 (d+6) loglog n> d+6

= —\/d+5 log nloglogn + as(c, ca,d, 0, n).

Using this in the third part of the sum yields

4y i)
> (k)
k= L \/(dfés)llziﬁ)gn
4y i
< 3 (-

2slogn
k= I— \/(d+5) loglogn

(¢, co,d, 0, n)>

d+6
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< exp <log 4\/%) — d+5 lognloglogn + as(c, 2, d, 0, n))

and since

log 4\/ dﬁsSllZ?lzgn \/d+5 log nloglog n+as(c, ¢, d, 5, n)

d+6

as n — oo, for all 6 > 0 we get
4y st
Z fn(k) < 67(1+0(1))w/d2—f6lognloglogn’ n — 00. (314>
k=13 @yt toga )+

Part 4: We consider the last part of the sum, where k£ > 4- W—%Ss)ll%' Define

g(k) — ek-(logcflogk).
Consider

2slogn
g(|~4 ) (d—l—ésjl(())ilog;nJ + 1)

e d+5

< exp < )
2slogn 2slogn
* eXp (4 RVACES) 1o§ log 12 <1og ¢ — log <4 "\ (@) loi logn) ))
= exp <— d+5 log n loglog n)

2slogn 25
- exp (4 A/ @reieciosn <logc — log (4 "\ @9 loglogn)))

— 0 as n — 00.

d+§

)

Therefore for all § > 0 we have g([4 - (dfés)ll%j +1) =o(e” s

as 1n — oQ.

Consider now for 4 - 2slogn

(d+90)loglogn

gk+1) . kF
g(k) (k+ 1)kt

<k

E\" 1
— C- .
k+1) k+1
1

IA
o

E+1
1

2slogn
4 (d+6)loglogn +1

IA
o

— 0, n — 00.
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Thus there exists a n > 0 such that for all n > n, for all 6 > 0 and £ >

4. 2slogn

(d+6)loglogn we have

gk+1) 1
glk) 2
Hence, for n > n and for all § > 0 this yields

o

> g(k)

251
k=[4- <d+6s) lﬁi ?og ml+1

2slogn o0 1\ k-4 %J—l
s g(P.\/(dM)l%J +1> : 27 (5) (@76) Tog log
b=ty g 1
2slogn
= 2-9([4 /@ ogioan) T 1)
= ol VAT, 0 ooe (3.15)

Combining now equations (3.9), (3.10), (3.11), (3.14) and (3.15) yields for all
0>0

2s

(D(q),s<logn ’ T, dH))S < 6—(1—1—0(1))- P lognloglogn’ n — 0o

or

log((D(®:5(logn | Y,dg))*
( ) < _ [ as n — 0o
VIognloglogn ~ d+9d

for all 6 > 0. With § — 0 it follows

log((D(®*(log n| .ds))* )
VIognloglogn

< /% asn— oo
which leads to

(D(q)’s(logn |T,dy)) < e_(1+°(1))‘\/m’ n — 0o
and thus

D(q)’s(logn | T, dH) < e—(l—i—o(l))-\/% lognloglogn’ n — 00.
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3.3 The quantization error of the Poisson point
process under Hausdorff distance

In the following section we give upper and lower bounds for the asymptotics of
the quantization error of a Poisson point process on a compact cube in R

Theorem 3.3.1 Let s € Ry. Consider for | € Ry the Poisson point process ®
from Definition 2.1.3 on the cube C = [—1,1]¢ C R%. Denote the distribution of
® by pu. Denoting by dy the Hausdorff distance on R? from Definition 3.1.2 we
have

2
DW3(logn | ®,dy) = exp (—(1 + 0(1))\/d— : lognloglogn> ;= 00.
-8

Proof.

First we use Theorem 3.2.6 to prove the upper bound. By assumption (C, p) with
pla,b) == |a — b is a bounded metric space with diam(C) < v/d - 2I. We show
that dimy;(C) = d. Denote the uniform distribution on the cube C by Ug, i.e.
the density is defined by uc(z) := ﬁ -1¢(x) for all x € R Therewith follows

0 < Uc(C) =Us(RY) =1 < o0

and there is dg > 0 such that for all z € C'and 0 < § < ¢y

1 /2 d

/2

G E—,
T T(g+1)(20)

Due to Theorem 5.7 in Mattila [36] the Minkowski dimension of C' equals d and
hence, dim;(C) = dimy(C) = d.

Analogously to equation (2.18) it follows, that the Poisson point process ® satis-
fies the condition

PH(®NC) =k] < cF-e7 o8k forall k>1

with ¢ € R, constant.
Hence, we can apply Theorem 3.2.6 and it follows

DW(logn |®,dy) < exp (—(1+o(1))\/%-lognloglogn) (3.16)

as n — 0o.
Now we proceed with the lower bound.

Let
2slogn 2\
=2l —_— .
© ({(dloglogn) w>

o8



Hence, %l e N. We split the cube C' = [—1,1]¢ into small e-cubes C4, . .. ,CN'(g)d.
Put in every cube C; a smaller cube Cj, i = 1,..., (%l)d, with side length 435.
Consider the event A that inside every small cube C; is exactly one of the points

20\d
of the Poisson point process ® and C'\ (Uz(jl) C;) contains no point. In Figure
3.1 we give a sketch for the case [ = %, d=2and e = %

(=3 2)

N[ =

Y

DN |

(_%7 _%)
Figure 3.1: The Poisson point process conditioned A

Now we give for small € the probability that this event A occurs.

) (20
pla) = P (f2(c) = 131) n @@\ (U ) =0)]
= i=1
(Z)d
- <e—A.(%)d ) (%)d) o M@)I—(Z)(42)d)
i—1
(20)%d
_oaept y(@yd (deyTer
‘ () T (3.17)

Denote by ® 4 the Poisson point process ® under the condition that A occurs and
by 4 the distribution of ® 4. Denote the points of &4 by {z,... ,x(y)d} where
€ S Cj. Let

5:5_,(”(1“))—;@
© b sed ’

Thus for n large enough we have ¢ ¢ < 15- Consider an arbitrary codebook with n

elements @1, ..., d,, where the ®;, i = 1,...,n, are arbitrary subsets of [—1,1]4.
As

A

Pldy(®4,9,)° < 6] = Pldg(®a, &) < 67]

we estimate the probability that the original signal ® 4 and a codebook element
~ 1
®; have a Hausdorff distance less than 5.
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Case 1: If there exists j € {1,..., (%)} such that C; N ®; = ), then

A & 1
dg (P4, D;) > — > 05
1(Pa, )>10>

because C; N @4 # (. Hence,
Pldy(®a, &;) < 07] =

Case 2: For every j € {1,...,(%)"} we have C;Nd; #0.
For j fixed denote M;; := C; N ®,. Assume diam(M;;) > 28%. Then again we
have

dH((I)A, ) > 5

because ®4 N C; = {z;} consists in only one point. Thus
[dH<(I)A7 ) < 4= ]

If diam(M;;) < 26+ there is a cube K;; with side length 26+ such that M;; C Ki;.
As ©4 N C; = {x;} is uniformly dlstrlbuted in C; we can deduce
Pldy({x;}, Myj) < 67] < [dH({l’j} Ky) < 67]

< (Zw o+, forall j =1,. (QZ)d.

Thus for all © = 1,...,n it follows
(2)4
Pldu(®, @) < 0% < P| ({dul{a;}, My) < 3%}
j=1

(2)d
= [ Pldn({z;}, M) < 67]

Jj=1
21

da (;)d
- (=) (3.18)

Using this we can estimate the quantization error depending on € and ¢ by

(9),s y _ D.
(D'9*(logn | ®a,dr)) > 6- Ccodetl(}(fkonc<1 1A (leBai((PZ)))

5 Ccode%)rolgkonC (1_ZPdH qDA’ )<5 ])

=1
> 5-(1—n-(i—j.5i>(?)d>.
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SEd

With the definition of § = & - (n- (<& 4+ 1)) @07 it follows

58 sed d+ sed

Weighting this estimate with the probability of A yields combined with equation
(3.17) a lower bound for the quantization error

Ssd
S d — 2t
(D(q)’s(logn|@A,dH))s > e (n (d+88 )) @) d. d

(D(‘I)’S(lognlé,dg))s > P[A]-(D(Q)’S(lognl@A,dH))s

(21) d
> e A (4E> L=
) o3

SEd
d+ se\\ el d
" sed d+ se?

For simplicity denote (], s) := —\ — slog 5. Hence,

s

(D(‘I)’S(logn | D, dH))S > exp (a(),s) + (£)*- (log)\ +dlog (3)) + slog(e))
- €xXp (_(igd log (sid) - 2l dd log n>

EXp ( (2l dd log (dl_;; ) + log (d-‘rse’i)) :

1
With the definition of € = 21 - ({ ZSlog" d—D ~ 2] dloglog”

1
2d
dloglogn ZSlogn > as n — oo

it holds for large n that

(D(q)’s( logn |®,dp))°

1
2 exp (alns) + (A2 (o +alos (1) )

1
exp (st (21 (t50) ) )
} :
2slogn —d 2slogn
- exp ( (dloglign) . log <(21) : <dlog1§gn) )>
. s [ dloglogn d
eXp ( d ( 2slogn > logn + log <d+$(2l)d(d120ilgoin)%>)
1 dloglogn %
. s [ dloglogn \ 2 d+s(20) ( 21gog§z )
eXP( d ( 2—slogn > 108; ( (2l) (dlolglogn)%
ogn
1
= exp (alh ) + () - Qogr + diog (4)))

1
- exp <510g <2l . (dé‘ﬁ%) 2d>)
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o ( 2slogn )é . 10g <(2l)d . (\/%Jr\/dloglogn/logn)))

dloglogn v/dloglogn

1
(s (0 () )
. _ (2 . 2 d
exp( (dlogn loglogn) + log d+s(2l)d(dloglogn)%

2logn

1 dloglogn 5
_ s <dloglogn> 2 IOg d+5(2l)d( 2ig§ )j
d 2310gn s(2l)d(dloglogn)% .

2logn

1
> exp (%a()\, s) + (&%) °. (log A + dlog (%)))

log (21 : <%> Jd))

1 ( 2slogn )é . log <<2l)d . (\/%+\/dloglogn/logn)))

dloglogn v/dloglogn

(
( :
- exp (—%log <(2z)—d. (%)2»
5
[

2logn

. 2 l :
exp ( logn - loglog n) o <d+s(21)d(dloglogn)% ) >

logn

1 <dloglogn> > IOg d+s(21) (dgoﬁ)g)rgl">
d 2310gn (21) (dloglogn)%
2 3
= exp | —(1+o0(1))- <£logn-loglogn> . N — 0.

Together with equation (3.16) this proves the assertion.
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3.4 The entropy constrained error of the Pois-
son point process under Hausdorff distance

As in the previous section we consider for b € R, a stationary Poisson point
process ¢ = {x,xo,...} with intensity A > 0 from Definition 2.1.3 in the cube
C = [-b,b]* C RL We give an asymptotic upper bound for the entropy con-
strained error of order s € R,.

Theorem 3.4.1

1\ /e )
< \/g (X) . nid-x(zb)d’ n — 00.

DO*(logn | ®,dy) S
Proof.
During the proof we will use the following: for all A > 0 it holds that

. —(1- e*’\sd) log (1 — e*’\fd) + Aed . e .
=20 —Xetlog(Aed) -

Thus for all §; > 0 there is ; > 0 such that for all € < £; we have
—(1- e—,\sd) log (1 — e_)\ed) Pt e < (146,) - Aet log(s2)-  (3.19)

Now we construct a specific codebook and appoint the rate for this codebook.
Let 6; > 0 and

~1
e = 2b-q2b-ﬁ.nm” ,

Without loss of generality assume n to be large enough such that we have %b eN
and such that equation (3.19) is satisfied. We divide the cube [—b, b]? into small
cubes with side length . To fill the big cube we need (%b)d small cubes, say
Ky, ... K(z?b)d. Denote the center of the small cube K; by z; foralli =1,..., (%b)d.
We put in the center of a small cube a coding point if at least one of the original
points is inside this small cube. Define the codebook

(B¢

X(®) := U {i; | No(K;) >1}.

We appoint the likelihood that at least one point of the original signal is inside
one small cube K;

pi = P(Ne(K;)>1)
_ 1_e—>\-)\(d)(Ki)
20\ d
= 1—exp(-A-e%), z’:1,...,<—).
19
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We compute the entropy of this codebook and show that it is smaller or equal to
log n. Due to equation (3.19) it follows

—

m‘g

~—
au

HIX(®)]

I
(]

(=pilogp; — (1 — pi)log(1 — pi))

.

)d - (=p1logpr — (1 — p1) log(1 — p1))

)d : ( - (1- e_’\gd) log (1 — e_kad) + Ae? e_’\6d>
< (1+61) - (20)%- Aog (52)-

I
7~ N 7N

olgolgl

With the definition of ¢ this leads to
HIX(®)] < (1461) - (2b)? - Alog (1)
< (1+461) - (20)%- Xlog (n<1+51;A<2b>d)

= logn.

Let ¢ be a realization of . By construction of the codebook the distortion is
bounded by

(dulo. X(0))) < (V-2

and with the definition of € we deduce

1 -1\ ¢
(D (logn | ®,dy))* < (ﬂ-%- (|26 A4 - paww s |) )

1 1/d L s
~ \/E(X) o A1) (26)7 , n — 090,

and with 6; — 0

1/d L s
D@ (logn|®,dy))* < | Vd- . n dxen? n — oo
g ) ~Y )\ Y Y

and thus

\NVe
D@*(logn | ®,dy) < Vd- <—> NN CORN n — oo.
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Chapter 4

The Boolean model

4.1 Definition and basic properties

In the previous chapter we considered the quantization error of point processes
in dimension d > 1, especially of the Poisson point process. In this chapter we
deal with a more general subject, the so called d-dimensional Boolean model.
For this we follow the definition of Stoyan, Kendall and Mecke (see [43]). For
d € N let K4 be the system of all compact subsets of R%. Hence, (Kg4,dy) is also
a complete separable metric space. The corresponding open subsets generate a
o-field on Ky, the Borel-o-field B(K;). A random compact set Y is defined as a
measurable map Y : (Q, F, P) — (K4, B(K4)).

Definition 4.1.1 The basis of the Boolean model is a stationary Poisson point
process ® = {x1,1,...} in RY with intensity \, the so-called germs. Let Y1, Y, . ..
be a sequence of independent identically distributed random compact sets in R?
which are independent of ®, the so-called grains. Let Yy satisfy

E [)\(d)(Yl +K)] < o for all compact K. (4.1)

The Boolean model is defined as follows: Given the germs x; and the grains
Y; as above a Boolean model is defined as a measurable map = : (Q,F,P) —

(]Cd, B(Kd)) with

— e —
—_— .

3

1

.
Il

We say = is a Boolean model with primary grain Y;.

Remark 4.1.2 The technical condition (4.1) ensures that only finitely many of
the grains x;+Y; have a nonempty intersection with any given compact set. Thus,
in particular, it ensures that the property of being a closed set is inherited by =
from the primary grains.
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From the stationarity of the Poisson point process ® of germs and the identical
distribution of the primary grains it follows that the Boolean model defined above
is stationary, i.e. its distribution is translation-invariant. We give two examples
for application of the Boolean model. In the first place, it is a natural model
for sparse systems of particles distributed at random. Here, the sparse nature
of the system is modeled by a low value of the intensity A of the Poisson point
process ®. If X is small relative to the size of the grains then primary grains
will not often overlap and hence, = will consist mainly of separate particles. A
typical example of such systems is the set of nodular graphite particles in cast
iron. A random sparse pattern of plants may also yield such a pattern in an area
covered by vegetation. With increasing A the number of overlaps increases. E.g.
this happens with pores in cheese or areas of weeds in fields.

Remark 4.1.3 The grains of the Boolean model are not required to be connected
sets. For example, they may be sets of discrete points. In such a case the Boolean
model is a point process, more precisely, a Neymann-Scott point process (see
Stoyan et al. [43], Section 5.3).

Our main object in this section will be a special form of the Boolean model
defined as follows.

Definition 4.1.4 Let ® = {1, xs,...} be a stationary Poisson point process in
R?, d > 1, with intensity X. Let (Y)ien, be a sequence of independent identically
distributed random compact sets in RY, which satisfies the following: There is a
ball with center 0, denoted by B™(0), such that Y; € B®(0) and diam(Y;) =
diam(BW(0)). Denote the Radius of BW(0) by R;. Assume that the R; are
independent identically distributed and denote the distribution function of the R;
by F'. Moreover assume that there exists a constant k € Ry such that the R;
satisfy P(R; <t) = F(t) ~ k-t ast — 0 and E[RY] < oo for alli € N. We
define a special Boolean model as

—_
— e —
—_— .

3

1

.
Il

We denote by & the law of Z.

Now we define a specialization of the Boolean model given above, where the
grains are balls with random radii.

Definition 4.1.5 Let & = {z1,x9,...} be a stationary Poisson point process in
R?, d > 1, with intensity \. Let Yi, i € N, be balls in R? with random radii
R;, © € N, where the R; are i.i.d on the interval [0,00) with density f for all
i € N, where f is continuous in 0 with f(0) > 0. Let E[R{] < co. We define a

66



special Boolean model as

[1]«

= J{ai + Vi)
=1

We denote by & the law of Z.

We will mainly consider the Boolean model on a compact subset of R?. The case
where the whole set is completely overlapped by one ball is trivial. The following
lemma guarantees that this does not happen almost surely on the set [—%, %]d.

Lemma 4.1.6 Consider the Boolean model from Definition 4.1.5. Let F(t) :=
fo z)dz and E[R{] < co. Let A denote the event that the cube [—3, 3]% is not
completely covered by the balls of the Boolean model. Then we have

( = limJim 577 ((26(j+1>>d—(26j)d>~(1—F(6j>>)

> 0.
Proof.
Define for j € Nand 6 > 0
Vsj = [=(j + 1)3, (5 + 1)8]" \ [-36, j8]“.

As the sets Vj; and V5 are disjoint for j # 7 with j,7 € N, and the radii R,,,
m € N, are independent of each other and of ® we can deduce

P[A]
> lim hmP[{CI)([5 §]Y) = 0}n

b—o00 6—0

b/8
M (te(vs) = 0} U (U, (Vi) = i} N (s (R < 53) )|
b/ oo

= lim hmH (Ze—’\ ((26(j+1))*—=(265)%) . (A((20(5 + 1)')d — (265)%))" _ (F((i]))z)

7!
— lim lim [T e (@0G+1)9=(265))-(1=F(53))

b/s
- _yod 1 . d// - d_ qdy . . .
= eXp( A2 blggog%;fS (G+1D =591 F(5J)))-
And this does not vanish if and only if
b/§

llmhmZéd (G + 14— 49 - (1= F(65) < oo.
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Since F is the distribution function of R; this is equivalent to E[RY] < oo.
O

Remark 4.1.7 This result can be generalized to arbitrary compact sets that
contain the origin.

We introduce now another special form of the Boolean model which differs from
the last definition in the boundedness of the R;, ¢+ € N, which describe the radii.

Definition 4.1.8 Let b > 0, A > 0 and ® = {x1,x9,...} be a stationary Poisson
point process in RY, d > 1, with intensity \. Let Y, i € N, be balls in R* with
random radii R;, i € N, where the R; are i.i.d on the interval [0, 00) with density
f for alli € N. Let f be continuous in 0 with f(0) > 0 and f(z) = 0 for all
x > b. We define another special Boolean model as

o0

=0 = | J{zs + i}

i=1

We denote by & the law of =.
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4.2 The quantization error of the Boolean model
under Hausdorff distortion in one dimension

In the following section we consider the Boolean model from Definition 4.1.5 in
the case where d = 1. In one dimension the balls of the Boolean model are
actually intervals. This is a special case, because the union of two intervals with
non-empty intersection is again an interval. In higher dimension this does not
remain valid for balls generally.

Theorem 4.2.1 Consider the Boolean model from Definition 4.1.5 for the case
d =1 on the interval [0,1] C R. Denoting the Hausdorff-distance by dg we have
for every s € Ry

DWs(logn |2, dy) = exp (—(1 + 0(1))\/

Proof.

Here we prove just the upper bound and refer for the lower bound to Theorem
4.3.3, where an asymptotic lower bound for the d-dimensional Boolean model on
a compact cube is given.

The outline of the proof is as follows. First we study some properties of the
one-dimensional Boolean model. Then we construct a concrete codebook and
compute the distortion for this codebook.

For the upper bound it is sufficient to code (instead of the points of ® and the
radii of the intervals) just the starting and ending points of the intervals. The
advantage of this method lies in the lower complexity, e.g. for two overlapping
intervals where none of them is a subset of the other we have to code just two
points (the starting point of the left interval and the ending point of the right
interval) instead of four points (the two points of ® and the two radii). We call
these points the wisible starting and ending points of the Boolean model. These
visible points form a random point process on R which we denote by ¥ and its
distribution by . Denote for all ¢ > 0 the number of the visible starting and
ending points of the Boolean model in the interval [0,¢] by Ny (?).

We denote the area that is covered by = as a sequence of ”green” intervals where
the length of the i-th interval is modeled by a random variable GG;. The remaining
area will be interpreted as a sequence of ”"white” intervals, denoted by W; and
their length by W;. Hence, we can interpret the process as an alternating jump
process that changes between white and green. We define

k
Sok = (Wi +Gy) ZW +ZG

i=1

® [N

-lognloglogn> as n — oo.

and
E+1

52k+1 —ZW —|—ZG
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if the process starts with a white area and analogously for the other case. Let
Zr = Z|ve )=k} and let & be the distribution of Z;. Therewith we split the
distribution of = on the interval [0, 1] via

P[Ny(1) = k] - &.

S
I
WE

B
Il

0

Analogously let U, := \I/k|{N\I,(1):k} and 1, be the distribution of ¥,. We split
the distribution of ¥ via

Now we give bounds for the number of points we are going to code. We interpret
the Boolean model = as a marked Poisson point process

(U, m) = {(x1,mq), (2, m2), ...},

where the mark describes the radius of the corresponding interval. We consider
the measurepreserving translation 7' : R? — R? with T'((a, b)) = (a—b,b). Hence,
this translated marked point process T'((¥,m)) can be interpreted as a Boolean
model where the germs x; are the starting points of the corresponding grain
intervals with length 2m;. Assume ¢; € R} to be the starting point of a white
interval W;, and since f is the density of the random radius it follows

P[W; > z | W starts in t;] = exp / / f(r)drd\Y(z ))

— exp ( A /t o AN (z) - /0 £(r) dr)

i
= e 2,

Denote the starting point of the i-th white interval by T;. Let A := {W; > z}
and for n > 0 let (¢/)ien, be a partition of [0,00) with [t/ —t/| = 5. Let

A(t;, a) := {there is no jump in [t;, ¢; + a)} and

Ay = U {Ti € W? l+1)} ﬂA( 410 7 z).

1eNg
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Hence, A, / A as 7 — 0. Therewith we deduce
PW, > z| = lin% P[A,)]
']7*)

= lim 37 PIA(,,, 2)] - PIT; € [ 17,0) |, 2)]

77_)0 leNg
= 11II(1) P[T; € [tla l+1) ’A(tl—s—l? z)]
77—>
1eNg
= 11mP[ U {T; € [t], z+1) | A( I1+1> z)]
1eNp
— ef/\z.

To show that the (W;);en are independent we show the independence of a pair
Wi, W; with j > 4. The proofs for the other combinations follow analogously. Let
A= {W; > a,W; > ay} and for > 0 let ();en, be a partition of [0, 00) with
|tl+1 t/| =n. Let

An = U ({Tz € [t/ 1), Ty € [th, thya)} 0 A( L1, 01) N A(t?nJrl?aQ))'
I,meNy,
I+14+5k<m

Hence, fln A as 1n — 0. Therewith we deduce

P[W > al,W- > ag]
= lim P[4,

n—0
= lim P[A(t7+1ua1> A A(t?n+1aa2>]

n—0
I,m€eNp,

+14+5E<m
P[T S [tl7 l+1> T S [m? m+1)|A(tl+17a1) ﬂA( m+17a2)]

— e—A(a1+a2)'

dim S PG e, T € [t AW, ar) N A, az)

n—0
1,m€eNp,
z+1+“71<m

_ €—>\(a1+a2).

APl (T [0, T € [t thi ) H AW a) N AW, 02)) |

n—0
I,meNp,
l+1+(1711<m

— e*/\(a1+a2)

= P[VVZZCM]P[W]ZCLQ]
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Using this and the exponential T'chebycheff inequality we get for ¢ > 0 and 6 > 0
the estimate

1
Pl;Swi<t] < ¢ Bt T

_ klog(EletM1]) 46

Define Ay, (6) := log(E[e~ ")) = log(f,"A-e - et ds). We deduce

Aw,(8) = log( / A-e e 0 ds)
0

= 105 (5g0)
S\t o/t
Hence,
BN (s37)
P[— m<1] < HFloe(5) o
and with 0 =k
k
3w < oo
i=1
_ e—k1ogk+k(1+1og(xt)—1og(%+1))
< e—klogk—i—k(l—l—log(/\t))' (42)
Consider now the Gy,...Gj. As before we interpret the Boolean model = as

a marked Poisson point process (¥, m) = {(z1,m1), (x2,m2),...} and translate
it via 7' : R? — R? with T((a,b)) = (a — b,b). Hence, this translated marked
point process can be interpreted as a Boolean model where the germs x; are
the starting points of the corresponding grain intervals with length 2m;. Denote
these translated green intervals by G, ..., Gy Assume that the green interval e
starts in the point xf of the Poisson point process and denote the corresponding
random radius by RY*. Hence, we estimate for small a € R,

P[G; <a] = P[G;<d
< P[2R% < q]
= / f(z)dx
~ 2-f(0)-a, foralli=1,... k.
Hence, for all € > 0 there exists a. > 0 such that for all a < a, we have

PlG;<a < (1+¢e)-2 f(0)-a
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Let ¢ := 1. Since P[G; < a] < 1 for all a € [ay, 1] there exists a constant
c:= max{a—ll,él - f(0),1} > 1 such that

PlG;<a] < c¢-a, foral0<a<1,i=1,...,k (4.3)

For an upper estimate we use again the exponential Tchebycheff inequality which
yields for ¢ > 0 and 6 > 0

IN

k [
Z eO.E[ef zlG}

k-log(E[e_%Gl}H»G

c~o~|>—t

= €

Define Ag, (0) := log(E[e~1%1]) = log( [ 9 et P[G) < s]ds). Using estimate

t
(4.3) we deduce
1 g 0
/ G1<s]ds—i—/ —-e_?s-P[Glgs]d5>
0 1t

1 000 0
</ -c- sds+/ —-e*?5d3>
0 1t
= log< t—c e t—l—c +e*%>

Ag,(0) = log

H—I% wl%

= log((1—=c—% _%—i-%).

Hence,

wl»—

k
[ Z :| ek-log((lfcff)e t+“)+9’

and with 6 = k this yields

k
P[ZGi < t} < eklog((l— c—tYke™ Fet)—klog k+k
i=1
< eklog(f(cfl)k-e_%+ct)fklog k+k
< e—k‘log k+klog(ct)+k (44)

as ¢ > 1. Hence, we gave upper bounds for the number of ending points of the
white intervals and of the green intervals in the interval [0, 1]. From now on we
assume that the process starts with a white interval. We distinguish between two
cases. First we consider the case where we have an even number of color changes.
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Using equations (4.2) and (4.4) we conclude

P[Ny(1) = 2k]

P[So, < 1] — P[Sop41 < 1]
P[Sy, < 1]

IN

P[Zk:Wi—i—Gi < 1}
=1

< p[ywici] p[yas

6—k10g k+k(14+log \) | e—k log k+k log c+k

—2klog(2k) | _k(2log2+2+log A+logc)

e e
- 2k
< e 2k log(2k) | (62 log 2+2+log A+log c) )

Analogously we get for an odd number of color changes

P[Ny(1) = 2k + 1]

Define
v

This yields

Thus we got an upper bound for the distribution of the number of interval ending
points in [0, 1].

Now we are going to construct the codebook with n elements which we will use
to code the model. Analogously to the proof of Theorem 2.3.1 in Section 2.3 we

:= max{e

= P[Sop41 < 1] — P[Sop4a < 1]
< P[Sox+1 < 1]

k+1 k
=P} Wi+ Y G <]
i=1 =1

k+1 k
< P[ZWZ- < 1] -P[ZGZ» < 1]
i=1 =1

< 6—(k+1)10g(k+1)+(k+1)(1+10g)\) . e—klogk—i—klogc—l—k

2
o~ (2k+1)1og(2k-+1)+(k-+1)(1+log A)+k10g(‘”“k;7j’;jl)+1og( 2kbl)+klog c-+k

< o (2k+1)log(2k+1) | e(k+1)(1+1og,\)+k1og(g)+1og(2)+klogc+k

IN

(&

—(2k+1) log(2k+1) (e

2k+1
1+log)\+log(%)+log2+logc+1) +

2log 2+2+log Alog c 6l—i-log Atlog( % )+log 2+log c+1 }
s .

P[Ng(1) =k] < AF-e®o8% forall k> 1. (4.5)
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consider a sequence (ny)gen, such that forall 0 < k < 4.,/ lfgkf% it holds n, > 1
for n large enough and

[o.¢]

Z Ny S n,

k=0

where k denotes the number of color changes in the interval [0,1]. For 0 < k <

4. lf;?fgnn let C; be an arbitrary codebook for &, with |Ck| < ng. Therewith we

get analogously to equation (2.1)
(D@*(logn |, du))*
|4/ 2B
< P[Ny(1) = k] - | min(dy(z,y))® d&(x)

yeCx

[e.9]

+ > P[Ny(1) = k] | min(dy(z,y))* dé(z)  (4.6)

y€Co
21
k= L4' \/ log(l)ggnn J +1

—_—

Consider the case where 0 is inside a white area, i.e. 0 ¢ =. We construct the
codebook for &, similar to the codebook we used for the point process in Section
2.2. Nevertheless, as we here consider the Hausdorff-distance instead of the L;-
distance we have to make some modifications.

Recall the definitions

TR = {(zy,...,20) €[0,1]F : O<ay <ay<... <1 <1}

and
k
AW = {(zy,...,7) €R? : 2; >0, foralli=1,...,k and ing 1}.
i=1

Consider a realization y;, of =, and denote the visible points of this realization in
[0,1] by 0 < 81 < 89 < ... < s < 1. Thus (81, 59,...,5;) € I'®. Using the map
T defined by (2.3) for a = 1 yields a tuple

T((Sl, So, ... ,Sk)) = (tl, to,... ,tk) € A(k)
Let
5i=([2k-eb eyt ont ) (4.7)

Analogously to equation (2.5) we deduce % > 1 and, hence, % € N. As in the
proof of Theorem 2.2.1 we cover the k-dimensional simplex A®) with small cubes
with side length §. As before we need

O 5 ) k=1,
k - 5 mi_ m
Z;;kilzl Zm:_;:l .. mezl my, k> 2,
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cubes to cover the simplex, and get analogously to equation (2.6) with a = 1 the
relation

1\ *
n,(:) < <—> , for all £ > 1. (4.8)

Denote the small cubes by K ,7=1. (1). In the center of each small cube
1)

we put a coding point (tgj), . ,t,(g )), j = 1, ,n;. . The codebook consists of
the union of all these center points. It is composed in such a way that

(=%

min(l) |t; — fz(-l)| < — forall i=1,...,k (4.9)
I=1,...,n,

N}

Let
N . s » . .
(sgj),...,s,(g)) =71 ((tgj),...t,(f))) . j=1,... ,n;).

Now we define the codebook for the case where 0 ¢ = via

SO | { {beRIbe ULEE, 35} k even,

o {beR[be U 851,59 U [Sars1, 1]} K odd.
forj=1,..., ()and
~w =~(7),w . 1
=y = :,(gj) ,jzl,...,n,(g)}.

Hence, we can estimate the minimal Hausdorff-distance between y; and the ele-
ments of =}’ using equation (4.9)

(1)
min dg (ye, Jr) < Z 1{T((51,...,5k))€K§k>‘j} ©omax [8; — s

JEEY ie{l,....k}
o
- )
J
S ke Z 1{T((31,‘..,sk))€K§k)’j} ) Zel{rllfl)jik} |tl o t2|
j=1
)
< k- § (4.10)

For the case where 0 € = we get analogous results if we use the codebook defined
by

=~ ~(7),w . 1
= = {[0,1]\:,(5) ,j:1,...,n](€)}.

Define the codebook for = by

R . R N 2logn
=g 1= 0,1 d = =2 U= f 1<k<4-“—.
0 {®7[ ) ]} arn k g Lor — — loglogn
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Without loss of generality assume e ! - % -n > 2. If we define ng := 2, ng :=

2 1
|Zk| = 2- nl(C) forall 1<k <4. 1§g1‘1)§g"n and ng ;=0 for k > 4- 13gh1)§gnn we get

analogously to equation (2.8) with a =1 and ¢ = 2

[ee]
E nE < n.
k=0

The definition of § and equation (4.10) yield for s € R

min(dp (2, y)) dée(z) < <§ NERRENORE niJ)_l)s

YEEL

k 8 S S S S
~ (5) 2k ek - (K)k-n"k asn— oo

uniformly forall 1 <k <4-,/ 121#. For the case where k > 4 -,/ 121# we use
oglogmn oglogn

the codebook =, and get

min(dy (r,y))" dé(x) < 1.

YEEo

Combining these estimates with equation (4.6) yields

2logn
|—4'\/log lognJ

(DD3(logn | €, dy))* < P[Ny(1) = k] - (g) L2k ek - (KI)E m

EN

1
b=l i 1

In the proof of Theorem 2.2.1 we got the same upper bound sum for the quanti-
zation error of a jump process in R with @ = 1 and ¢ = 2 (see equation (2.12))
besides the factor k instead of k(k + 1). As this factor is not important for the
asymptotics of the sum, we can determine the asymptotics of the whole sum
following exactly the way there which yields

(D(Q)ys(logn | 5’ dH))S < e*(1+o(1))-(23-logn-loglogn)% as 7 — 00

and, hence,

D(q),s(logn|g’ dH) < 6—(1+0(1))'(%~10gn~10glogn)% as M — 00.
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4.3 The quantization error of the Boolean model
under Hausdorff distortion

In this section we give an upper bound for the quantization error of the Boolean
model as specified in Definition 4.1.8 and a lower bound for the quantization error
of the Boolean model as specified in Definition 4.1.5 both in the special case where
C = [—3,3]%. As the radii of the balls R; are distributed on the interval [0, 00),
every ball of the Boolean model might have a nonempty intersection with the
compact set C.

Lemma 4.3.1 1.) Consider the Boolean model from Definition 4.1.5 on R?. Let
F(t) := fot f(z)dz and E[R{] < oco.
Forl > 0, | € R, let A be the event that all balls of the Boolean model with

center outside the cube [—1,1]* have an empty intersection with the compact cube
[—2, 114, Then we have

272

PlA] > exp(—/\Zd-zd: (f) /loo (L P(s)) ds)

i=1
— 1 forl — oo.

2.) Consider the Boolean model from Definition 4.1.4 on RY. For >0, | € R,
let A be the event that all grains of the Boolean model with corresponding germ
outside the cube [—1,1]¢ have an empty intersection with the cube [—1,1]¢. Then
we have

P[A]
[(a—1)/d]
> exp ( — 2% dim lm Y (U (G 1)6) — (L + j6)Y) - PIF > 2j5])>

a—00J—0 <
j=0

=:¢(\ 1, d)
with 0 < e¢(\,1,d) <1 for all \,l € Ry and d € N.

Proof. .
1.) Let 6 > 0 and j,j € N. Define

Vis o= [=l = (j+ 1,1+ (j + 1))* \ [=1 — jo, 1 + jo]*

and

h(l, 5,6) = NV (Vig) = 27+ (L + (7 +1)8)* = (I + 7))
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As the sets V5 and V; are disjoint for j # 7, 4,7 € N, and the R,, are independent
of each other and of ® we can deduce that

L(a=0)/4]

> lim limP[ N ({cb(ng):o}u

J=0

0 (U3 ({(Vis) = i} 0 (Ml { R <Z+j6}>)>)]

— lim lim (e + (32 (et ] : H F(i+ o))

a—00 d—0
j=0 i—1
[(a=1)/6] oo . o
L sy ARG, 6)F (1 +50))
= lim lim <Z(e (L:3:9) T ))

a—00 6—0

j=0 i=0
L(a=1)/4]
— lim lim e A2+ (G+1)8) = (1+50))-(1-F (1+39))
a—00 §—0 =0
L(a—1)/4]
— exp ( —a2t dim im S (4 (G + 1))~ (1 +48)Y) - (1 - F(l +j5))>

a—00 6—0
J=0

Consider the sum
[(a—1)/4]
Z I+ G+1)0) = (U +30)) - (1= F(l + jo))
= (14 joY - d- (14 o) + (;l) (1 +56)"726% +
+6 — (14 76)7] - (1 — F(1 + j5))

= ¥ 4. (I +78)4716 + (Z) (I + j6)*242 +...+5d] (1= F(+39))

_ d-(1+30)"15-(1—F(+ jo)) +

L(a=1)/5]
+ Z 8- (1 — F(L+ jo)). (4.11)

We analyze the limits of the sums.
[(a—1)/6]
d- lim lim Z §-(L+ 7011 = F(l + j9))

a—00 §6—0
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a—l1

= d- lim I+ (1= F(+s))ds

a—00 0

a

=d-lim [ s (1—F(s))ds

a—0o0 l
:d-/ s (1= F(s))ds
!
< 00 foralll >0

since F is the distribution function of the R; and E[R{] < co.
Without loss of generality let 6 < 1. Thus the second sum can be estimated

<d> - lim lim L(aiw 6% (1 +§6)31 = F(I + j9))
2 a—0o0 §—0 -
< (d> lim lim agl/a §-(L+76)2(1 = F(l + jo))
a—00 §—0

_ (g) '}LTo/la 2. (1= F(s))ds
_ (g) ./loo 2 (1= F(s)) ds

< 00 for all { > 0.

We get analogous results for the other sums in equation (4.11) and hence,

d

d\ [ .
PlA] > exp(—)\Qd- ()/ s (1= F(s ds).
A >(0) ) #a-Fe)
Since all the integrals are finite due to E[R{] < oo we get for every i = 1,...,d
lim s (1 - F(s))ds = 0,

l—0o0 1

and the first part is proved.

2.) Analogously to the first part it follows that

[(a=0)/3]
PIA] = exp (=20 mlim 3= (1 (+ D3) = (14 o)) - (1= F(jo)))

a—o0 §—0 -
j=0

We will show now that

L(a=1)/6]
lim lim Y (L4 (G +1)6)" — (14 j6)") - (1 - F(ja))) < ooforalll € Ry

a—00 §—0 -
J=0
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because then the second part will be proved. As in equation (4.11) we get
Z U+ (G +1)0)" = (1 +76)7) - (1 = F(56))

Z d-(14§6)"'6- (L= F(Fo) +...+ Y & (1= F(j5)).

Again we have to analyze the limits of the sums.

(a=1)/3]
d- lim lim Z §- (1 +76)411 — F(59))

a—00 6—0
a—l

=d- lim (14 8)4 1 (1 — F(s))ds

a—oo Jq
a—l

=d- lim 1971 (1 = F(s))ds + ...

a—00 0

a—l

...+ d- lim sl (1 — F(s))ds

a—0o0 0
1
= d-ld’1~E[R1]+...+d-C—Z~E[Rf]
< 00 for all [ > 0.
We get analogous results for the other sums. Thus
L(a—1)/5]
0< limlim > (([+ (j+1)8)" = I+ o)) - (1 - F(js)) < oo

a—00 6—0
Jj=0

and hence, with
[(a—1)/d]
c(\ 1, d) ::exp< 227 lim lim Z ((1+ (G +1)5) (l+j5)d)-(1—F(j5))>

a—o0 6—0

it follows
0<c(\l,d) <1

and the assertion is proved.
O

Now we give an upper bound for the quantization error of the Boolean model in
the case where the radii are bounded by b > 0.
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Theorem 4.3.2 Consider the Boolean model from Definition 4.1.8 on the com-

pact cube [—3, 1% For b> 0 and s > 0 we have

2
DO (logn |20 dy) < exp (‘“ ' O“”\/ S oeniostes )
as n — Q0.

Proof:

Let b > 0. As the radii take values in the interval [0,b] every point of the
corresponding Poisson point process in the cube [—b, b]? may have influence on
the cube [—%, %]d. Therefore we will construct a codebook whose elements will
be composed of points in [—b,b]¢ (to code the Poisson point process) and values
in R to code the radii of the balls. We decompose the distribution £€® of =) by
decomposing the distribution u of the corresponding Poisson point process ®. As

in Section 2.3 we split p into

= . A - (20)4)F
P e L
k=0 ’

where 4ip(0) := 1 and gy is the distribution of ®; = ®|(n,(_pp)=k}- Note
that py is a product distribution of k uniform distributions on [—b,b]* for k >

1. Let E;Cb) = E(b)|{N¢([_b’b}d):k} be the Boolean model on [—5,5] that has
exactly k points of the corresponding Poisson point process in [—b,b]?. Denote
the distribution of Z\" by ¢
Consider a sequence (ng)ren, such that for all 0 < k < 4. (dﬁl‘gﬁ% it holds
n, > 1 and

Z nE < n.

k=0
For 0 < k < 4- Wrﬁ% let C) be an arbitrary codebook for 5,(:) with

4/ @riestonn )
|ICy| < ng. Let C := U Ci. Since C is a codebook for £¢® with
k=0

|C'| < n we deduce analogously to equation (2.1)

(D(Q)’S( logn | E(b), dp))®

\_ . 2slogn J
(d+1) loglogn

<y e O a0

! eC
— k! yeCi

+ Z e_)"@b)d / min_ dy(z,y)° d{,(gb)(x)

= yeCoUCH
_ 2s log
k_L4 (d+1‘3 lzi?:)gnJJrl

(4.12)
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Without loss of generality assume eil -n > 1. In the case where k = 0 we have
no point in [—b, b]?. Thus we define Cy := {0}, which leads to

(D@ (logng | 2, dn))* = 0 for ny = 1. (413)

Now we construct a specific codebook, say C‘k, for Eg’) forl <k <4, /Wﬁ%.

It will be composed of k balls with center in [—b, b]?. These balls are specified by
the position of the centers and the length of the radii. We use one part of the
codebook to code ®y, the point process in [—b, b]? with exactly & points, and the
remaining part is used for the Ry,..., Ry, the radii of the balls in the Boolean
model.

Consider a realization y,gb) of E,(f). Denote the germs of this realization by ¢, and
the radii of the grains by rq,...,r,. Let

1 1 1 1 1 -1
§:=2b- Q(Qb)ﬁ (VA + 1)@ e FaD - (Kl)TRED -nk(dH)J) . (4.14)

2slogn
(d+1)loglogn

and for n large enough we have %b > 1 and, hence, %b € N. We divide the cube
[—b, b]? into small cubes with side length §. To fill the big cube we need (2b/§)?
small cubes, denoted by Kj,... ,K(%b)d. Denote the center of K; by &; for all

Analogously to equation (2.5) it can be shown that for all 1 < k < 4-

j=1,...,(20/6)%. Let I := {i1,... ,ii'(%b)d}. We put a coding point in the center
of a small cube if at least one of the original points is inside this small cube. We
define the codebook for this part

Cr={pcI :|o|=i i=1,... k}

Thus we allocate k or, if two or more original points are in one small cube, less
than k coding points to (2b/6)¢ cubes. Hence, we need

k 2b\d
W _ A _ (%)
n, = |Cy] —z;< i )
. (D
codebook elements, denoted by <b,(:), cee 2 )Tt s easy to verify that for all
2%’22andk21i’cholds

b dk
1 < al) < (?> . (4.15)
With this codebook the Hausdorff distance between the realization ¢, and the
coding points is smaller than (v/dd)/2

Vd

min  dy (. oy < 56 (4.16)

i=1,...,np
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To code also the radii we need more coding points. As we are only interested
in the length of the radii inside [—%, %]d, we need one point to code if the ball
is completely outside the cube and use \/E/ 0 points to mark the ending of the
radius inside the cube. For this we divide the interval [0, v/d] into small intervals
with length 6 and put in the middle of each small interval a coding point. As we

do this for each of the k points we need for this part the rate

n,(f) = (@—i—l)k,

which satisfies

d+1\*
1< n® < (‘f; ) (4.17)
Denote these radii codebook elements by f,il), e ,72,(:(2)). Let ky < k and assume
that 71, ..., 7k, are the radii of all original balls that end inside the cube [—%, %]d
Then it follows
; 4]
min( )dH(rm,f,(j)) < B forallm=1,..., k. (4.18)
J=1,..., ”k2

Now we define the codebook for E,(cb)

Co = {7+ B(0) : i=1,... M i=1,....2%} (419

We code each ball of the original signal by a ball whose center is less than (v/d6)/2
away from the original center and whose radius differs for less than §/2 from the
original radius. Thus, with equations (4.16) and (4.18) we deduce

. ) Vd+1
min dy (g, i) < :
JL€Ck 2

4]

and hence, for s > 0 it follows

> (Vd+1)*

min dp(yy”, e)° < 5, (4.20)
Ik€Ck 2
Thus we need a total rate of ng = |Cy| = n,(:) : n,(f) for 5,(:)) to get Hausdorft
. . Vd+1 2slogn 2slogn
distortion less than Y& for 1 <k < 4., /W%. For k > 4- W%

let ng := 0.
Now we show that with these definitions it holds that > ;° n; < n. Due to
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equations (4.15) and (4.17) and the definition of § we get
2

nE = n, -n,
26 dk | \/a 1 k
< BEEE
k(d+1
— (2b();lz)~£ﬁf)1)’“ , ({(gb)ﬁ (VA + 1) T TR L (k)T R@ nmb )
k(d+1
< (N/gTJr)i)’“ . ((Qb)ﬁ (VA + 1)@ . eTF@ . (k1) TF@D nﬁ) ey
< et (k)7tn,
which leads to
oo 4\ D) Tog ogm )
an < 1+ Z et (k)tn
k=0 k=0
< n (4.21)

By construction of the codebook Cy, and in particular by (4.20) and the definition
of 6 (4.14) we have for large n

min dy (z,y)* d¢” ()

yeClk
< (\/E——i_) . 0f
28
~ MQ—JSF) (2D)EHT - (Vd 4 1)TH - @D . (k))FED g F@D . (4.22)
Now let k > 4- (dfls)ll%. We code the case of k jumps with one of the ng+n;
codebook elements from Cp U C’l, denoted by gV, ..., g™0+™)  Thus, we can give
an upper bound for the distortion between these codebook elements and E,(gb)
/ i (5 0) g (@) < (V20 (4.23)
i=1,..., no+ni
Combining equations (4.12), (4.13), (4.22) and (4.23) yields
(D@*(logn |Z® dy))® (4.24)
L4/ @i tog o ik .
< Z oM (20)1 (A-(20)9)" (Vd+1) .
~ k! 28
k=1
. (2[)) dﬁ . (\/E—i— 1)di1 . ek(dsﬂ) . (k!)k(clitl) on_ Ty
= A (20)4)*
+ Z e_)"(%)d% (Vd-2b)*  asn — oco.
k=|4-,/ —2%osn |4y

(d+1) loglogn

(4.25)
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We consider the first sum and assert

2slogn
L4. (d+1) log log'nJ

S v Q20" (2b) 7 (Vi + 1) (Rocym
k! 23 n

S e—(1+0(1)) dQ_sl IOgnIOgIOgn7 n — oQ. (426)

k=1

To prove this we define

sd_ a2
B(d \b) = log (e—A~(2b)d _ (2b) d+1(\/gl_|_ 1) d+1>

23
and for every n € N the function

fa: Ry — Ry
k —  eBldADb) ()\ . (Qb)d)k . I‘(k + 1)*1+k(ds+1) . ek(dsﬂ) on” R@FD)

With Proposition 1.2.1 and 1 < k, which implies lolfk < 1, we give an upper
bound for f,

Falk) = O (@) (Dl + 1) ey R
< P A2 - (¢ - VE - (EYR) TR R T R
= exp (B(d, A, D) + klog(A(2b)4) + (zarm — Dloger + (g — 1) log k:)
-exp(( Joghk — (77 — k) + w5 — raD logn>
< exp (B(d, Ab) + klog(A20)) + (57 — Dloger + 5ipy — 4 log k)

" €Xp <d+1 ] THT — FarD) 198 ”)
— exp (ﬁ(d, AB) + k- (log(A(2b)1) + 1 —log k) + (55 — 1) log k;)
- exp < — %logn—{— m + (ﬁ — 1)10g61>
= ho(k). (4.27)

For simplicity denote 3(d, X, b) := ((d, A, b) + s+ (757 — Dloger.
We split the sum from equation (4.24) into the following four parts

(D(q)’s(log n | =0, dH))s

e(2b)?] Ly/ = o)
S D RR+ Y fuk)
k=1 k=[(Xe(2b)4)]+1
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L4\/ <d+213) llgi ﬁ)g n
+ > falk)
k= wg(dﬁ;‘iiglogn
a (A(20))F s
+ Z e M) = (Vd - 2b) (4.28)

2s1
k= |-4 (d+1s) lgi?og nJ+1

as n — 00.
Part 1: Consider the first part where 1 < k < Ae-(2b)¢. First assume ﬁ—% > 0.
For these k we give an upper bound for f,

fa(k) < hn(k)
< exp(Ae(20)? - (log(A(20)7) + 1) + (57 — 3) log(Ae(2b)%))
-exp(— ()\e(;bl)% + B(d, A\, b)).

Therefore we have

A(2b)9)e
E}E( (20) )an( k)
e \/d+1 lognloglogn

< exp (A(Zb)de - (log(A(2b)?) + 1) + (ﬁ — L 10g()\e(2b)d)>

. ex slogn
P\~ \@o)de(@r1 d+1
— 0 as n — 00.
d+1

xp(Ae(2b)* - (log(A(2b)*) + 1) — i + 5(d A b))

and

L(Me(2b)¢ Jf( )
\/longlogn < exp(Ae(2b)?- (log(A(2b)4) + 1))
e d+1

-exp(— (/\e(gbl)odgnd+1 + B(d, A, b) + d+1 )
— 0, n — 00.
Hence,
[A(20)%] ,
Z fn(k) _ 0<€ Vi) lognloglogn>’ n — oo. (429)
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slogn
k S W. For these
0

k we give an upper bound for h,, (k)

hn(K)

= exp (k - (10g(A(20)%) + 1~ logk) + (327 — )logh — gy logn + B(d, A b))
slogn slogn

S exXp (O + (ﬁ - %) log( 2(d+1)1§glogn) N (d+1)\/ gslogn + ﬁ<da )‘7 b))

2(d+1)loglogn
(d, ) b))

1 1 slogn
= ©xXp <(d_+1 - 5) log( 2(d+1)liglogn) B
This leads with equation (4.27) to

I_  slogn
2(d+1)loglogn logn

S ) < e ((+ - Dlos(y /i)
k=|A(2b)%e)+1

d+1

- exp < — \/del lognloglogn + B(d, A, b))

and since
141 slogn _
(d+1 + 2)10g(\/2(d+1)10g10gn) d+1 (d, A, b)
d+1 as n — 00,
we have
slogn
|—\/2(d+1)1§)glogn
_ 2s
S fulk) £ OrOVEEER gy o
k=| \(2b)%e)+1
For 745

halk) < exp (g4 = $)log(he(20)")
and obtain again

L slogn
2(d+1) log logn

Z fulk) < e~ (Fo()y/gyrlognloglogn o0y, o (4.30)

(d, A b))

d+1

k=|A(2b)de]+1

Part 3: Now we come to the third part of the sum. Define

L 251 251
I = {1, ceey L4 : (d+18) l(cj)iﬁ)gnJ L d—l—lil((;i?ognj - }
1 2s 1 :
B |_§ (d+18) l(c)gql‘bognJ +
m; o _ 2slogn
] ]

(d+1)loglogn

L 2slogn .
and  km, = mi-|\/ @Dieignl: (€1
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2slogn

Without loss of generality assume @i loslogn

as in (3.12) and (3.13) we deduce

> 2. Using the same arguments

< m; < 8 foralliel.

N | —

Consider the case where ﬁ — %
¢ € R we give an upper bound

log(hn(kmi))
= Ky, - (Iog(A(20)4) + 1 — log Ky, ) + (d_sH — %) log kpn, — (dﬁi)gkli + B(d, A, b)

2slogn d 2slogn
< my - 4 /m . <10g()\(2b) ) +1-— log m; - (d+1)10§10gn>>

1 2slogn slogn
+ (2 ——)10g<mi-( ——i—l))—
dri 2 (d+1)loglogn (d+1)mi- () T T T +1)

> 0. Using the fact that %c + % > 1 for all

+B(d, A, b)

— —(mi+ ﬁ) . \/d2+81 lognloglogn + ((d, A, b)
i) - (1og (M@0 + 1= log (mi - [t ) )
+ (7% — 3) log (mi ( (dfls)ll% + 1)) + miﬁ(\/ﬁbﬁlﬁg log log n)

IN

— \/d%fl log nloglog n + B(d, A, b)

2slogn 1 2s
+8- \/ (d+1)10§10gn ’ <1Og()‘(2b)d) +1- 1Og <§ ’ (d+1)log10gn)>

s 1 2slogn v/slognloglogn
— 31 <8 . __=sogn 4 q > g n loglog
+ (d+1 2) 08 ( (d+1)loglogn +1)+ 1V2(v/2sTogn+4/(d+1) loglog n)

2
= —(1+0(1))-\/dfllognloglogn as n — 00.

In the case where -2

— % < 0 we get analogously

log(fn (Kum,))
< my e (log(\20)) + 1~ log (m; - [ )
+ (25 — 3) log (mi ‘ (des)llzg?ogn) T (A1) S%%H) +Ald, A 0)
<

- \/d2+31 lognloglogn + ((d, \, b)

2slogn d 1 2s

+8- (d+1)l?)§logn : (108;()\(25) )+1—log (5 BRY/ (d+1)log10gn)>
s 1 1 2slogn v/slognloglogn

+ (d+l 2) IOg <2 \V (d+l)loglogn) + %\/i(\/Zslogn—ﬁ-\/(d—&—l)loglogn)
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2
= —(1+0(1))~\/d_sllognloglogn as n — 00.

Therefore we estimate the third part of the sum

14y i) 14y i
> k) < > k)
k= L\/2(d+31§01%)g10g'n, k= L\/2(d+31§01ié;nlog'n,

IN

i o (00 )

— exp (—(1 +o(1)) - ) (4.31)

d+1

as n — 0o.
Part 4: It remains the last part of the sum. Remember the estimate

> ‘“2’)>d—“(2b>d)k v () de¥ @)

k" yeCoUC
2slogn
k= |-4\/ (d+1) loi logn

IN

> A(2b)4)F

Z 6—)\(2b)d( (k‘) ) . (\/E . 26)5
k=14 et
Define

S aewd (AR s
hk) = e m-(\/ﬁ-zb)

Due to Proposition 1.2.1 it follows

; e AED)Y
W) < iy

=: h(k). '

2slogn
h(|-4 (d+1)l?)§lognJ + 1)

e\ / d—gfllognlog logn
]’L(4 2slogn )

(d+1)loglogn

IN

2s
e d+1

slogn slogn
= exp (A(2b)d+4 T (log(A(2b)*) + 1) — § log(4 mﬁ)lﬁ))

—4 2slogn IOg (4 2s )>

(d+1)loglogn (d+1)loglogn

-log nloglogn
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- exp (— log(c1) +4 (dfl‘;llgi?ogn + slog(v/d - 2b) +

)

d+1

— exp (A2 + 4y /2R (log(A(20)%) + 1) — Llog(4, /2 )
2slogn 2s
FOXp (‘4 @riyiogiogn 108 (4 (d+1>loglogn)>

- exp (— log(c1) +4 (dff)ll% + slog(V/d - 2b) —

— 0 asn — oo.

d+1

Therefore h(|4,/ 2580 __| 4 1) = o(e”V T lognloglogm) * 1y o0, Then it

(d+1)loglogn

2slogn
follows for 4 m < k that

hk+1) M2
h(k) k41
A(2b)?
< 2(1 )
4 (d+1)lo§10gn +1
— 0, n — o0.

Thus, there exists a n € N such that for all n > n and k > 4 % we
g logn
have

h(k +1) 1
h(k) 2
Hence,

> h(k)
k=14 G+
< B4y e | 1 1) 5 (%)k 14/ oo )

(d+1)loglogn
k= L4\/ _ 2slogn
(d+1) log logn

= 2. h(|4, /22 |4 )

(d+1)loglogn

— o(e ‘/d§+1 lognloglogn% n — 0o
and thus,

[e'e) ) d\k
Z o A2b)? (/\<kb') )" (Vd - 2b)* < ofe™V a1 lognloglogn) (4 39)
k= |_4\/(d+21911?)§?0gn

as n — o0o. Combining now equations (4.28), (4.29), (4.30), (4.31) and (4.32)
yields

(D(q),s(logn | E(b)7 dH))S S 6—(1—1—0(1)).1 /d2+sl lognloglogn’ n — 0o,
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and thus

D (logn |E®,dy) < e_(1+0(1))'\/s(d+1> lognloglogn ),
O

Now we turn to the lower bound for the quantization error of the special Boolean
model with random compact grains.

Theorem 4.3.3 Let | > 0. Consider the Boolean model from Definition 4.1.4
on the cube C := [—1,1]* C R%. Denoting by dy the Hausdorff-distance we have
for s >0

2
DDs(logn |Z,dy) > exp (—(1 + 0(1))\/5 : lognloglogn> , N — 00.

Proof:
Let

1
2sd - logn > !
=2l .
(d+1)%-loglogn

Hence, for n large enough we have (2)? € N. We split the cube C' = [—1,{]* into
small cubes Ci, ..., C( 2t)4 with side length . In the center of each cube we put
a smaller cube with side length 5, say C1, ..., C’(%)d.

Denote by A the same event as in Lemma 4.3.1 (i.e. the event that all grains of the
Boolean model with germ outside C' have empty intersection with C'). Consider
the event A that inside every small cube C; is exactly one of the points of the
Poisson point process ® and that R; < /4 for all i = 1,...,(2l/¢)%. Moreover
assume that all grains of the Boolean model with germ outside C' have an empty
intersection with C'. In particular in this special case we get that the grains of
the Boolean model, say Ry, ... ,R(%z)d, satisfy R; N R; = 0 for i # j. Denote by z;
the germs of the Boolean model. In Figure 4.1 we give a sketch for a realization
of the Boolean model given A with d =2 and [ = ¢ = %

Using Lemma 4.3.1 we give the likelihood of A for small &

(2)?
PAL = P[ ({2(C) =13 n{R < 53) n{@(C\ (UL €)= 0yn A

()

- 1I

=1

e ML (g NV (S @Y (M 1, d)  as e — 0. (4.33)

o [N

s
Il
—

6

DA PR, < i]> NG (), 1,0)

RS

Vv
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(-1/2,1/2) (1/2,1/2)

(-1/2,-1/2) (1/2,-1/2]

Figure 4.1: The Boolean model conditioned A

Denote by =; the Boolean model = conditioned on A.

Let
T(d/2+1) - (/2)%- (d+ 1)>dil'

5= ( 1 ><d+1><21>d . <
n - (GEDET ) d/2

Assume n to be large enough such that we have 55 < . Consider an arbitrary
,én, where =; is an arbitrary compact subset of

codebook with n elements él, e
[—1,1]? for all i = 1,...,n. Denote by

ij = ﬂC']

(1

the subset of the codebook element él that is a subset of é’j.

As

Pldy(24,2:)° < 0] = Pldu(Z4,Z;) < d5]
we estimate the likelihood that the original signal = ; and a codebook element =,
; = 0, then

(11>

have a Hausdorfl-distance less than 4. R )
Case 1: If there exists j € {1,..., (%)} such that Z;; = C; N

—_ A € 1
da(Z4,5) > 3> E
because C; NE 4 # 0. Hence,

Pldy(24,5;) < 67] =0.

Case 2: For every j € {1,...,(%£)?} we have Z;; # 0.
We discuss some properties of &;. By definition there is a closed ball with center
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z; and radius R; = § - diam(R;) such that &; C Bg,(z;). Thus there exist at
M) and y](?) in ®; which satisfy |y](.1) — y§2)| = diam(RK;) and

least two points y;
@ _ x| = 5 - diam(R;). Let

1
i — 2] = |y}

E := {there is A C Z;; with diam(A) = diam(Z;;) and |A| = 3,
such that dy ({z;,y\", 5"}, A) < 5%}

Clearly {dn (&), sz) < &% } C E. We denote the three points of A by {;;, 9 ym : Q,L(JQ)}

and assume that |yij yl] )| = dlam(ulj)
We discuss some properties of A. If ]yij — Ty > %-diam(éij)—i—&% or ]yfz(;) — Ty >
:- diam(Z;;) + 6+ it follows directly

du({z;, 0", 4"}, A) >

Thus it follows

dir({ay, 08", 0P {2,050, 9071) < 6%}

1)
= / Plzj € Br(iy)] - P [%\diam({$j7y§l),y§2)}) — diam(A)| < 65 — T] dr
0

1)
< / Pla; € B, ()] dr
0

o=

5 d/2 | d
- / T2 1) (27"

1 /2 d+1

T (d+1) T@/2+1) - (g/2)1 0

As this is valid for all j =1,..., (%)% we deduce

£

Pldu(24,5:) < 67

1 ™ a1\ (%)
< . ' B ) = . e
(@ Tt ) Prelisle

We denote the distribution of = ; by ;. With the same arguments as in Section
2.3 we get a lower bound for the quantization error of =; depending on ¢ and ¢,
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namely
(D'D*(logn | =4, du))*
> §- inf P[mde(XA,HZ) 2(5]

- C codebook 2, eC

> 5. inf <1— (=) )
- 0 Ccol(ilebook SA L_-J %

> 4 f( By (2)))
et

/2 ey (2
>3- (1-n- (d+1 d/2f1) (s/z)d'éd” )

Using the definition of

sed s
5 _ ( 1 ) (d+‘l)(21)d . <F<d/2+ 1) . (8/2)(1 . (d+ 1)>d+1
n - ((d+1)(2l)d + 1) 7Td/2

86

this leads to

d se
s€ ) @+neEnd

= ((d+1)(2l)d—|—sad
-(F(d/2+1)‘(€/2) (d+ )>d+1.
d)2
_@drDe)T
(d+1)(20) + sed '

Weighting the distortion of the event =; with the probability that this event
occurs (see equation (4.33)) yields a lower bound for the quantization error of =.
(D'D*(logn |, dn))* = PIA]- (D@*(logn|=y, dn))*
2 e (£(0) - MU (G) Y (A L, d)
( se >(d+1)‘él>d ,
(d+1)(20)% + se
L(d/2+1)-(/2) (d+ 1)\ a5
< /2 ) '
CENC) C—
. . (d+1)(21) 0.
(d+1)(20)d +sed " we

(D' (logn | =, dmr))*

For simplicity denote

AL d, ) == —A(2D) + log ((F(d/2 +1) - (d+ 1)> -

/2

> +log(c(, 1, d))
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and with this we get for small ¢

d+1
(D(Q)’S(logn | =, dH))S Z exp <’7(>\; l) d7 S) + (%)dlog (%))

(5 ()
*“p<d+1 (az+nfi +sﬂ>)
(t
(o

- exp

- exp

7 los((c/2) ))

(d+1)(20)¢ sed
)~ @y 10g”> |

. 1
P o8 (d+ 1)(20)% + se?

With the definition of

2sd - logn AN n—00
— 9.
© ({((d—kl)?loglogn) ‘D — 0

it holds

: 2 K 2, 2
o . 2sd - logn 2 1 < e < (d+1)?-loglogn?
(d+1)%-loglogn 2sd - logn

This yields for large n

(D(q)’s(logn |Z,dy))’
1
sd-logn 2 d+1
2 exp (7(/\7[7d78> + <(d+21)§%> log (%))

1
d+1 2sd-logn 2sd-logn 2
" €Xp ( Z (((d+1)2 10§logn> ) IOg (( d+1 210§logn) + 1))

-1
2sd-logn _ 2sd-logn
S<<(d+1)210g logn (d+1)210glogn +1>
- ex .
p (d+1 d 1 (d+1)210glogn 2
+ 2sd-logn

i d 2sd-logn

exXp d+1 log (l << d+1 2loglogn> +1 >>

) (d+1)2 log logn)
2sd-logn

[N

logn

|

-exp | log
(d+1)+s (d+1)2 loglogn 2 d+1

2sd-logn
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Simplifying this expression yields
(D9*(logn | Z,dp))*
1
sd-logn 2 A(21)d+1
2 oxp (00 1dos) + (i) los (10397

1
- exXp (— < 2s-logn >2 10g <\/ﬁ+(d+1)\/ 108}10%”/10!%”))

dloglogn (d+1)+/loglogn

1
2sd-logn 2
" CXp (_ lOg (((d-{—l)ngglogn) + 1))
1 -1 1 -1
log

- exp

(d+1) 5 i
(d+1)+s (%)2
1 -1
. d 2sd-logn 2
exp | 7471 ! (((d+1)2loglogn +1)

-exp | log d+1 :
(Ml)ﬂ(%) z

- exp (— (%Slognloglognf) as n — 0o

and, hence,
DD3(logn |2, dy)
logn 2 d+1
> exp ( <)\7 l7 d S) (S(d+2163211§g10gn> ’ log (%))

- exp (_ ( 2logn )5 (\/f+(d+1)\/m>)

dsloglogn 1)y/loglogn
. 1 2sd-logn
exp < s IOg (((dJrl 2loglogn + 1)
—1
2sd-logn 2sd-logn
<<(d+1)2 loglogn (d+l)210glogn> +1>
- €Xp (d T
+1 d+1)2 loglogn ) 2
(d+1 Zadlogng )
. d 2sd-logn
exp d+1 log (l (((d+1)210g10gn +1 ))
1 d+1 2 3
. 1 _ (2 2
exp | 5 log PTT— (ds log nlog log n)
(d+1)+s< 2sd-logn )

= exp (—(1 +o(1))- (& lognloglogn)%> as n — oo.
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and the assertion is proved. Furthermore, for d = 1 and for the case where the
grains are balls with random radii this proves the assertion of Theorem 4.2.1.

O

Notice that the asymptotics of the upper and the lower bound differ. The asymp-
totics of the lower bound are equal to the asymptotics of the quantization error
of the Poisson point process on a compact cube in R?. In the case where d = 1
we showed in Section 4.2 that the asymptotics of the quantization error of the
Boolean model are the same as the asymptotics of the quantization error of the
Poisson point process. Thus we conjecture that the lower bound yields the right
asymptotics in the case where d > 1, too. Heuristically, this may be understood
by considering the overlaps of the Boolean model. If the radii are quite large with
high probability, we have many overlaps in the Boolean model (e.g. some grains
may be entirely contained in other grains), and we need not code all points of the
Poisson point process. If the radii are that small that we do not have any over-
laps, the Boolean model is very close to the d-dimensional Poisson point process,
and thus the quantization error asymptotics may be equal.
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4.4 The quantization error of the Boolean model
under [;- distance

In this section we give an upper bound for the Boolean model from Definition
4.1.8, the special Boolean model with bounded radii. But now we use the L;-
distance in R?, given by Definition 3.1.4 instead of the Hausdorff distance.

Theorem 4.4.1 Consider the Boolean model from Definition 4.1.8 on the com-
pact cube [—3,3]%. For b> 0 and s > 0 we have

D(q)’s(logn | =0 p(d)) < exp (—(1 + 0(1))\/ - log nloglog n)

2
s(d+1)
as n — oo.

Proof:

Let b > 0. As the radii are distributed on the interval [0,b] every point of the
corresponding Poisson point process in the cube [—b, b]? may have influence on
the cube [—1, 117

As in the proof of Theorem 4.3.2 we split the model into the number of balls, the
location of the centers and the length of the radii and use the same notations as
in this proof. In the case where k = 0 we have no point in [—b,b]?. As in the

proof of Theorem 4.3.2 we define Cy := {0}, which leads to

(D9*(logng | ZY, p9))* =0 for ng = 1. (4.34)
In the case where 1 < k < 4 Wjﬁ% remember the definition

§:=2b- ({(25)# (VA4 1) T . F@D . (k1) F@D n’“(dHJ)l

Analogously to equation (2.5) we get %b € N. We use the codebooks C, that are
defined in (4.19)

Cp = {q@,(j)JrBf}g)(o) ci=1,....n" j=1...2"}

2b\d k R
with n,(cl) = < (52.) ) and n,(f) = (‘/Ta + 1> and we define ng = |Cyl.

Analogously to the equation (4.21) we get

9]
S <o
k=0
2slogn
nk21f0r0§k§4\/(d+1)1%'
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In the case where 1 <k <4 Wrﬁ% consider a given realization y,(cb) of E,(Cb).

We have in the codebook C}, for each ball of the original signal a corresponding
coding ball whose center is less than (v/dd)/2 away from the original center and
whose radius differs for less than 6/2 from the original radius (see equations (4.16)
and (4.18)). Hence, we can bound the L;-distance of this two balls by ¢(d, b) - §
where ¢(d, b) is a constant depending only on d and b. A very rough estimate
would be the Hausdorff-distance of the two balls times the surface of the bigger

ball. The surface is bounded by % since the radius is bounded by b.
(b)

Because the realization y, ~ of the original signal consists of £ balls we deduce

min p@(y", G) < k- e(b,d) - o
ILECK

and, hence, we get analogously to equation (4.22) for s > 0

min p(z,54)* d&)” (@) < k- e(b,d)* - 0% (4.35)

I ECK

By construction of the codebook Cj, by (4.35) and the definition of § we have for
large n

min p@ (z,y)* d¢” (z) < ks-c(b,d)s.<(2b) -(\/Zl+1)>k(;+l).

y€eCi _l(k!>_1
Since we deal with the cube [—1,1]? we use the codebook Cy U C, for the case
where k > |4 wﬁfﬁ%J and give an upper bound for the L;-distance

min_ p®(z,y)* e’ (x) < 1.
yeCouUCT

It follows analogously to equation (4.24) with the definition of § that for large n
it holds

|_4 2s logn
(d+1) log logn

d\k
(q),s =) (d)\\s )\-(2b)d ()" (25) ) 1S, s
(D'*(logn | Z®, )" < ; kel d)
‘<<2b)dk (\/_+ ) >k(d+1
6_1% n
- o (A (20))F
+ > ¢yt (A (20 (k!) )" (4.36)

4 " 2slogn _ 2slogn
(d+1)Toglogn n
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We consider the first sum and assert

\_ 2slogn J
(d+1) loglogn

S s B g (2

k!
k=1

< e—(l-l—o(l))\/d%rl lognloglogn n — 00.

To prove this we define

k“-(\/3+1)’“>k<f+n

n

S

B(d, A, b) == log <6_A'(Qb)d (b, d)® - (2b)dFT - (Vd + 1 )> @D
and for every n € N the function

Yn: Ry — Ry
koo @D (N (20)4)E L D(k + 1) T RGeS . eF@ED .o R@ED

Analogously to estimate (4.27) we use Proposition 1.2.1 and the relation 1 < k,
which implies logk < 1, to give an upper bound for v,

yak) = M (O @0)DF Tk + 1) e R T
< exp(k (log(A(20)%) + 1 —log k) + ( prE} l)logk—,:(l(;’ffﬂ

2
exp (g + (7 — Dloger — i + 75 + B(dAD)
=: ;Ln(k’) (4.37)

This function h,, is similar to the bounding function h,, from (4.27). Only the
term (5 é) log k is replaced by (s + 335 ;) log k. Hence, we can use the same
arguments as for the sum from equation (4.24), i.e. splitting the sum into three
parts and estimating each part doing a case differentiation for (s + -2 — %) less

or greater than zero. This yields

d+l

L4y ek
Z yn(k) < e_(l"_o(l))‘/ﬁl lognloglogn’ n — 00. (438)

k=1

The asymptotic upper bound for large n

- —A- d(/\<2b)d)k — ognlo onl
Z o= (20) o < 0( (dﬂlg log log )2) (4'39>
k=10 e

can also be proved via the methods used in Section 4.3 (see equation (4.32)).
Combining equations (4.36), (4.38) and (4.39) yields

(D(q (IOgTL | —=(b) p(d)))s < 6_(1+0(1)) dz-ofl log nloglogn n — 0o,

b
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which leads to

D(q)’s(logn ‘ E(b), P(d)) < e_(1+0(1))\/5(d2+1) lognloglogn oo — 0.

O

Although the Hausdorff distance and the L;-distance are not equivalent (see
Remark 3.1.5) we get under both distance terms for the special Boolean model
with bounded grains on a compact cube the same asymptotic upper bound. This
may be caused by the coherency of the Hausdorff and the L;-distance in this
special case. In our constructed codebook we compare every ball of the Boolean
model with another ball in R? whose center and radius is closer than § to the
center and the radius of the original, respectively. Therefore we estimate both
the Li-distance and the Hausdorff distance by a constant depending only on the
dimension d and on the bound for the radii times 9.
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Chapter 5

Open problems

In this chapter we list open problems that result from the last preceding chapters.

5.1 Coding alternating renewal processes

In Chapter 2 we gave asymptotic bounds for the several coding errors of jump pro-
cesses on a bounded interval. In particular we discussed the asymptotic bounds
of a D([0,1],{0,1})-valued process induced by a Poisson point process ® on
[0,1] and compared the results with the Gaussian case. We found out that in
contrast to the Gaussian case deterministic coding and entropy coding yield dif-
ferent asymptotic errors. In our case entropy coding yields better asymptotics
than coding in a deterministic way.

Question 5.1.1 1.) Will the quantization error asymptotics of Theorem 2.2.1
and Theorem 2.3.1 and the entropy error asymptotics of Theorem 2.5.1 still hold
if we consider a D ([0, al, I)-valued process, where a € R, and I is not a finite
but an arbitrary subset of R?

2.) Which properties have to be assumed for getting the same asymptotic bounds?

5.2 Coding point processes in bounded metric
spaces

In Chapter 3 we discussed the quantization error of a point process on a bounded
metric space with finite upper Minkowski dimension. Under certain assumptions
on the probability of the number of points we gave an asymptotic upper bound
depending on this upper Minkowski dimension.

Question 5.2.1 1.) What is the asymptotic lower bound of the quantization
error? Does it depend on the lower Minkowski dimension?
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2.) What changes if we consider not a bounded metric space but an arbitrary
metric space with for example finite Hausdorff dimension?

5.3 Coding the Boolean model

In Chapter 4 we dealt with the Boolean model in R? in the special case of grains
included by balls with random but bounded radii R; whose distribution satisfies
PIR; < t] ~ k-t for some constant x and ¢ — 0. We gave upper and lower
bounds for the quantization error asymptotics. But only in the case of dimension
one the asymptotics of the upper and lower bound coincide.

Question 5.3.1 1.) What are the correct quantization error asymptotics in the
case d > 17

2.) What would change if the distribution of the radii satisfies P[R; < t] ~ - t*
for some a > 07

3.) Do the bounds hold if the grains of the Boolean model are arbitrary ran-
dom compact sets? Which properties have to be assumed for getting the same
asymptotic bounds?
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Appendix A

Appendix

A.1 A small ball inequality

Let @ € Ry and X be a D([0,al,{0,1})-valued random element as stated in
Definition 2.1.7. For ¢ > 0 with ¢ € N we split the interval [0,a] into small

intervals with length e, denoted by Iy, ..., T . Put in the center of every interval

I, a smaller interval I, i = 1,..., ¢, with length 5. Consider the event A that
Xo = 0 and inside every small interval I; is exactly one of the points of the
Poisson point process @, i.e. the jumps of X, and [0,a] \ (U51;) contains no
point. Let X4 := X|4 be the alternating Poisson renewal process X conditioned
upon A and let 4% be the distribution of X 4. Let § > 0 with § < £/4. Let X be
an arbitrary element of D ([0, al, {0,1}).

Proposition A.1.1 Let ¢ > 0 and A and X4 be as above. Let 6 > 0 with
d <e/4. Then for every X € D([0,al,{0,1}), it holds that

46\
P |pa(Xa, X) < 8] < (—)
€
Proof: )
Denote the jumps of X4 by {xl,...,x%} where z; € I;. For arbitrary X €
D ([0,al,{0,1}) it holds
P[pa(XA,X)<5 < sup P[

f:00,a]—=Ry
RC, mb., bounded

£(s) = (Xa)olds < 9]

0

a/e

< sup P ﬂ{/ XA)|ds<5}}
f:[0,a] =R+ i=1
RC, mb., bounded
CL/& ie
— s HP[/ 17(s) — (Xl ds < 6]
f:[0,a] =R+ -1 (i—1)e

RC, mb., bounded *



a/e
= sup (P / |f(s) — (Xa) |ds<5D
f:[ova}HR+
RC, mb., bounded

r T a/e
< s (P16 - (Xalds <]
£:10,a]—Ry4 LJe
RC, mb., bounded

< sup (P} 7f(3) ds — /4(XA)S ds| < (5Da/€.
f:00,a]—-Ry - Je £

RC, mb., bounded

3e
Since f is bounded we have k := f * f(s)ds < oo. The process X4 has in the

€ 35]

interval [0, €] only the jump z; that is umformly distributed in the interval [, 5].

Hence, x; — £ is uniformly distributed in the interval [0, ] and we deduce

Plpa(X4,X) < 0]

< s (P |/ £(s ds—/ (Xa)a ds| <5])a/€

fil0,0—R e
RC, mb., bounded

a/e
= sup (P[|/i—(a71—§)| <§]>
f:10,a] =R+
RC, mb., bounded

a/e
= sup (P[x1€[§+n—5,§+/i+5]]>
f:10,a] =R+
RC, mb., bounded

S —
€
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