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Motivation

Dormancy is defined by Lennon and Jones [38] as “any rest period or reversible interruption of the
phenotypic development of an organism”. It is a widespread evolutionary strategy and it has observable
influence in ecology, adaptative evolution and genetic evolution. It is crucial for adaptation, for example
it helps plants to survive the winter and bacteria to survive starvation. Further, Dormancy is also a useful
tool in research laboratories. The aim of this thesis is to study dormancy by developing probabilistic-
population-genetic models.

According to [38] up to 80% of the bacterial cells in the soil are in latent or dormant state. The soil is
just an example, the number of active and inactive cells in bacterial populations tends to be of the same
order of magnitude. Bacteria in dormant form constitute a genetic pool that challenges our intuition on
the dynamics of genetic diversity. Some classic notions in population genetics become more complex in
the presence of these reservoirs: What does it mean that a trait goes to fixation? What is the meaning
of generation?

When we think about classic population genetics, the Wright Fisher model is the first object that
comes to our mind. This is a probabilistic model for haploid populations in which there are numbered
generations, each generation consists of exactly NV individuals, where IV is a natural number, and each
individual chooses its parent from the previous generation uniformly at random (see Definition .
The Wright Fisher model and its scaling limit, the Kingman coalescent (see Definition , have
successfully been used to study the genealogy of many populations.

A seedbank, in the case of trees, is the set of seeds in the soil that can produce a newborn tree.
The term seedbank has a more general connotation, it is used to denote a large group of individuals in
latent state. The presence of seedbanks makes the Wright Fisher model an inadequate model, because
the hypothesis that each individual chooses its parent form the previous generation becomes unrealistic.
In this sense we say that the effect of seedbanks is not included in classical probabilistic modeling of
population genetics.

To overcome these limitations, in 2001 Kaj, Krone and Lascoux [33] postulated an extension of the
Wright Fisher model that includes seedbanks (see Section. Their model can be described as follows:
fix the population size N € N and a probability measure g on the natural numbers. This measure
determines the generation of the immediate ancestor of an individual backward in time, meaning that
an individual living at generation k € Z has its immediate ancestor in generation k — [ with probability
(1)

In [33] the authors study the case where p has finite support, and they conclude that on the evolu-
tionary scale the ancestral process induced by their seedbank model converges to a constant time change
of the Kingman coalescentﬂ Even though the Kaj Krone and Lascoux model (KKL model) and the
Wright Fisher model are different, both are in the universality class of the Kingman coalescent. In this
sense one can say that the effect of the seedbanks that can be effectively modelled using a bounded p
(weak seedbanks), is not drastic.

Chapter 2 has the goal of studying the KKL model beyond the assumption that x has finite support.
We extend the main result of [33] to cases in which p has infinite support, but light tail (See Theorem
2.3.10)). Further, we show that there exist choices of u that change radically the behavior of the ancestral
process, and that can’t be modeled by manipulating the effective population size i.e. the limit cannot
be a time changed Kingman coalescent (See Theorem . In particular, if 4 has a very heavy tail, for

1The evolutionary scale is when time is measured in units of the population size i.e. the rescaling factor is N.



every fixed population size N > 1, the probability that two individuals do not have a common ancestor
is positive.

In Chapter [2] we also extend the KKL model to let the measure p depend on the population size
N. We consider uy = (1 — €)d1 + de, which is interpreted as follows: almost all individuals choose
their parent from the previous generation, but few perform a very big jump. We prove that if § < 1/5
the time rescaled ancestral process, rescaled by a factor N1728 converges to the Kingman coalescence.
Interestingly, the relevant scale N'*28 is orders of magnitude biggerﬂ than the evolutionary scaleﬂ

The KKL model has the disadvantages that it is not Markovian and that it is hard to study it forward
in time. In Chapter |3} we propose a seedbank model that allows a forward and a backward Markovian
representation. The forward process converges in the evolutionary scale to a two dimensional diffusion,
that we named the seedbank diffusion. The seedbank diffusion is characterized as the unique solution
of the two dimensional SDE

dXt = C(Yt - Xt)dt + Xt(l - Xt)dBt,
dY; = cK (X — Y;)dt,

where (By)¢>0 is a standard Brownian motion. The ancestral process converges to a coalescent process,
that we named the seedbank coalescent. The seedbank coalescent takes values in the space of marked
partitions: each block has a label that can be either s or p (seed or plant), the label of each block changes
at a certain rate and each pair of p-blocks coalesces at rate 1 (See definition . It turns out that
the relation between the seedbank diffusion and the seedbank coalescent is similar to the classic relation
between the Kingman coalescent and the Wright Fisher diffusion. In Theorem [3.2.7| we showed that the
seedbank diffusion and the block counting process of the seedbank coalescent are moment dual. The rest
of Chapter [3| deals with properties of the seedbank coalescent, for example in Theorem we show
that the expected time to the most recent common ancestor in a sample of size n is of order log log(n)ﬂ

So far we have just discussed latency under natural conditions. However, latency is also used in
research laboratories. It plays a crucial role in the area of biology known as “experimental evolution”. The
philosophy of this research area is to measure adaptative and genetic evolution of bacterial populations
under laboratory conditions. To measure adaptation in practice it is imperative to compare an unevolved
ancestral population with an evolved population. How can one compare two populations that exist at
different times? The answer is: by using latency. To explain this better, we will describe “the long
term experiment with Escherichia coli” [41], which is also known as the Lenski experiment in honor of
Dr. Richard Lenski. This experiment is a cornerstone in experimental evolution and the main object of
study of Chapter 4l The Lenski experiment investigates the long-term evolution of 12 initially identical
populations of the bacteria E. coli in identical environments. One of the basic concepts of the Lenski
experiment is that of daily cycles. Every day starts by sampling the same amount of cells from the
bacteria available in the medium that was used the day before. This sample is propagated in an identical
medium as that of the previous day. This procedure is repeated daily. Up to now, the experiment has
been going on for more than 60000 generations (or 9000 days, see [39]). One important feature is that
samples of ancestral populations were stored at low temperatures, forcing the bacteria to reach a latent
state. Afterwards the bacteria can be made to reproduce under competition with later generations in
order to experimentally determine the fitness of an evolved strain relative to the founder ancestor of the
population by comparing their growth rates. It was observed, for example by Wiser et al.[74], that the
relative fitness over time increases sublinearly, a behaviour which is commonly attributed to effects like
clonal interference or epistasis.

In Chapter [d] we construct an individual based model that studies the adaptive evolution in the Lenski
experiment, and that does neither include clonal interference nor epistasis. Our results show (Theorem
that in a suitable scale, the relative fitness increases approximately as the curve

ft) =41+ —t, t=>0.

2These results were used to discuss the effect of seedbanks in evolution of bacteria, published in [23].
3Chapter [2| consists of results published in [7] and [6]. However, most of the proofs presented in this Chapter are new.
4Chapter [3| consists essentially of the paper [8] together with some results that can be found in [5].
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where 7 is the reproduction rate of the ancestral population. This is consistent with previous work on
the topic (see[r4]) and provides the new insight that the design of the experiment is a factor that shapes
adaptive evolution in the Lenski experiment, and should be taken into account to make statements about
the role of epsitasis and clonal interferenceﬂ

The rest of this thesis is organized as follows: In Chapter [1| we introduce several concepts and ideas,
in order to make this work as self-contained as possible. In Chapter [2| we discuss generalizations of the
KKL model, in particular when g has an unbounded support and when p := py is a function of the
population size. In Chapter [3] we post our proposal for a seedbank model and we study its properties.
Chapter {4 consists in a model that studies a particular case in which latency is used as a tool in an
experiment: the Lenski experiment. Finally, Appendix [A] contains some technical results that are useful
in different parts of the thesis.

5Chapter [4]is essentially the paper [24].






Chapter 1

Introduction

The goal of this section is to introduce some basic concepts and tools that will be useful during the rest
of the thesis, and also to give a background so that the reader can put the main results into context.
The aim is to make this thesis as self-contained as possibleEl

1.1 Some basic models in population genetics

Future ¢ Past

Figure 1.1: A realization of the Wright Fisher Graph. Columns are generations, in this figure the
population size is N = 4. Each individual is the leftmost point of a line that connects it to its parent
i.e. its parent is the rightmost point of the line.

The relation between mathematics and biology has been long and fruitful. Population Genetics is an
area of knowledge that exists in the intersection of these two disciplines. According to [60] Population
genetics is the study of the frequency and interaction of alleles and genes in population. There are different
phenomena that shape the adaptive evolution of a population, known as evolutionary forces. Some
examples are natural selection, mutation, gene flow and genetic drift. Genetic drift is a purely random
force, which was introduced independently by Fisher [20] and Wright [75] and is better understood by
means of a probabilistic model, the so called Wright Fisher Model. This model consists of numbered

1 The content of this section is similar to Berestycki [4] and Etheridge [I7].



generations, where each generation has exactly the same number of individuals and each individual has
exactly one parent, which is a randomly chosen individual from the previous generation. The individuals
and their relations form a graph. The following definition makes this precise. The graphical construction
above of the Wright Fisher model is inspired in [7].

Definition 1.1.1. Let Vy = {U = (g,1) € Z % {1,2,...,N}}, {Uy}vevy be a sequence of independent
random variables, uniformly distributed in {1,2,..., N}, and

Exy={{(g—1,Uyn) (9,0} for allv=(g,1) € Vn}.
We define the N-Wright Fisher graph to be the random graph with vertex set Vi and edge set En.

Definition 1.1.2. We define the generation g, for any g € Z, to be Gen(g) = {v = (g,l') € Vy : I' €
{0,1,..., N}}.

Remark 1.1.3. In the previous definition each vertex v = (g,1) € Vi should be understood as the I-th
individual in the g-th generation. There are as many generations as integer numbers and each generation
consists of NV individuals.

Definition 1.1.4. Ifv' = (¢',1') and v = (g,1) are such that g— ¢’ =k > 0, and there exist a sequence
of exactly k — 1 edges in En that connect v and v, we say that v/ is an ancestor of v and that v is a
descendant of v'. If two individuals have a descendant/ancestor relation and g — g’ = 1, then we say that
they have an offspring/parent relation.

The vertices of the graph are individuals, and the edges are the parental relations. If we assume that
generation zero is the present, there are two natural ways to study the graph: going to the future or
going to the past.

Let us first go in the direction of the future (forward in time). Let us fix one individual in generation
zero, how many individuals in generation one are its offspring? Each individual in generation one will be
its offspring with probability 1/N, and there are N individuals, so the number of offspring in generation
one of the individual in generation zero is Binomially distributed with parameters (1/N, N). A similar
reasoning can be applied if we sample more than one individual. Suppose that we sample n individuals
in generation zero and we want to know how many individuals in generation one are descendants of some
member of the sample. Each individual in generation one chooses a (fixed) member of the sample as its
parent, with probability 1/N. So the number of individuals in generation one that have a parent in the
sample of size n in generation zero, is Binomially distributed with parameters (n/N, N).

Let us call DY the number of descendants at generation i of a sample of individuals in generation
zero. Then (DN);en is a Markov chain with values in {1,2,..., N}. Indeed, note that if DY = d then

D{YH is an independent Binomial random variable with parameters (d/N, N) (this implies in particular
that (DN);en is a Markov chain). It is often useful to work with HY = D—;

Definition 1.1.5. The frequency process of the Wright Fisher model is the Markov chain (H )en,
with state space {0,1/N,2/N,...,1} and transition probabilities,

N\ in N(1—k)N
R 1
Pj.k (kN)J ( )

for any j, k € {0,1/N,2/N,....1}.

Remark 1.1.6. The name frequency process comes from the following interpretation: assume that in the
Wright Fisher graph at generation zero there are two types of individuals, black and pink, so that n
individuals are black and N — n pink. The frequency of black individuals is a realization of (H}).

Remark 1.1.7. Throughout the whole thesis we will denote a stochastic process by (Y;"), instead of
writing (Y;");es, whenever it is clear which is the index i and the index set I. For example, in the

previous remark (H?V) stands for (H);en.
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Figure 1.2: A realization of the Wright Fisher frequency process, with HY = 1/2 and N =4

Note that (H) has two absorbing states 0 and 1. Indeed, coming back to the types interpretation
introduced in Remark [I.1.0] if a type gets extinguished it will be lost forever and if it manages to invade
the whole population, then all the individuals will be of this type forever. A key observation is that one
of these absorbing states will be reached in finite time almost surely. This means that, even if the process
starts with two neutral types, one will go to fixation and the other will disappear. This phenomena of
loss of variability caused by randomness is an important evolutionary force, which is called Genetic
Drift.

Proposition 1.1.8. Let n € {0,1,..., N}. Assume that Hy = n/N. Let ¥ be the time until there is
only one type in the population, that is ™ = inf{i : HN(1 — HY) = 0}, then 7V is finite almost surely.

Proof. Note that for all j € {0,1/N, ..., 1}, pjo+p;1 > (1/2)" where pjy, is the transition probability from
the state j to the state k, for any 7,k € {0,1/N, ..., 1}. Then, for any starting point s € {0,1/N, ..., 1},
P, (Y > r) < (1 — (1/2)Y)", which implies that lim, o P(7Y > r) = 0. a

Let us now go back to Definition [L.1.1]and study the Wright Fisher graph in the direction of the past
(backward in time). Let us consider again a sample of n individuals in generation zero. The question
now is, do the sampled individuals have a common ancestor? If so how many generations ago did the
common ancestor live?

If we sample one individual at generation g € Z, the Wright Fisher graph is constructed in such a way
that there will be exactly one ancestor of this individual in each generation ¢’ < g. The set of ancestors
is called the ancestral line.

Definition 1.1.9. Let v = (g,1) € Vy. The ancestral line of v is the sel AL(v) C Vi of all ancestors of
v. (Recall that the notion of ancestor is defined in

In the Wright Fisher model, once the ancestral lines of two individuals intersect, they follow the same
trajectory (in the direction of the past). If we consider a sample of several individuals we can define a
Markov process by counting the number of members of the ancestral lines of the sampled individuals in
each generation. This is related to an important concept in population genetics, the time to the most
recent common ancestor (Thsrca).

Definition 1.1.10. The most recent common ancestors of a sample {vi}ic1.2,..ny = 1(9i, 1) Vic(1,2,...n) €
Vi is defined as vo = (go,lo) € iy AL(v;) such that if v = (g,1) € Ni—; AL(v;), then go > g.

7



Suppose that g; = 0 for all i € {1,2,...,n}, this means that all the members of the sample belong to
generation zero, then the time to the most recent common ancestor of a sample of size n is defined as
Tarcaln] :i= —go, where (go,lo) is the most recenl common ancestor.

We usually write Tagrca when the sample size is two, i.e. Tayrea = Tvrcoal2].

Remark 1.1.11. The time to the most recent common ancestor of two individuals in the Wright Fisher
model is geometrically distributed with parameter 1/N. This follows from the fact that two individuals
at a certain generation have a common ancestor in the previous generation with probability 1/N, and
given that they do not have a common ancestor until generation —g they will have a common ancestor
at generation —g — 1 with probability 1/N.

To study the time to the most recent common ancestor of a bigger sample it is convenient to introduce
a Markov process.

0 1 2 3 4
Future ¢ Past

Figure 1.3: A realization of the Wright Fisher Ancestral process, with the ancestral line of individual
(0,4) highlighted

Definition 1.1.12. Let {(0,6;)}icq1,2,..n} € VN be a subset of generation zero. Then

431 = | AL, 1)} 0 {Gen(—g)}

(|Aé\”"|)g€N is the number of ancestors process of the Wright Fisher model. This process is also
known as the the block counting process of the Wright Fisher model.

Remark 1.1.13. To save notation, we will write [AY'| instead |A}""| whenever there is no risk of confusion.

Remark 1.1.14. Note that the process (|Aév|)g€N runs backwards in time: as ¢ increases, (|Aév|)g€N
counts the ancestors that existed further in the past.

The time to the most recent common ancestor of a sample of n individuals in generation zero, can
be written in terms of (JAZ'|) as follows:

Trircaln] = inf{g > 0: |A)| =1 given that A} = n}. (1.1.1)

Here it is important to note that (JAY) is a Markov process in the filtration (Fy), where Fy is generated
by the generations posterior to —g. More precisely

Fg= <{U(9/,l/)}(g/,l/)GVN,g/>*g>’

8



where {Uy 1) } (g 1)evy 18 the sequence of uniform random variables introduced in Definition m
Remark [1.1.11| implies that T 5o 4[2] = Tamrrca is finite almost surely and, more precisely, that
E[TH rc4[2]] = N. Tt is interesting to note that for all n € N, Ti - 4[n] is finite almost surely.

Proposition 1.1.15. For every n € N, it holds that
E[Tyfrealn]] < oo

Proof. The proof is immediate by induction. For n = 2 the claim follows. Assume the claim is true for
n—1. If we denote T} 5 4 [n— 1] the time to the most recent common ancestor of the individuals labeled
1,2,...,n — 1, then either the n labeled individual has a common ancestor with the rest of the sample at
the random time T3} s 4[n — 1] or at time T3 p-4[n — 1] there are exactly two ancestors of the whole
sample of size n. Then we have that by the strong Markov property

N N N
E[Tyroaln]] < E[Tarealn — 1] + E[Threal2]] < oo
O
Now we will introduce the ancestral process, which contains a bit more information than the number
of ancestors process. The ancestral process takes values in the space of partitions. It is generated by

the equivalence relations {Ng}g€N7 defined by the rule vy ~4 vo if and only if v; and vy have a common
ancestor in generation —g.

Definition 1.1.16. Let {vi}icqi2,...n} = 1(0,0:)}icq1,2,....n} be a sample of n individuals in generation

zero. For every g € N define ~, to be the equivalent relation on {1,2,...,n} characterized by the rule:

For every i,j € {1,2,...,n}, we say that i and j are g-equivalent, and we write i ~4 j, if and only if
{AL(0,1;)} N{AL(0,15)} N {Gen(—g)}| = 1.

Let my be the equivalence classes generated by ~4. Then, the ancestral process of the Wright Fisher

model is defined as

(Af;v)geN 1= (mg)gen-
Let us denote [n] the set of partitions of {1,2,...,n} for any n € N.

Remark 1.1.17. Let m be a partition of [n]. Let || be the number of blocks of the partition w. Note
that the number of ancestors process is related to the ancestral process, as, in distribution,

(145" N gen = (Imgl)gen.

We have defined a forward and a backward process associated to the Wright Fisher graph. A natural
question is: How do these two processes relate? We can follow the ideas of [50] to find an answer.

Fix m,n € N. Let S_,_1 = {v1,..., o} = {(—9 — 1,l1), ..., (=g — 1,1,,)} be a sample of size m of
individuals at generation —g — 1 € Z. For every i € {0,1,2, ..., N}, define the event

%
W (i) = {There are ¢ descendants of S_,_; in generation — 1}.

Now define S = {v},...,v,} = {(0,11),....(—=g — 1,1/,)} to be a sample of size n of individuals at
generation 0. For any i € {1,2,...,n}, define the event

W(z) = {There are i ancestors of Sy in generation — g}.
Finally, define the event
& = {All the ancestors of Sy in generation — g — 1 are contained in Sy_1}. (1.1.2)

%
Note that the events W (i), W(z) and & belong to the sigma algebra of the Wright Fisher graph. We can
use the law of total probability in two different ways to calculate the probability of £. On one hand we
have

N N
PE) = S PE|WEPIWE) = S (6/N)" Py (HY = i/N) = EJ(HY)"]  (1.1.3)
1=0 1=0

Here, the crucial step was in the second equality, where we needed the following:

9
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Figure 1.4: In this figure, £ corresponds to the event that all the balls with circles in the interior have
an ancestor with stripes in the interior.

1. In order for £ to happen, all the members of Sy must have a descendant of S_,_; as its ancestor in
generation —1. If there are i decedents of S_,_; in generation —1, this happens with probability
(i/N)", as each of the n members of Sy chooses its parent independently at random.

2. We can construct a realization of the frequency process (H é\’ )gen, with initial condition HY = m/N,

by taking generation —g — 1 to be our “zero” generation, and S_,_; to be our set of “pink”

individuals. Then,
H

P(W (i) = Ppyn(Hy =i/N).

Similarly, we can calculate the probability of £ by conditioning on the number of ancestors of Sj at
generation g.

:ZP(EW(@)) Zx (JAY] = i) = B, [« (1.1.4)

Equations and lead to the relation between the backward and forward processes.

Theorem 1.1.18. For every g € N, n,m € {1,2,..., N} and x = m/N, il is true thal

[Ag]

),
Proof. The proof follows by comparing Equation [[.L.3] and [[.T.4] O

E.[(H)')"] = Ey [z

Remark 1.1.19. Theorem [1.1.18|is Proposition 3.5 in [50)].

The relation proved in Theorem [[.1.1§]is called moment duality and it is very useful. For example,
in Lemmamwe saw that the time until the fraction of individuals of certain type reaches zero or one
is finite almost surely. Using the moment duality one can deduce that if the frequency of this certain
type at generation zero is x, then the probability that the frequency eventually reaches one is just z.

Remark 1.1.20. Moment duality is a very useful relation. It will be discussed in more detail in subsection
1.2.5] and several examples will be presented in Section An important result of this Thesis (Theorem
% is the moment duality between the seedbank diffusion and the block counting process of the
seedbank coalescent.




Lemma 1.1.21. For every m € {0,1,...,N}, let x = m/N. As before 7V = inf{i : HN (1 — HY) = 0},
then P,(HY, =1) =x.

Proof. As HY, € {0,1} we have that P, (HY, = 1) = E,[H]. By Lemma and the dominated con-
vergence Theorem, we know that E,[H\] = limy_,o E,[H']. Finally, by Theorem [1.1.18| we know that

limg_, oo E.[(H é\’ )" = limy o0 E, [xAjsv] = z, where the last equality is a consequence of the dominated
convergence Theorem and of Proposition |1.1.15 O

Remark 1.1.22. A similar technique is used in Corollary to study the long term behavior of the
seedbank diffusion.

Corollary 1.1.23. Let wy := P1/N(Hﬁv =1). Then limy_,oo N7y = 1.
Proof. This is an immediate application of Lemma [L.1.21|for the case x = 1/N. O

Remark 1.1.24. In the presence of selection, the value of 7w changes. Compare this result with Haldane’s
formula (See Remark [1.3.7) and Theorem [4.2.10|in Chapter

Let us now assume that the number of individuals in each generation is very big. It turns out that
rescaling the backward and the forward processes suitably one obtains well defined limits, which turn
out to be interesting and useful processes.

In Remark we learned that the time to the most recent common ancestor of a sample of size
two is Geometrically distributed with parameter 1/N. For every N € N, let G be a geometric random
variable with parameter 1/N. Recall that for any ¢ > 0,

lim P(Gy > Nt) = lim (1—1/N)Vt = ¢, (1.1.5)
N —o0 N —oc0
This gives a hint of the right scale to look for a limit. Indeed, if we consider the sequence of processes
{(AJLVNt J)teRJr tNen, it converges to a well defined object, the Kingman coalescent. We will denote this
process by (K;)ier+. From (1.1.5)) we grasp that this object should be such that each pair of ancestral
lines coalesces after an exponential time with parameter 1. This is the first ingredient to define (K3);cr+,
the second ingredient is that each pair of ancestral lines coalesces independently from the others. As
we did with the ancestral process, we will first define a process with values in the natural numbers, and
then a partition valued process.

Definition 1.1.25. The block counting process of the Kingman coalescent (|Kt|)ier+ is a continuous
time Markov process, with values in N characterized by the transition rates: (Z) fromn ton—1. All
other transition rates are zero.

The Kingman n-coalescent ([34]), opposed to the block counting process of the Kingman coalescent,
does not take values in the natural numbers. It is a process with values in the partitions of [n]. The
intuition behind it is the same as in the discrete time case, which is that two individuals in a sample
will be in the same block of the random partition at time ¢ if and only if they have a common ancestor
before time t. That is, a pair of blocks coalesces each time that the individuals inside the two blocks find
a common ancestor.

We say that a partition 71 € [n] follows a partition mg € [n] if 71 can be constructed by merging exactly
2 blocks of 7, in that case we write mg = 7. For example, if n = 3, we can see that {{1},{2},{3}} >

{1,2}, {3}}.

Definition 1.1.26. The Kingman n-coalescent, (K;), with initial distribution Ko = mg € [n], is the
continuous time Markov process with values in [n], characterized by the transition rates: (Ky) goes from
o to w1 at rate 1 if 1 follows my. All other transition rates are zero.

Remark 1.1.27. If we denote by |m| the number of blocks of a partition 7 € [n], we note that |K;| is
precisely the process defined in |1.1.25] as each partition of k£ blocks has (g) partitions that follow it.

The Kingman coalescent is a key object in population genetics, not only because of its simplicity, but
also because it is a universal limit for models in population genetics ([34], [51]). Now we will show the
power of the Kingman coalescent by calculating the expected time to the most recent common ancestor
of a sample of size n.
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Figure 1.5: A realization of the Kingman coalescent. Each pair of blocks coalesce at rate 1. At time ¢
the state of the process is the partition {{1, 2}, {3},{4}}.

Lemma 1.1.28. (Kingman [3Jl]) The expected time to the most recent common ancestor in the Kingman
n-coalescent is

n

1
E[TMRCA[TL]] =2 <1 — —) ,
where Tarrealn] = inf{t > 0: K; = {{1,2,...,n}}} and (K;) is the Kingman n-coalescent.

Proof. The main idea of the proof is to study the times of coalescence. Let 11 be the time of the
first coalescent event, 1y the time of the second coalescent event and so on. That is, ¢; = inf{t >
0 : |K¢ = n—i}. Now note that, as each pair of blocks coalesce after an exponential time with
parameter 1 and since when |K;| = n — i there are (";1) pairs, then for all i € {1,2,...,n — 1}, it holds
that 1,11 — ¥, is the minimum of (";1) independent exponential random variables with parameter 1.

This implies that ;{1 — ¥, is distributed exponential with parameter (";1) We finally observe that
Trvrcaln] = a1 = Yo [ — ti-1], where ¢g = 0. then

E[Tyroaln]] = E [Z i — wu]]
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Remark 1.1.29. Tt is notable that E[Tharcaln]] < 2 for all n. This is not the case for all coalescent
process, for example in the Bolthausen-Sznitman coalescent and in the seedbank coalescent the expected
time to the most recent common ancestor of a sample of n individuals is of order loglog(n) (See [22] and

Theorem |3.4.8]).

Now we discuss the scaling limit of the forward in time processes.

Definition 1.1.30. The Wright Fisher diffusion is the pathwise unique solution to the stochastic differ-
ential equation Xo = x € [0,1] and

dX, = /X,(1 - X;)dB; (1.1.6)

where (By) s a Brownian motion.

Remark 1.1.31. The Wright Fisher diffusion is closely related to one of the main objects of study of
Chapter [3] the seedbank diffusion (See Corollary [3.2.2)).

Remark 1.1.32. Pathwise uniqueness of the solution of Equation (|1.1.6]) is a consequence of the Theorem
of Yamada and Watanabe [76]. Existence of a solution can be prove using Theorem 3.2 of [30].

An introduction to Stochastic integration can be found in [I5], and an introduction to diffusion theory
can be found in [62]. Using the Dambis Dubins Schwarz Theorem (see [15]), an equivalent definition of
the Wright Fisher diffusion is the following.

Proposition 1.1.33. The Wright Fisher diffusion is the solution to the time change equation Xg = x €
[0,1] and

Xe = Bt x,(1-x.)ds

where By is a Brownian motion.

To give some intuition for (X;) we will explain where the time change comes from. To do this let us
introduce another classical model called the discrete Moran model. In this model there are N individuals
per generation and at each time step an individual is chosen randomly to reproduce and an individual
is chosen randomly to die. It can happen that the same individual is chosen to do both actions, in that
case it does nothing. At generation zero individuals are assigned types (say black and pink) and each
individual gets the same type of its parent. This model is very similar to the Wright Fisher model, with
the difference that here only one individual performs an action at each time step, while in the Wright
Fisher model all individuals in the population perform an action at each time step. If we denote (as in
the Wright Fisher case) H}¥ the frequency of black individuals in the population at the i-th time step,
we obtain a Markov chain. Note that if HY = x, the frequency will increase to = + 1/N in the next step
if a black individual is chosen to reproduce and a pink one to die. This happens with probability z(1 —x)
as x is the probability of choosing a black one to reproduce and 1 — z is the probability of choosing a
pink one to die. By similar arguments we see that P(H;\, = z — 1/N|HY = z) = (1 — z)z, so we can
motivate the following formal definition:

Definition 1.1.34. For any N € N, the N-frequency process of the discrete Moran model is the Markov
chain, (HN)ien with state space {0,1/N,2/N, ..., 1} and transition probabilities

K2

x(1—x) if k=1/N,

Py (Hy = o+ k) = 1-2z(1—2) ifk=0,
z(1—x) if k=—1/N,
0 i any other case.

Now let us randomize the time to obtain a continuous time process. For this, we recall the Poisson
process, which is a Markov process with values in the natural numbers that goes from the state n to the
state n + 1 at rate 1, and such that all other transitions are impossible. In the following definition we
present a classic way to construct a Poisson process that will be useful for some examples later.
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Definition 1.1.35. Let {e;}5°, be a sequence of independent identically distributed standard exponential
random variables. Let

W, :=sup{r e N: Zei < t}.

i=1

Then (W) is a standard Poisson process. For any ¢ € R, we define a Poisson process with rate ¢, to be
any Markov process equal in distribution to (Wey).

Now we can use (H}Y) and (W;) to construct the frequency process of a Moran model.

Definition 1.1.36. Let (M ),cr+ be a continuous time Markov process with state space
{0,1/N,2/N, ..., 1}, defined by the formula

MY = H,

where (Wy) is a standard Poisson process and (H;) is the N-frequency process of the discrete Moran
model. (Mf\,vgt) 1s the N-frequency process of the Moran model.

A reason for introducing this process is that we can construct it using a simple symmetric random
walk in continuous time. Let (S;) be a simple symmetric random walk in continuous time, and let
Uy = %Sfot 92U, (1-U,)ds then in distribution

(Me) = (U).

Note that as + S%., = B, weakly over the space of Skorohod, where (B;) is a Brownian motion. It is
intuitively clear that
(Un2e) = (Xa)

weakly over the space of Skorohod, where (X;) is the Wright Fisher diffusion, introduced in Definition
1.1.30l The relevant scale here is N2, in contrast to the relevant scale in the Wright Fisher case which
is N. This follows from the fact that in the Wright Fisher model N (Reproduction/death) events occur
each time step, while in the discrete Moran model only one event occurs. This convergence can be proved
using generators (See Subsection .

1.2 Toolbox

In this subsection we introduce some notions that will be used during the rest of this work. We explain
what convergence means for a sequence of stochastic processes. We talk about two tools to prove
convergence of stochastic processes: the generator and couplings. Finally, we discuss the notion of
duality of Markov processes.

1.2.1 Convergence of stochastic processes

Let us first give a general definition of a stochastic process

Definition 1.2.1. Let (Q, F,P) be a probability space. Let I be some index set. For each i € I let
X; : Q — FE be a random variable. Then {X;}ics is an E valued stochastic process. If I = RT we
say that {X;}ier is a continuous time stochastic process, and if I = N we say that {X;}ier is a
discrete time stochastic process.

A crucial concept in this thesis is convergence of stochastic processes. Our approach will be to
think a stochastic process as a probability measure over a path space. The gain is that we will be able
to understand convergence of stochastic processes, by regarding it as weak convergence of probability
measures over a path space.

We should first precisely define what we mean by a path space.

Definition 1.2.2. For any T € R and for any complete and separable metric space E, we say that a
function f : [0,T] — E is cadlag, if f is continuous from the right with limit from the left. We define
the set M = M (T, E) to be the set of cadlag functions, this is M = {f : [0,T] — E : f is cadlag}.
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In order to define probability measures on M, we need to construct a suitable o algebra. We will
introduce a metric in the space M, which is known as the Skorohod M, distance [65]. We will make the
definition for one dimensional path spaces (f : [0,7] — R), for a general definition the reader is invited
to consult Chapter 13 of Whitt [73]. The analogous definition for discrete and countable spaces follows
immediately. For example considering f : [0,7] — N or f : [0,7] — [n] for some n € N. In the case of
discrete spaces the Skorohod Ms distance is equivalent to the uniform topology.

Definition 1.2.3 (Ms Skorohod distance). Let f; : [0,T] — R be a cadlag function, for i = {1,2} and
T € R. Let T'; C R? be the continuous graph of f;, defined by

Ly = {(2,0) € B2 : (2,9) = (afilt) + (1~ a)(0),0) for some ¢ € [0,T],a € [0,1]}
The My Skorohod distance of f1 and fo is the Hausdorff distance of I'y and 'y, this is

d , = max su inf d{(xi, 1), (5,15
(1, f2) 4,5€{1,2} (zi,yj)el‘i (rj,yj)el‘j{ (( yi): ’ yj))}

where d(-, ) is its Euclidean distance in R?.

(0,1) (1,1)

©(-1,0) (0,0)

Figure 1.6: The black lines are the graph of the function f(x) = 1{z>0). The black lines toghether with
the dotted line are the continuous graph of f(x) = 1{;>0}. The thin line is the graph and the continuous
graph of the function g = 1{ze(—11)3(2/2 + 1/2) + 1{z513. One can see that da(f,g) < 1/2.

Remark 1.2.4. The My Skorohod distance is not the most commonly used distance in path spaces.
However, it has the advantage of having a nice relation to the Hausdorff metric, which in my opinion
makes it simpler. The most popular distance is the J; Skorohod distance, also introduced in [65]. Most
convergence results in the literature are stated for the J; distance. However, this is not a problem as
convergence in .J; implies convergence in Ma. One needs to keep in mind that convergence in M allows
that sequences of functions with arc length going to infinity converge to functions with finite arc length.
In some applications one does not want this to happen, but in the examples discussed in this thesis this
is not an issue.

We can now define our space of stochastic processes

Definition 1.2.5. Let M be the Borel o algebra, generated by the open sets of the metric space (M, dar).
We say that an E-valued stochastic process X, is a cadlig process if for all x € E, P((Xy) € | Xg =2) =
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P.((X:) € -) is a probability measure on (M, M). We say that a sequence of cddlag stochastic processes
{(XM)Ynen converges, as N goes to infinity, weakly over the space of Skorohod to a stochastic process
(X)), and we write (XN) = (X3), if for all continuous and bounded functions f : M — R

tw [P €)= [ gar(x) €.
We will denote by S the space of cadlag stochastic processes with the topology induced by the weak
convergence.

Remark 1.2.6. Tt turns out that S is a complete and separable metric space (See page 381 of [73]).

To really use this definition one would need to understand which functions f : M — R are continuous
with respect to the metric dps. This looks like a hard task, but luckily Prohorov ([61]) found a metric
that allow us to efficiently understand which sequences of stochastic processes converge weakly.

Definition 1.2.7. Let A € M, for any € > 0 we define the open e-neighborhood of A to be the set
A ={x e M :dy(x,y) <e, for somey € A}.

Let O be the set of all open sets in M. Let (X;) and (Y:) be two cadlag stochastic processes. We define
the Prohorov distance between (X;) and (Y;) to be

p((Xt), (y;)) = inf{e: P((X,) € A) <P((V;) € A°) + ¢,YA € O}.

It turns out that p(-,-) is indeed a metric and convergence under p(-,-) is equivalent to weak conver-
gence. A proof of this can be found in section 11.3 of [73]. Now we write a precise statement of this
fact.

Theorem 1.2.8. If (F,d) is a complete and separable metric space, then the space of laws of cadlig
stochastic processes with values in (F,d) together with the Prohorov metric, that we denote (S, p), is a
complete and separable metric space, and p((X}), (X:)) — 0 if and only if (X}) = (X;) weakly.

The structure the space of cadlag paths allows us to use a less strict notion of convergence, this is
convergences of the finite dimensional distributions. Indeed, if we consider (X;) € S, and we fix t € RT,
then X}V is just an E valued random variable and weak convergence of E valued random variables is
the well known the convergence in distribution that is often taught in undergraduate courses (at least
for E = R). Moreover, if we consider a finite amount of fixed time points, {t1,...,t4} for some d € N,
the random vector (thy , ...,Xg ) is a random variable with values in E¢, and again we have a good
grasp of what it means that a sequence of such random variables converges. The intuition suggests, that
weak convergence of stochastic process is similar to convergence of random vectors (Xt]Y yeee X{Z ) for a
sufficiently large collection of time points.

Definition 1.2.9. We say that a sequence of stochastic processes {(X}N)}nen converges to (X¢) in the
sense of convergence of the finite dimensional distributions, and we write (X}¥) = (Xy), if for any finite
subset {t1,...,tq} of a dense set D € I, the following convergence in distribution holds

(XN, X)) = (X, Xey).

Convergence in the finite dimensional sense does not implies weak convergence in the space of Sko-
rohod (for a counterexample see Example 11.6.1 of [73]). However, if a sequence of stochastic processes
is relatively compact and converges in the finite dimensional sense, then it converges weakly over the
space of Skorohod. The following Theorem makes this statement precise and its proof can be found in
Chapter 4 of Whitt [73].

Theorem 1.2.10. A sequence of processes {(X}N)}nen converges weakly over the space of Skorohod to
(X3) if (XN) = (Xy) and {(XN)}nen is relatively compact.

So far we have developed a clear notion of convergence of stochastic processes, but we need to
construct appropriate tools to be able to prove such convergence. This will be our task in the next
subsections.
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1.2.2 The generator of a stochastic process

In this subsection we define the semigroup of a Markov process and its generator. We discuss that in
certain cases, convergence of a sequence of generators implies convergence of stochastic processes. We
provide some interesting examples. The main reference for this subsection is [I§].

A stochastic process is a very complex mathematical object. Our goal in this section will be to show
how to construct an operator (which is a much simpler mathematical object) that captures the essence
of a stochastic process. This technique works appropriately for Markov processes under mild conditions.
Let (X;) be a Markov process realized in a filtered probability space (2, F,F;, P) with values is (R, B).
We well write Py, (X; € ) :=P(X; € | Xo = z) and E;(X}) := E(X;|Xo = x). We will start by associating
a semigroup of operators to each Markov process.

Definition 1.2.11. The semigroup of operators associated to a Markov process (X)¢cr+, that we denote
by {P;}icr+, is defined by the formula

Pif(z) = Eo[f(X4)]
for any x € R and f : R — R measurable.

The generator of a Markov process is simply the generator of its semigroup of operators.

Definition 1.2.12. The generator of a Markov process (X;) is defined as the Ly limit
E.[f(X:) —

t—0 t

The set of functions such that Af exists is called the domain of the generator and we denote it by D(A).

The generator is a very useful object to study Markov processes, as it is only one operator, but
contains a summary of a Markov process. Heuristically, if one has a sequence of Markov processes
{(XM)} nyen, with generators {AN} yen, then if for every function f : R — R in a large enough class
of functions C, such that C C D(AY) for all N € N, the sequence of functions {AY f(x)}nen converges
uniformly to a function Af(z), and A happens to be the generator of a Markov process (X;), then
(X)) = (X;). For a precise statement of this claim and its proof see Chapter 2 and 4.8 of [I8]. The
intuition behind this useful result is that (under some mild conditions) convergence of the generators
implies convergence of the finite dimensional distributions, and relative compactness as well. This allow
us to apply Theorem [1.2.10] and obtain weak convergence over the space of Skorohod.

Let us start by calculating the generator of a Poisson process.

Proposition 1.2.13. The generator A of a Poisson process (Wet) (defined in with rate c, applied
to a polynomial f : N +— R is the operator such that for any n € N

Af(n) = c(f(n+1) = f(n)).
Its domain D(A) contains all bounded functions f: N — R.
Proof. The proof consists of applying the definitions [T.2.12] and [T.1.35] Indeed,

= tﬁ_%[f(n +1) - f(n)]%Pn(Wct =n+1)

= lim(f(n+1) - f(n)]EIP’o(Wct =1)

t
] 1— e—ct
= [f{n+1) — f()] lim T
=[f(n+1) = f(n)le.
L, convergence follows from the previous calculation given that f is bounded. O

Remark 1.2.14. Tt is very useful to read the generator: we have Af(n) = ¢(f(n+ 1) — f(n)), and we
interpret it as: the process N; goes from the state n to the state n + 1 at rate ¢
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We can go from the standard Poisson process (W;) to a Poisson process with rate ¢ by considering
a constant time change (W,:). Instead of using a constant to change the time of our Poisson process,
we can use a function of the state of the process. Let g : N — RT be measurable, we will consider the
process M; = W[Ot g(M.)ds" This is a well defined process, that can be simply constructed as the Markov

process with values in N, that goes from the state n to the state n + 1 at rate g(n).

Remark 1.2.15. The generator A of the process M; = Wft 9(M.)ds is such that, applied to any polynomial
o 9(M;
f:N—=>R,
Af(n) = g)f(n+1) = fn)].
The interpretation of this generator is simple, the process goes from the state n to the state n + 1 at
rate g(n).

We can construct our favorite process using this time change technique. Indeed, let ng € N,

|Ft| =TnNo — Wf[)t (\Kzs\)dsn

then (| K¢|) is equal in distribution to the block counting process of the Kingman coalescent (|K;|) started
with ng blocks, introduced in Definition [I.1.25]

Example 1.2.1. The generator of the block counting process of the Kingman coalescent is such that
for every function f: N — R and every n € N

n

Ar(w = (370 -1) = sl

Now we give a notion of generator for a discrete process.

Definition 1.2.16. Let (X;);en be a Markov chain with values on a discrete space E. The discrete
generator of (X;) is the generator of the continuous time process (Xw,)icr, where (Wy) is a standard
Poisson process. The discrete generator of (X o) )ier+ 45 defined to be the generator of (Xw.,).

Lemma 1.2.17. Let {pn j}njcr be the transition matriz of a Markov chain (X;)ien, defined as in
1.2.16, The discrete generator of (X|ct|)ier+ is the operator such that for any bounded and measurable
function f: E— R and anyn € E

Af(n) =Y pnjlf(i) — F()).

JEE
Proof. The proof consists of applying Definition [1.2.16
Enlf(Xw,) — f(n)]

Af(n) = limg t
=l 3G = S B, =)
=y S() = S0 7P = (Wi = 1)
= ;W) = f(n)pn; lim %
. S (40 = Fmon

Again, Ly convergence follows from pointwise convergence as f is bounded.
O

Using the same technique we can characterize the generator of a general continuous-time discrete-
space Markov process
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Lemma 1.2.18. Let (Z;)icr+ be a continuous time discrete space Markov process with countable state
space B and such that rn,; € R is the transition rate form the state n € E to the state j € E. The
generator of (Zy)icr+ 1s the operator such that for any f: E - R andn € E

Af(n) = roilf(G) — f(n)]. (1.2.1)
JEE

Proof. Let
Tnj

Pnj =
EjeE T'nj

and consider the function g : E — R*, defined by the formula

g(n) = ;.
jEE
First note that {pn;}n jer is a stochastic matrix, because
ro
I Tt

JEE jer 2ujeE i

Then, there exists a discrete time Markov chain (X;);en with state space F and transition matrix
{Pnjtnjer. Let Yy = XWfé Note that in distribution (Y;) = (Z;), so they have the same
generator.

The rest of the proof consist of applying Definition to (Y3).

En[f(Ye) = f(n)]

g(Ys)ds'

Af(n) = Jim t
= > [f(G) = F)]pnjg(n)
JjeEE
= > 1FG) = F(m)]rny
JjEE

O

Our next task is to study the generator of some continuous time real valued processes with continuous
trajectories. For this we follow Chapter 7.1 in [I6]. We will define a class of processes called diffusions
using the notion of generator and later we will make intuitive sense of these objects.

Definition 1.2.19. A one dimensional diffusion process is a continuous Markov process with values
in R and infinitesimal generator A, such that for every bounded and two times differentiable function
f R~ R and every point x € R,

0 1 0?

where a :R— R and b: R — R.

Remark 1.2.20. It is not the case that for every a : R — R and b : R — R there exists a diffusion process.
For a deeper study of diffusion theory the reader is referred to [62].

The function a is known as the drift and function b is known as the diffusivity of the diffusion. Let
us gain some intuition, by studying some examples.

Example 1.2.2. Let X; be the solution of the ordinary differential equation

d
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Assume that a is continuous and such that the ODE has a unique solution. Let us calculate the generator
of X; using Definition [1.2.12] Let f be bounded and twice differentiable and x € R.

) — 1y Bl O5) = F (@)

t—0 t

WA TR ST
t—0

— lim fo Xg X sds]
t—0 t

= lim E.lfy //(X:)a(X.)
t—0 t

= f'(z)a().

In the second equality we used the Fundamental Theorem of Calculus and in the third the chain rule.
In the last equality we used the continuity at x of @ and and of f’ at the point x. A consequence of this
example is that, provided that the ODE in Equation has a solution, the diffusion with drift term
a(-) and no diffusivity, is a deterministic trajectory.

Now we want to know which process has the generator Af( ) = +f"(z). Let (S;) be a simple
symmetric random walk. For every fixed N € N let (S7) 1= (55| n2t J) Let AN be the Generator of
(SN). Let f be a bounded a twice differentiable function and 2 € N/N. Using Lemma and then
applying Taylor expansion we observe

AN fa) = N[/21 (4 1/N) /21 (0 —1/N) ~ [ &)
2 ) (4 2 (@)
= [ LB sy T )| o)

1!
i=0 i=0

= 2 () + O(1/N),

where f() is the i-th derivative of f. Defining the operator A to be such that Af(z) = 21" (x), we
conclude that for all bounded a twice differentiable f : R — R, and for every x € R

AN f(x) — Af(x).

in L. On one hand it can be checked that the sequence of generators { AN} yen fulfills the technical
requirements to ensure that the convergence of the generator implies the weak convergence over the
space of Skorohod (SV) = (B;). For example, Theorem 4.8.2 in [I§] can be applied. On the other
hand it is known (using the Lévy construction of Brownian motion or the Donsker invariance principle)
that (SY) = (B;), where (B;) is the Brownian motion. With a bit more work this intuitive argument
can be turned into a proof that the Brownian motion has generator A characterized by the formula
Af(@) = 3(2).

Indeed, one can think of a diffusion process as an ODE perturbed by a time-change of a Brownian
motion. The most common way to define a diffusion is as the solution (if it exists) to the stochastic
differential equation

t t
0

To learn more about SDEs see [15]. One can verify that that the solution to Equation 3| (if it exists)
is continuous and has generator

2
Af(@) = ()5 f@) + Shia) 5 (@)

as in Definition [[L2.19

Now, the most important diffusion in Population Genetics is the Wright Fisher diffusion, which is
the solution to the SDE, X, € [0, 1] and

dX, = /X,(1 - X,)dB,.
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The generator A of (X;) is such that for every continuous and twice differentiable function f € D(A)

and every z € [0,1],

1 0

Af(z) = ix(l — x)wf(x) (1.2.4)

Remark 1.2.21. When we work with R valued Markov processes, it is convenient to consider functions
f to be bounded and twice differentiable. Unbounded functions are frequently outside the domain of R
valued Markov processes. When we work with Markov processes with values in some compact subset of
R, it is often convenient to take f to be a polynomial. In these cases. the domain includes all polynomials
and they are a dense class of functions.

Recall the frequency process of the Moran model, (M]J\\,[%)teR+, defined in [1.1.36] Let AN be the
generator of (sz\zvzt)teR+- Then, by Lemma [1.2.18] for any polynomial f : [0,1] — R and = € R,

AN f(z) = 2(1 —2)N?[1/2f(x +1/N) +1/2f(x — 1/N) — f(x)]
— (1 :z:)%f”(x) +O(1/N) (1.2.5)

Note that the error term O(1/N) is uniformly bounded in z. Comparing Equation and Equation
(1.2.5) (and verifying some technical conditions) allow us to apply Theorem 4.8.2 in [I8] and conclude
that, as N — oo

(M) = (Xo).

1.2.3 Couplings and weak convergence of stochastic processes

We define the notion of a coupling of random variables, and stochastic processes. We define convergence
in probability of a sequence of stochastic processes. We show that convergence in probability implies
weak convergence of stochastic processes. The main reference for this subsection is [43]

Definition 1.2.22. A coupling of two random variables X, Y, with values on E and defined in the
probability spaces (Q1,F1,P1) and (Qa, Fo,Ps) is a pair of random variables X' and Y’ defined in the
same probability space (2, F,P) such that, in distribution, X = X' and Y =Y'. The pair (X',Y") is a
E x E valued random variable defined on (Q, F,P).

A coupling of two probability measures py, o is a coupling of two random variables X,Y such that the
distribution of X is p1 and the distribution of Y is us.

Let (X;)ier and (Y;);er be two stochastic processes with values in the same metric space (E, d). What
is P(d(X;,Y;) < €)? The problem with this question is that in principle it does not make any sense: as
the two processes might be realized in different probability spaces. P could be the product measure, but
it could also be something else. This leads us to the definition of coupling for stochastic processes.

Definition 1.2.23. A coupling of two stochastic processes (X;)icr and (Y;)ier s a pair of stochastic
processes (X!)ier and (Y/)icr defined in the same probability space (Q, F,P) such that, in distribution,
(Xi) = (X7) and (Y3) = (Y/).

3

We can use the concept of couplings to prove weak convergence of stochastic processes, without
relying on the Markov property. Here we stress that the method discussed in the previous subsection
(the generator) relies on the Markov property. Coupling will be a crucial tool in Chapter [2] where we
deal with non-Markovian processes.

Example 1.2.3. Let (X;);en and (Y;);en be two Markov processes with values in F, realized on Q; and
Qs respectively and with the same transition probabilities. Assume than Xy ~ ~; and Yy ~ 72, where
V1,72 are probability measures in E. Let 7coup = inf{i € N: X; =Y;}. Define

(1.2.6)

vi Y;  forall i < Teoup
! X;  forall i > Teoup.

The pair (X;);en and (Y/);en is a coupling of (X;);en and (Y;);en realized on the product space € x 2y
(Note that T.oup is a stopping time in the product o-algebra). Note that P(X; # Y/) = P(7coup > ).
This coupling is very useful, and it is know as Doeblin coupling [13].
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Definition 1.2.24. We say that a sequence of stochastic processes, {(X¥)}nen, with values in a Metric
space (E,d), converges in probability to a process (X;) with values in the same metric space, if for every
N €N there ezists a coupling (X¥')icr, (X!)icr) and it is such that for every ¢ > 0

Jim P(da (XN, (X])) > €) = 0.

where dy; is the Skorohod My distance.

Lemma 1.2.25. If {(X")}nen converges in probability to (X;), then {(X¥)}nen converges weakly in
the space of Skorohod equipped with the My metric to (X;).

Proof. To prove this Lemma we need to apply Theorem We will show that for any fixed § > 0,
limy o0 p(P((XY) € -),P((X;) € -)) < 4. Recall that p(-,-) is the Prohorov distance (see Definition

Iz7)

The convergence in probability of {(XV)} yen to (X;) implies that there exists a coupling ((X/), (X!))
of (XV) and (X;), such that for all § > 0, there exists N5 € N and for every N > N; € N,

P(dar (X)), (X)) > 6) < 6.
Let A € M be open (M was defined in and let N > Nj (recall the Definition of A% introduced in
1.2.7). Then,
P((X{) € A) =P((X,"') € 4)
< P((X)) € 4%) + 5
=P((X;) € A%) + 6.
This implies that

lim p(P(X}) €),P((X;) €)) =inf{e: P((X;) € A) <P((V;) € A°) +6,VA€ 0O} < §

N —o00
where O is the set of open elements of M. O

The following Lemma will be useful in the proof and the applications of Theorem [2.3.3]

Lemma 1.2.26. Let {(ffv)iel}NeN and {(LN)ier}nen be two sequences of stochastic processes realized
in the same probability space Q with values in the same metric space E. If {(LY)icr}nen converges

weakly over the space of Skorohod to (X;)icr and imy oo P((LY) = (fﬁv),Vi €1) =1, then {(fﬁv)}NeN
converges to (X;) weakly over the space of Skorohod .

Proof. Let € > 0. Consider N, € N such that for all N > N, p(P((LY) € -),P((X;) € -)) < €/2 and
P((LY) = (va),\ﬁ €N) >1—¢/2. Let A€ M be open. Then

P((X;) € A) < P((LN) € A?) +¢/2 <P((T)) € AY?) +e,

then we conclude that p(P((ZzN) €),P(X;)€") <e. O

1.2.4 Couplings, stationary distribution and mixing time

There are ways to quantify the distance between two probability measures, meaning how similar they
are. For example, the Prohorov distance and the Total Variation distance. We will explain the second
example, because it will be relevant in Chapter [2l The main reference for this subsection is [43]

Definition 1.2.27. Let uy and ps be two probability measures on the same measurable space (2, F).
We define their total variation distance, |1 — pe||7v, by the formula

1 = pallrv = sup |p1(A) — p2(A)].
AeF

This notion of distance of probability measures allows us to understand better a very relevant object
in the study of Markov processes, the stationary distribution.
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Definition 1.2.28. A stationary distribution of a stochastic process with values in E, (X;)icr s a
probability distribution v on E, such that for every open set A C E, and for every i € N

V(A) = P,(X; € A).

The stationary distribution is very useful, mostly due to the following theorem. We will denote P(FE)
the set of all probability measures in over E.

Theorem 1.2.29. Suppose that (X;);cr is an irreducible and aperiodic Markov chain with finite state
space E, then there exist a unique stationary distribution v € P(E), such that for any initial distribution

v € P(E),
Jim [|Py (X € ) = v]|lrv = 0.

A proof of this Theorem can be found in Chapter 4.3 of [43]. A probabilistic proof of this claim was
made by Doeblin, and it is based on the Doeblin coupling introduced in Example This approach
is related with the coupling interpretation of the total variation distance, and the optimal coupling, that
we now discuss.

Lemma 1.2.30. Let u1, us € P(E) be two probability measures on a discrete space E. Then

_ _ inf P(X{ # X3).
||N1 M2||TV (X1,X5) is a coigling of u1 and ps ( 1 7& 2)

Furthermore, there exists a coupling (X1, Xs), that we call the optimal coupling, such that
1 = peflry = P(X1 # Xo).
Proof. First note that for any subset A C E, and any coupling (X], X}) of p; and psa, it holds that

1(A) — p2(A)| = [P(X] € A) —P(X; € A)|
<P(X{e€ A X,€ E/JA)+P(X, € A X| € E/A)
< P(X] # X»)

From this it is immediate that
[lu1 — p2||lrv < inf{P(X] # X3 : (X7, X})) is a coupling of p; and pa}.

To show that the equality can be realized, we construct the optimal coupling. Let ug € P(F) be such
that for every subset A C E,
min{y (A), p2(A)}

po(A) = erE min{p (), po(z)}

Now, for s =1, 2, let @i, be such that

s (A) — min{p; (A), pa(A)}
1= cpmin{p (), pu2(2)}

Note that &, € P(E), because for every subset A C E, ps(A) — min{p;1(A), u2(A)} > 0 and
>wep(ps(@) — min{p (2), p2(2)}) =1 =3, pmin{p (2), pa(z)}-

Consider the following independent random variables. Let Y; be a random variable with distribution
o, and for s = 1,2 let Yy be a random variable with distribution fi,. Let W be a random variable
with values on {0, 1}, such that P(W = 1) = > _pmin{u;(z), u2(z)}. Note that, for s = 1,2, the
distribution of

Fs(A) =

X =WYy + (1 -W)Y;
is pts. Then (X7, X2) is a coupling of p; and pe, and

P(X1 # Xo) =P(W =0) = 1= > min{pu (2), p2(2)} = || — pallzv,
rel

where the last equality follows by an algebraic manipulation (see Proposition 4.7 of [43].). O
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Example 1.2.4. Let (X;);en be an irreducible and aperiodic Markov process. If one uses the Doeblin
coupling between the process (X;) started in some point z € E and the same process started in the
stationary distribution v, (in the notation of Example [1.2.3]) one observes that for every i € N

IV = Po(X; € v < P(Teoup > ).
This is the observation that helped Doeblin to prove Theorem [1.2.29| using probabilistic arguments.

Theorem [I.2.29] implies that, after enough time, the distribution of any irreducible and aperiodic
Markov chain with finite state space becomes similar to its stationary distribution. However, the time
one needs to wait in order to be close to stationarity depends strongly on the Markov process. There is
a very efficient way to quantify this.

Definition 1.2.31. The mizing time of a Markov chain (X;);en with values in E and unique invariant
distribution v € P(E) is defined as

1
Tmip = inf {2 >0:sup [Py(Yi="-)—v|ry < } . (1.2.7)
zeE 4

The mixing time gives a very precise notion of how much time one needs to wait until the process is
very close to stationarity.

Lemma 1.2.32. For any xz € E, I,s € N and any Markov chain (X;);en that fulfills the assumptions of
Theor@m it is true that

1Py (Xirpints € ) —vlrv < 271

A proof of this can be found in Section 4.5 of [43].

1.2.5 Duality of Markov processes

We define duality of Markov processes. We show how to use generators to prove duality. We introduce
the moment duality, and explain its importance. The main reference of this subsection is [31].

Duality is a tool that allows us to obtain information about a Markov process using information that
we have about an other Markov process. To be precise:

Definition 1.2.33. Let (X;)ier be a Markov process with values in E1 and (N¢)ier be a Markov process
with values in Ey. Let H : By X E5 — R be a function. We say that (X;) and (N;) are dual with
respect to H if for allt € I, x € E1 and n € Es, it is true that H is measurable and

E:C[H(Xt’ n)] = EH[H(xv Nt)]

In practice an effective method to prove duality is by means of the generator. Indeed, we have the
following useful result, its proof can be found in Proposition 1.2 in [31].

Proposition 1.2.34. Let (X;) and (Y;) be Markov processes with state space Ey and Ey and generators
A and A respectively. Let H : Ey x Ey — R be bounded and continuous. If H(z,-), P H(z,-) € D(A)
forallz € By, t >0 and H(-,n), PH(-,n) € D(A) for alln € Ey, t > 0. Then,

AH (z,y) = AH(z,y) Ve e E,y € F, (1.2.8)
if and only if (X:) and (Y:) are dual with respect to H.

A duality function H which is of great importance in population genetics is H : [0,1] x N — [0, 1]
defined by the formula
H(z,n)=2a".

Definition 1.2.35. Let (X;)ier be a Markov process with values in [0,1] and let (Ny)ier be a Markov
process with values in N. We say that (X;) and (N;) are moment duals if for every t € I, x € [0,1]
and n € N

E,[X!] = E,[z"].
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Remark 1.2.36. The function H : [0, 1] x N — R defined by the formula H(z,n) = z™, is bounded. Fixing
n, it is an analytic function of x. Then, it can be verified for the examples that we will study in Section
1.3] that the conditions: H(x,-), P1H(z, ) € D(A) for all x € Ey, t > 0 and H(-,n), P?H(-,n) € D(A)
for all n € E5, t > 0 are satisfied. Later, we will only concentrate in proving Equation (|1.2.8) to apply

Proposition [1.2.34}

A classic example of moment duals are the Wright Fisher diffusion and the Kingman coalescent.

Theorem 1.2.37. The Wright Fisher diffusion and the block counting process of the Kingman coalescent
are moment duals.

%
Proof. Let H(x,n) = ™. Let A be the generator of the block counting process of the Kingman coalescent
and X be the generator of the Wright Fisher diffusion. Using Example we observe that

AH(z,n) = (Z) [H(z,n—1) — H(z,n)]
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The right hand side of the last equation is ZH (z,n), the generator of the Wright Fisher diffusion applied
to H(-,n) € D(Z) evaluated in z € [0, 1] (see Equation (1.2.4)). O

1.3 Further evolutionary forces

We briefly discuss some generalizations of the Wright Fisher model. The main reference for this subsection
is [17]

1.3.1 Mutation

We discuss a two type model with neutral mutation. We talk about duality. We also introduce the
infinite sites model and the Tajima D. Mutation is a key ingredient in Chapter 4| and in [5].

There are many different approaches to generalize the Wright Fisher model to include mutation. In
this introduction we will focus on two: the two types Wright Fisher frequency process with mutation,
and the infinite site model.

In the two types model, a population consisting of two types evolves as in the Wright Fisher frequency
process, but, contrary to the Wright Fisher model, not every individual has the same type as its parent.
Most of the times this is the case, but with certain probability an offspring can be affected by a mutation.
This causes that a parent and its offspring are of different types. In this model we study a diffusion
approximation, as we did with the Wright Fisher frequency process.

The infinite sites model ([47],[72]) assumes that each mutation occurs in a different place. Then, in
principle there can be more than two types. As time evolves the number of types increases. In many
situations this model is appropriated to study real data.

Let us now study the two types Wright Fisher model with mutation. Assume that each generation
consists of N individuals. Each individual chooses its parent from the previous generation uniformly
at random. At generation zero, each individual is assigned a type, which can be either a or A. Let
9V € [0,1] and 0Y € [0, 1]. The type of an individual which is the offspring of an individual of type a will
be a with probability 1 — 65 and will be A with probability 65 (if affected by a mutation). Analogously,
The type of an individual which is the offspring of an individual of type A will be A with probability
1— 0¥ and otherwise will be of type a. We observe that if at certain generation there are x N individuals
of type a, the number of type a individuals at the following generation will be binomially distributed
with parameters N and x(1 — 62) + (1 — 2)0. This leads to the following definition:
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Figure 1.7: A realization of the two type Wright Fisher frequency process with mutation. In the figure,
each individual inherits the type of its parent, except individual (3, 3) who has a different type than the
type of its father, because it was affected by a mutation.

Definition 1.3.1. The frequency process of type a individuals, in the two types Wright Fisher model with
mutation, with population size N € N, mutation parameters 03 ¢ [0,1] and 0 < [0,1], is the Markov
chain (XN)iew, with state space {0,1/N,2/N,...,1} and transition probabilities

i =( ) (G0 - 05+ =)

(10 a3y a-pey) "

for any j,k € {0,1/N,2/N, ... 1}.
When the population is big, we can consider a diffusion approximation.

Proposition 1.3.2. Assume that 0 = 0, /N for some 01 € R" and 0 = 05/N for some 02 € RT. Let
(X3:) be the solution to the SDE

dXt — (01(1 - Xt) - GQXt)dt + \/ Xt(l - Xt)dBt,
then {(Xi\;vtj)te]R+ Inen converges weakly over the space of Skorohod to (Xi)ier.

Proof. Let us calculate the discrete generator AY of (X ﬁ\,t j) applied to a polynomial f : R +— R, at a
point x € [0,1].

AN f(z) = NE,[f(X1) — f(2)]

= w06 - o)+ v [E ) o

= N(E.[X1] — 2)f(z) + N%varm[Xl]f”(x) -+ O(1/N)
=01 )7 (@) 0N af (@) + a1 )" (&) + O(U/N),

The error term O(1/N) is uniformly bounded on = € [0,1] as f is continuous. The third equality
follows from the fact that all the higher moments are of smaller order (See Appendix for a detail
manipulation of higher moments). |
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In practice, the data that biologists extract from a population consist of DNA sequences. In math-
ematical language, an individual of a sample of a population which has r nucleotide in its DNA can be
regarded as a point x in {g,a,t,¢}”. A sample of size n consists of n points z1, ..., z, € {g,a,t,¢}". If
we are given such sample, can we recover the underling coalescent structure? The answer is positive to
some extent.
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Figure 1.8: A realization of the infinite sites model. We can see that individual 1 and 2 have two
differences, while individual 1 and 4 have five differences.

Probably, the most important model to process real data is the Infinite Sites Model (ISM). The model
consists in a random tree 77 and a set of special points in the tree. To be precise 7 is a realization
of the Kingman n-coalescent. After 7™, a Poisson point process with intensity 6 is realized over 7" to
determine the special points, that we denote by S. (7",8) should be understood as follows, 7" is the
genealogical tree of a population of n-individuals, and each point in & corresponds to a mutation event.
The most important assumption of this model is that each mutation affects a different position of the
DNA, thus a mutation can’t be erased.

The set of points in § are called segregating sites. Note that if we denote |S| the cardinality of S and
|77 the length of the tree 7™, then

E[|S|] = 0E[|T"] = 02> 1/i ~ 02log(n).

=1

The symbol ~ stands for the relation a,, ~ b, if and only if lim,,_,~ @, /b, = 1. The fact that E[|T™|] ~
log(n) is an interesting result that can be consulted in [I6]. Note that 20 = E[|S|]/( 37, 1/i).

Two individuals are considered to be very different if their ancestral lines, until their time to the
most recent common ancestor, contain a lot of segregating sites. The number of segregating sites that
are contained in exactly one of the ancestral lines of two individuals 4, § in the sample, that we denote
A;;, is called the pairwise difference of the individuals ¢ and j. Indeed, denoting AL(7) the ancestral line
of the individual i and AL(j) the ancestral line of the individual 7,

A =H{ALGNSYU{AL(j) NS} — {AL(j) N AL(i) N S}|.

Note that
E[A,; ;] = 20E[Tyrcal2]] = 26.
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When studying a real sample of n DNA sequences, one can define a segregating site as follows: A
nucleotide (a position in the DNA) is a segregation site if there are at least two elements of the sample
having different letters in this nucleotide. Then, the number of segregation sites and the average pairwise
differences can be obtained from the sampled sequences of DNA, assuming that each site can be hit by
a mutation at most once. By our derivations on the theoretical model it follows that, if the sample
was subject to neutral evolution, the experimentally obtained quantities |S| and A = ﬁ > £ AVS

should be such that A — |S|/>""_, 1/i is close to zero. Close to zero here means that

Ay i
Var[A — [S]/ S0, 1/i]

€[-2,2]

If |D| > 2 this is a strong evidence that the underling tree is not Kingman (no neutral selection). A
negative D can be the product of a selective sweep. A positive D can be the product of a decrease in the
population size. The quantity D is known as Tajima’s D, and it is one of the best known neutrality tests.

In [5] we discuss the effect of strong seedbanks in the Tajima D of a population. In Chapter [4] we
study a model with mutation, in which the mutations arrive asymptotically as a Poisson process (see

Theorem 4.2.14)).

1.3.2 Selection

Selection will be important in Chapter |4} so we present here a short introduction.

Let us now study the two types Wright Fisher model with selection. Assume that each generation
consists of N individuals. At generation zero, each individual is assigned a type, which can be either
a or A. Let sy € RT (sy is known as the selective advantage). Each individual at each generation is
assigned a weight which is 1 if the individual is of type a and 1+ sy if the individual is of type A. Each
individual chooses its parent from the previous generation uniformly on the weights, meaning that if the
i-th individual has weight w;, each individual in the following generation chooses it as its parent with
probability > i’i e The type of each individual is the same as its parent’s type. We observe that if in a

certain generation there are x NV individuals of type a, the number of type a individuals in the following
generation will be binomially distributed with parameters N and +5Nw(1—m) =r— f_._”s‘/fv((lf_?) This leads
to the following definition:

Definition 1.3.3. The frequency process of type a individuals, in the two types N-Wright Fisher
model with selection, with selection parameter sy > 0, is the Markov chain (X}V), with state space
{0,1/N,2/N.,...,1} and transition probabilities

mi= (o) (=) (o)

for any 5,k € {0,1/N,2/N,...,1}.

Remark 1.3.4. The quantity sy is known in the literature as the selective advantage of one type over
the other. Selective advantage is a crucial concept in Chapter {4| (See Proposition |4.2.8]).

When the population is big and the selective advantage is small, we can consider a diffusion approx-
imation. This happens to be very useful in Subsection

Proposition 1.3.5. Assume that sy = s/N for some s € RY. Let (X;) be the solution to the SDE
dXt = —SXt(l - Xt)dt + Xt(l - Xt)dBt7

then, if 2 — o,
X%, = X,

weakly over the space of Skorohod.
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Proof. Let us calculate the generator AV of (X&) applied to a polynomial f : R — R, at a point = € R.

AN f(z) = NE.[f(X1) — f(2)]
Xl — .T)Q

= NE, [(X; —2)f(x)] + NE, {( 3 f”(x)} + O(1/N)

= N(E.[X1] —2)f'(z) + Névarz[Xﬂf"(x) + O(1/N)

= —sa(1 —2)f'(x) + 5ol 2)f"(x) + O(1/N).

As before, O(1/N) is a converge uniformly to zero, as a function of = € [0, 1]. O

The process (X;) in the previous proposition is known as the Wright Fisher diffusion with selection,
and admits a very nice dual that was first introduced in [53], and that we will study now.

Proposition 1.3.6. Let (X;) be as in Proposition and let A be its generator. Let (Ni) be the
N-valued continuous time Markov chain with generator A such that, applied to any function f: N — R
at any point n € N, fulfills

Af() = sulf 1) = F0]+ (3 ) n = 1) = f(o)

Then, (X:) and (Ny) are moment dual.
Proof. The proof consists in applying the generator to the function H(z,n) = z™.

AH(z,n) = snfz"*! — 2" + <Z) [z — 2]

= —sz(l — z)nz" "' + %x(l —z)n(n —1)z" 2
0 1 0?
= —sz(l — x)%H(xm) + 530(1 - x)w

= AH(z,n).

H(z,n)

O

Remark 1.3.7. When studying selection, a very important question is, if the number of individuals per
generation is N € N, what is the probability that a single individual with selective advantage s > 0, is
able to go to fixation? Fixation means that at certain generation all individuals are its descendants. A
famous result in this direction is Haldane’s formula, which states that in the Wright Fisher model with
selection, in the case 1 < s > 0 and Ns < 1, denoting

mn = P(fixation of genetic type of a single mutant with selective advantage s), we have that

lim 7wx = 4s
N—o00
A proof of Haldane’s formula can be found in [I6]. The constant 4 is model dependent, but the fact
that it is a linear function of the selective parameter is a widespread property (see [56]). We will study
a similar question for the case of moderate selection in Chapter ] Moderate selection is the regime in
which sy — 0 and Nsy — oo.

Remark 1.3.8. Besides the probability of fixation, the time that a mutation takes to either get extinct or
to go to fixation is also an interesting quantity to calculate. Let 77V be the time until there is only one
type in the population, that is 7% = inf{i : XN (1 — X¥) = 0}. In the proof of Theorem there is
a trivial bound that applies for all kinds of selection parameters sy, which is limy_,qP(7" > 2V )=0.
This is an extremely bad bound. Obtaining decent bounds is not always easy. In the case of sy = s >0
it can be proved that the time to fixation is of order (2/s)log(N). Theorem in Chapter 4] deals
with this problem in the case of moderate selection.
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1.3.3 Structured coalescent

The structured coalescent (|28] [29]) is closely related to the seedbank coalescent, which is the main
object of study of Chapter 3] Also, the auxiliary process constructed in Section 2.3.1] can be thought as
a structured coalescent. For these reasons we present here a short introduction. We discuss a two type,
two islands model. We also talk about duality.

It can be the case that the population we are interested in is affected by its geographic distribution.
For example, we might want to study bacteria that live in different ponds. In this case most of the
offspring of a bacterium in a certain pond will remain and reproduce in the same pond, but with certain
probability they might emigrate (by the action of wind, for example). In this cases it is appropriate to
use the so call structured coalescent.

Assume that each generation consists in {N(7},cq individuals. Here, r is the label of a location
(locations can be thought as islands), in the system of locations G. To simplify our discussion we will
assume that there are only two locations (in this case, the model is known as the two islands model).
At generation zero, each individual, at each of the islands, is assigned a type, which can be either a or
A. Let ¢“2(N) € [0,1] and ¢>1(N) € [0,1] (if there is no risk of confusion we will only write ¢%? and
c?1). At each generation each individual in the location 1 selects its parent independently of the others,
by first choosing the location of its parent: the probability that its parent is in location 1 is 1 — ¢'2,
and the probability that it is in location 2 is ¢"2. Once the location of the parent is fixed, the parent
is chosen uniformly at random from the individuals of the selected location. Individuals at location 2
behave similarly, with the difference that they choose their parent in a different location with probability
c®!. The type of each individual is the same as the type of its parent. We observe that if at certain
generation there are (x N W yN (2)) individuals of type a in each of the locations, the number of type a
individuals at the following generation (X, N ¥; N(®) will be such that X, is binomially distributed
with parameters N and z(1 — ¢"?) + yc? and Y] is binomially distributed with parameters N(® and
y(1 —c>Y) + xc?!. This lead to the following definition:

“QQ O
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Figure 1.9: A realization of the two islands frequency process.

Definition 1.3.9. The frequency process of type a individuals in the two types NU N @ _-Wright Fisher
two island model with migration parameters ™2 € [0,1] and ¢*! € [0,1] is the two dimensional Markov
chain (XN, YN)ien with state space {0,1/NW 2/NW 11 x {0,1/N@ 2/N@ 1} and transition

K3
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probabilities

N e _ &)
P(j1,j2),(k1,k2) = (klN(l)) (m(l - 0172) + ycLz))klN (1 - (‘T(l - 01’2) + yCLQ))(l N

N(?2)
: (k N@)) (y(1 = ) + a1 = (g1 ) ) O RINT,
2

for any js, k; € {0,1/N® 2/N® 1}, 4 € {1,2}.

Again, when the population is large, under suitable conditions we can consider a diffusion approxi-
mation.

Proposition 1.3.10. Assume that NV = N and N?) = eN, for some € > 0. Let ¢>'(N) = ¢>' /N and
cB2(N) = b2 /N for some c*' ct? € RT. Let (Xy,Y;) be the solution to the SDE

dX, 2V, — Xy)dt + /X (1 — X,)dBy,
dy; = &YX, —Y)dt +e/Yi(1 - Y;)dB?

where (BY) and (B?) are two independent Brownian motions. Then, if (z8, ) — (20,v0),
(X]]\\irt’ Y]\]yt) = (Xtv}/t)v
weakly over the space of Skorohod.

Proof. Let us calculate the generator AV of (X}, Y,V) applied to a polynomial f : [0,1] x [0,1] — R, at
a point (x,y) € [0,1] x [0,1]. We will use the two dimensional Taylor’s formula

ANf(x’y) :NEw[f(XlaYl) - f(x’y)]
(X1 —2)? 92

~NE[(X: - 2) 5 fo)] + NE: [T 2 ey

(Y, — z)? 92

+ NE(M -0t + VB T2 e + 0/
1,2 9 z(l —x) 672

o
= (y—2) o fl@y) + =555 fx,y)

9 ey + 2D o).

21/,
+co (z y)ay 5 o

where O(1/N) is uniformly bounded on (z,y). The proof is complete by standard arguments, as the
generator of (X, Y;) is exactly

(1 —x) 0?

) e + e ) ) e

y(1 —y) 0

Af(ey) = 2y —2) 2 fay) + 2 ).

oz
For a detailed manipulation of the smaller order terms in a similar calculation, see Appendix O
Now, we can deduce the moment dual.

Proposition 1.3.11. Let (X;,Y:) be as in Proposition |1.5.1() and let A be its generator. Let (Ny, M)
be the N x N valued continuous time Markov chain with generator A such that, applied to any function
measurable and bounded f: N x N — R at any point (n,m) € N x N, fulfills

Afum) = e nlpn—tm+ 1) = fonm]+ (5 )00 1) = fn,)

L mlf(n+1,m—1) — f(n,m)] + 6(7;) [f(n,m — 1) — f(n,m)].

Then, (X:,Y:) and (Ny, M) are such that

B (o) [XT Y] = By [ ™).
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Proof. The proof consists of applying the generator A to the function H(z,y,n,m) = 2"y™.
AH(z,y,n,m) =c"?nfz"ty™ T — 2"y + (Z> [z"y™ — a"y™]
2,1 n+l m—1 n,m m n, m—1 n,m
+coimlz" Ty —aty He(?)[x y" T =2ty
=c ey (y — x) + (Z) 2" 2y"r(1 — )

n,  m-— m n,  m—
+ ®tmamy 1(m—y)+(2>xy y(1—y)

0 (1 —x2) 0
—b20 —_
=C (y x)axH(‘T7yan7m) + 2 aIQH(x7yan7m)
1 — 2
o= ) gy + S g
=AH(x,y,n,m).

O

Definition 1.3.12. Define the time to the most recent common ancestor in the structured coales-
cent, of a sample of n individuals from island 1 and m from island 2, to be

Trroaln,m] :=inf{t > 0: Ny + My =1 given that Ng = n, My = m},
where (Ny, My) is as in Proposition|1.3.10

Two important properties of the structured coalescent are that it comes down from infinity and that
E[Tvreoal )] : N x N+— RY is a bounded function (compare with Theorem and Theorem in
Chapter [3). Now we prove that E[Tyrcoal ]| is a bounded function.

Lemma 1.3.13. There exists a constant independent of n and m, k > 0 such that for every n,m € N,
IE[TMRCA[n,m]] < k.

Proof. The main idea is to imitate the calculation of the expected time to the most recent common
ancestor for the Kingman coalescent (see Lemma|l.1.28)). Let k = n+m. Let ¢; be the time of the first
coalescent event, ¢5 the time of the second coalescent event and so on: 9; = inf{t > 0: Ny+M; = k—i}.
Now note that if Ny 4+ My = k — i, then at least L#J individuals are in the same island. Without loss
of generality assume that € < 1. This implies that

Elthipr — ] < (6(?))1 (1.3.1)

We finally observe that Thrrcaln, m] = p—1 = Zi:ll (1; — 1;—1), where 19 = 0. Then for any k > 2,

i=1

k-1
E[Tanrealn, m]] =E lZ(da - wi—l)]
k-1
=D E[i — $i1]
[(k+1)/2] -1
<2 Sz:; <€ (2>) + n2i1;2:2E[T1\/[RCA[n2, mg]]
=4¢ ! (1 — M) + sup E[Tamrcalna, ma)

no+mo=2

The first inequality follows from Equation (|1.3.1]). We finish the proof by observing that the right hand
side is finite and independent of n,m. O
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Part 1

Seedbanks
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Chapter 2

Generalizations of the KKL model

Now we present the first seedbank model. Some parts of this Chapter are based on [7] and [6]. The main
Theorem of the chapter (Theorem is based on discussions with J. Berestycki and N. Kurt.

Seedbanks can play an important role in the population genetics of a species, acting as a buffer against
evolutionary forces such as random genetic drift and selection as well as environmental variability (see
e.g. [70] for an overview). Their presence typically leads to significantly increased genetic variability resp.
effective population size (see, e.g., [68], [42], [55], [69]) and could thus be considered as an important
‘evolutionary force’. In particular, classical mechanisms such as fixation and extinction of genes become
more complex: genetic types can in principle disappear completely from the active population at a
certain time while returning later due to the germination of seeds or activation of dormant forms.

Seedbanks and dormant forms are known for many taxa. For example, they have been suggested to
play an important role in microbial evolution [38], [23], where certain bacterial endospores can remain
viable for (in principle arbitrarily) many generations.

In 2001, Kaj, Krone and Lascoux [33] postulated and studied an extension of the classical Wright
Fisher model that includes seedbanks effects. In their model, each generation consists of a fixed amount
of N individuals. Each individual chooses its parent a random amount of generations in the past and
copies its genetic type. Here, the number of generations that separates each parent and offspring is
understood as the time that the offspring spends as a seed or dormant form. Formally, a parent is
assigned to each individual in generation g by first sampling a random number B, which is assumed to
be independent and identically distributed for each individual, and then choosing a parent uniformly
among the N individuals in generation g — B (note that the case B = 1 is just the classical Wright Fisher
model). The distribution of B, that we denote u € P(N), is called the seedbank age distribution.

The main result in [33] is that if p is restricted to finitely many generations {1,2,...,m}, where m is
independent of NV, then the ancestral process induced by the seedbank model converges, after the usual
scaling of time by a factor N, to a time changed (delayed) Kingman coalescent, where the coalescent
rates are multiplied by 1/E[B]?. An increase of the expected value of the seedbank age distribution
thus further decelerates the coalescent, leading to an increase in the effective population size. However,
as observed by [70], since the overall coalescent tree structure is retained, this leaves the relative allele
frequencies within a sample unchanged. In this scenario we thus speak of a ‘weak’ seedbank effect. In
this chapter we will focus on ‘weak’ seedbank effect, but we will also show that seedbanks can cause
stronger effects.

We are interested in the case where B is an unbounded random variable. In particular, we will assume
that

P(B>k)=u{k,k+1,..}) = L(k)k™,

for all £k € N, where L is a slowly varying function. We will show that the genealogical process conver-
gences to a time change of the Kingman coalescent in the case o > 1. On the other hand, we will show
that a strong seedbank effects can lead to a behaviour which is very different from the Kingman coales-
cent. In particular, if the seedbank age distribution is ‘heavy-tailed’, say, then if a < 1 the expected time
for the most recent common ancestor is infinite, and if @ < 1/2 two randomly sampled individuals do
not have a common ancestor at all with positive probability. Hence this will not only delay, but actually
completely alter the effect of random genetic drift.

35



Finally we will study a seedbank model in which the seedbank age distribution depends on the
population size. We will study an example in which convergence to the Kingman coalescence holds after
rescaling time with a scale function that goes to infinity orders of magnitude faster than N. This is a
seedbank model with

p=pN)=(1-¢)d1 +ebys,8>0,e€(0,1).

In particular, we will show that for 8 < 1/5 the ancestral process converges, after rescaling the time
by the non-classical factor N'*28_ to a time-changed Kingman coalescent, so that the expected time to
the most recent common ancestor is highly elevated in this scenario. However, since the above model is
highly non-Markovian, the results in other parameter regimes, in particular 8 = 1, are still elusive.

2.1 Construction of the model

The formal construction of our model follows [33] [7, [6]. Fix § > 0,e € (0,1). For each N € N let

oo
pn =Y _als;, (2.1.1)
i=1

where 7 al¥ =1,0<al <1 and §; is the atomic Dirac measure with support {i}.

Fix once and for all a reference generation 0, from which time in discrete generations runs backwards.
Fix a sample size m > 2 and a sampling measure ~ for the generations of the original sample on the
integers N. We will usually assume that + has finite support (independent of N), an important example
being v = dg. Let m € N be independent of NV, and assume that m < N. The ancestral lineages of m
sampled individuals indexed by w € {1, ...,m} in the seedbank process, who lived in generations sampled
according to v with respect to reference time 0, are constructed as follows. Let {(SZ‘(W))iEN}wE{l,...,m} be

a family of independent Markov chains, whose state space is the non-negative integers Ny, with Séw) ~ 7,
and homogeneous transition probabilities,

P(S\") =k | S5 = k) = un (K — k), 0<k<k,i=1,..,m.

The interpretation is that Séw) represents the generation of individual w, and Siw) the generation of

its parent (backward in time), and so on. The set {S(gw), S%w), ...} € Ny is thus the set of generations of
all ancestors of individual w, including the individual itself.

This construction should be thought as a generalization of the Wright Fisher Graph introduced in
Definition Indeed, one can construct the Kaj Krone and Lascoux graph.

Definition 2.1.1. Let Vy = {v = (g,1) € Z x {1,2,..,N}}, {Uy}vevy be a sequence of indepen-
dent random variables, uniformly distributed in {1,2,..., N}, {l, }vevy be a sequence of independent py
distributed random variables and

EN = {{(g - l(g,l)vU(g,l))v (g7l)} fOT allv= (gal) € VN}

We define the N-KKL graph to be the random graph with vertex set Vv and edge set E .

In order to construct the ancestral process of several individuals, we introduce interaction between
ancestral lines as follows. Within the population of size N, in any fixed generation k, the individuals

are labeled from 1 to N. Let (Uﬁw))ieN,we{l

p m} denote a family of independent random variables

.....

distributed uniformly on {1,..., N}. We think of Ugé,))) as the label within the population of size N of

w

the i-th ancestor of individual w. This means that the label of each ancestor of each individual is picked
uniformly at random in each generation that the ancestral line of this individual visits, exactly as it is
done in the Wright Fisher model. The difference is that an ancestral line in the Wright Fisher model
visits every generation, while in the Kaj Krone and Lascoux (KKL) model it does not. Note that of
course all the random variables introduced up to now depend on the population size N.
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Definition 2.1.2. The time to the most recent common ancestor of two individuals w and j, denoted
by Tarroa(2), is defined as

Tarroa(2) = inf {k>0:3,rcN k=8 = 59 and U™ = U, (2.1.2)

In words, Tarrca(2) is the first generation back in time (counted from 0 on) in which two randomly
sampled individuals (“initial” generations sampled according to ) both have an ancestor, and both
ancestors have the same label, hence, it is indeed the first generation back in time that w and j have the
same ancestor.

It should be clear how to generalize this construction to lead to a full ancestral process of m > 2
individuals: Construct the process (Sl-(w), Ul-(w))ieN independently for each individual, and couple the
lines of individual w and individual j at the time of their most recent common ancestor by letting them

evolve together from this time onward, as represented in Figure 1.

Figure 2.1: Coalescing ancestral lines of two individuals. The slots within each generation indicate the
different individuals.

A precise construction is given in the following way. Let

Ty=if{k>0:3lcNw#jc{l...m}:k=5" =359 v =y, (2.1.3)

be the time of the first coalescence of two (or more) lines, and let the set of individuals whose lines
participate in a coalescence at time 77 be denoted by

Li={we{l,,m}:3lcNj#w:T=5" =57 U =vudh. (2.1.4)

I; can be further divided into (possibly empty) pairwise disjoint sets

F={wel U =p}, p=1,..,N. (2.1.5)

Note that by construction there is at least one p such that I? is non-empty, which actually means that
any such IT contains at least two elements. Let

P TP
77 = min 1,

and let
J= | &)

pIP#£0
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After time T} we discard all SV for j € 17, j # i}, and only keep S for every p = 1, ..., N. We interpret
this as merging the ancestral lineages of all individuals from I? into one lineage at time 77, separately
for every p with I # (). In case there are several non-empty I7, we observe simultaneous mergers. For
r > 2 we define now recursively

Tpo=inf{k>T_y:3i,l€NTuwjel’ Udpyitj k=8 =59 v =vP}  (216)
and
Li={wel Ul 1:3i1eNFj#wjell Ul i:T,=5" =59 UM =vd}, (2.1.7)

and similarly I? := {w € I, : Uj(ff_)) =p}il =minl?,p = 1,...,N, and J, = U, rp{iL}. We stop the
recursive construction as soon as I¢ = (), which happens after finitely many 7. Now we can finally define
the main object of interest of this chapter.

Definition 2.1.3. Fix N € N;8 > 0, and € > 0. Fix m < N and an initial distribution v on Ny.
Define a partition-valued process (Ay )wen,, starting with AY = {{1},...,{m}}, by setting AY = A} | if
k ¢ {T1,Ts,..}, and constructing the AY ,r =1,2,... in the following way: For each p € {1,...,N} such
that I # 0, the blocks of Aql\{.q that contain at least one element of IV, are merged. Such merging is done
separately for every p with I? # (), and the other blocks are left unchanged. The resulting process (AkN)keN
is called the ancestral process of m individuals in the Wright Fisher model with seedbank age
distribution puy and initial distribution . The time to the most recent common ancestor of the m

individuals is defined as
TN poa(m) = inf{k;eN:A,ICV ={1,..,m}}. (2.1.8)

Remark 2.1.4. This definition of ancestral process is slightly more involved than the equivalent definition
for the Wright Fisher model, Definition [1.1.16f The reason for this is merely the technical difficulties,
induced by the fact that in the KKL model ancestral lines do not visit all generations. However, the
reader should remember than the concept behind the two definitions is the same.

It is important to note that (ALY) is not a Markov process: The probability that a coalescent event
occurs at time k depends on more than just the configuration A,Ic\ll. In fact, it depends on the values

max{ST(Lw) : Sr(Lw) <k—1}, w=1,...,m, that is, on the generation of the last ancestor of each individual
before generation k.

Now let us present an equivalent construction of (A%) in terms of renewal processes.

Fix N € N and a probability measure p on the natural numbers. Let v € Viy :=Z x {1, ..., N} denote
an individual of our population. For v € Viy we write v = (gy,l,) with g, € Z, and 1 <[, < N, hence g,
indicating the generation of the individual in Z, and [, the label among the N individuals alive in this
generation.

The ancestral line AL(v) = {vg = v,v1,v2,...} of our individual v is a set of sites in Vi, as in
deﬁnitionl@7 where gy, gu, - - - 4 —00 is a strictly decreasing sequence of generations, with independent
decrements g,, —gv,_, =: M, ! > 1 with distribution u, and where the l,,l,,, ... areii.d. uniform random
variables with values in {1,..., N}, independent of {g,, }ren,. Letting

i
Si=m,
k=0

where we assume Sy = 719 = 0, we obtain a discrete renewal process with interarrival law u. In the
language of [45], we say that a renewal takes place at each of the times S;,7 > 0, and we write (g;);en,
for the renewal sequence, that is, ¢; is the probability that ¢ is a renewal time.

It is now straightforward to give a formal construction of the full ancestral process starting from
m € N individuals at time 0 in terms of a family of N independent renewal processes with interarrival
law g and a sequence of independent uniform random variables U,k € —N,w € {1,...,m}, with
values in {1,..., N} (independent also of the renewal processes). Indeed, let the ancestral processes pick
previous generations according to their respective renewal times, and then among the generations pick

38



labels according to their respective uniform random variables. As soon as at least two ancestral lineages
hit a joint ancestor, their renewal processes couple, i.e. follow the same realization of one of their driving
renewal processes (chosen arbitrarily, and discarding those remaining parts of the renewal processes and
renewal times which aren’t needed anymore). In other words, their ancestral lines merge.

Denote by P%; the law of the above ancestral process. For v = (gy,1,) € Vx with g, = 0, we have

4 ZPK,(AL(U)H ({—i} x {1,...,N}) #(Zl), (2.1.9)

and the probability that w = (g, lw) € Vv is an ancestor of v, for g, < g, is given by

1

P]’G(w € AL(v)) = N(Igu*gw = qugw'

For notational convenience, let us extend ¢; to i € Z by setting ¢; = 0 if i < 0. Note that go = 1.

In the rest of this chapter, we denote by P, the law of (Si(l)), indicating the initial distribution of
the generations of the individuals. We write Pg.m for the law of the process (AY) if the generations,
of each of the m sampled individuals, are chosen independently according to . We abbreviate by slight
abuse of notation both Ps;, and P®5'6” by Py.

2.2 Three different behaviors

In this subsection, a seedbank effect with unbounded seedbank age distribution yu is considered. To make
this statement precise we need the following definition.

Definition 2.2.1. For each oo > 0, let Ty, := {0}, @ € (0,00) be the set of all measures p such that
pw({ii+1,..}) =i"*L(), néeN,
for some slowly varying function L : N+— N, i.e. for any a € R,

- Lai)) _
S T

Below, we identify three regimes concerning the time to the most recent common ancestor: If o > 1,
then the expected time to the most recent common ancestor is of order N, and the ancestral process
converges to a constant time change of Kingman’s coalescent under classical rescaling by the population
size. For 1/2 < a < 1, the time to the most recent common ancestor is finite almost surely, but the
expectation is infinite for any N. If o < 1/2, then there might be no common ancestor at all.

Theorem 2.2.2 (Existence and expectation of the time to the most recent common ancestor). Let
wely, v=20do, vyw € Vy,v#w and N € N.

(a) If a € (0,1/2), then P(AL(v) N AL(w) # 0) <1 for all N € N,
(b) If « € (1/2,1), then P(AL(v) N AL(w) # 0) = 1 and E[Tarcal2]] = oo for all N € N.
(c) If @ > 1, then P(AL(v) N AL(w) #0) =1 for all N € N and E[Tyrcal2]] < oo for all N € N.

In other words, for > 1/2 two individuals almost surely share a common ancestor, but the expected
time to the most recent common ancestor is finite for & > 1 and infinite if « € (1/2,1). Compare this
Theorem with Lemma [LT.15

Remark 2.2.3. In the boundary case o = 1, the choice of the slowly varying function L becomes relevant.
If we choose L = const., then it is easy to see from the proof that E[r] = co. The case a = 1/2 also
depends on L and requires further investigation.

To prove Theorem we will need some bounds on the ¢; (defined in Equation(2.1.9))) that can be
obtained via Tauberian theorems. Proof of Theorem We first prove (c), which corresponds to

the case where we have convergence to Kingman’s coalescent. Without loss of generality, assume g, =
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gw = 0. Denote by (R;) and (R}) the sequences of renewal times of the renewal processes corresponding
to v and w respectively, that is, R; = 1yc(s,,s,,..}}- In other words, R; = 1 if and only if v has an
ancestor in generation —i, and ¢; = P(R; = 1). Let

T:=inf{i: R, =R, =1}

denote the coupling time of the two renewal processes. Since each time v and w have an ancestor in the
same generation, these ancestors are the same with probability N, we get

E[Tyroa]l = NE[T).

But if @ > 1, we have that E,[n] < oo, and therefore by Proposition 2 of [44], E[T] < cc.
(b) We will use Lemma 5.1.b. in [27], which is:

Lemma 2.2.4 ([27] 5.1.b). Let u € T'y,. Let {¢;}ien be as in Equation (2.1.9). The sum

is finite if o € (0,1/2) and infinite if o > 1/2.

Now, for independent samples R and R/, the expected number of generations where both individuals
have an ancestor, is given by

B[Y_RiR] =) EIRIER] = a.

which is infinite if & > 1/2 due to Lemma Each of these times, the ancestors are the same with
probability 1/N, therefore with probability one A(v) and A(w) eventually meet. However, the expected
time until this event is bounded from below by the expectation of the step size,

E[Tyvrcal = Eln] = oo

ifa<l.
(a) In this case, E[> ooy RiR;] = 377 ¢? < 0o, and therefore

P(Y RiR; =o0) =0,
i=0

which implies that the probability that AL(v) and AL(w) never meet is positive.

Remark 2.2.5. In [23] the observation that the existence of seedbanks can drastically delay the time to
the most recent common ancestor was used to provide a plausible explanation for the peculiar genetic
relation between Azotobacter vinelandii and Pseudomonas. Tt turns out that around 60% of the genome
of Azotobacter is shared with Pseudomonas. This is rather large, but apparently not enough to consider
Azotobacter as a Pseudomonas. Azotobacter is known for its ability to produce cysts. We proposed
that Azotobacter has an ancester Pseudomonas in the very far past. We supported our hypothesis by
comparing the genome of Azotobacter with the genome of different Pseudomonas. We concluded that
the existence of a seedbank could have had a crucial effect in the evolution of Azotobacter.

2.3 Convergence to the Kingman coalescent

We will now study the weak seed bank regime, in which the ancestral process of the Kaj, Krone and
Lascoux model converges to a time changed Kingman coalescent.

This section consists of three subsections: in the first we introduce an auxiliary process. In the second
we state and prove a criterion for convergence to the Kingman coalescent. Finally in the last subsection
we apply the criterion to some important particular cases.
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2.3.1 An auxiliary process and its stationary distribution

In |33] and [7], an auxiliary Markov urn process plays a crucial role. We present this process and derive
some of its properties.

Fix N and pn as in (2.1.1). Fix a probability measure v on N, and assume that supp(y) C supp(py ).
Let P., be the law of a Markov chain (Xg)ren, on N with initial distribution v that moves according to
the following rules: For £ > 0, depending on the current state Xj_,, we have transitions

i with probability pn(i — 1)1¢x, =), forany i € N,i £ 0,7 # X 1 — 1
X =<0 with probability unx(1)1{x,_ =0y + l{x,_, =11, (2.3.1)
X1 —1 with probability 1yx, 51}

As in [33], we call this process an urn process, because we think of X, as the position (urn) of a ball that
is moved among countably many urns. Figure 2 shows the possible jumps of (X).

e

Figure 2.2: The possible jumps of X : From urn 0 it jumps acording to gy, from urn 7 > 0 it always
goes urn ¢ — 1.

How does this new process connect to the original processes (S ,(cw)) resp. our ancestral process (A% )?
We can couple (Xj) and (S,(cw)) such that the successive times that (X}) visits urn 0 are exactly the

successive values visited by the process (S,(cw)), that is, the generations in which individual ¢ has an
ancestor. This coupling is achieved as follows: Define

Moy:=ml{k>0: X, =0}, M,=inf{k>M,1:X,=0},i>1 (2.3.2)
Then we have

Lemma 2.3.1. Let (X;)ien, be the above urn process with initial distribution v on {0,..., N® — 1}, and

let (M;)ien, be defined as in (2.3.2). Then the process (M;);en, has the same distribution as (Si(w))ieNo
started in v, and for all k € N,

P, (3i: S™ = k) = P, (X = 0). (2.3.3)
Proof. Immediate by construction. O
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Note that, conversely, given Si(w),i € Ny, equation uniquely determines M;, ¢ € Ny. Taking
as the distribution of Sy and as the initial distribution for (X;), since the urn process (X;) is determined
by the successive times it visits urn 1, Lemma[2.3 1] yields a one-to-one correspondence between ancestral
lines in the KKL process, and the above urn process.

Let E,, denote the expectation of a uy-distributed random variable i.e.

oo

Eux =E[B] =Y un({kk+1,..}).

i=1
Lemma 2.3.2 (Lemma 1 in [33]). The probability measure vy on {0,..., N® — 1} defined by

_ kN ({k‘, k+1, })

)
EHN

vn (k) : k=0,1,2.., (2.3.4)

is the unique stationary distribution of the urn process (Xp).

Proof. The proof follows from equation ([2.3.1)).

P,y (X1 = k) =Py (X1 = k| Xo = k + )Py (Xo = k + 1)
+ Py (X1 = k|Xo = 0)P, (Xo = 0)
=vn(k+1) + pn(k)vn(0)
=vn (k)

O
In view of Lemma [2.3.1] an important quantity in this paper will be the probability that X = 0,
which under stationarity is equal to

vn(0) (2.3.5)

1
EMN .
This is particularly important because

i . 1 \2
Poven (X{) = X0 =0)=140) = () (2:3.6)
KN

2.3.2 A mixing time criterion for convergence to the Kingman coalescent

Theorem 2.3.3. Fiz a sequence of seedbank age distributions {un}nen, such that for every N € N
|supp(pn)| < oo. Let (X{)ken, be the urn process associated to pn, with X = (0,...,0). Let (A})
be the ancestral process induced by the urn process (X2). If (XN )ken, is irreducible and aperiodic with
stationary distribution vy and a mizing time 7, ., and they are such that

1T’

N 2
Tmiz wN

N 0 as N — oo, (2.3.7)

then for any sample size m € N, the rescaled ancestral processes (AILVNW tJ)t€R+ converges weakly over
N

the space of Skorohod to the Kingman m-coalescent.

Remark 2.3.4. For simplicity we will always assume X = (0, ...,0), but the results are true under more
general initial conditions. In [7] and [6] particular cases of the previous Theorem are discussed for more
general initial conditions (independent of N).

Remark 2.3.5. If one considers unbounded seedbank age distributions, in the sense of |supp(un)| = oo,
then 7. = co. In that case the theorem is still true, but it is absolutely not useful. One can study
unbounded seedbanks by truncating py and applying a coupling argument. Unfortunately, this method
still doesn’t seem to work as well as one would like it to work (see Theorem and compare it with

the main Theorem of [7]).
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Proof. Heuristically, if equation holds, by the time until the first coalescent event “has an oppor-
tunity to happen”, the urn process (X ]va ) gets very close to its stationarity distribution . Imagine an
urn process which is always in stationarity, then the probability of observing a coalescence event in the
ancestral process that it induces, depends only on the number of ancestors (the number of balls in the
urn process or equivalently the number of blocks in the state of the ancestral process). In this case, the
ancestral process is a Markov process. The philosophy of this proof is to compare the ancestral process
(AkN ) with an artificial ancestral process that comes form an artificial urn process which, in some sense,
is always in stationarity. The gain of doing this is that we can use the generator of the artificial ancestral
process to prove convergence to the Kingman coalescent and then use a coupling argument to extend the
result to the real ancestral process. The main idea to construct the coupling is to observe the position
of each pair of individuals w, j € {1,2,...,m} only when both members of the pair have the same label

i.e. U, ,gw) =U ,gj ) (when there is an opportunity to coalesce). This gives enough time to the urn processes

X ,iw), X ,ij ) to have a very similar distribution to the stationary distribution v.
The proof is notationally heavy, so the reader is invited to consult Table 2.1.

Table 2.1: Notation

Symbol Description State space
{U,gw_)} Family of independent uniform on {0,1,..., N} RV {0,1,..., N}
e Times at which coalescence is possible between N
the blocks with smallest element w and j respectively
T Times at which coalescence is possible N
(XN Urn process N
(AY)  Ancestral process constructed using (X}) and {U ,gw)} [m]
(RM) Equal in distribution to (X72) N
(Ejv ) Sequence of independent vy distributed RV,

(Rév , RN) are constructed using optimal coupling

(ZY) (ZY) = RY and constant in k ¢ {7} N
(7],:) (ZJTV) = ﬁjv and constant in k ¢ {;} N
(ffv) Ancestral process constructed using (72[) and {U")} [m]
(LY)  Ancestral process constructed using (Z7') and {U,gw)} [m]
Q Absorption time of (L) N
k Time measured in generation N
i Time measured in opportunities to coalesce N
t Time in the limiting scale R

Fix the seedbank age distributions uxn and fix the sample size m € N. Denote Eny = supp(un). The
N will be dropped from the notation when there is no ambiguity. Recall the family of random variables
(U,gw))keNo, for each w € {1,...,m}, which is the sequence of IID uniform in {1, ..., N} random variables,
introduced in the construction of (A%) in Section For any pair j,w € {1,2,...,m}, j #w,let 7" =0
and
Y =inf{k > 7/ U,gj) = U,Ew)}.

7

Let 7 = 0 and _
7 =inf{k > 7,1 : k =7/" for some s € N, j,w € {1,2,...,m}}.

Observe that for all w,j € {1,2,...,m} it holds that almost surely 7; < Tgw. Note further that {wa -
77" }ien is a sequence of IID geometric random variables with parameter 1/N. Indeed,

P}V — 7" > k) =P(r{" > k) =P(UY £U™ Vs <k)=(1-1/N)*!

3

This implies in particular that, for every i € N and j,w € {1,2,...,m}, Tijw is almost surely finite. Then
we conclude that for every i € N, 7; is almost surely finite.

Let Rév = RY = X{. Conditionally on RY |, = r = (r1,...,7,) and Ei]\il =7 = (F1,..,Tm),

let (Efv , RY) be the optimal coupling of the stationary distribution of (X}), which is v, and the
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probability measure

Er()=P(XN_ € ) =P, (X X e, (2.3.8)

Ti—Ti—1 Ti—Ti—17 """ T T —Ti—1

which are two probability measures on E}}. Applying the strong Markov property to the almost surely
finite stopping time 7;_; we observe that

Er() =Pr(XN_,,  €) =P (X €)= &() (2.3.9)

Ti—Ti—1

As we construct RN and EZN using the optimal coupling, we know by Lemma [1.2.30| that

—N m
P(RY =R; R, = (r1,rm)) = L= [R™ = &ny |7y (2.3.10)
Lemma 2.3.6. The above construction implies that:

7N .
o (RlN,Ri )ien s a Markov process.

o The stochastic process (sz-v)ieN is a sequence of independent vy -distributed random variables .
o In distribution (RY )ien = (XX )ien.

Proof. The first claim is immediate by construction. The second claim is verified inductively. It is clear

—N —N —N
by construction that R, is vy-distributed and independent of Ry . Assume that (R; )ic(1,..n—1} is a
collection of independent vy-distributed random variables. Then,

—N —N —=N —N
PR, =an, Ry y =an1,. R =a1)= Y PR, =an, R,y =an1,... R, =a, R, =0)

beEN
= Z HD(R:{ = an’RnN_l = Qp-1, ,,_’Eiv = a,17R71:[_1 = b)
beEN
. N N
X IP)(Rn—l = 0n-1, "'aRl = alan_l = b)
—N —=N
= > PR, =au[R, s = au1.RY, =D)
beEN
X }P’(EnN_l = an_1, ,,,,Eff =a;,RY | =b)
—N N
=vn(an) Z P(R, , =an_1,..., R, =ai,RY | =0)
beEN

N —N
:VN(an)P(Rn_l = Ap—1y---y Rl = al)

This proofs the inductive step and proofs the claim.
To verify the last claim notice that by construction (R );cy is a Markov chain, (the right hand side
of equation (2.3.9) depends only on (r1,...,7,)). As X = R}, to prove the claim we just need to verify

that the transition matrix of (R} );cy is the same as the transition matrix of (X2 );en.

For any fixed (rq,...,7,) € EXY™ and (1, ...,z,) € EY™,

]P)Tl,...,rm(R{V - ('1:17 axm)) zgiﬂ"l,...ﬁ'm((zla azm))

=P o (XD, X)) = (21, ey ). (2.3.11)

Then the transition probabilitis are equal, and the equality in distribution holds.

For every k € N, let it := max{i : 7; < k}. We define
._ pN
Zy = R

and
Zk =R,

1k
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We construct (L) and (ka) just as we constructed (AY) in Section , where (Zy,) (resp. (Z})) plays
the role of (Xj). This means that j and w coalesce in (L}) the first time k£ > 0, such that Z,Ew) = Z,gj)
and U,gw) = U,gj). By Equation (2.3.11)), in distribution (4 ) = (L7Y) as in either process coalescence
can occur only on times k = 7/, for some i € N.

Now, notice that (fo) is a Markov chain with values in [m], the space of partitions of m elements.
Let 7,7’ € [m]. Recall that, we say that 7’ follows 7, and we write © > 7/, if 7’/ can be constructed from
7 by merging exactly 2 blocks. Assume that 7 = 7’. Assume further, without loss of generality, that 7’
is constructed by merging the blocks of m with smallest element w and j respectively. Then,

P(Ty = |Tny =m) =P({3i: k =9}, 2\ =2 = 0) + o(1/N)
“PFi: k=2 =ZP =03 : k = 17) + o(1/N)
1 1
NIE2 +o(1/N)

Now, let w be a partition of m elements, that is different from 7 and that can not be constructed
by merging 2 blocks of w. Then, in order to go from 7« to 7 in one step, a necessary condition is that

at least 3 elements of {U,gw)}we{l

..........

equal. Either event happen with probability N~2. Further, at least 3 elements of {7§€w)}w€{1)__7m} must
be at state zero. This happen with probability E;ﬁ

1

—N —N
P(L, =x|Lj_,=m)< NoED,

From these two equations we can calculate the generator of Lk For any 7 € [m], let [m], = {7’ € [m] :
w7} Let f:[m]— ]RI Let £ be the discrete generator of Lk Then

f@) — f(x) 1
= 2 NE2 * O(NzEgN )

w'E[m]

This suffices to conclude that (ZILVN]E%; ¢))i>0 = (Kt)i>0, weakly over the space of Skorohod over [m],
N

where (K;) is the Kingman coalescent (see, [I8] Theorem 4.8.2 and Theorem 3.7.8).
It remains to show that with probability going to 1 as N goes to infinity, the processes (L]kv ) and the

process (Z;CV) follow the same trajectory. Let Q = inf {i € N : ZJTV = {{1,2,...,m}}} be the absorption

time of (L., ) Note that {{1,2,...,m}} is an absorbing state of fg and LY. Our aim for the rest of the
proof will be to verify the hypothesis of Lemma [1.2.26

P((LY) = (Ty),Vk € N) =P((LY) = (TY),Vi < Q)
>P(RN =R, Vi< Q)
Note further that for any function f : N~ R, such that limy_,o f(N) = oo, it holds that

. . — E2 /m
i P(Q > J(NJE) < Jim 1= (1= (1= BT <0

To obtain the inequality one can consider a modified coalescent in which only one pair has the possibility
to coalesce at each time and then one can calculate the probability that non of the m coalescent events
(neccesary to attain the absorbing sate) takes more that f(N)E? /m units of time. Then we observe
that the two last equations lead to

lim P((LY) = (T, ),¥k € N) > lim P(RN =R, Vi < f(N)E2) (2.3.12)
N—o0 N—oo
LF(VE2, |
))

1We do not require further properties of the function f, because [m] is a finite (discrete) space.

> lim ( inf (1— ||1/ —&ir

N—oco \reEm™
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Here we used Equation (2.3.10) in the second inequality. Now observe that, for all r = rq,...,r,, € E™,

o0
lvR™ = &irllrv =[lvg™ — Zprl,...,rm((Xﬁl), s XEM) € )P(7; = i1 = 8)||7v

Z W™ = Pry o (XD, X)) € || pvP(ry = 5)
o _
Z Z ™ = Bry o (X e X0 € v (T = Tnis + k)

where in the first inequality we used the triangle inequality and the fact that in distribution 7, —7,_1 = 71.
In the second inequality we used Lemma [1.2.32|and that 7; is a geometric random variable, so P(r; = i)
is a decreasing function of i.

Substituting in equation (2.3.12f), we conclude

N N . m\ Tmiz I-(f(N)Eny)zJ
4 > _

If the assumption stated in Equation (2.3.7) is satisfied we can choose the function
N

TmleﬁN

f(N) = In( ),

so we have that f(N) — oo and, using the Bernoulli’s inequality,

m N TminQ
li 1-— 1 i
i (2) il )

= 1.

lim P((LY) = (Ty ),Vk € N)

N—oo

Y

We conclude by Lemma [1.2.26| that (L]LVNEQ . j) converges to (Ky), weakly over the space of Skorohod,
which finally imply that (AL]E2 . j) converges to (Ky), weakly over the space of Skorohod. O
uN

2.3.3 Applications of the criterion for convergence to the Kingman coales-
cent

We now present a proof of a special case of the main theorem of [7], that follows an application of
This is also a proof of the main Theorem of [33], as a particular case.

Theorem 2.3.7. Assume that py = p for all N € N, where p is a seedbank age distribution such that
u({n:n > iy) = L@,

for some slowly varying function L : N — R and some a« > 1. Fix a sample of size m € N and
let (XY) = (0,...,0). Then, as N — oo, the sequence of stochastic processes (AILVNIEgtJ)tERJr converges

weakly over the space of Skorohod to Kingman’s m-coalescent.

Proof. We will use a coupling argument. Fix a constant 3 € (a~',1), so that a3 > 1. Let (X2 ) be the
urn process of a KKL model with seedbank age distribution p N defined by

() fori € {2,...., N°}
py (1) = S (1) + p({i > NP})  fori=1, (2.3.14)
0 for i > NP,
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Let (X}Y) be the urn process of a seedbank model with seedbank age distribution u. Note that Ep) <
E, < oo.
First let us prove that (A]LVN]Eﬁ ¢)) = (K), where (A]LVNE,% ¢)) is the ancestral process that correspond

to (K{VNE%J ). Let 7Y, be the mixing time of (X7 ). Note that for every ¢ > 0, there exist N, € N, such
that for all N > N,
TN < NBte, (2.3.15)

This bound (and probably much better bounds) can be shown using renewal theory or the Doeblin
coupling (see Example and Example . A quick argument follows an easy proposition:

Let V¥V € {1,...,3N"} be the number of generations, among generations {—3N”, ..., 0}, that are
visited by the ancestral lines of two individuals vy, v2, such that individual v; belongs to generation zero
and individual vy belongs to generation —k € {fNB, ...,0}. Note that 7oy < k if and only if VkN > 0.

Proposition 2.3.8. liminfy_,. P(VY > 0) > 0.

Proof. Note that E[V] < 3NSP(V; > 0). We will show that liminfy_,o, P(V4 > 0) > 0, by showing that
E[Vi] = O(N?). For every N € N, by convergence to the stationary distribution of the urn process,
lim; 00 ¢; > 1/(2E,,), where ¢; is as in Equation (2.1.9). So that for every k € {1,2,..., N%}

3N?
: Zi:l qiqi—k _9
N TN T

This implies that Vi = o(N?). O

The bound on the mixing time is finally obtained by applying the Doebling coupling in each coordinate
of the urn process independently (as in Example , and noticing that, by Proposition [2.3.8] the
coupling has positive probability of being successful (independent of N) each 3N” generations. Clearly
this implies that the probability that the coupling is not successful for at least one coordinate, in the
first N#+t€ generations, is exponentially small. Then, Equation follows and we observe that, for
large enough N,

7_N 2

mizTp B+e—1
— NN .
N <

If we take 0 < e < 1 — 3, the assumption of Theorem [2.3.3] (Equation (2.3.7)) is true and we can then
conclude that (AILVNE%L”) = (Ky).

To finish the proof, we construct a coupling of (X7) and (X}), by the rule X{ = X{¥ and if
XY = XN and X,?Zr(iv) - X,iv(w) < N¥ for all w € {1,2,...,m}, then X}/, = X}, 1. Otherwise X s
independent of X ,?_’H and has the same transition law as X1 D1

Let Jy = inf{k € N: X2’ # XN}. Let u € (0,28 — 1), note that for any starting point z € E®™,

Po(Jy < N'*) < 1= (u({i < N}y
< 1—(1—=N"BmN"" g

Denote Th; rc 4 the time to to the most recent common ancestor of (A% ). Note that the convergence to
the Kingman coalescent of (AJ ), implies in particular that Pz(T3;rca > N'**) — 0. Then

Pe(TY roa > In) < Pe(TYroa > N + Pr(Jy < N1 0.

This implies that P(X é\r =X ,JCV ,Vk € N) — 1. Thus the statement of the Theorem follows by applying
Lemma [1.2.26) O

Remark 2.3.9. We only proved the convergence to the Kingman coalescent for « > 1 and not for the
less restrictive condition E, < oo, which can be proved using renewal theory (see [7]). This is due to
our bound on the mixing time, which is bad (Equation ) The intuition suggests that the mixing
time is of order one. I believe that mixing times are an excellent tool to study weak seedbanks with
unbounded seedbank age distribution, and that these techniques will lead to new results (also involving
further evolutionary forces).
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Now we present a slightly weaker result than the main Theorem of [6].

Theorem 2.3.10. Consider the ancestral process of a sample of size m € N in a seedbank model with

seedbank age distribution
un = (1 —¢)6) +edys (2.3.16)

and starting condition for the urn process (X{¥) = (0,...,0). If 0 < B < 1/5 the sequence of processes
{(A]LZZNIertJ)tZO}NEN converges to Kingman’s m-coalescent weakly on the space of Skorohod.

N 2
Proof. First note that E,,, = 1—e+eN? = O(N?), this imply that Tm“jf”” = O(N{“;B) It is proved in
the Appendix that 7,,;, < N3%9 for every § > 0 (see Lemma in the Appendlx) Then if § < 1/5,
we can take 1 —58 > § > 0, so that the assumption of Theorem 3| (Equation (2.3.7)) is satisfied. The
statement of the Theorem follows Theorem 2.3.3 O

Remark 2.3.11. The result of Theorem [2.3.10| was proved in [6] for § < 1/4. What happens for 5 > 1/4
is still open.
We will sketch a last example, which is related to the main object of the next chapter. We take

o0

py = (1- 51+ Z

=1

where o > 0 and G* is a geometric random variable such that E[G*] = N*. Note that E,,, =2 — ﬁ It
can be verified that the mixing time of is of order N®. Then, by Theorem [2.3.3] if & < 1, the ancestral
process converges to the Kingman coalescent. However, if & = 1, then % = O(1), and Theorem
does not apply. It turns out that in this case the scaling limit is not the Kingman coalescent. In
the next chapter we study an equivalent model to the case @ = 1, which happens to converge to the
seedbank coalescent.
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Chapter 3

The Seedbank Coalescent

3.1 Introduction

This chapter consists essentially of the paper [8] and contains parts of [5].

As we saw in the last chapter, while there are mathematical results in the weak seedbank regime, it
appears as if the ‘right’ scaling regimes for stronger seedbank models, and the potentially new limiting
coalescent structures, have not yet been identified. This is in contrast to many other population genetic
models, where the interplay of suitably scaled evolutionary forces (such as mutation, genetic drift, se-
lection and migration) often leads to elegant limiting objects, such as the ancestral selection graph [53],
or the structured coalescent [29, [54]. A particular problem is the loss of the Markov property in Wright
Fisher models with long genealogical ‘jumps’.

In this chapter we thus propose a new Markovian Wright Fisher type seedbank model that allows
for a clear forward and backward scaling limit interpretation. In particular, the forward limit in a
bi-allelic setup will consist of a pair of (S)DEs describing the allele frequency process of our model,
while the limiting genealogy, linked by a duality result, is given by a coalescent structure which we call
seedbank coalescent. In fact, the seedbank coalescent can be thought of as a structured coalescent of
a two island model in a ‘weak migration regime’, in which however coalescences are completely blocked
in one island. Despite this simple description, the seedbank coalescent exhibits qualitatively altered
genealogical features, both in comparison to the Kingman-coalescent and the structured coalescent. In
particular, we prove in Theorem [3.:4.4] that the seedbank coalescent does not come down from infinity,
and in Theorem that the expected time to the most recent common ancestor of an n sample is
of asymptotic order loglogn as n gets large. Interestingly, this latter scale agrees with the one for the
Bolthausen-Sznitman coalescent identified by Goldschmidt and Martin [22].

Summarizing, the seedbank coalescent seems to be an interesting and natural scaling limit for pop-
ulations in the presence of a ‘strong’ seedbank effect. In contrast to previous genealogies incorporating
(weak) seedbank effects, it is a new coalescent structure and not a time-change of Kingman’s coalescent,
capturing the essence of seedbank effects in many relevant situations.

The remainder of this chapter is organised as follows:

In Subsection [3.2] we discuss the Wright Fisher model with a seedbank component that has a ge-
ometric age structure, and show that its two bi-allelic frequency processes (for ‘active’ individuals and
‘seeds’) converge to a two-dimensional system of SDEs. We derive their dual process and employ this
duality to compute the fixation probabilities as ¢ — oo (in law) of the system.

In Subsection [3:3] we define the seedbank coalescent corresponding to the previously derived dual
block counting process and show how it describes the ancestry of the Wright Fisher geometric seedbank
model.

In Subsection we prove some interesting properties of the seedbank coalescent, such as ‘not
coming down from infinity’ and asymptotic bounds on the expected time to the most recent common
ancestor, which show that genealogical properties of a population in the presence of strong seedbanks
are altered qualitatively.
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3.2 The seedbank model

3.2.1 The forward model and its scaling limit

Consider a haploid population of fixed size N reproducing in fixed discrete generations k& = 0,1, ...
Assume that individuals carry a genetic type from some type-space E (we will later pay special attention
to the bi-allelic setup, say E = {a, A}, for the forward model).

Further, assume that the population also sustains a seedbank of constant size M = M (N), which
consists of the dormant individuals. For simplicity, we will frequently refer to the NV ‘active’ individuals
as ‘plants’ and to the M dormant individuals as ‘seeds’.

Given N, M € N, let ¢ € [0,1] such that eN < M and set 6 := eN/M, and assume for convenience
that eN = ¢M is a natural number (otherwise replace it by |eN| everywhere). Let [N] := {1,...,N}
and [N]o := [N]U{0}. The dynamics of our Wright Fisher model with strong seedbank component are
then as follows:

e The N active individuals (plants) from generation 0 produce (1 —e)N active individuals in gener-
ation 1 by multinomial sampling with equal weights.

e Additionally, M = eN uniformly (without replacement) sampled seeds from the seedbank of size
M in generation 0 ‘germinate’, that is, they turn into exactly one active individual in generation 1
each, and leave the seedbank.

e The active individuals from generation 0 are thus replaced by these (1 —&)N +3JM = N new active
individuals, forming the population of plants in the next generation 1.

e Regarding the seedbank, the N active individuals from generation 0 produce 0M = N seeds by
multinomial sampling with equal weights, filling the vacant slots of the seeds that were activated.

e The remaining (1 — )M seeds from generation 0 remain inactive and stay in the seedbank (or,
equivalently, produce exactly one offspring each, replacing the parent).

e Throughout reproduction, offspring and seeds copy/resp. maintain the genetic type of the parent.

Thus, in generation 1, we have again N active individuals and M seeds. This probabilistic mechanism is
then to be repeated independently to produce generations k = 2, 3, ... Note that the offspring distribution
of active individuals (both for the number of plants and for the number of seeds) is exchangeable within
their respective sub-population. Further, one immediately sees that the time that a given seed stays in
the seedbank before becoming active is geometric with success parameter §, while the probability a given
plant produces a dormant seed is €.

Definition 3.2.1 (The seedbank model). Fix population size N € N, seedbank size M = M (N), genetic
type space E and 6, ¢ as before. Given initial type configurations &, € E and 19 € EM, denote by

gk’ = (fk(i))ie[N]’ ke N,

the random genetic type configuration in EV of the plants in generation k (obtained from the above
mechanism), and denote by

Nk = (nk(j))je[M]v ke Na

correspondingly the genetic type configuration of the seeds in E. We call the discrete-time Markov
chain (&, 7k )ken, With values in EN x EM the type configuration process of the seedbank model.

Remark 3.2.1. This way of introducing a type process is in the spirit of the classic definition of Cannings
processes (see [9]). It is intuitively clear how to carry out a random-graph construction of the model,
similar to our construction of the Wright Fisher graph (Deﬁnition. However, if we do that, notation
would become unnecessarily heavy. In any case, it is important to note that the seedbank model allows
a natural backwards in time representation.
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Figure 3.1: A realisation of the ancestral relationships in a seedbank model. Here, the genetic type of the third
plant in generation 0 (highlighted) is lost after one generation, but returns in generation three via the seedbank,
which acts as a buffer against genetic drift and maintains genetic variability.

We now specialise to the bi-allelic case E = {a, A} and define the frequency chains of a alleles in the
active population and in the seedbank. Define

1 1
X = Y Waw—ay and VM= — 3 1 k€N (3.2.1)
€N jei)

Both are discrete-time Markov chains taking values in

1 2 1 2

IN:{ ——...1}c 1 . IM:{ ——...1}c 1].
O,N,N, 3 —_ [O, ] resp O’M’M’ ) _ [O, ]

Denote by P, , the distribution for which (X~,Y™) starts in (z,y) € IV x IM P, ,-as., ie.
Poy(-) =P | XY =2, Y =y) for (2,y)cI™ =1V

(with analogous notation for the expectation, variance etc). The corresponding time-homogeneous tran-
sition probabilities can now be characterized.

Proposition 3.2.2. Let ¢ := ¢N = 6M and assume ¢ € [Nlg. With the above notation we have for
(2,1) resp. (5,9) € IV x I™,

where Z, U,V are independent under Py, with distributions
Lo (Z) = HyPaseynt L.,(U)=Biny ¢, Ly, (V)=Bin.,.

Here, Hypys . ,a denotes the hypergeometric distribution with parameters M, c,y - M and Bin. , is the
binomial distribution with parameters ¢ and x.
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‘,

Figure 3.2: In this figure Z =1, U=2and V =1

Remark 3.2.3. The random variables introduced in Proposition [3:2:2 have a simple interpretation:

Z is the number of plants in generation 1, that are offspring of a seed of type a in generation 0. This
corresponds to the number of seeds of type a that germinate / become active in the next generation
(noting that, in contrast to plants, the ‘offspring’ of a germinating seed is always precisely one plant
and the seed vanishes).

U is the number of plants in generation 1, that are offspring of plants of type a in generation 0.
V' is the number of seeds in generation 1, that are produced by plants of type a in generation 0.

Proof of Proposition[3.2.4 With the interpretation of Z, U and V given in Remark their distribu-
tions are immediate as described in the Definition By construction we then have XV = % and

YM =y + % and thus the claim follows. |

In many modeling scenarios in population genetics, parameters describing evolutionary forces such as
mutation, selection and recombination are scaled in terms of the population size N in order to reveal a
non-trivial limiting structure (see e.g. [I7] for an overview). In our case, the interesting regime is reached
by letting €, § (and M) scale with N. More precisely, assume that there exist ¢, K € (0,00) such that

N
e=e(N) = % and M = M(N) = —. (3.2.2)
Without loss of generality ¢ € [N]g as N — oo. Under assumption (3.2.2)), the seedbank age distribution

is geometric with parameter

K
c__ &2 (3.2.3)

and c is the number of seeds that become active in each generation, resp. the number of individuals that

move to the seedbank. The parameter K determines the relative size of the seedbank with respect to
the active population.
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Proposition 3.2.4. Assume that (3.2.2) holds. Consider test functions f € C®3)([0,1]?). For any
(z,y) € INxIM, let AN = A?EI’&M) be the discrete generator of the frequency Markov chain (XY, Yi¥)cr+,
which act on f by

AN f(w,y) = NE, [ (X, VM) = f(a,9)]

Then for all (x,y) € [0,1]?,
lim AN f(z,y) = Af(z,y),
N—o0

where A is defined by

(@) + 221 - )L (2.y).

0
Af () = oly — )2 . =

of
%(x,y) + cK(z — y)@

A proof can be found in the appendix, see Proposition [A:2.1] Since the state space of our frequency
chain can be embedded in the compact unit square [0,1]?, we get tightness and convergence on path-
space easily by standard argument (see, e.g. [I8] Theorem 4.8.2 and Theorem 3.7.8) and can identify the

limit of our frequency chains as a pair of the following SDEs:

Corollary 3.2.2 (Seedbank diffusion). Under the conditions of Proposition|3.2.4, if X\ — = a. s. and
YM — y as., we have that

(X{Nep Y(Ne))iz0 = (X0, Ye)iso
on Dy o0)([0,1]?) as N — oo, where (X, Y;)i>0 is a 2-dimensional diffusion solving

dXt = C(}/t — Xt)dt + Xt(l — Xt)dBt,
4y, = cK (X, - Yy)dt, (3.2.4)

where (By)i>o is standard Brownian motion.

The proof again follows from standard arguments, cf. e.g. [I8], where in particular Proposition 2.4 in
Chapter 8 shows that the operator A is indeed the generator of a Markov-Process.

Remark 3.2.5. If we abandon the assumption N = KM there are situations in which we can still
obtain meaningful scaling limits. If we assume N/M — 0, and we rescale the generator as before by
measuring the time in units of size N, we obtain (cf. Proposition |A.2.1)

1 2
Jm AN f(a,y) = ey — ) 9 (2,9) + a1~ 2) g ).

This shows that the limiting process is purely one-dimensional, namely the seedbank frequency Y; is
constantly equal to y, and the process (X;)¢>o is a Wright Fisher diffusion with migration (with migration
rate ¢ and reverting to the mean y). The seedbank, which in this scaling regime is much larger than
the active population, thus acts as a reservoir with constant allele frequency y, with which the plant
population interacts.

The case M/N — 0 leads to a simpler limit: If we rescale the generator by measuring the time in
units of size M we obtain

0
i AY fay) = ely —2) 5 (20)

and constant frequency X = x in the plant population, which tells us that if the seedbank is of smaller
order than the active population, the genetic configuration of the seedbank will converge to the genetic
configuration of the active population, in a deterministic way.

The above results can be extended to more general genetic types spaces F in a standard way using
the theory of measure-valued resp. Fleming-Viot processes. This will be treated elsewhere. Before we
investigate some properties of the limiting system, we first derive its dual process.
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3.2.2 The dual of the seedbank frequency process

As we saw in Theorem [I.1.I8] the Wright Fisher diffusion is known to be dual to the block counting
process of the Kingman-coalescent, and similar duality relations hold for other models in population
genetics (see Section|l.3]). Such dual processes are often extremely useful for the analysis of the underlying
system, and it is easy to see that our seedbank diffusion also has a nice dual.

Definition 3.2.6. We define the block counting process of the seedbank coalescent (Ny, M;)i>o to be the
continuous time Markov chain taking values in Ny x Ny with transitions

(n—1,m+1) atrate cn,
(n,m) =< (n+1,m—1) atrate cKm, (3.2.5)
(n—1,m) at rate (5).

Note that the three possible transitions correspond respectively to the drift of the X-component, the
drift of the Y-component, and the diffusion part of the system . This connection is exploited in
the following result.

Denote by P™™ the distribution for which (Ny, My) = (n, m) holds P™™-a.s., and denote the corre-
sponding expected value by E™™. Tt is easy to see that, eventually, N; + M; =1 (as t — o0), P™™-a.s.
for all n,m € Ng. We now show that (Ny, My);>¢ is the moment dual of (X, Y?)i>0.

Theorem 3.2.7. For every (z,y) € [0,1]2, every n,m € Ny and everyt >0
Eoy [X7Y"] = Em™ (2N M. (3.2.6)

Proof. Let f(x,y;n,m) := z"y™. Applying for fixed n, m € Ny the generator A of (X;,Y;);>0 to f acting
as a function of x and y gives

2
Af(e,) =y = 2) 2 £(.9) + 501 = )L 1(w9) + Ko = ) o)

n—1, m n—2, m

=c(y —x)nz" "y + %x(l —xz)n(n —1)a" %y

+ cK(z — y)x"my™?

ZCn(l‘n_lmerl _ m,nym) + (;‘) (xn—lym _ xnym)
m

+ cKm(z"Ty™t — g"y™).

Note that the right-hand side is precisely the generator of (N, M;):>o applied to f acting as a function
of n and m, for fixed z,y € [0,1]. Hence the duality follows from standard arguments, see e.g. [31],
Proposition 1.2. O

3.2.3 Long-term behaviour and fixation probabilities

The long-term behaviour of our system is not obvious. While a classical Wright Fisher diffusion
(introduced in Definition will get absorbed at the boundaries after finite time a.s. (in fact with
finite expectation), hitting 1 with probability Xy = x (as in Lemma7 this is more involved for our
frequency process in the presence of a strong seedbank. Nevertheless, one can still compute its fixation
probabilities as t — oo, at least in law, using very similar arguments as in the proof of Lemma [1.1.21
Obviously, (0,0) and (1,1) are absorbing states for the system . They are also the only absorbing
states, since absence of drift requires x = y, and for the fluctuations to disappear, it is necessary to have
xz €{0,1}.

Proposition 3.2.8. All mized moments of (X,Y:)t>0 solving (3.2.4)) converge to the same finite limit
depending only on x,y, K. More precisely, for each fixred n,m € N, we have

: nymy YT aK
Jim By [X7Y"] = T+ K

(3.2.7)
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Proof. Let (N¢, Mi)¢>0 be as in Definition [3.2.6] started in (n, m) € Ny x Ny. To save notation, we write:
T :=Typrcaln,m] =inf {t > 0: Ny + M, = 1}.

Note that for any finite initial configuration (n,m), the stopping time 7" has finite expectation. Now, by
Theorem |3.2.7

tlirgo ]E:c,y [thy;ﬁm] = nlggo E™™ [th ny]

= lim E™™ [aNey™e | T <] PV (T < t)

t—o0
+ Jim B NN T > o P (T > 1)
t—o0
<1
= Jim (2P (N, = 1,T < 8) +yP"" (M, = 1,T < 1) )
- (281 3t )
K n Y
1+ K 1+ K’

where the last equality holds by convergence to the invariant distribution of a single particle, jumping
between the two states ‘plant’ and ‘seed’ at rate ¢ resp. cK, which is given by (K/(1+ K),1/(1+ K))
and independent of the choice of n,m. O

Corollary 3.2.3 (Fixation in law). Given ¢, K, (X;,Y:) converges in distribution as t — oo to a two-
dimensional random variable (X, Yoo ), whose distribution is given by

y+aK 1+(1-2)K—y
Loy (Koo, Yoo) = T80 + — 775

Note that this is in line with the classical results for the Wright Fisher diffusion: As K — oo
(that is, the seedbank becomes small compared to the plant population), the fixation probability of a
alleles approaches x. Further, if K becomes small (so that the seedbank population dominates the plant
population), the fixation probability is governed by the initial fraction y of a-alleles in the seedbank.

d(0,0)- (3.2.8)

Proof. Tt is easy to see that the only two-dimensional distribution on [0, 1]?, for which all moments are

constant equal to wﬁ}}y, is given by
y+aoK 1+(1-2)K -y
Trg et iy oo

Indeed, uniqueness follows from the moment problem, which is uniquely solvable on [0, 1]2. Convergence
in law follows from convergence of all moments due to Theorem 3.3.1 in [I8] and the Stone-Weierstra8
Theorem. O

Remark 3.2.9 (Almost sure fixation). Observing that (K X;+Y%):>¢ is a bounded martingale, and given
the shape of the limiting law , one can also get almost sure convergence of (X;,Y};) to (Xoo, Yoo)
as t — oco. However, as we will see later, fixation will not happen in finite time, since the block counting
process (N;, My)i>0, started from an infinite initial state, does not come down from infinity (see Section
, which means that the whole (infinite) population does not have a most recent common ancestor.
Thus, in finite time, initial genetic variability should never be completely lost. We expect that with
some extra work, this intuitive reasoning could be made rigorous in an almost sure sense with the help
of a “lookdown construction”, and will be treated in future work. The fact that fixation doesn’t occur
in finite time can also be understood from , where we can compare the seed-component (¥3);>o to
the solution of the deterministic equation

dyr = —cKydt,

corresponding to a situation where the drift towards 0 is maximal (or to dy; = ¢K (1 — y)dt where the
drift towards 1 is maximal). Since (y;);>0 doesn’t reach 0 in finite time if yo > 0, neither does (¥;);>0.
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3.3 The seedbank coalescent

3.3.1 Definition and genealogical interpretation

In view of the form of the block counting process, it is now easy to guess the stochastic process describing
the limiting gene genealogy of a sample taken from the Wright Fisher model with seedbank component.
Recall the notation, for k > 1, [k] is the set of partitions of {1,2,...,k}. For = € [k], || is the number of
blocks of the partition w. We define the space of marked partitions to be

This enables us to attach to each partition block a flag which can be either ‘plant’ or ‘seed’ (p or s), so
that we can trace whether an ancestral line is currently in the active or dormant part of the population.
For example, for k = 5, an element 7 of P,Ep’s} is the marked partition 7 = {{1, 3P {2}*, {4, 5}”}.

Consider two marked partitions 7,7’ € P,Ep “} we say 7 = 7 if 7’ can be constructed by merging
exactly 2 blocks of 7 carrying the p-flag, and the resulting block in 7’ obtained from the merging both
again carries a p-flag. For example

{{1,3}7{2}*{4,5}"} = {{1,3,4,5}"{2}°}.

We use the notation m X «’ if 7’ can be constructed by changing the flag of precisely one block of 7, for

example
{{1,3}7{2}7{4,5}7} w {{1,3}°{2}{4,5}7}.

Definition 3.3.1 (The seedbank k-coalescent). For k > 2 and ¢, K € (0,00) we define the seedbank
k-coalescent (H§’“))t20 with seedbank intensity ¢ and relative seedbank size 1/K to be the continuous
time Markov chain with values in Pép ’S}, characterised by the following transitions:

1 if T =7,
7 7 at rate { ¢ if 7 ¥ 7’ and one p is replaced by one s, (3.3.1)

cK if 7 x 7’ and one s is replaced by one p.

If c = K =1, we speak of the standard seedbank k-coalescent.

Comparing (3.3.1) to (3.2.5) it becomes evident that (N;, M;) introduced in Definition is indeed
the block counting process of the seedbank coalescent.

Definition 3.3.2 (The seedbank coalescent). We may define the seedbank coalescent, (I1;);>0 = (Hﬁ“))tzo
with seedbank intensity ¢ and relative seedbank size 1/K as the unique Markov process distributed ac-
cording to the projective limit as k goes to infinity of the laws of the seedbank k-coalescents (with
seedbank intensity ¢ and relative seedbank size 1/K). In analogy to Definition we call the case of
c = K =1 the standard seedbank coalescent.

Remark 3.3.3. Note that the seedbank coalescent is a well-defined object. Indeed, for the projective

limiting procedure to make sense, we need to show consistency and then apply the Kolmogorov extension
theorem. This can be roughly sketched as follows. Define the process (ﬁgk))tzo as the projection of
(Hgkﬂ))tzo, the k£ + 1 seedbank coalescent, to the space P,gp s}, Mergers and flag-flips involving the
singleton {k + 1} are only visible in (Hgkﬂ))@m but do not affect (ﬁ>§’“>)t20. Indeed, by the Markov-

property, a change involving the singleton {k + 1} does not affect any of the other transitions. Hence, if
ﬁék) = Hék), then
k k
(ﬁg ))tzo = (HE ))t20~

holds in distribution. By the Kolmogorov extension theorem the projective limit exists and is unique.

Note that it is obvious that the distribution of the block counting process of the seedbank coalescent,
counting the number of blocks carrying the p and s-flags, respectively, agrees with the distribution the
process (N, My)>0 from Definition (with suitable initial conditions).
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Figure 3.3: A possible realization of the standard 10-seedbank coalescent. Fat-gray lines indicate ‘inactive
lineages’ (carrying an s-flag, which are prohibited from merging). At the time marked with the horizontal line
the process is in the state {{1,2}°{3}"{4,5,6,7,8}7{9,10}°}.

Further, it is not hard to see that the seedbank coalescent appears as the limiting genealogy of a
sample taken from the seedbank model in the same way as the Kingman coalescent describes the limiting
genealogy of a sample taken from the classical Wright Fisher model (here, we merely sketch a proof, which
is entirely standard).

Indeed, consider the genealogy of a sample of £ < NV individuals, sampled from present generation
0. We proceed backward in time, keeping track in each generation of the ancestors of the original sample
among the active individuals (plants) and among the seeds. To this end, denote by Hl(-N’k) c P,ip *} the
configuration of the genealogy at generation —i, where two individuals belong to the same block of the
partition Hl(-N’k) if and only if their ancestral lines have met until generation —i, which means that all
individuals of a block have exactly one common ancestor in this generation, and the flag s or p indicates
whether said ancestor is a plant or a seed in generation —i. According to our forward in time population
model, there are the following possible transitions from one generation to the previous one of this process:

e One (or several) plants become seeds in the previous generation.
e One (or several) seeds become plants in the previous generations.

e Two (or more) individuals have the same ancestor in the previous generation (which by construction
is necessarily a plant), meaning that their ancestral lines merge.

e Any possible combination of these three events.

It turns out that only three of the possible transitions play a role in the limit as N — 0o, whereas
the others have a probability that is of smaller order.

Proposition 3.3.4. In the setting of Proposition[3.2.4) additionally assume that
Nk
6™ = ({137, (R},

o7



P-a.s. for some fixed k € N. Then for m,n’ € P,ip’s},

L+O0(N"2)  ifre7,
IP’(H(.N’IC) _ ’|H(-N’k) _ 71-) _ ~ + O(N~2) if m } 7 and a p is replaced by an s, (3.3.2)
B ! LK+ ON?) ifmwxn and an s is replaced by a p,

O(N—2) otherwise.

for all i € Ny.

Proof. According to the definition of the forward in time population model, exactly ¢ out of the N plants
become seeds, and exactly ¢ out of the M = N/K seeds become plants. Thus whenever the current state
HZ(N’k) of the genealogical process contains at least one p-block, then the probability that a given p-block
changes flag to s at the next time step is equal to . If there is at least one s-block, then the probability
that any given s-block changes flag to p is given by %, and the probability that a given p-block chooses
a fized plant ancestor is equal to (1 — ﬁ) % (where 1 — ¢/N is the probability that the ancestor of the
block in question is a plant, and 1/N is the probability to choose one particular plant among the N).

From this we conclude that the probability of a coalescence of two given p-blocks in the next step is

P(two given p-block STt
( wo given p-blocks merge) = ( N) N

Since we start with k& blocks, and the blocks move independently, the probability that two or more blocks
change flag at the same time is of order at most N 2. Similarly, the probability of any combination of
merger or block-flip events other than single blocks flipping or binary mergers is of order N2 or smaller,
since the number of possible events (coalescence or change of flag) involving at most k blocks is bounded
by a constant depending on k but not on N. O

Corollary 3.3.1. For any k € N, under the assumptions of Proposition , (H(L]J\\;}lj))tZO converges
weakly as N — oo to the seedbank coalescent (Hgk))tzo started with k plants.

Proof. From Proposition it is easy to see that the discrete generator of (H(L%’t]j)) converges to the

generator of (Hgk))7 which is defined via the rates given in (3.3.1]). Then standard results (see Theorem
3.7.8 in [18]) yield weak convergence of the process. O

3.3.2 Related coalescent models

The structured coalescent The seedbank coalescent is reminiscent of the structured coalescent arising
from a two-island population model (see Subsection or [75 67, B4, 28, 29]). Indeed, consider
two Wright Fisher type (sub-) populations of fixed relative size evolving on separate ‘islands’, where
individuals (resp. ancestral lineages) may migrate between the two locations with a rate of order of
the reciprocal of the total population size (the so-called ‘weak migration regime’). Since offspring are
placed on the same island as their parent, mergers between two ancestral lineages are only allowed if
both are currently in the same island. This setup again gives rise to a coalescent process defined on
‘marked partitions’, with the marks indicating the location of the ancestral lines among the two islands.
Coalescences are only allowed for lines carrying the same mark at the same time, and marks are switched
according to the scaled migration rates. See [71] for an overview.

In our seedbank model, we consider a similar ‘migration’ regime between the two sub-populations,
in our case called ‘plants’ and ‘seeds’. However, in the resulting seedbank coalescent, coalescences can
only happen while in the plant-population. This asymmetry leads to a behaviour that is qualitatively
different to the usual two-island scenario (e.g. with respect to the time to the most recent common
ancestor, whose expectation is always finite for the structured coalescent, even if the sample size goes to

infinity, as we proved in Lemma [1.3.13)).

The peripatric coalescent The seedbank coalescent was recently independently discovered, under
the name The peripatric coalescent by Lambert and Ma (see [37]). It arises as the scaling limit of
the ancestral process of populations with a central structure in which individuals get isolated for long
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periods and then return to the main bulk of individuals. The seedbank coalescent is a simple and natural
mathematical object, which will likely appear as scaling limit in different contexts. Thus, the properties
of the seedbank coalescent have an interest that goes beyond the study of seedbanks. We will prove some
of them in this chapter.

The coalescent with freeze Another related model is the coalescent with freeze, see [14], where blocks
become completely inactive at some rate. This model is different from ours because once a block has
become inactive, it cannot be activated again. Hence, it cannot coalesce at all, which clearly leads to a
different long-time behaviour. In particular one will not expect to see a most recent common ancestor
in such a coalescent.

3.4 Properties of the seedbank coalescent

3.4.1 Some interesting recursions

One can compute the expected time to most recent common ancestor recursively as follows. We will use
the notation (Nt(n’m)7 Mt(n’m)) to indicate the initial condition of the block counting process is (n, m).

Definition 3.4.1. We define the time to the most recent common ancestor of a sample of n plants
and m seeds, to be

Taircal(n,m)] = inf{t > 0 : (N, ™™ = (1,0)}.

To shorten notation, we will write
tn,m = ]E[TMRCA[(T% m)“, (341)

Remark 3.4.1. This definition is completely analogous to Definition [I.3.12] where we were studying the
structured coalescent. However, in the seedbank model coalescence is only possible in the plant island,

and thus Thrroal(n,m)] = inf{t > 0: Nt(n’m) + Mt(n’m) =1}

Observe that we need to consider both types of lines in order to calculate ¢, ,,,. Write

Anm 1= (Z) +cn 4+ cKm, (3.4.2)
and abbreviate
I cn cKm
Qn,m = )\(nz,zn’ Bnm = Ea Tn,m = Ao (3.4.3)

s

Proposition 3.4.2. Let n,m € Ny. Then we have the following recursive representations
En,m[TMRCA] = tn,m = )‘r_z,%n + an,mtnfl,m + Bn,mtnfl,m+1 + ’Vn,mthrl,mfla (344)
with initial conditions t1 o = to,1 = 0.

Proof of Proposition Let 71 denote the time of the first jump of the process (Ny, M)>o. If started
at (n,m), this is an exponential random variable with parameter A, ,,. Applying the strong Markov
property we obtain

tn,m :En,m[Tl} + En,m [IENTl Moy [TMRCAH

:)‘;%m + an,mtnfl,m + Bn,mtnfl,erl + 'Yn,mtn+1,m71~
O]

Remark 3.4.2. A recursion for the variance of Thyrca can also be computed. It is not included in this
thesis, but is given in the supplementary material of [5].
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Since the process N; + M; is non-increasing in ¢, these recursions can be solved iteratively. In fact,

2 1 K +1)?
NIV e

o=1 K2~ K2

o=1+= (3.4.5)

Notably, t2 ¢ is constant as ¢ varies (Table and in particular does not converge for ¢ — 0 to the
Kingman case. This effect is similar to the corresponding behaviour of the structured coalescent with two
islands if the migration rate goes to 0, cf. [52]. However, the Kingman coalescent values are recovered as
the seedbank size decreases (e.g. for K = 100 in Table .

The fact that t5 o = 4 for K = 1 can be understood heuristically if c is large: In that situation, transitions
between active and dormant states happen very fast, thus at any given time the probability that a line is
active is about 1/2, and therefore the probability that both lines of a given pair are active (and thus able
to merge) is approximately 1/4. We can therefore conjecture that for K = 1 and ¢ — oo the genealogy
of a sample is given by a time change by a factor 4 of Kingman’s coalescent.

Tables shows values of ¢,, o obtained from for various parameter choices and sample sizes. The
relative size of the seedbank (K') has a significant effect on E,, o [Tarrcal; & large seedbank (K small)
increases E,, o [Tarrc 4], while the effect of ¢ is to dampen the increase in E,, o [Tarrca] with sample size
(Table (B.1))).

In order to investigate the genetic variability of a sample, in terms e.g. of the number of segregating
sites and the number of singletons, it is useful to have information about the total tree length and the
total length of external branches. Let L(®) denote the total length of all branches while they are active,
and L9 the total lenght of all branches while they are dormant. Their expectations

1), =B, [L®], 189 =K, ,[LD]. (3.4.6)
may be calculated using the following recursions for n,m € Ny, and with A, ,,, given by (3.4.2),

Proposition 3.4.3 (Recursion: Total tree length). For n,m € N we have

19, = 10k + nml '™+ Bl et + Yml (3.4.7)
lg?n = m)\’r_L,lTn + an,mlSzd—)l,m + Bn,mlfzd—)17m+1 + ’Yn,mlr(ﬁZLm—p (3.4.8)

Proof of Proposition[3.4.5 The result can easily be obtained observing that each stretch of time of length
7 in which we have a constant number of n active blocks and m dormant blocks contributes with nr to
the total active tree length, and with m7 to the total dormant tree length. Thus we have

15, = nEpm[m1] + B [En,, a1, [L®)]]

and we proceed as in the proof of Proposition From these quantities we easily obtain the expected
total tree length as l;azn + l,(szn. O

Similar recursions hold for their variances as well as for the corresponding values of the total length of
external branches, which can be found in the supplementary material of [5] together with the respective
proofs. From (3.4.7) and (3.4.8]) one readily obtains

o 21+ K) o 201+ K)
We observe that léﬁlg and léfl(% given in (3.4.9) are independent of ¢ as also seen for t2 o cf. (3.4.5).
The numerical solutions of (3.4.7) and (3.4.8)) indicate that for n > 2,
114 = K1Y, (3.4.10)

Hence the expected total length of the active and the dormant parts of the tree are proportional, and
ratio is given by the relative seedbank size.
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One can further investigate this relation by writing

2tn0  lnot lz,o _K+1

a a
n,0 ln,O K

Further, using equation [3.4.5[ one observes that

%0

a =4/72,0
n,0

which, taking n = 2 reduces to

2 tQ,[) - l(2170

This equation tells an nice story: in the Kingman case “K = 00”, we know that t29 = 1, and 15, = 2,
meaning that the 2 individuals are active the whole time (obviously, as in this case there is no seedbank).
If K =1, we know that t20 = 4, and we see that I3, = 4, which means that half of the time the
individuals where active and half inactive. Finally, as the seedbank grows (K goes to 0) one can see that
the proportion of active time decreases quickly (as the inverse of a square root).
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Table 3.1: The expected time to most recent common ancestor (E, o [Tmrca]) of the seedbank coales-
cent, obtained from , with seedbank size K, sample size n and dormancy initiation rates c as
shown. All sampled lines are from the active population (sample configuration (n,0)). For comparison,
E [Tmrcea[n]] = 2(1 — 1/n) when associated with the Kingman coalescent (K = oco). The multiplication
x10% only applies to the first table with K = 0.01.

K =0.01, x10*

sample size n
c 2 10 100
0.01 1.02 2.868 5.185
0.1 1.02 2.731 4.487
1 1.02 2.187 2.666
10 1.02 1.878 2.085
100 1.02  1.84 2.026

K=1

sample size n
c 2 10 100
0.01 4 10.21 17.18
0.1 4 9.671 14.97
1 4 8.071 10.02
10 4 7317 8.221
100 4 7212 7.954

K =100

sample size n
c 2 10 100
0.01 1.02 1.846 2.052
0.1 1.02 1.838 2.026
1 1.02 1.836  2.02
10 1.02 1.836  2.02
100 1.02 1.836  2.02

K =00 1 1.80  1.98
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3.4.2 Coming down from infinity

The notion of coming down from infinity was discussed by Pitman [59] and Schweinsberg [63]. They say
that an exchangeable coalescent process comes down from infinity if the corresponding block counting
process (of an infinite sample) has finitely many blocks immediately after time 0 (i.e. the number of
blocks is finite almost surely for each ¢ > 0). Further, the coalescent is said to stay infinite if the number
of blocks is infinite a. s. for all ¢ > 0. Schweinsberg also gives a necessary and sufficient criterion for
so-called “Lambda-coalescents” to come down from infinity. In particular, the Kingman coalescent does
come down from infinity. However, note that the seedbank coalescent does not belong to the class of
Lambda-coalescents, so that Schweinsberg’s result does not immediately apply. For an overview of the
properties of general exchangeable coalescent processes see e.g. [4] (the reader is invited to compare the
following Theorem with Lemma .

Theorem 3.4.4. The seedbank coalescent does not come down from infinity. In fact, its block counting
process (Ny, My)i>o stays infinite for every t > 0, P-a.s. To be precise, for each starting configuration
(n,m) where n +m is (countably) infinite,

P(vt>0: M"™ =o0) = 1.

The proof of this theorem is based on a coupling with a dominated simplified coloured seedbank
coalescent process introduced below. In essence, the coloured seedbank coalescent behaves like the
normal seedbank coalescent, except we mark the individuals with a colour to indicate whether they have
(entered and) left the seedbank at least once. This will be useful in order to obtain a process where
the number of plant-blocks is non-increasing. We will then prove that even if we consider only those
individuals that have never made a transition from seed to plant (but possibly from plant to seed), the
corresponding block counting process will stay infinite. This will be achieved by proving that infinitely
many particles enter the seedbank before any positive time. Since they subsequently leave the seedbank
at a linear rate, this will take an infinite amount of time.

Definition 3.4.5 (A coloured seedbank coalescent). In analogy to the construction of the seedbank
coalescent, we first define the set of coloured, marked partitions as

,P’;ftp’s}x{wb} — {(71', ﬁ, 17) I (7_(_7,&») c IPI;EP,S}JT S {U}, b}k}, ke N7
plesbdwtl . {(r i 5) | (,@) € PP} 5 € {w,b}").

It corresponds to the marked partitions introduced earlier, where now each element of {1, 2, ..., k}, resp.
N, has an additional flag indicating its colour: w for white and b for blue. We write w = «’, if ©’ can
be constructed from 7 by merging two blocks with a p-flag in 7 that result into a block with a p-flag in
7', while each individual retains its colour. It is important to note that the p- or s-flags are assigned
to blocks, the colour-flags to individuals, i. e. elements of [k] resp. N. We use 7 X 7/, to denote that
7’ results from 7 by changing the flag of a block from p to s and leaving the colours of all individuals
unchanged and 7 x 7/, if 7’ is obtained from 7, by changing the flag of a block from s to p and colouring
all the individuals in this block blue, i.e. setting their individual flags to b. In other words, after leaving
the seedbank, individuals are always coloured blue.

For k € N and ¢, K € (0,00) we now define the coloured seedbank k-coalescent with seedbank intensity
¢ and seedbank size 1/K, denoted by (II,);>0, as the continuous time Markov chain with values in
’P,;{p’s}x{w’b} and transition rates given by

1, if T,
w7 at rate { ¢, if mx 7, (3.4.11)

cK, ifnmxqn.

The coloured seedbank coalescent with seedbank intensity ¢ and seedbank size 1/K is then the unique
Markov process on P{P:s}x{w.b} given by the projective limit of the distributions of the k-coloured
seedbank coalescents, as k goes to infinity.

Remark 3.4.6. 1. Note that the coloured seedbank coalescent is well-defined. Since the colour of an
individual only depends on its own path and does not depend on the colour of other individuals (not
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even those that belong to the same block), the consistency of the laws of the k-coloured seedbank
coalescents boils down to the consistency of the seedbank k-coalescents discussed in Remark
In much the same way we then obtain the existence and uniqueness of the coloured seedbank
coalescent from Kolmogorov’s Extension Theorem.

2. The normal seedbank (k-)coalescent can be obtained from the coloured seedbank (k-)coalescent by
omitting the flags indicating the colouring of the individuals. However, if we only consider those
blocks containing at least one white individual, we obtain a coalescent similar to the seedbank
coalescent, where lineages are discarded once they leave the seedbank.

For ¢t > 0 define IV, to be the number of white plants and M, the number of white seeds in II,. We
will use a superscript (n,m) to denote the processes started with n plants and m seeds P-a.s., where
n,m = oo means we start with a countably infinite number of plants, resp. seeds. We will always start
in a configuration were all individual labels are set to w, i.e. with only white particles. Note that our
construction is such that (N,):>o is non-increasing.

Proposition 3.4.7. For any n,m € N U {oco}, there exist a coupling of (N™™ M™™),> and
(Mgn,m)7M§n,m))t20 such that

Proof. This result is immediate if we consider the coupling through the coloured seedbank coalescent
and the remarks in B.4.6l O

Proof of Theorem[3.4.4} Proposition implies that it suffices to prove the statement for (M,)¢>0
instead of (M,;)¢>0. In addition, we will only have to consider the case of m = 0, since starting with
more (possibly infinitely many) seeds will only contribute towards our desired result.

For n € NU {oo} let

e=inf{t>0: N =4}, 1<j<n—1,

be the first time that the number of active blocks of an n-sample reaches k. Note that (IV,);>o behaves like

the block counting process of a Kingman coalescent where in addition to the coalescence events, particles

may “disappear” at a rate proportional to the number of particles alive. Since the corresponding values

for a Kingman coalescent are finite P-a.s., it is easy to see that the 7' are, too. Clearly, for any n,
m 7 , has an exponential distribution with parameter

T3 —Ti—1
J .
Ajoi= cj.
At each time of a transition 7', we distinguish between two events: coalescence and deactivation of an
active block, where by deactivation we mean a transition of (N}, M7 );>0 of type (§ + 1,1) — (4,1 + 1)
(for suitable I € [n]), i.e. the transition of a plant to a seed.

Then
cj 2c

P(deactivation at 77" ;) = — - ,
(deactivation at 7" ;) O+ jr2c1

(3.4.12)

independently of the number of inactive blocks. Thus

X

=1 | =2,...,m,) <00
J {deactivation at ‘r]”_l}7 J e ] ’

are independent Bernoulli random variables with respective parameters 2¢/(j +2c—1),j = 2, ...,n. Note
that X" depends on j, but the random variable is independent of the random variable 7;_1 due to the
memorylessness of the exponential distribution. Now define A} as the (random) number of deactivations
up to time t > 0 that is, for n € NU {0},

n
AP =) X e <y (3.4.13)
j=2
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For n € N, since A\; > (%), it follows from a comparison with the block counting process of the Kingman
coalescent, denoted by (|K7}'|)i>o (if started in n blocks), that for all ¢ > 0,

lim P(Tﬁogn—lj < t) > nh_}n;OP(\Kﬂ < |logn — 1J)

n—roo

> lim P(|K;| <logn—1) =1.
n—oo
where the last equality follows from the fact that the Kingman-coalescent (K;);>¢ comes down from
infinity, cf. [63,B9]. For ¢ > 0,

n

P(A?z 3 X]’?) 21@(1{713“71@} Zn: Xy > zn: X;l) (3.4.14)

j=logn j=logn j=logn
> P(rlgn_1 <1). (3.4.15)
and hence, by (3.4.14))
nlggop(Ag > Y X;‘) =1 (3.4.16)
j=logn

Note that due to (3.4.12)),

E[ 3 Xj} -y o1 = 2ellogn — loglogn) + R(c,n) (3.4.17)
j=logn j=logn

where R(c,n) converges to a finite value depending on the seedbank intensity ¢ as n — co. Since the X3
are independent Bernoulli random variables, we obtain for the variance

n

V[ z": Xﬂ: z”: vIx;l= > j+§§_1(1—j+§z_1>

j=logn j=logn j=logn
< 2clogn as n — oo. (3.4.18)
For any € > 0 we can choose n large enough such that, E[Z?:logn Xk] > (2¢—¢€) logn holds, which yields
IP’( Z Xi < clogn) < ]P’( Z X7 —E[ Z Xj”] < —(c—e¢) logn)
j=logn j=logn j=logn
< ]P’(‘ Z X7 —}E[ Z X]”} > (c— e)logn)
j=logn j=logn
2c (3.4.19)
= (c—¢€)2logn’ o
by Chebyshev’s inequality. In particular, for any x € N,
n
lim P( ) X} <r)=0,
j=logn
and together with (3.4.16)) we obtain for any ¢ > 0
lim P(A" < k) = 0. (3.4.20)

n— oo

Since the (A}):>0 are coupled by construction for any n € NU{oco}, we know in particular that P(A{° <
k) <P(A} < k), for any n € N, ¢t > 0,k > 0 and therefore P(A$° < k) = 0, which yields

VE>0: P(A® =o00) = 1. (3.4.21)
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Since in addition, (A°);>¢ is non-decreasing in ¢, we can even conclude
PVt >0: A =o00) = 1. (3.4.22)

Thus we have proven that, for any time ¢ > 0, there have been an infinite amount of movements to the
seedbank P-a.s. Now we are left to show that this also implies the presence of an infinite amount of
lineages in the seedbank, i.e. that a sufficiently large proportion is saved from moving back to the plants
where it would be “instantaneously” reduced to a finite number by the coalescence mechanism.

Define B; to be the blocks of a partition that visited the seedbank at some point before a fixed time
t > 0 and were visible in the “white” seedbank coalescent, i.e.

Bi:={BCN|30<r<t: Blst ¢ E,(f’o’o) and contains at least one white particle }.

Since we started our coloured coalescent in (00,0), the cardinality of B; is at least equal to A and
therefore we know P(|B;| = o0) = 1. Since B; is countable, we can enumerate its elements as B, =
U,en{B#'} and use this to define the sets By := {B},...,Bf'}, for all n € N. Since B; is infinite P-
a.s., these B exist for any n, P-a.s. Now observe that the following inequalities hold even pathwise by
construction:

(m70)
M™% 2 ) Ypueneoy 2 D Lipeen=o)
BeB; BGBZL

and therefore the following holds for any x € N:

PO < k) SP(Y 1p ooy S F)
BeB}

R n —ct\i —ct\n—i N0
§Z<i>(6 N1l —e )Tt 50
=1

which in turn implies P(Mgm’o) = 00) = 1. In * we used that for each of the n blocks in B} we know

P(B e ﬂﬁ“”o)) > et and they leave the seedbank independently of each other, which implies that the
sum is dominated by a Binomial random variable with parameters n and e~ .
Since the probability on the left does not depend on n, and the above holds for any x € N, we obtain

P(Mgm’o) = 00) =1 for all t > 0. Note that this also implies P(Mgoo’o) +ﬂ7(5°°’0) =o00) =1 for all t > 0,
from which, through the monotonicity of the sum, we can immediately deduce the stronger statement

P(vt>0: M0 4 NID = o0) = 1.

On the other hand, we have seen that ]P’(ﬂgoo’o) < o0) = 1, for all t > 0, which , again using its
monotonicity, yields P(V¢t > 0 : ﬂgw’o) < o0) = 1. Putting these two results together we obtain
P(VE>0: M™? =o0) =1 O

3.4.3 Bounds on the time to the most recent common ancestor

In view of the previous subsection it is now quite obvious that the seedbank causes a relevant delay in
the time to the most recent common ancestor of finite samples. We will mostly be interested in the case
where the sample is drawn from plants only, and write Tarrca[n] := Tarrcal(n,0)]. The main results of
this section are asymptotic logarithmic bounds on the expectation of Thsrca[n]. (The reader is invited
to compare the following Theorem with Lemma|1.3.13))

Theorem 3.4.8. For all ¢, K € (0,00), the seedbank coalescent satisfies
E[Trrealn]] < loglogn. (3.4.23)
Here, the symbol < denotes weak asymptotic equivalence of sequences, meaning that we have

lim inf 7}]5 [TMRCA [n]]

0 3.4.24
n—oo  loglogn =% ( )
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and
. E[Trrealn]]
limsup ——— <
00 loglogn

The proof of Theorem [3:4.8| will be given in Proposition [3.4.9) and Proposition [3.4.11] The intuition
behind this result is the following. The time until a seed gets involved in a coalescence event is much
longer than the time it takes for a plant to be involved in a coalescence, since a seed has to become a
plant first. Thus the time to the most recent common ancestor of a sample of n plants is governed by the
number of individuals that become seeds before coalescence, and by the time of coalescence of a sample
of seeds.

Due to the quadratic coalescence rates, it is clear that the time until the ancestral lines of all sampled
plants have either coalesced into one, or have entered the seedbank at least once, is finite almost surely.
The number of lines that enter the seedbank until that time is a random variable that is asymptotically
of order logn, due to similar considerations as in . Thus we need to control the time to the most
recent common ancestor of a sample of O(logn) seeds. The linear rate of migration then leads to the
second log.

Turning this reasoning into bounds requires some more work, in particular for an upper bound. As
in the proof of Theorem let X,k =1,...,n denote independent Bernoulli random variables with
parameters 2¢/(k + 2¢ — 1). Similar to define

(3.4.25)

A" =" Xy (3.4.26)

Lemma 3.4.3. Under our assumptions, for any € > 0,

lim P(A™ > (2¢+¢)logn) =0

n— o0
and

lim P(A™ < (2¢ —¢€)logn) = 0.

n—oo

Proof. As in the proof of Theorem before we have
E[A"] = i e 2clogn + R/(c,n)
Pt k+2c—1 B

where R’(¢,n) converges to a finite value depending on ¢ as n — oo, and
V(A™) ~ 2clogn as n — oo.
Thus again by Chebyshev’s inequality, for sufficiently large n (and recalling that ¢ is our model parameter)

P(A™ > (2¢+€)logn) < P(A™ —E[A"] > elogn)
P(|A™ —E[A"]| = elogn)
2c

e2logn’

<
<

This proves the first claim. The second statement follows similarly, cf. (3.4.19)). O

Recall the process (N,, M,);>o from the previous subsection. The coupling of Proposition leads
to the lower bound in Theorem [3.4.8

Proposition 3.4.9. For all ¢, K € (0,00), the seedbank coalescent satisfies

lim inf 71}3 [TMRCA [n]]

0. 3.4.27
n—oo loglogn - ( )
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Proof. The coupling with (N, M,)¢>o yields

Tavrrealn] 2 Thrpealn)s

where T3, rcaln] denotes the time until (N,, M,) started at (n,0) has reached a state with only one
block left. By definition, A™ of the previous lemma gives the number of individuals that at some point
become seeds in the process (N, M,)i>0. Thus T, rcaln] is bounded from below by the time it takes
until these A™ seeds migrate to plants (and then disappear). Since the seeds disappear independently of
each other, we can bound T, 4[n] stochastically from below by the extinction time of a pure death
process with death rate c¢K started with A™ individuals. For such a process started at A =1 € N
individuals, the expected extinction time as [ — oo is of order logl. Thus we have for ¢ > 0 that there
exists C' > 0 such that

E[Tarealn]] ZE[Tavrealn]lians @e—e) logn})
>C'loglog nP(A™ > (2¢ — €)logn),

and the claim follows from the fact that by Lemma [3.4.3] A™ > (¢ —¢€)logn almost surely as n — co. [

To prove the corresponding upper bound, we couple (N, M;) to a functional of another type of
coloured process.

Definition 3.4.10. Let (Nhﬁt)tzo be the continuous-time Markov process with state space £ C Nx N,
characterised by the transition rates:

(n—1,m+1) at rate cn,
(n,m)—= ¢ (n+1,m—1) atrate cKm,
(ﬂ — l,m) at rate (g) . 1{n2\/m}

This means that (Nt,ﬂt)tzo has the same transitions as (N, M;), but coalescence is suppressed if
there are too few plants relative to the number of seeds. The effect of this choice of rates is that for
(Nt,Mt)tzo, if n 2> /m, then coalescence happens at a rate which is of the same order as the rate of
migration from seed to plant.

Lemma 3.4.4. The processes (N, M¢)i>0 and (N¢, My)i>o can be coupled such that
P(ve=0: N <N and "™ <) =1,

Proof. We construct both processes from the same system of blocks. Start with n 4+ m blocks labelled
from {1,...,n+m}, and with n of them carrying an s-flag, the others a p-flag. Let S, P, i =1,...,n+m
and V%I 4,5 = 1,...n +m,i < j be independent Poisson processes, S? with parameter cK, P’ with
parameter ¢, and V% with parameter 1. Moreover, let each block carry a colour flag, blue or white. At
the beginning, all blocks are supposed to be blue. The blocks evolve as follows: At an arrival of S?, if
block i carries an s-flag, this flag is changed to p irrespective of the colour and the state of any other
block. Similarly, at an arrival of P?, if block i carries a p-flag, this is changed to an s-flag. At an arrival
of V%7 and if blocks i and j both carry a p-flag, one observes the whole system, and proceeds as follows:

(i) If the total number of p-flags in the system is greater or equal to the square root of the total number
of blocks, then blocks ¢ and j coalesce, which we encode by saying that the block with the higher
label (i or j) is discarded. If the coalescing blocks have the same colour, this colour is kept. Note
that here the blocks carry the color, unlike in the coloured process of the previous sections, where
the individuals were coloured. If the coalescing blocks have different colours, then the colour after
the coalescence is blue.

(ii) If the condition on the number of flags in (i) is not satisfied, then there is no coalescence, but if
both blocks were coloured blue, then the block (i or j) with the higher label is coloured white (this
can be seen as a “hidden coalescence” in the process where colours are disregarded).

It is then clear by observing the rates that (N, M) is equal in distribution to the process which counts at
any time ¢ the number of blue blocks with p-flags and with s-flags respectively, and (N, M) is obtained
by counting the number of p-flags and s-flags of any colour. By construction we obivously have N, > N,
and M,; > M, for all ¢t. O
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Define now - —Om) —(0m)
TMRCA[m] := inf {t >0: (Nt UM = (1,0)}.

Lemma 3.4.5. There exists a finite constant C' independent of m such that
Trroalm] < Clogm.
Proof. Define for every k € 1,2, ...,m — 1 the hitting times
Hy, :=inf{t >0: N, + M, = k}. (3.4.28)

We aim at proving that E“™[H,,_1] < \/—% and E@™[H,;_, — H;] < j% for j < m — 1, for some
0 < C < o0. Here and throughout the proof, C' denotes a generic positive constant (independent of m)
which may change from instance to instance. To simplify notation, we will identify /7 with [/7], or
equivalently assume that all occurring square roots are natural numbers. Moreover, we will only provide
the calculations in the case of the standard seedbank-coalescent, that is, ¢ = K = 1. The reader is invited
to convince himself (or herself) that the argument can also be carried out in the general case.

We write \; for the total jump rate of the process (N, M) at time ¢, that is,

~ N, -
M= ( 2 )I{Ntz\/mwt} TN M

and set

N _ _
T = (2)1{Nt2 /Nt_‘_ﬁt} B L Nt 7, = Mt
t -— — — = P —
>\t ’ t /\t t >\t
for the probabilities that the first jump after time t is a coalescence, a migration from plant to seed
or a migration from seed to plant, respectively. Even though all these rates are now random, they are
well-defined conditional on the state of the process. The proof will be carried out in three steps.

Step 1: Bound on the time to reach /m plants. Let

Dy = inf{t > 0: N\"™ > /m} (3.4.29)

denote the first time the number of plants is at least v/m. Due to the restriction in the coalescence rate,

the process (NEO’”‘),MEO””))QO has to first reach a state with at least \/m plants before being able to
@alesce, hence Dﬂ < H,,_1 a.s. Hence for any ¢t > 0, conditional on ¢t < leve have Ay = m and
N < y/m. Thus M; > m — \/m a.s. and we note that at each jump time of (N¢, M) for t < D,,

m -

1
Fg > ——— =1——=as. Vs <t

m vm

and

B <

a.s. Vs <t.

s~

The expected number of jumps of the process (N, M;) until D,, is therefore bounded from above by
the expected time it takes a discrete time asymmetric simple random walk started at 0 with probability
1—1/y/m for an upward jump and 1/4/m for a downward jump to reach level /m — 1. It is a well-known
fact (see for example [19], Ch. XIV.3) that this expectation is bounded by C'v/m for some C € (0, c0).
Since the time between each of the jumps of (N, M;), for t < D,,, is exponential with rate \; = m, we

get
1 C
E®™D,,] < Cym- — = — . 3.4.30
D] < OV = = (3.4.30)
Step 2: Bound on the time to the first coalescence after reaching /m plants. At time ¢ = D,,, we
have A = (\/QH) + /m +m — /m, and thus




and
_m—Vm > 1(1, L) as.
3m—+/m ~ 3 vm

Denote by J,, the time of the first jump after time D,,. At J,, there is either a coalescence taking place
(thus reaching a state with m — 1 individuals and hence in that case H,,—1 = J;;,), or a migration. In
order to obtain an upper bound on H,,_1, as a “worst-case scenario”, we can assume that if there is no
coalescence at J,,,, the process is restarted from state (0,m), and then run again until the next time that
there are at least v/m plants (hence after J,,,, the time until this happens is again equal in distribution
to D,,). If we proceed like this, we have that the number of times that the process is restarted is
stochastically dominated by a geometric random variable with parameter %(1 — ﬁ), and since

[

1 9
E®™[Jy — D) = Apy = o= < —,
[ I=2p, ) rm = m

we can conclude (using (3.4.30))) that

3v/m

E*" [Hp—1] < B [Jp] ———

[ m 1} = [ m]\/ﬁ— 1
3v/m
= (E*™[Dp] + E*™[Jmy — Dpp]) ———

c

< — 3.4.31
<= (3.4.31)
Step 3: Bound on the time between two coalescences. Now we want to estimate Eo’m[Hj;l — H,] for
J <m— 1. Obviously at time H;—, for j <m — 1, there are at least v/j + 1 plants, since Ny + M; can
decrease only through a coalescence. Therefor Ny, >+/j — 1. Hence either we have Ny, > /7 and

coalescence is possible in the first jump after H;, or WHj = +/j — 1, in which case VH, = J%ﬁ =1- %,

meaning that if coalescence is not allowed at H;, with probability at least 1 — ij it will be possible after
the first jump after reaching H;. Thus the probability that coalescence is allowed either at the first or
the second jump after time H; is bounded from below by 1 — L.

Assuming that coalescence is possible at the first or second jump after H;, denote by L; the time to
either the first jump after H; if Ny, > /7, or the time of the second jump after H; otherwise. Then in
the same way as before, we see that oy, > 1 — % Thus the probability that H;_; is reached no later

than two jumps after H; is at least (1 — %)2 Otherwise, in the case where there was no coalescence
at either the first or the second jump after H;, we can obtain an upper bound on H;_; by restarting
the process from state (0, 7). The probability that the process is restarted is thus bounded from above

by % We know from equation (3.4.31)) that if started in (0, j), there is E®J[H;_;] < % Noting that

XHJ. > j, and we need to make at most two jumps, we have that E>™[L;] < 2/4. Thus we conclude

C |2 C 0gier
W) +\7j]E [Hj-1]

< GG
C

< = (3.4.32)
=

E*™[Hjy — H;] < E"™[L;](1-

These three bounds allow us to finish the proof, since when starting (N, M) in state (0,m) our calcu-
lations show that

m—1

E(Twvrealm]] = EY™[Hy| = E[Hy] + Y E[H,;_1 — Hj]
j=2
C R |
< —+C —— ~Clogm 3.4.33
7 JE::Q i g (3.4.33)

Ikeeping in mind our convention that GaufB-brackets are applied if necessary, and hence NHJ- >Vi+1—-1>47j—1.
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as m — oo. O
This allows us to prove the upper bound corresponding (qualitatively) to the lower bound in (3.4.27)).

Proposition 3.4.11. For ¢, K € (0,00), the seedbank coalescent satisfies

E|T
lim sup M < 0. (3.4.34)
n—00 loglogn

Proof. Assume that the initial n individuals in the sample of the process (H,E"))tzo are labelled 1, ..., n.
Let
Sr:i={k€n]:30 <t <r:kbelongs to an s-block at time ¢}

denote those lines that visit the seedbank at some time up to t. Let
o" i=inf{r >0:|8 =1}

be the first time that all those individuals which so far had not entered the seedbank have coalesced.
Note that o™ is a stopping time for the process (Hg"))tzo, and Néf’o) and Méff’o) are well-defined as the

number of plant blocks, resp. seed blocks of Hé’i). By a comparison of 9" to the time to the most recent
common ancestor of Kingman’s coalescent cf. [71], E[¢"] < 2 for any n € N, and thus

E[Twreal(n,0)] <2+ E[Tarcal (NG, MG
<2 BTl 5+ M wi

where the last inequality follows from the fact that every seed has to become a plant before coalescing.
Recall A™ from (3.4.26)) and observe that

(n,O) (n70) n .
N/ + My < A" + 1 stochastically. (3.4.36)

This follows from the fact that for every individual, the rate at which it is involved in a coalescence
is increased by the presence of other individuals, while the rate of migration is not affected. Thus by
coupling (N, My)>0 to a system where individuals, once having jumped to the seedbank, remain there
forever, we see that Nyn + M,» is at most A™ + 1.

By the monotonicity of the coupling with (N4, M), we thus see from , for € > 0,

E[Tymrealn]] €2+ E[TyrcalA™ + 1]
=2+ IE[TMRC'A [An + 1]1{A"§(2c+6) logn}]
+E [TMRCA [An + 1]1{A">(2c+€) log n}] . (3437)

From Lemma [B.Z5 we obtain
E[TmrealA" + 11 an<2ete)10gny] < Clog(2¢ — €)logn < Cloglogn,
and since A™ < n in any case, we get
E[TarealA" + 11{ars2c1e) 10gn}] < Clogn - P(A" > (2¢+ €)logn) < C.
This completes the proof. [

Remark 3.4.12. In the same manner as in the proof of Theorem [3.4.8] one can show that for any
a,b>0,
E[Tvrealan, bn]] < log (log(an) + bn).
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Part 11

Modeling the Lenski experiment
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Chapter 4

An individual based model for the
Lenski experiment, and the
deceleration of the relative fitness

4.1 Introduction

This chapter consists essentially on the paper [24].

The Lenski experiment (see [40L 41, [39] for a detailed description) is a cornerstone in experimental
evolution. It investigates the long-term evolution of 12 initially identical populations of the bacterium
E. coli in identical environments. One of the basic concepts of the Lenski experiment is that of the daily
cycles. Every day starts by sampling approximately 5-10° cells from the bacteria available in the medium
that was used the day before. This sample is propagated in a minimal glucose medium. The bacteria
then reproduce (by binary splitting) with an exponential population growth. The reproduction continues
until the medium is deployed, i.e., when there is no more glucose available. Then the reproduction stops
and a phase of starvation starts. This phase lasts until the beginning of the next day, when the new
sample is transferred to fresh medium. Around 5 - 10® cells are present at the end of each day.

Up to now the experiment has been going on for more than 60’000 generations (or 9000 days, see
[39]). One important feature is that samples of ancestral populations were stored in low temperature,
forcing the bacteria to go to a dormant state. Afterwards, the bacteria could be made to reproduce
under competition with later generations in order to experimentally determine the fitness of an evolved
strain relative to the founder ancestor of the population by comparing their growth rates in the following
manner [40]: A population of size Ay of the unevolved strain and a population of size By of the evolved
strain perform a direct competition in the minimal glucose medium. The respective population sizes at
the end of the day, that is, after the glucose is consumed, are denoted by A; and Bj. The (empirical)
relative fitness F(B|A) of strain B with respect to strain A is then given by the ratio of the exponential
growth rates, calculated as

F(B|A) = m. (4.1.1)

Considerable changes of the relative fitness have been observed in the more than 25 years of the
experiment ([41) [3L [74]). As expected, the relative fitness of the population increases over time, but one
of the features that have been observed is a pronounced deceleration in the increase of the relative fitness,
see Figure 2 in [74]. In particular it has been observed that it increases sublinearly over time. Several
questions have arisen in this context ([3 [74]): How can the change of relative fitness be explained or
approximated? Which factors account for the deceleration in the increase of the relative fitness?

In [3], the authors perform an analysis on the change of the relative fitness for the first 20’000
generations of the experiment, and of the mutations that go to fixation during the same period. They
conjecture that effects of dependence between mutations, like clonal interference and epistasis, contribute
crucially to the deceleration of the gain of relative fitness.
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In [74], the authors analyse the change of the relative fitness for the first 50’000 generations of
the experiment, and fit the observations to a power law function. They also conjecture that clonal
interference and epistasis contribute crucially to the quantitative behavior of relative fitness, and support
this conjecture by sketching a mathematical model which predicts a power law function for the relative
fitness.

In this paper, we propose a basic mathematical model for a population that captures essential features
of the Lenski experiment, in particular the daily cycles. It models an asexually reproducing population
whose growth in each cycle is stopped after a certain time, and a new cycle is started with a sample of
the original population. We include (beneficial) mutations into the model by assuming that an individual
may mutate with a certain (small) probability and draws a certain (small) reproductory benefit from the
mutation. We then calculate the probability of fixation of a beneficial mutation, and its time to fixation.
Using this, we can prove that under some conditions on the parameters of mutation and selection, with
high probability there will be no clonal interference in the population, which means in our situation
that, with high probability, beneficial mutations only arrive when the population is homogeneous (in
the sense that all its individuals have the same reproduction rate). This result implies that we are
essentially dealing with a model of adaptive evolution, which allows a thorough mathematical analysis.
In particular, using convergence results for Markov chains in the spirit of [35], we are able to prove that
the relative fitness of the population, on a suitable timescale in terms of the population size, converges
locally uniformly to a deterministic curve (see Figure .

In this way we arrive at an explanation of a power law behavior (with a deceleration in the increase)
of the relative fitness. This explanation is in terms of the experiment’s design, and does not invoke clonal
interference, nor a direct epistatic effect of the befeficial mutations.

More specifically, in our model every beneficial mutation which is succesful in the sense that it goes
to fixation, will increases the individual reproduction rate by the same amount (p, say), irrespective
of the current value r of the individual reproduction rate. In this sense the model is “non-epistatic”.
However, there will be an indirect epistatic effect caused by the design of the experiment: since the
amount of glucose, which the bacteria get for their population growth, remains the same from day to
day, a population with a high individual reproduction rate will consume this amount more quickly than a
population with a low individual reproduction rate. In other words, the daily duration of the experiment
(that is the time ¢ = ¢; during which the population grows at day ) will depend on the current level
r = r; of the individual reproduction rate, and will become shorter as r increases. Indeed, the ratio of
the two expected growth factors in one day is exp((r + p)t)/exp(rt) = exp(pt). Even though p does
not depend on r by our assumption, this ratio does depend on r, because, as stated above, the duration
t = t; of the daily cycles becomes smaller as r increases. We are well aware that clonal interference as
well as direct epistatic effects will also be at work in the Lenski experiment, and should be modelled.
On the other hand, we are convinced that our results will help to separate these effects from the indirect
epistatic effect caused by the constant daily nutrition of the population.

In the remainder of this introductory section we discuss our mathematical approach and main results,
and put our methods into the context of related work. The formal statement of the model and the main
results will be given in Section and the proofs in Section The most intricate proof is that of
Theorem [£.:2.10] which relies on a coupling of the daily sampling scheme with near-critical Galton Watson
processes that is successful over a sufficiently long time period. Some tools from the theory of branching
processes (Yule and Galton Watson processes) are presented in the Appendix.

4.1.1 A neutral model for the daily cycles

We build our model on few basic assumptions: Every individual reproduces independently by binary
splitting at a given rate until the end of a growth cycle, which corresponds to one day (in the sense of
[39]). Our daily cycle model is determined by specifying the reproduction rate of each individual, and
a stopping rule to end the growth of the population. To illustrate this we assume for the moment a
neutral situation, i.e. all individuals have the same reproduction rate. The experiment is laid out such
that the total number of bacteria at the end of one day is roughly the same for every day. This suggests
the following mathematical assumptions: Each day starts with a population of N individuals. These
individuals reproduce by binary splitting at some fixed rate r until the maximum capacity is reached.
We assume that this happens (and that the “Lenski day” is over) as soon as the total number of cells
in the medium is close to YN for some constant v > 1 (a precise definition and a discussion of the
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corresponding stopping rules will be given in Section . The description of the experiment suggests
to think of N = 5-105, and v ~ 100, since at the end of each day, one gets around 5 - 10® bacteria,
see supplementary material of [40]. The subsequent day is started by sampling N individuals from the
approximately YN total amount available, and the procedure is repeated.

This setting induces a genealogical process, which we study on the evolutionary time scale, that is
with one unit of time corresponding to N = 5- 105 days. On this time scale, the genealogical process
turns out to be approximately a constant time change of the Kingman coalescent, where the constant
is ¢, :== 2(1 — %) In this sense, N/cy plays the role of an effective population size. With the stated
numbers, this is much larger than the number (& 9000) of “Lenski days” that have passed so far. In
other words, in the neutral model so far only a small fraction of one unit of the evolutionary timescale
has passed. Still, this model provides a good basis to introduce mutation and selection. In fact, we will
see that the design of the experiment (via the stopping rule that defines the end of each day) affects the
selective advantage provided by a beneficial mutation and in this way has an influence that goes well
beyond the determination of the effective population size in the neutral model.

Our genealogical model arises naturally from the daily cycle setting, see Figure Schweinsberg [64]
obtained a Cannings dynamics by sampling generation-wise N individuals from a supercritical Galton
Watson forest, and analysed the arising coalescents as N — oco. Our model is similar in spirit, with the
binary splitting leading to Yule processes. We will introduce the additional feature that some individuals
reproduce at a faster rate; in this sense Schweinsberg’s sampling approach to neutral coalescents is
naturally extended to a case with selection.

i&ﬂ@&i&
Al

Figure 4.1: Two of the daily cycles (or “days”), with N = 4 and v = 3. The N-sample at the end of day 1
constitutes the parental population at the beginning of day 2.

4.1.2 Mutants versus standing population

Next we consider a modification of the previous model, supposing that at a certain day a fraction of the
population reproduces at rate r, while the complementary fraction (founded by some beneficial mutant in
the past) reproduces faster, say at rate r + on, with g > 0. Our assumptions will be that the increment
of the reproduction rate oy is small, but not too small, more precisely we will assume that oy ~ N~ for
some 0 < b < 1/2 (~ denoting asymptotic equivalence, i.e. the convergence of the ratio to 1 as N — o0).
We assume that the reproduction rate is heritable. Based on the observation that with the stopping
procedure indicated above a “Lenski day” lasts approximately 105”’ units of time of the Yule process, we
will prove in Proposition [£.2.8] that the expected number of offspring at the beginning of the next day of
an individual with reproduction rate r + o is increased for large N by approximately QNIO% compared
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to an individual with reproduction rate r. In this sense the effective selective advantage of a beneficial
mutation is approximately oy 105”.

Let us emphasize that here one obtains a dependence on the reproduction rate r of the standing
population due to the relation between r and the “length of a day”, i.e. the time span it takes the total
population to reach the maximum capacity. The implication of this result is that the selective advantage
provided by reproducing on units faster is comparatively large if the standing population is not well
adapted and thus reproduces at a low rate, and is comparatively small if the population is well adapted

in the sense that it already reproduces fast.

4.1.3 Genetic and adaptive evolution

In order to study the genetic and adaptive evolution of a population under the conditions of the Lenski
experiment, we consider a model with moderately strong selection — weak mutation and constant additive
fitness effect of the mutations. We assume that the population reproduces in daily cycles as described
above, and that at each day with probability uy a beneficial mutation occurs within the ancestral
population of that day, where uy — 0 as N — oo. Following the ansatz described above, we assume
that an individual affected by such a beneficial mutation increases its reproduction rate and that of
its offspring by on. Some of these mutations will go to fixation (in which case they will be called
“successful”), while the others are lost from the population. Calculating the probability of fixation of
a beneficial mutation is a classical problem, studied already at the beginning of the last century by
Haldane in the Wright Fisher model. These questions still have a major interest in modern times, and
have recently been studied in different contexts (see for example [36] or [56]).

Assume now that the initial population on day i consists of N — 1 individuals that reproduce at rate
r and one mutant that reproduces at rate r + on. We will see in Theorem that the probability of
fixation of such a mutant is asymptotically

pnlogy v

4.1.2
P (4.1.2)

as N — oo. A crucial role in the proof of our result is played by an intricate approximation of the
number of the mutants’ descendants by near-critical Galton Watson process, as long as their number is
relatively small compared to the total population.

In Proposition f:2.13] we prove that in a certain regime of the model parameters, namely if on ~
N=b uy ~ N~% with b € (0,1/2) and a > 3b, the time it takes for a mutation to go to fixation or
extinction is with high probability shorter than the time between two mutation events which is of order
ufvl. This result allows us to exclude clonal interference even on the time scale Ltgj\,zujvlj, and to
approximate the reproduction rate process of our original model by a simple Markov chain which can be
interpreted as an idealized process where successful mutations fixate immediately on the scale of their
arrival rate, and unsuccessful ones are neglected.

In this respect, the analysis presented in this paper can be seen in the framework of the theory of
stochastic adaptive dynamics, as studied by Champagnat, Méléard and others, see [I0} [T1] and refer-
ences therein. Let us emphasize, however, that we prove the validity of our approximation by taking
simultaneous limits of the population size N — oo, the rate of mutation uy — 0, and the increment of
the reproduction rate g — 0, which requires some care, and is carried out by taking the specifics of our
model into account.

4.1.4 Deterministic approximation on longer time scales

The calculation of the fixation probability in Theorem and the exclusion of clonal interference in
Proposition [£.:2.13] as well as the resulting Markov chain approximation of the reproduction rate process
are the key steps in the analysis of the long-term behaviour of the population in the Lenski experiment.
This allows to derive the process counting the number of eventually successful beneficial mutations until
a certain day, and the process of the relative fitness of the evolved population compared to the initial
fitness.

It turns out, as we prove in Theorem |4.2.14|that for large N, on the time scale Ltgj_vl u]_\,lj, the number
v logy
(y=1Dro
of the population starts on some day where the reproduction rate is constant and equal to rg > 0.

of successful mutations is approximately a Poisson process with constant rate , if the observation
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In order to define the fitness of an evolved strain relative to the unevolved one, we assume that the
unevolved population, taken from the first day of the experiment, is homogeneous and evolves at rate rq.
In view of {.1.1)) we define the fitness of the population at the beginning of day ¢ with respect to that
at the beginning of day 0 as

1 N ey
B log + ijl eftiit

Fy = Tog oo (4.1.3)

where R; j,j = 1,..., N are the reproduction rates of the individuals present at the beginning of day 7,

and ¢ is a given time for which the two populations are allowed to grow together. (This time could also

depend on 4, which would not affect our results.) For brevity we call F; the relalive fitness al day i.
We prove in Theorem that the time-rescaled process (F tox?ust] Jt>0 converges locally uniformly

as N — oo to the parabola

ft) = 1+?310—g1§:§, t>0. (4.1.4)

Hence our model, which should be regarded as idealized and basic, still succeeds to describe the
observed sublinear increase of relative fitness quite well on a qualitative level, even without incorporating
the effects of clonal interference or epistasis.

1 J

0 4

Figure 4.2: The limiting relative fitness curve for N — oo, if time is rescaled by |toy pun'],t > 0. The curve

F(2) is given by (@EL4).

4.1.5 Diminishing returns and epistasis.

In this subsection we summarize the heuristics which leads to the formula for the fixation proba-
bility in our individual-based model, and compare it with the ansatz of Wiser et al. [74].

Our basic assumption is that every beneficial mutation adds a fixed amount gy to the reproduction
rate 7 of the individual that undergoes the mutation. When all (or nearly all) individuals that are present

at day i have reproduction rate r, then this day ends (approximately) at time o := &2 because then

T
e"? = . Consequently, over this day the growth factor of a mutant population whose reproduction rate
is 7 4 on is e"1eN)7 and the ratio of these two growth factors is e9V7 a2 1 + w, revealing that the

selective advantage of the mutant is sy := %. In the branching process approximation for the onset
of the mutant, 1+ sy is the offspring mean, while the quantity ¢, = 2(1 — %) that appeared already in
SecH.1 ] converges for N — oo to the offspring variance, see the discussion after Theorem [£.2.5] In view
of Lemma in the Appendix, this explains the form of the fixation probability.

It is interesting to note that our model leads to quite similar conclusions as the one proposed in [74],
although the basic hypotheses are somewhat different. Motivated by [21] the authors of [74] assume that
the (n+ 1)-st successful mutation increases the individual reproduction rate by a factor 1+ §n+1, where
Sn1 is distributed exponentially with some parameter «,, and the distribution of §n+1 is that of S, 1
conditioned to the event that the mutation goes to fixation (surviving also clonal interference). They
make the following assumption in order to model diminishing returns: The sequence «,,,n € Ny, satisfies

ant1 = an(l+g{Sni1)), (4.1.5)
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where g is a positive constant and (S,,;1) is the expected value of S,,,1. According to [74], the parameter
g serves to model the phenomenon of epistasis, which corresponds to a non-linearity in the fitness effects.
Through , it is a priori assumed that the expected value of the beneficial effect of a mutation
decreases as the number of successful mutations increases. Arguing heuristically by a branching process
approximation, the authors of [74] obtain an approximation of the relative fitness by the function

w = (ct +1)1/29, (4.1.6)

Here ¢ depends on clonal interference and epistasis. In [74] the approximation is compared to real data,
taking different pairs (g, ¢) and proving that the power law approximation in equation fits better
to data than the hyperbolic curve proposed in [3].

Our Theorem is consistent with , as we prove that, under the assumptions of our model,

W= ('t +1)Y2. (4.1.7)

Notably, the “diminishing returns” for the case ¢ = 1 emerge in our model under the assumption that
every beneficial mutation adds a constant amount oy to the intraday individual reproduction rate, which
corresponds to the absence of epistasis in this part of the model. This shows that the observed power law
behaviour of the relative fitness can to some extent be explained by the mere design of the experiment,
based on a simple non-epistatic intraday model — a fact which may also be seen as a strengthening of
the argument of Wiser et al [74] that a power law is an appropriate approximation to the evolution of
relative fitness.

In order to arrive at a power law for more general g, we have to extend our model slightly.
Indeed, in Corollary we prove that a gain in the reproduction rate of x~ gy, for some ¢ > —1,
if the present relative fitness is x, leads to a power law fitness curve with exponent 1/(2(1 + ¢)), which
compares to by taking g =g — 1.

For a recent study that proposes a general framework for quantifying patterns of macroscopic epistasis
from observed differences in adaptability, including a discussion of fitness and mutation trajectories in
the Lenski experiment, see [25]. We refer also to the discussion in [I2] of various epistatic models that
would explain a declining adaptability in microbial evolution experiments, and to the discussion in [49)
concerning the evolutionary dynamics on epistatic versus non-epistatic fitness landscapes with finitely
many genotypes.

4.2 Models and main results

4.2.1 Mathematical model of daily population cycles

In this section, we construct a mathematical model for the daily reproduction and growth cycle of a
bacterial population in the Lenski experiment, and state some first results, in particular on fixation
probabilities of beneficial mutations. These are the foundations for our main results to be presented in
Section

4.2.2 Neutral model

We start by introducing the neutral model, where all individuals in the population reproduce at the
same rate. The model consists of a continuous time intraday dynamics, and a discrete time interday
dynamics, the latter is governed by a stopping- and a sampling rule. We number the daily cycles, or
“days” as we call them for simplicity, by ¢ € Ny. Fix N € N, and » > 0. We assume that every daily cycle
starts with exactly IV individuals that reproduce at rate r, the basic reproduction rate. More precisely,
we decree that, independently for every day i € Ny, the (neutral) intraday population size process has

the distribution of a Yule process, denoted by (Zt(N))tZO, with reproduction parameter r, started with

Z(()N) = N individuals. Consequently, for every ¢ > 0, the random variable Zt(N) follows a negative
binomial distribution with parameters N and e~ (see Corollary A.4 in Appendix A). In Appendix
we collect the properties of Yule process that are relevant for this paper.

Fix now v > 1, and define stopping times

ov =inf{t > 0: Z™) > 4N} (4.2.1)
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and

o™ = inf{t > 0: E[Z"N)] > yN}. (4.2.2)
Note that ¢y is a random variable, while ¢(™) is deterministic. In fact, since IE[Zt(N)] = Ne™ we see
immediately that o) does not depend on N and equals

;i 1087 (4.2.3)
T

Definition 4.2.1 (Neutral model). Fiz N € N, r > 0, v > 1. In the neutral model, independently for
every i € Ny, the population size at the end of day i is given by a copy of the random variable ZgN),

where (Zt(N))tZO is defined above.

In other words, at every day the neutral population is started with N individuals that reproduce by
binary splitting at rate r (which leads to the above Yule process), with the population growth stopped
at time o that depends on v and 7.

Remark 4.2.2 (Stopping rules). The two stopping times ¢y and o give rise to two different stopping rules
for the population: The stopping rule 1 stops the population growth at time ¢y, that is the time when
population size has reached exactly [yN]. On the other hand, stopping rule 2 uses o instead, which
implies that the size of the stopped population, given by Z[(,N), has a negative binomial distribution with
parameters N and % While ¢ might be a more natural choice for the stopping time of the population
growth, o is easier to deal with. In this paper we will work under stopping rule 2, but we expect the
essentials of our results to be true for ¢y as well. In fact, as we show in Lemma SN converges to
o in distribution.

4.2.3 The genealogy

Before turning our attention to the model with selection, we briefly discuss the neutral genealogy. If we
label the individuals within this process, we can keep track of their ancestral relationship by specifying
a sampling rule.

Definition 4.2.3 (Sampling rule). The parent population of day i + 1 is a uniform sample of size N
taken from the population at the end of day i.

Let v' = (v},--- ,vy), i =0,1,2,..., be a sequence of vectors such that v} is the number of offspring
in the population at the beginning of day ¢ of individual j from the population at the beginning of
day i — 1. Since (v%);en, are independent and identically distributed, and for each i the components
of ' are exchangeable and sum to N, we are facing a Cannings model, where the “days” play the role
of generations (see [71] for more background on Cannings models and coalescents). We can now fix a
generation ¢ and consider the genealogy of a sample of n(< N) individuals. Here, for conceptual and
notational convenience, we shift the “present generation” to the time origin and extend the Cannings
dynamics (which is time-homogeneous) to all the preceding generations as well.

Definition 4.2.4 (Ancestral process). Sample n individuals at generation 0 and denote them by ly, - 1.
Let [n] be the set of partitions of {1,2,--- ,n} and BN-" = (BéN’"))geNO be the process taking values

in [n] such that any j,k being in the same block in BS(IN’”) if and only if there is a common ancestor at
generation —g for individuals 1;,1,. Then BW:n) s the ancestral process of the chosen sample.

It turns out that the genealogical process converges after a suitable time-scaling to the classical
Kingman coalescent (see [7I] for a definition and more details on the relevance of Kingman’s coalescent
in population genetics). The time-rescaling depends on the population size N and is determined by a
constant depending on ~.

Theorem 4.2.5 (Convergence to Kingman’s coalescent). For all n € N, the sequence of ancestral
(N,n)

processes (BLNt/Q(1 1

)J)tzo converges weakly on the space of cadlag paths as N — oo to Kingman’s

n-coalescent.
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The proof of Theorem is given in Appendix A. Here we give a brief heuristic explanation of
the time change factor 2(1 — 1/v)/N. This factor is asymptotically equal to ¢, n, the pair coalescence
probability in one generation, which in turn equals the probability that the second of two sampled
individuals belongs to the same (one generation) offspring as the first one. Hence, in the limit N — oo,
¢y N is asymptotically equal to the ratio (IEG’ — 1)/(NEG), where G is the one-generation offspring
number of a single individual, and G is a size-biased version of G. If G has a geometric distribution with
expectation v (which is the case in our setting, as can be seen from Lemmain the Appendix), then
EG = EG?/EG = 2v—1, and hence ¢, y ~ 2(1— %)/N (In particular, for large 7y, G/~ is asymptotically

exponential, EG ~ 2EG, and Cy,N ~ %)

4.2.4 Including selective advantage

We now drop the assumption that the relative fitness is constant over the whole population, and include
some selective advantage. Fix » > 0,y > 1 as before. For N € N let g > 0. Throughout this chapter,
we will assume that the sequence (on)nen satisfies the condition

b€ (0,1/2): oy ~ NP as N — oo. (4.2.4)

We extend our basic population model in the following way. Assume that at day ¢ a number k among
the N individuals of the initial population have a selective advantage in the sense that they reproduce at
rate r+ oy, and the remaining N —k individuals reproduce at rate r. We call the selectively advantageous
individuals the mutants, and the others the wild-type individuals. We assume that fitness is heritable,
meaning that offspring (unless affected by a mutation) retain the fitness of their parent. The intraday
population size process at day ¢ is then of the form

Y o= Y, = M 4z >, (4.2.5)

where (Zt(Nik))tZO is a Yule process with reproduction rate r, started with Z(ngk) = N — k individuals,

while (Mt(k))tzo is a Yule process with reproduction rate r + oy, started with M¥ = k individuals,
and independent of (Zt(N_k))tZO. Note that for fixed r and gx the distribution of (Y;)¢>0 is uniquely
determined by the initial number M(gk) = k of mutants.

We apply stopping rule 2 to this model, which translates into stopping population growth at a
deterministic time depending on k (and N), namely at

op = ol = inf{t > 0:E[Y,] > yN}. (4.2.6)

This is still a deterministic time, though somewhat harder to calculate than o, which equals ¢ in this
notation. Due to our construction, at the end of day ¢ the total population has size Y, , among which

there are Mé’,:) mutants, and Z((,I,j_k) wild-type individuals.

One of the main tasks of this paper will be to calculate the number of mutants at the beginning of
day i, for i € Ny. Assuming that we know the population Y, = Méi) + Z[(,],j_k) at the end of day ¢ — 1,
we apply Deﬁnition which means that given MC(,IZ) = M, and Zéjkv_k) = Z, we sample uniformly NV
out of the M 4 Z individuals. Denote by K; the number of mutants contained in this sample. Fixing K
and repeating this independently for ¢ € N defines the interday process (K;)ien, counting the number
of mutants in the model with selection at the beginning of each day. Summarizing, this process can be
described as follows:

Proposition 4.2.6 (Model with selection). Fiz v > 1,7 > 0 and oy, N € N satisfying , Fiz
Ky € {1,...,N}. Assume K;_1 has been constructed, and takes the value k. Let M follow a negative
binomial distribution with parameters k and e~ "TeN)o% and let Z follow a negative binomial distribution
with parameters N — k and e~ "% independent of M. Conditional on M and Z, the number K; is
determined by sampling from the hypergeometric distribution with parameters N, M and M + Z.

Proof. This follows from the construction, noting that (M;);>o and (Z;);>o evolve independently until
the deterministic time oy, and recalling that sampling NV individuals without replacement out of M of
one type and Z of another type is described by the hypergeometric distribution. O
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Remark 4.2.7 (More than two types). The definition of the model with selection generalizes in an obvious
way to situations where there are more than two different types of individuals in the population. If there
are ¢ different types reproducing at ¢ different (fixed) rates, the population within one day grows like
¢ independent Yule processes with suitable initial values and reproduction rates, the stopping time is
defined accordingly, and the sampling remains uniform over the whole population.

Since the mutants reproduce faster, their proportion will increase (stochastically) during the day.
Hence, sampling uniformly at random from the population at the end of day ¢ we expect to sample more
than the initial number of mutants, meaning that the fitness of the population will increase over time.

Proposition 4.2.8 (Selective advantage). Under assumption (4.2.4),
1
E[K1|Ko =1 — 1~ on—20  as N — oo. (4.2.7)
T

Remark 4.2.9. Recall Subsection [1.3.2] where we introduced the notion of selective advantage, in the
context of generalized Wright Fisher models.

Under the condition { Ky = 1} the N — K; wild-type individuals that are sampled at the end of day 0
are exchangeably distributed upon the N — 1 wild-type ancestors that were present at the beginning of
day 0. Hence, the expected (sampled) offspring of each of these wild-type ancestors is ~ 1 as N — oo, and
thus, in view of Proposition [£.2.8] we can say that the selective advantage of a single mutant, resulting
from the increase of its reproduction rate from r to r + oy, is given by QNIO%.

The main result of this section concerns the fixation probability of a beneficial mutation affecting one
individual at the beginning of day 0, and an estimate of the time that it takes for a successful mutation
to go to fixation (or for an unsuccessful mutation to go extinct). Let

v =P(FieN:K,=N|Ky=1) (4.2.8)

denote the probability of fixation if the population size process is started with one mutant at day 0 and
write
T i=1inf{i > 1: K; = N} € [0, ] (4.2.9)

for the time of fixation, and
rNoi=inf{i > 1: K; =0} € [0,00] (4.2.10)

[S)

for the time until the mutation has been lost from the population, with the usual convention that

inf ) = oco. Let

™= Té\i ATY

ext

be the first day at which either the whole population carries the mutation, or there are no more individuals
in the population carrying the mutation. Let

vlogy
C(v) = .
(") po—
Theorem 4.2.10 (Probability and speed of fixation). Assume (4.2.4), and assume that a mutation

affects exactly one individual at day 0, and that no further mutations happen after the first one. Then
as N — oo,
cM)

TN~ ON— (4.2.12)

(4.2.11)

Moreover, for any § > 0 there exists Ns € N such that for all N > Ns
P(rV > o' %) < (7/8)e8. (4.2.13)

The proof, which will be given in Section relies on a comparison with a supercritical (near-critical)
Galton Watson process in the “early phase of the sweep”. While the basic idea is classical (dating back
to work of Fisher from the 1920’s), the scaling of the supercriticality and the specific nature of our
Cannings dynamics required new arguments and a delicate analysis. For related results on near-critical
Galton Watson processes (which in some parts inspired our reasoning) see the recent work of Parsons
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4.2.5 Genetic and adaptive evolution

Our ultimate goal is to understand the deceleration of the increase in the relative fitness observed in [74],
in particular as compared to the linearly increasing number of successful mutations (“adaptive versus
genetic evolution”). In our model the relevant scales for the two processes turn out to be different,
since the assumptions are such that many successful mutations are needed in order to have a change of
approximately one unit in the relative fitness.

This section is divided into two parts. First, we study the model on a short time scale, which is
the relevant one for the arrivals of successful mutations. We prove that under some assumptions on the
model parameters the number of successful mutations converges on a suitable time scale to a standard
Poisson process. Afterwards, we introduce the process of relative fitness of the population, and we show
that this process converges on a longer time scale to a deterministic function.

4.2.6 Genetic and adaptive evolution on a short scale

The assertion of Theorem can be rephrased as follows: In a background of wild-type individuals
that reproduce at rate v, a beneficial mutation that leads to a reproduction rate r+ on has a probability of
fixation obeying . Besides recalling condition on the selection, in the following assumption
we require that the mutation rate is small enough to exclude “effective clonal interference” between
beneficial mutations.

Assumption (Additive, moderately strong selection-weak mutation).
i) Beneficial mutations add gx to the reproduction rate of the individual that suffers the mutation.

ii) In each generation, with probability ux there occurs a beneficial mutation. The mutation af-
fects only one (uniformly chosen) individual, and every offspring of this individual also carries the
mutation.

iii) There exists 0 < b < 1/2, and a > 3b, such that uy ~ N~ and oy ~ N7% as N — 0.

We use the term moderately strong selection in order to indicate that the strength of selection in our
model is between what is generally called strong selection, where oy = O(1), and weak selection where
on = O(N71) as N — co. Models with such types of selection were recently considered in the context
of density dependent birth-death-mutation processes by Parsons [56l [57]. The term weak mutation is
used to indicate that the mutation rate is small enough to guarantee the absence of clonal interference
as N — oo, which we will prove in Proposition 4.2.13

Definition 4.2.11 (Interfering mutations, clonal interference). Consider a pair of successive mutations.
Recall that ™ denotes the first time after the first mutation at which the individual reproduction rate
is constant within the population. Denote by my the time of the second mutation. We say that the
two mutations interfere if my < 7V. We say that clonal interference occurs if there exists a pair of
interfering mutations. In particular, there is no clonal interference until day ¢ if there is no mutation
starting until day i that interferes with any other mutation.

Remark 4.2.12. (i) As we will see in Proposition below, Assumption A iii) guarantees that the
probability of clonal interference of any pair of successive mutations is of order at most p Ngx,l. In
particular, this ensures that the probability of not observing any event of clonal interference on a time
scale of order ,U,Rfl Q;,Q (which we will see to be relevant for our model) tends to 1 as N — co.

(ii) Our assumption A iii) is somewhat stronger than requiring pny < on, which is a standard assumption
in adaptive dynamics excluding clonal interference, see e.g. [I1]. In view of Theorem and of our
detailed calculations in Section 3 we think that replacing a > 3b by a > b in Assumption A iii) should
still lead to the same results. However, there are substantial technical difficulties to consider in this case,
since a > b only excludes clonal interference of two successive mutations, but not on the longer time
scales that are relevant for our results.

(iii) While there is little doubt that there is clonal interference (of successive beneficial mutations) in the
Lenski experiment [48], it is noticeable that, as will be seen in Theorem in order to qualitatively
explain certain features of the experimental results on the relative fitness of the population, it is not
mandatory to include clonal interference as a model assumption. Including clonal interference into the
model will be one goal of our future research in this topic.

84



Proposition 4.2.13 (Probability of clonal interference). In our model, for any § > 0 there exists Ns € N
such that for all N > N,

P(my < 7V) < pvoy' ™’
In particular, under Assumplion A iii), for any T > 0,
lim P(no clonal interference until day | o N T|) = 1. (4.2.14)

N—oo

A quantity of interest is the number of successful mutations up to a given day. Let H; denote the
number of eventually successful mutations that have started until day 7, with Hy = 0. Since mutations
arrive independently at rate py, and fixate with probability ~ % (at least in the absence of clonal

interference), we expect that successful mutations arrive at rate C(V)Tw. Indeed, Proposition
allows us to make this rigorous.

Theorem 4.2.14 (Process of successful mutations). Let H;,i € N, be the number of successful mutations
initiated until day i, with Hy = 0. Let r9 > 0 be the reproduction rate of the population at day 0,
and let (W(t))i>0 be a standard Poisson process. Under Assumption A, for any T > 0, the process
(H | (onpn)-1t] Jo<i<T converges in distribution (with respect to the Skorokhod topology on the space of

cadlag paths) to (W(Cfg)t))0<t<T.

X o N .

—— ?

\__\,_/1 .
z Oy ~ 0,y 1

Figure 4.3: The fitness process F; (solid black line), started at fitness x, depicted until the time of fixation of the
next successful mutation, in the absence of clonal interference. The light grey line represents the approximation

®; defined in (4.2.15)).

4.2.7 Genetic and adaptive evolution on a long time scale

Our next goal is to investigate the process describing the fitness of the evolved population relative to
the ancestral population at day 0. Let R;;, for i € Ny and 1 < j < N, denote the reproduction rate
of individual j at the beginning of day 7. Assume that at day 0 every individual has reproduction rate
g, that is, Ry ; = rg for all j = 1,..., N. Recall from the definition of the relative fitness at day
i with respect to day 0. We can connect the relative fitness with the number of successful mutations in
the following way. Let R, := min;<;<n R; ; and R, = maxi<j<n Ii;; denote the minimal and maximal
reproduction rate at day 4, respectively. Then we have

R, R, .
= <F, <=, ieN.
To 7o

Moreover, on the event that there is no clonal interference up to day i, one has

ro+on(H; —1) <R, <R; <ro+ onH;.
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Let
&, =1+ Yq, (4.2.15)
To

Thus on the event that there is no clonal interference we have

o, - N <p <o, (4.2.16)
To
From Theorem we see that the relevant time scale for the successful mutations is given by
,uj}l 9;,1. Since the selective advantage of a single mutation is of order gn (cf. ), in view of
it seems plausible that the time scale on which to expect a non-trivial limit of the fitness process is
Q;VQMX,I. This suggests that the relative fitness has to be considered on a time scale different from that
of the number of successful mutations.
Indeed our next theorem shows that the process F := (F Lt on2t J)tZO has a non-trivial scaling limit,
which turns out to be a deterministic parabola.

Theorem 4.2.15 (Convergence of the relative fitness process). Assume Ry ; = ro for j = 1,...,N,
and let (F});en, be the process of relative fitness. Then under Assumption A, the sequence of processes
(FL(Q?\]MN)—ItJ)tZO converges in distribution as N — oo locally uniformly to the deterministic function

F) = J14 200 s,
o

The proof of this theorem will be given in Section 4.3.11] It relies on the fact that due to Proposition

4.2.13|the relative fitness process (F;);cn, can be approximated by the process (®;);en, defined in (4.2.15]).
A similar result can be obtained if a beneficial mutation provides a slightly different advantage, for

example due to epistasis. In particular, assume that a mutation that goes to fixation when the relative
fitness is z, for any x > 1 provides an increment

o = v(@)on (4.2.17)
to the reproduction rate, for some continuous function 7 : R™ — R¥.

Corollary 4.2.16. Under Assumption A and , let Fiw be the relative fitness of the population

at day i with respect to the ancestral population at time 0. Then the process (FE/E )i>0 converges

% nn) 1]
in distribution and locally uniformly as N — oo to the deterministic function h which is the solution of

the differential equation
Ym1Ch)

h(t) = =1,t>0.
L URINEL
In particular, if Y(x) = =9 for some ¢ > —1, then
h(t) = (1 4 %t) > 0. (4.2.18)
0

This should be compared to [74], see also the discussion in Section

4.3 Proof of the main results

In this section, we provide the proofs of the results that we stated in Section in particular Theorem
4.2.10} which is technically the most involved and requires several preparatory steps, which are carried
out first. After these preparations, the proof of Theorem [£.2.10| will be carried out in Section [£.3.8] The
proofs of the other main results will be given in Sections [£.3.9] through

It turns out that if the number of mutants reaches at least N, for some € € (0,1), then the mutation
will fixate with probability tending to one as N — oco. Our strategy for proving Theorem is thus
to divide the time between the occurrence of a mutation and its eventual fixation into three stages. For
the case of a successful mutation this is depicted in Figure [£.4]

The first stage starts at the day of the mutation, and ends at the first day ¢ € N that the number K;
of mutants has reached a level e N, for some € € (0,1/2). The second stage starts upon reaching e N, and
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Phase 3
1-€

Phase 1

Figure 4.4: A sketch of the frequency of mutants during a selective sweep going to fixation. One distinguishes
3 parts: when the number of mutants is at most e N (phase 1), when the number of wild type individuals is at
most eN (phase 3) and the intermediate stage (phase 2).

ends when the process (K;);ew, reaches (1 —e)N. The last stage is between (1 — )N and N. We will
use different methods to analyze the behaviour of the process during these three stages. The first stage
is the most difficult to deal with, and we use a coupling to suitable Galton Watson processes to show
that the probability that (K;);cw, with Ko = 1 ever reaches eN is approximated by . The second
stage can be treated by a simple ODE approximation, from which one sees that if K; > €N at some time
i, then with probability tending to 1 (as N — oo) the process will eventually reach level (1 — e)N. The
third stage will be dealt with in a manner that has some similarities to the first stage, observing that
starting from at least (1 — ¢) N mutants, there is always a positive probability to reach fixation in the
next step. Moreover, our methods of proof will also show that with high probability each of these stages
will not last longer than Qj\,lf‘s, for any 6 > 0.

To be more specific, fix 0 <e < 1/2. Assume Ky = 1. Let

TN .= inf{i: K; > eN},

and
TN (= inf{i: K; > (1 —&)N}.

Then we can write 74%. as the sum
e = TN+ (1Y = TN + (i — T5Y). (4.3.1)

The important intermediate steps of the proof, dealing with 71", (T4 —T{), and (7{y. —T4"), respectively,
are given below in Sections 3.5} [.3.0] and [£.3.7] after some preparatory steps in Sections [£.3.I] through
The proof of Theorem [£.2.10]is completed in Section {.3.8

Assumption and notation. Throughout all of Section @We fix r > 0,7 > 1, and work under the
assumption , fixing b € (0,1/2) accordingly. We a priori assume ¢ € (0,1/2), but note that in
some places we will impose further conditions. Unless stated otherwise, Py, Ex, and varg, k£ € N, refer to
the law, expectation and variance of (K;)cn,, started at Ko = k, or any random variables defined on
the same probability space. We use ¢, c, ¢, ... to denote generic constants which are independent of N,
with possibly different values at different occurrences.
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4.3.1 A simplified sampling and construction of the auxiliary Galton Watson
processes

The construction of our model (as explained in Section was such that K;;1 was obtained from
K; by letting two independent Yule populations with initial sizes K; and N — K; and respective growth
rates r + oy and 7 evolve until time ok, (defined in ) and then sampling uniformly N individuals
from the total of those two populations, which amounts to a mixed hypergeometric sampling of the
number of individuals (Proposition . In order to simplify the picture, we would like to use bino-
mial rather than hypergeometric sampling, i.e. sampling individuals independently of each other with
equal probability. In this way we will manage to construct two Galton Watson processes (K,);en, and
(K)ien, that will serve as upper and lower bounds for our true process (K;);cn, in the first stage of the
sweep. We prepare this construction by first giving an alternative description for the sampling of mutants.

Consider the population at the end of a given day (day 0, say). Assume Ky = k, hence by construction
at the end of day 0 there are M,, mutant individuals for which we want to determine whether or not
they will be sampled for the next day. (Recall the definition of M; from ) Label these mutant
individuals with numbers 1, ..., M,, . Define

Xj = 1{individualj is selected},  J = 1o M, .
Define a random variable
Yo,
N
Thus T is the ratio between the number of individuals at the end of day 0 and the number of individuals

at the beginning of day 1, and by (4.2.6)), E[T'] = . Moreover, I" > 1, and P(T" > 1) is exponentially close
to 1 as N — oco. Conditional on I, for every j =1, ..., M,,,

.= (4.3.2)

1
PX;=1)==
( J ) F’
but due to our sampling mechanism, the X;,j = 1,...,M,,, are not independent. Their joint law

conditional on I" and M, can be described as follows. Let (U;) e be 1.i.d uniform random variables on
[0,1]. Let Xy := 1y, <11y, and define recursively for j > 2

Xj =1 N*Z{;ll PR (433)

{Ui<7rzv—<j—1>

For later convenience we define U; and Xj for j € N, even though Xj; is defined only for j =1, ..., M,,.

Lemma 4.3.1. Conditional on ', (X;);=1,.. M, is equal in distribution to (X;)j=1,.. m,, -
Proof. Conditional on I', we can represent the sampling procedure as follows: Individual 1 has probability
1/T of being selected. For individual 2, the probability of being sampled depends on whether or not
individual 1 was selected, in fact

N -1 N
P(X,=1)= TN = 1]P’(X1 =1)+ N — 1]P’(X1 =0), (4.3.4)
or equivalently
N - X,
P(X; =1|X1) = ——. 4.3.
(X =1X1) = 70 (435)

Proceeding thus recursively, we find that the probability that the jth individual is selected, conditional
on knowing X,..., X;_1, is
N-YI0 X

P(X;, =1|X4,...X,;-1) =
(] | 1 ’ J 1) FN—(]—].)

=P(X; = 1|X1, ..., Xj_1). (4.3.6)

This completes the proof. O

88



0 0 0

0 0 0

: | 0 0 0
[

1

O[eN102 00

]
OOOCT)OO O

Figure 4.5: Construction of X, X and X from a Yule forest, starting from k = k = k = 2 mutants. The table
shows the values of X, X and X for each of the individuals. E.g. the uppermost of the 8 final individuals is
counted in K7 and Fl, but not in K, since it has Xy= X5 = X, =1, and it was born before time o> but after
time orony.

We can now construct the auxiliary Galton Watson processes. Fix a > 0. We are going to specify
a joint transition mechanism for (K;)ien, and the auxiliary processes (K )ien, and (K;)ien,- To this

purpose, let k, k, k be natural numbers. Grow independent Yule trees at rate r + oy up to time og, and
number these trees by ¢ = 1,2.... Number all the individuals in this forest at time o9 by j = 1,2,...
and denote the j-th individual by Z;. Let (U;);en be a sequence of independent uniformly on [0, 1]
distributed random variables, independent of the Yule processes. For j € N define

X = Yuy<ajyin =
and
X, =Ly, <1/7-N-o}-
Also, define T" as in ({1.3.2)), and Xj by #.3.3). We put
L = |{j : Z; belongs to the first k trees and is born before time o[y, and X; = 1},
L := |{j : Z; belongs to the first k trees and is born before time oy, and X; = 1} (4.3.7)
L :=|{j : Z; belongs to the first k trees and is born before time o9, and X; = 1}/.
Definition 4.3.2. Let (K;, K;, K;)icn, be a Markov chain whose transition probability from (k, k, k) is
the joint distribution of (L, L, L) given by (4.3.7).

By construction, the coordinate processes (K,)icr,, (K;)ien, and (K;)ien, are also Markov chains.
We note in particular that because of Lemma the dynamics of (K;);en, is the same as that described

in Proposition 2.6}
Let 4=
N3 X 1

J = mf{j- € R\ [;fN*a,%+N*a]}. (4.3.8)

‘TN (D

By construction it is clear that for every j < J

J J J
Zyl > ZXZ > ZK[- (4.3.9)
=1

Thus if Ky < Ky < Ko, on the event {J > M,,} we have

L<L<T.
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We will show in the next section that if a € (b,1/2), then P(J > M,, ) is exponentially close to one for
any k < eN. From this we will deduce that with high probability, for K, = Ko = Ky = 1, we have

K, <K;<K; Yi<T}). (4.3.10)
Note that by definition o
K, <K,; VieN (4.3.11)
always holds. The following characterization of (K,)ien, and (K;);en, is immediate from the construc-
tion:
Proposition 4.3.3. Let a > 0 as before, and (K, K;, K;)ien, as in Deﬁnition. Then (K,)ien, is a
Galton Watson process whose offspring distribution is mized binomial with parameters M and % + N~

where M is geometric with parameter e~("Ten)%  Similarly, (K,)ien, s a Galton Watson process whose
offspring distribution is mized binomial with parameters M and % — N™%, where M 1is geometric with

parameter e~ (TTeN)IreNT

4.3.2 A Galton Watson approximation

A crucial role in our analysis of stage 1 of the sweep will be played by equation , which we are
now going to prove. Let b be such that holds, and assume Ky = k for some k < e N. We will show
that if o > b, then with sufficiently large probability J > N, and M,, < N. The first part will require
some work. To start with, we will work with a slight modification of J. Let

1 1. .1 1.
€R\[5—SN™Z+2N ]}. (4.3.12)

- N-YJ X
=1 f{ R )
PN
Lemma 4.3.4. Let a € (b,1/2). There exists a constant ¢ independent of N such that for N large
enough,
~ 1 nl—2a
P(J>N|Jy=T| < N ") 21 -2 (4.3.13)

Proof. Let Ar := {|7 — I‘| < %N’“}. By the construction and the definition of Xj, equation (4.3.13)) is
equivalent to
N-YIZIX 11 1 1 ioza
— == e |=—=N* -+ _-_NYVje{l,..,N ‘A )>1—2_CN . 4.3.14
(FN—(j—l)e[F r eV oIvied }|Ar) =1 -2e (4.3.14)

Now rearranging the terms one gets that for 0 < j < N — 1

11 N-YJ.X 1 1
~ __N© =10 o~ 4 —Ne 4.3.1
r 2 N —j =t ts (4.3.15)
is equivalent to
1 j AU T j
—NVZo(r - )< — X, — =)< N2 (r - ). 4.3.1
5 (M- < ﬁNlZ_;(z 5) <3 (r-+) (4.3.16)

So our aim will be to show that with sufficiently large probability on the event Ap

1. 1, 1
sup — X, — =)} < —NYZo(r —1)
je{o,l,z,...,Nﬂ}{\/N ;( r } 2

and

1 J
inf i
j6{0,1,27...,N71}{ \/ﬁ ;(

Due to our assumptions, we can consider (Yj)j:07.,_,N_1 resp. (Xj)jzov__w]v_l instead of ()N(j)j=07_“7N_1.
Indeed, since ,I" > 1 we have on the event Ar
1 1 1
—— = <|y=-T<=N"< 4.3.17
L L<por<] (4510
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Then 11 11 1 1
- _ = - = —Q - —a
[r SN NN | c [v N 5

which implies that on the event Ar, (4.3.9) is valid for every i < J. We recall the independence between
Ar, X, X. Thus we are done if we show

+N~°],

1 .
IP’( swp (=Y -~ } N1/2 o(r—1) ‘AF> >1 - e N (4.3.18)
j€{0,1,2,..,N-1} VN =

and

1 1 1/2_ _~N1—2a
[ =)} = GNYE(T 4 1) ) AF) >1— e N (4.3.19)
This is an application of large deviations for maxima of sums of independent random variables, see for

example [I]. Observing that E[X ;] = % + N~ and var(X ;) =7 11—y~ + O(N~%)), we obtain by a
direct application of Theorem 1 of [I] that for any A > 0 there exists ¢; = ¢1(A,7) € (0,00) such that

P( sup X,———N")}> ANl/Q*Q) < TN 4.3.20
je{0,1,2,...,N—1} \F Z R ( )
Then (4.3.18)) follows with (4.3.17)). Similarly we obtain (4.3.19). O

Corollary 4.3.5. Let o € (b,1/2). There exists a constant ¢ independent of N such that for N large
enough

P(J>N)>1—e N, (4.3.21)
Proof. Recall from the proof of the previous lemma that if |7 — | < 3N~ then
1 1 1 1 1 1
7_7N7aa7+7N7a - 7_N7a77+N7a7
[1" 2 r 2 ] [7 0 ]
which implies that in this case J < .J. We already observed that |7 — f\ < |y =T, so it remains to show

that |y — I'| < 1 N~* with large probability. Indeed, for { =1,2,..., N and N large enough

1 —« _ YG’Lﬁ 1 —a
P(T -1l <gN™%) = P~ < 5N
ch N’Y 1 1/2—
— ]P) 1 <*N /2 «

/A 1—2a
> 1—e € N

for some constant in ¢’ independent of N, where the last inequality follows from a generalisation of
Cramér’s theorem, see Theorem 2 of [58] (note that o; is a sum of independent but not identically
distributed random variables). Let ¢ be a constant independent of IV such that ¢ > max(c, é), where ¢
is the constant from Lemma[4.3.4] For N large enough

IP’(J>N) > IP’(J>N,|;—

vV
=
—
LR

Vv
=

\Y
~
—
<
\Y
L=
N
|
~
_

(A\VARAY
[t
|
o
2
|
s
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Lemma 4.3.6. Let o € (b,1/2), and 0 < ¢ < 1/v. Assume K, < Ko < K¢ and Ko = k, for some
k < eN. There exists ¢ > 0 independent of N such that for all N large enough,

P(M,, < N)>1—e N,

Proof. Let G be the number of offspring of the mutant number j < k < €N at the end of the day,
namely at time oj. By construction they are i.i.d. with finite second moment. Let (G )jen be iid

random variables equal in distribution to G;. Note that E[G;] < e("+en)70 = 4(1 + o(1)). Since £ < 1/
we can choose N large enough such that E[G1] < 1/e. Then

eN
P(M,, < N) = ZG <N) > P() G;<N)=1-e°N
j=1
for a suitable ¢ > 0. The last inequality follows from Cramer’s Theorem, since cE[G;] < 1. O

Recall that T = inf{i > 1: K; > eN}.
Proposition 4.3.7. Let a € (b,1/2) and 0 < & < 1/7y. Assume K, < Ko < Ko and Ko = k < eN.
Then there exists ¢ independent of N such that for N large enough

IP)<len(z TN) = Krmn(z TN) = Kmln(z TN)’VZ < g) (1 - 2676N1 h )g fO’I‘ all g€ No. (4322)

Proof. Corollary implies that P(K, < Ky < Ky | My, < N) >1—e N Thus by Lemmam
we have o -
P(K, <K, <K;)>1-2"N ", (4.3.23)
which implies
P(K vy = K

min(g, min(g,T}V) 2 Kmln(g N) |Kmin(i,T1N) 2 Kmin(z THN) 2 Kmm( T{V)’Vi <g- 1)

>1—2e N7 (4.3.24)

From the result follows easily by induction: Assume that is true for g — 1. Then
P(K min(i, 1) 2 Kin(,r) > Koning, ), Vi < g)
= ]P)<?min(g,T1N) 2 Kmin(g,TlN) > Kmin(g,TlN)‘Fmin(i,TlN) 2 Kmin(i,TlN) 2 Kmin(i,TlN)’Vi <g-—- 1)
X P(K in(i,r) 2 Kmin(i, 1) 2> Koningi, vy ¥i < g — 1)

> (1—2e"N' 7MY (1 — 2e7eN Ty

O
4.3.3 Asymptotics of the stopping rule
In order to put the Galton Watson bounds to use, we need some control on .
Lemma 4.3.8. Under the assumptions of this section, for any k =1,2,..., N,
logy k 9 k2 9
=—— 4+ — — . 4.3.2
o "+ kon /N + NO(QN)+ NQO(‘QN) (4.3.25)

where |O(0%)|/ 0% is bounded uniformly in N and k.

Proof. Note that logv =ony<op<o0p= k’% for all K =0, ..., N. Hence limy_,oc 0 = k’% for all k.

We assume that N is large enough such that 102% <o < 10%.
By (4.2.5) and (4.2.6) we have

k N—k T ok ro
YN = E[MP] + E[ZN M) = kerten)on 4 (N — k)e™7x. (4.3.26)
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Hence oy, satisfies the equation
YN =€ (ke?NF + N — k). (4.3.27)

Dividing by NV, taking logarithms on both sides, and using Taylor expansion first on the exponential and
then on the logarithm leads to

k
logy =roy, + log (1 + N(e“"”c - 1))

k k
=roy, + log (1 + NNk + NO(Q?V)) (4.3.28)
k2 5

k k
=TOk + N ONOk + N0<Q?\I) + WO(QN)'

Here we use the fact that 102% <oy < 10%” for all k if N is sufficiently large. Rewriting, we get the
desired expression of oy. O

We will use this mostly in the following form, which is an immediate application of Lemma

Corollary 4.3.9. For any k=1,2,...,N, as N -
(rt+eon)or — E oN 2
e =7(1+ (1= 5)="logy +0(eh))
r
where |O(0%)|/ 0% is bounded uniformly in N and k.

4.3.4 Asymptotics of the approximating Galton Watson processes and Proof
of Prop. 4.2.8

We can now calculate the asymptotic expectation and variance of our auxiliary Galton Watson processes.

Lemma 4.3.10. Let o € (b,1/2). Let (K,)ien, and (K;)ien, be as defined in Section with Ky =
Ky = Ky =1. We have

— lo lo
E\[K)] =1+ %m Voloy) EK,]=1+ %(1 — &)on + olon), (4.3.29)

and

varig [Fl] = 2(771)

Proof. Recall M, M from Proposition By construction, and from Corollary

(1+0(en))  van[K,] =

2(771)(1 +O(on)). (4.3.30)

EiK,] = (1/y - N")E[M]
= (13— N-o)elrren)oiem

log v
r
log v
r

= 1+ (1—¢)on — YN~ +o0(on)

= 1+ (1—¢)on + o(on)

where the last equality follows from the fact that our assumptions imply that N~% = o(py). In the same
way we obtain

Ey[Kq] =1+ loggzv +o(on)-
It remains to calculate the variance
var (K] = Eq[vary [K,[M]] + var; [Eq [K, [ M]]
= Ba(IM( - N7 (1= 2+ N7 van (M - V7))

_ (% _ N*Oﬁ) (1 _ % + N*a)e(T+QN)U(5N1 + (% _ N*Q)Q(EQ(TJrQN)U[sN] _ e(T+QN)0(5N1).
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Plugging in Corollary simplifying and taking into account that N~ = o(gy) for a > b leads to

2(y—1 lo 2(y—1
v 16,] = 2 14 (1= 0w 4 o)) = 2 4 0w
The same steps lead to vary [K;] = 2(y — 1)/v + O(on)- O

Remark 4.3.11. (i) This result together with Lemma [1.3.6] proves Proposition [1.2.8] (ii) Applying
Lemma from the Appendix shows

P((Fi) survives) ~ @QN
and | )
P((K,) survives) ~ (%)(’Y)QN.

Corollary 4.3.12. Under the assumptions of Lemma[{.3.10, for k <eN, as N — oo,

Pr((K;) survives | (K;) survives ) = P ((K,) dies out| (K;) dies out) = 1. (4.3.31)
Further, o
Pr((K;) dies out | (K;) survives ) < (1 + o(1)), (4.3.32)
and o
P ((K;) survives | (K;) dies out ) < (1 + o(1)). (4.3.33)

Proof. The first equation follows immediately from (4.3.11)). We prove (4.3.32]), (4.3.33]) follows similarly.

Let c(v,r) == ("’vlfgl)z Note that

Py ((K;) dies out) — Py ((K;) dies out)
P ((K;) survives)
1 —c(vy,7)(1 - B (1 —c(y,r k

Let g(k) be the r.h.s of (4.3.34). We will show below that g is decreasing in k if N is large, from which
the statement follows, observing

Py ((K;) dies out | (K;) survives ) =

g(k) < g(1) < (1 +0(1)).
To prove the monotonicity of g(k), let a = ¢(v,r)on. Let N large enough such that 0 < a < 1. Assume
that £ > 1 and k € RT. Then we can differentiate log(1 — g(k)) in k which yields

0 1—a)*log(l —a 1—a+ae)log(l—a+a

Flog(x)
1—ak

Apply this to the r.h.s of (4.3.35)), we obtain w > 0 for all k > 1. This implies dil(kk) < 0. So
g(k) is decreasing in k. O

The function Z is a decreasing function in z, for 0 < z < 1, as can be seen by differentiation.

4.3.5 First stage of the sweep

With these preparations we can now address the first stage of the sweep, cf. Figure f.4] We are going
to calculate the probability that the number of mutants reaches e N for some € > 0, and determine the
time it takes to reach e N. We achieve this by using the supercritical Galton Watson processes provided
by Lemma Recall TV = inf{i > 0: K; > eN}.

Lemma 4.3.13. Let 0 < e < 1/v. Then we have as N — oo

1 ]
oN :g’y%u (14 0(1) <Py(3i: Ki > eN) < %ﬂ%a +o(1)), (4.3.36)

and for any § > 0
limsup Py (T > o3 70 | T < o0) < .
N—o00 1—c¢

94



Proof. Let a € (b,1/2) and let (K,)ien, and (K;)ien, be defined as in Section with Ky = Ko =

Ko = 1. We write (K;) reaches eN for the event that there exists i > 0 such that K; > &N, and

analogously for (K,), (K;). By Remark 4.3.11} Lemma |A.3.6| and Lemma |A.3.7,

onlogy

Py ((K;) reaches eN) ~ P ((K;) survives) ~ 1
rooy—

(4.3.37)

and
onlogy «

Py ((K;) reaches eN) ~ Py ((K;) survives) ~ 1
rooy—

(1-e). (4.3.38)

Let
A= A(y,0,6,0,N) = {K, < K; <K; Vi <min(T}", 05" %) }.

Setting g := ,Q;Vlid in Proposition and applying the Bernoulli inequality we have
P(A9) <1—(1—2e N 7)o’ < prl=dgemeN' 2 (4.3.39)
implying P; (A) — 1 exponentially fast as N — co. Let T :=inf{i > 0: K, > eN}. Then

Py ((K;) reaches eN) > Py

K;) reaches €N, (K;) reaches eN, A, Ty < Q;,l 6)

= Py((K;) reaches eN, A, TY < o5t ™°)

> Py((K;) reaches eN, TV < o' 7%) — P(A°)

~ Py((K;) reaches eN) (4.3.40)

usmg 1) and Lemma B.3 in the last 1nequahty Together with ( m ) this proves the lower bound
in (4.3.36). For the upper bound, let TO :=1inf{i : K; = 0}. Note that

Py ((K;) reaches eN) = P((K;ppnv) reaches eN)

and
Py ((Kiary) reaches eN) =1 — P((Kyuqn) dies out).

Thus we have

1 — Py ((4;) reaches eN) > Py((f;pn) dies out)
> Py((K;npy) dies out; (K;) dies ou‘c;A;T0 <o)
= Py ((K;) dies out; 4; To <ox'?)
~ P((K;) dies out)
~ 1—P((K;) reaches eN), (4.3.41)

where we have used from the Appendix and Lemma, This implies the upper bound.
We are thus left with proving the last statement of the Lemma. Fix § > 0. We have
P (TN > o5' 7%, (K;) reaches eN, (K;) survives)
Py ((K;) reaches eN)
Py (TN > o5' 7%, (K;) reaches eN, (K;) dies out)
* Py ((K;) reaches eN) '

By (4.3.40) and Lemma we have for large enough N the inequality

Py (T > o5' % | (K;) reaches eN) =

(4.3.42)

Py ((K;) reaches eN) > Py ((K;) survives),
and thus the first term on the right-hand side of (4.3.42)) can be bounded from above by

P (T > oy 70 | (K;) survives) < Py(T{ > ont 7%, A| (K;) survives) + Py (A° |(K;) survives)
Py (A°)

<P(TY > o 0 (K, i :
< Pu(TY > oy 7| (K;) survives) + P((K,) survives)

(4.3.43)
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The first term on the right-hand side converges to 0 due to Lemma By Lemma we have
Py ((K;) survives) ~ con, therefore by (4.3.39) the second term on the right-hand side converges to 0 as
well. Thus we have shown that the first summand in (4.3.42) converges to 0. To deal with the second

term, we observe

P (T > o5' 7%, (K;) reaches eN, (K;) dies out)
<Py ((K;) reaches eN, (K) dies out)
=P, ((K;) reaches eN, (K,) dies out, (K;) dies out)
+ Py ((K;) reaches eN, (K ;) dies out, (K;) survives)
<P, ((K;) reaches eN, (K;) dies out) + P;((K;) dies out, (K;) survives)
<P, ((K;) reaches eN, (K;) dies Out’thfvlj > 0)
+ Py ((K;) reaches eN, (K;) dies out,FLQ;J =0)

+ Py ((K;) dies out, (K;) survives). (4.3.44)
We have
Py ((K;) reaches eN, (K;) dies OUt’FLQTviJ > 0) < P((K;) dies Out7F|_Q;,lJ > 0)
which goes to 0 exponentially fast due to in the Appendix, and using Lemma we get
Py ((K;) reaches eN, (K;) dies out,FLQ;J =0) <P;(A°)
which goes to 0 exponentially fast due to . Finally we have
Py ((K;) dies out, (K;) survives) =Py ((K;) dies out | (K;) survives)P; ((K;) survives)

<e(1+0(1))P1((K;) survives)
:%_6(1 +0o(1))Py((K;) survives),

see Corollary (4.3.12} Thus the second summand in (4.3.42)) is bounded from above by = (1+o0(1)), and
the claim follows.
O

Corollary 4.3.14. Let T = inf{i : K; = 0}. For 0 < ¢ < 1/y A 1/16 there exists N such that for
any k < eN,
Pe(TN ATY > o3 7%) < 1/2. (4.3.45)

Proof. Fix k < eN. We have

Pe(TV AT > 03! ™%) = Bu(T > oy TN AT = TYVBW(TY ATy = T)
+ Po(TY > o' 2NN ATY = TNP(TN AT = T).
Due to (4.3.32) we can see that all the steps leading to the last statement in Lemma [4.3.13| hold if the
processes are started in k < eN instead of 1. Hence we have that for all 1 < k <eN
€

lim sup Py (T > o 72 |TY < 00) < .
N—o00 1—¢

(4.3.46)

Moreover, if we stop (K;) with Ko = k < eN when the Markov chain is larger than N, then (K;)
is an absorbing Markov chain with absorbing states 0 and any number larger than e N. That implies
P (TN AT < 00) = 1. Notice that under event {T{¥ AT < oo}, we have {T{¥ < 0o} = {TN AT =
TN}, Altogether we obtain

limsup P (TN > o 2 |TN AT =TN) < <

N —o00 1—¢
which is smaller than 1/4 for our choice of e. Therefore (4.3.45) holds for any & < eN such that
Pe(TY > o TN ATY = TY) < 1/4. Assume therefore that Py (T > on' O |TN ATY = TN) > 1/4.

(1+0(1)), (4.3.47)
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Due to Proposition and Lemma we then have that Pp (TN AT = T)) > 1/4 for N large
enough. For such k

Pi(Ty" > o' TN AT = T3Y) S Bi(K a5y > 0, A| TV AT = TY) + Po(A°| TV AT = TgY)
< 41?"’([([9;717% > 0, A, (Ki)iEN dies out) + Zﬂpk(A(‘)

< 4]P)k(K|_QJ_V1_5J >0, (Ki)ieN dies Out) + 4]P)k(AC)

Equation (4.3.33) implies

4Pk(FLg;1ﬂs > 0, (Ki)iGN dies out) < 4]P)k(F|_Q;V175J >0, (?i)ieN dies Out) + 45(1 + 0(1))

J

By (4.3.39), Pr(A°) goes to 0 exponentially fast, and Pk(?g;rl—é > 0] (K;)ien, dies out) goes to 0 by
(A.3.3)). Thus if € < 1/16 the right-hand side of the above inequality is bounded above by 1/4, and we
have completed the proof. O
4.3.6 Second stage of the sweep

In the second stage of the sweep we will make an approximation, just like the one we did in Proposition
o0l

Lemma 4.3.15. Fore € (0,1/2) let 1 — ¢’ € (g,1). Then we have for any k > eN

lim Pp(Ji: K; > [(1-€)N|)=1.

N —o00
Moreover, limpy 0o P(TYN — TN > 03 7%) = 0 for any & > 0.

Proof. We use an ODE approximation. Recall that K; denotes the number of mutants at the beginning
of day i. Let « € [g,1). From Corollary we obtain that the expected number of offspring at the end
of day i of a single mutant, given that there are |xN | mutants at the beginning of the day, is given by
elrten)olen)  Using Corollary we obtain

E[K; | K;—1 = |zN|] = LQE,YM(e(HQN)JLINJ) = [zN](1+ QNI()%(I —zN) +0(o%)). (4.3.48)

From Corollary and Corollary we see that there exists ¢ = ¢(7y, ) < oo such that
V&I‘(K”Ki,1 = k) S CN,k: 1,2,...,N.
For f € C?[0,1] we define the rescaled discrete generator of (K;);en,
k .
Anf(5) = en'EIf (Ki/N) = f(k/N) | Kioa = K], 2 €0,1].

Using Taylor approximation on f we infer that, for some y € [0, 1],

sy = o (BICS Sy 1 2 (B Ty |y = ).
We have,
B (B0 - 52 = LB~ Bl BT 2 B+ (o2
:%vark(Kl) + (ER[K1)/N - x)° (4.3.49)
<5 +Oled),
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where |O(0%)|/0% is bounded uniformly in N and k. Hence recalling o' N~ — 0 for a > b and the
continuity of f” on [0, 1], we obtain the following convergence which is uniform in &k and y:

K k.2
HEL[(EE — ) 0,N .
ot e (B = )17 0.8 = o

Since ]Ek[% — %] = %e(rﬂm)"k — %, one can apply Corollary Together with the above display,
we obtain L L . L
AnF(m—) = (1= =) f ()| = 0, N — oco.
k:(illlgwl Nf() = A= (=0, 00
Applying Theorem 1.6.5 and Theorem 4.2.6 of [I8] we infer that for every x € [0, 1], the sequence of
processes (%th;”)tzo, N =1,2,..., Ky = |xN| converges locally uniformly in distribution to the

deterministic (increasing) function g(t) which is defined by the initial value problem

J1) = 900~ 9T, g(0) =w e 0,1).

Now choose t, such that g(t.) > 1 —¢’, provided ¢g(0) = ¢ > 0. This implies

. / —
Jim B, > (10— N I[K > [eN]) = 1, (43.50)
and a fortiori, imy_, o P(T{ — TN > o3 7°) = 0 for any positive §. O

Corollary 4.3.16. For any ¢ € (0,1/2), there exist NE(Z) € N such that for every N > NE(Q), for every
k>eN,
Pp(3i < oh 0 K; > [(1—¢)N]) > 1/2.

Proof. The proof follows immediately from (|4.3.50)). O

4.3.7 Third stage of the sweep

For the last stage of the sweep, after the number of mutants has reached at least (1 — )N, we use a
Galton Watson coupling similar in spirit to the coupling at the first stage. The difference is that this
time we will be working with the process of wild type individuals rather than the mutants. Fix again
a € (b,1/2). Let Q; := N — K, be the number of wild-type individuals at the beginning of day i. We
proceed similarly as in Section m to define approximating Galton Watson processes (Q,»)ieNo and
(Q,)ien,, for i € N constructing Ql and @, recursively from the same Yule forest as Q; : Recall that
the wild type individuals reproduce at rate r. Assume that Qi_ ) and @, ; are constructed, and start

independent Yule trees growing at rate r for each individual as we did in Section m to construct K;
and K. Assume Q;—1 = ¢ € (0,eN). Grow the Yule trees until time or(1—2¢)n7 and distinguish the
individuals according to whether they were born before oy, before on_4, or before o(1_s.)n7. Taking
the time of birth into consideration, the individuals born before o will be sampled independently with
probability y~! — N~¢ to form Qi, born before on_4 will be chosen according to to form @;, and

those before o[(1_a.)n7 with probability y~* + N~ to form Q.

It is clear that Lemma [£.3:4] and Corollary [£.3.7] still hold, and thus we can prove the equivalent to
Proposition [£.3.7 Define
TN(m) :=inf{i: Q; > meN or Q; =0}, m > 1.

w

Lemma 4.3.17. Let a € (b,1/2). Let m > 1, and 0 < e < 1/(m). Assume Q, = Qo = Qo <eN. Then
there exists ¢ large enough such that for N large enough,

P(@ningiri () = Quini ()} > gy Vi < 9) = (1= 2e"N) for all g € No.

for some constant ¢ independent of N.
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Proof. This follows from a straightforward adaptation of the proof of Proposition [4.3.7] since the con-
dition ¢ < 1/(m~) allows us to prove the analog of Lemma [4.3.6] observing that the definition of
TXN (m) ensures that we stop the procedure if Q; reaches meN individuals (and not eN as in Proposi-

tion [1.3.7). O

We have the alternative description corresponding to Proposition m L@i)ieNo is the Galton Watson
process whose offspring distribution is mixed binomial with parameters W and % + N~ where W is

geometric with parameter e~ 7?1029~ Similarly, (Q.)ien, is the Galton Watson process whose offspring

1

distribution is mixed binomial with parameters W and £ — N~ where W is geometric with parameter
e~ "7~ . From this we obtain the analogue of Lemma 4.3.10

Lemma 4.3.18. For (Qi)iGNo and (Q;)ien, defined above there exist ¢, ¢ independent of N such that for
N large enough, B
Eq1[Q;] =1 —7Con +o(on) and Eq[Q ] =1 — con + o(on) (4.3.51)

Proof. By construction, and from Corollary [4.3.9]

BiQ] = (1/y— N "EW] = (1/y— N-)er
= (/= N0 - on 2EY) 4 ofon)
logy

= 1-———pn+o0(on),
’Y'I"

where the last equality follows from the fact that our assumptions imply that N~% = o(oy). This is
the first assertion in (4.3.51)). In the same way we obtain E,[Q,] = 1 — ¢on + o(on), for some positive
constant ¢ independent of N. O

Lemma 4.3.19. Letm >1 and 0 <e < 1/(mvy). For any k> (1 —¢)N,

lim sup Py (725 > o' %) < 2/m
N—o0

for any § > 0. In particular, Pp(3i: K; = N) > 1—2/m.

Proof. Under P, we have by assumption that Ko = k > (1 —¢)N, and thus Qy = N — k < eN. We

consider (Q;)ien,, (Q,)ien, as constructed at the beginning of this section, with o € (b,1/2). Let

A= A(’Y,OZ,E7N7 m) = {@min{i,Tqﬁ’(m)} > Qmin{i,Tlf}V(m)} > Qmin{i,Té}V(m)}7Vi < Q]:rl_é}.

Then Lemma [£.3.17 shows
P(A) - 1as N — oo.

Note that
—(1+48)

E4[@ 10y ~ (N — K)(1 — con)

< (N —k)e™® < eNe%n' 0

as N — oo. Consequently, since on the event {T¥ (m) > gg,l_‘s} N A we have QLQ;VP(;J >1,
Pi(Ty (m) > o' %) < P(T) (m) > oy' ™ A) + Pr(A°) S E[Q 1011 ig (ys oty L] + Pi(4%)

< Ek[QLQ;*éJ] + Pp(4°) > 0 as N — oo.
Since

Pr(rdy > on' ™) =Pr(riy > on' 70, T (m) > ox' ™0) + Prlriy > on' 0, T (m) < oy' ™)
SPk(TwN(m) > 9]7\7176) + Pk(QTé}’(m) > 5mN)7

we are left with proving

limsup Px(Qrn (m) > emN) < 2/m. (4.3.52)

N—o00
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Let A be the first time when (Q,);>0 is not less than emN or equal to 0. Note that under AN{TY (m) <
Q;V }, if Q7w (r) = emN, then necessarily, QTN(m) > emN. So in conclusion:

Pr(Qry(my > emN, A, T (m) < oy' %) < Pu(Q, > emN, A, To (m) < o5 ). (4.3.53)

Notice that (Q,):>0 is, as a sub-critical Galton Watson process, a supermartingale. Then (Q; AemN );>¢
is a bounded supermartingale and, for any time strictly before x, these two supermartingales are the
same. Now we have

eN > Ex[Qy] = Ex[Qo A emN] > Ex[Q,, AemN]| = Pi(Q,, > emN)emN.

So -
Pr(Q,, > emN) < 1/m.

Therefore using (4.3.53) we have for N large enough
Pi(Qry(m) = emN) < Py(Q, > emN) + Py(T) (m) > 05! ~°) + P(A°) < 2/m.

This implies (4.3.52)), and moreover Py (Ji : K; = N) = Pp(Qry ) =0) > 1 —2/m.

This result will be useful in the following simple form:

Corollary 4.3.20. For every 0 < e < 1/(4v) there exist Nég) € N such that for all N > Nég),é >0 and
kE>(1—-¢e)N
Pi(7i > oy ) < 1/2.

Proof. Take m > 4 in Lemma [4.3.19 O

4.3.8 Proof of Theorem [4.2.10]

We are now finally able to prove Theorem [4.2.10] Let m > 4 and 0 < ¢ < 1/(m7) A 1/16. By Lemma
[1.3.13] we have

vlogy o

7wy =P1(Fi: K; = N) < P(K; reaches eN) < po— TN(I +o(1)).

Further, observe that for 1 < k < k'’ <[ < N, by definition of the model,
Py(Ky > 1) <Py (K7 > 1)
and therefore by induction Py (K; > 1) < Pp/(K; >1),i € N. Thus
Py ((K;) reaches 1) < Py ((K;) reaches 1).
Therefore, for every e € (0,1/(mvy) A 1/16), by the strong Markov property and Lemma
N 2Py (Fi: K = N) - Py (K; reaches eN)

11087 0N (1 _ 1 4 o(1)).

>P di: K; =N)-
= LENJ('L ) 7_1 r

From Lemmas [4.3.19/ and {4.3.15| we obtain liminfy oo Plon (3 : K; = N) > 1 —2/m for any m > 2.
Thus

(1-e)(1-2/m)< lim inf - LTI'N < limsup J LT(N <1
N—oo ylogy on N—oo Ylogyen

Sending m — oo (and € — 0) gives (4.2.12)).

Now we will prove that P;(7N > py'™%) < (7/8)91_\/6. Let N. = sup{Ng(l),N5(2)7N5(3)} where
]\/'5(1)7 NE(2)7 NE(B) can be found respectively in Corollary |4.3.14L |4.3.16| and |4.3.QOl Using the three corol-

laries and the strong Markov property of the process (K;);en, we know that for all N > N, and for any
ke{l,2,..,N}

Pu(rN < 305" 7) > (1/2)%, (4.3.54)
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Using the Markov property at time (3917\,1751, we see that for any n € N

Py (7Y > 3noy' %) < Pi(vN > [305' Z Pr(7 > 3(n — 1)oy ‘S)I["l(KTQ;VF(;T =k)

N-1
(1= (1/2)%) D" Pe(r™ > 3(n — D)oy )Py (K[ o6 = k).
k=1

Thus, proceeding iteratively, and using the fact that (4.3.54) is uniform in k € {1,..., N — 1}, we obtain
Py (N > 3noyt %) < (1 (1/2)%)".
In particular, choosing n = [y’ ] we obtain for § > 0

Pi(r > op! )P (rY > 3031 7%) < (7/8)w

4.3.9 Proof of Proposition [4.2.13

Due to Theorem 4.2.10} and due to the Assumption that the mutations arrive independently of each
other at geometric times with parameter ppy, we have that for any §’ > 0

P(my < V) <1—P(my > o5~ |7 < o3 2 )P(rY < 03! ")

L= (L= py)len (1 - (7/8) e ),
Now the Bernoulli inequality yields

Pmy < 7V) <1—(1— puylox ™ )1 - (7/8)1917;//%)

= v Lont =" | + (7/8)\ex" ") = Lot | (7/8)Lex” "),

From this we obtain
P(my < 7V) < unoy'™’

for any 6 > ¢’, provided N is large enough. This proves the first claim. Now, let E; be the event
that there is no clonal interference until the day that the j-th successful mutation starts. Observe that
P(E;) is given by the probability that any unsuccessful mutation started before the first successful one
has disappeared before the next mutation (successful or unsuccessful) starts. By the first part of this
theorem, for any given mutation this is the case with probability P(my > 7V) > 1 — ,uNgf\,lf‘S, for
0 > 0. Denote by L the number of mutations until the first successful one. Since the mutations arrive
independently of each other, we see by induction that for [ € Ny

P( no clonal interference in the first | mutations | L =14 1) > (1 — uvoy' )"
By Theorem [4.2.10} L is (asymptotically) geometric with success parameter C(y)on/ro. Thus summing
over all possible values of L we obtain by Theorem and the first part of this proof, for § > 0,

P(L=1+1)(1— pnox' %)

[M]8

P(E)) >

N C('V)QN)lC('V)QN

1-6\1
To To )

AV
[M]8
g

(1—pnoy

C()on C(v)on 16 . 2C(Y) _sv
TZU T kow +3TOQN )

ro  C(y)enry '+ pney' " — COY)ry unoy’
1

1+ pnoy? °roC(y)~t — pnoy'™°

> 1-pnoy o +o(unon’~ o )
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for N large enough and ¢” > ¢. Fix n € N. Similar to the previous calculation, for j < ngx,l, we have

P(E;ui|E;) > 1 — ,uNQfV%é”/S + 0(,[1]\{@},276”). Proceeding iteratively one thus observes that for any
fixed n € N

_o_g§" o no=!
IP)(ELQ;,an) > (1—pnoy®™" +o(pnoy*))lmev )
> 1—nuvoy 2 (1+0(1)). (4.3.55)

By Assumption A iii) this tends to 1 for §” > 0 small enough. Let I,, be the day at which the [oy'n]-th
successful mutation starts. We can write

I, = i:[(j)7
j=1

if IU) denotes the time between the fixation of the j — 1th and the initiation of the jth successful
mutation (and IV = I;). Let LU) denote the number of unsuccessful mutations that happen during
time 7). The success probability of a mutation that happens during ) is according to Theorem
given by C (’y)m_‘_(fﬁ. Therefore, conditional on Ej, LY is geometrically distributed with success
parameter C(7) - +(§.’f Ton " Moreover, conditional on Ej, the time between two of the L) unsuccessful
mutations is stochastically larger than a geometric random variable with parameter py, since this is the
rate at which mutations arrive, and the geometric distribution is memoryless. Thus we see that the time

IU) is stochastically larger than a geometric random variable with parameter m% and a fortiori

stochastically larger than Gév , if (Gév )jen, is a sequence of independent geometric random variables
—1

with parameter C'(y)unon/ro. Thus conditionally on EUL@X,IJ’ stochastically I,, > ZJLQZA{ n] G;,V, Let

n = [2Try/C(y)]. Then
lim P(no clonal interference until o5 py'T) > P(ELQJGan’ L, > o uN'T])

N—o0

loy'n]

P(ELQ;QHJ)(I —2P( Z G§V < lon’un'T)))

Jj=1

Y

By Cramér’s large deviation principle the second factor tends to 1. Thus the statement follows from (4.3.55)).
O

4.3.10 Proof of Theorem [4.2.14

Denote by D; the event that there is no clonal interference up to day ¢, that is, any mutation that starts
until or including day 7 happens in a homogeneous population. Define

Hz‘ = H11D7 — OOlD;

Then we have for any T' > 0 that the two processes (Hi)1<i<g;,2u;1T and <Hi)1<i<g;,2u*1T coincide on
the event (D¢ _, _, ), whose probability converges to 0 as N — oo, by Proposition [4.2.13] Thus it is
[QN 123N T—l

sufficient to show that (ﬁILtnglul_vlj Jo<t<T converges in distribution to (M (C(y)t/ro))o<t<T W. I. to the

Skorokhod topology, cf. Theorem 3.3.1 in [I8]. This will be achieved by a standard generator calculation.
The process (H;)icn, is a Markov chain on Ny U {—oco} with the following transition probabilities: If
n > 0, then

C(V)MNQNP(
ro +non

- - C(y)unon

(Hipr =] By =n) = (1= 202
P(Hit1 = —oo| H; =n) = P(Dj,, | D;),

P(f{i—i-l =n-++ 1 | f{i = n) = Di+1 | Dz),

)BDis1 D)),
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and R R
P(Hi—i-l = —00 | Hz = —OO) =1.

Observe first that for any § > 0 we have
P(Dfyy | Di) < piven' ™ (4.3.56)

This follows since conditional on the event D;, the event Df,; can only happen if at day 7 + 1 a new
mutation happens, and interferes with the previous mutation. The probability that a new mutation
happens is given by uy, and the probability of interference of a pair of mutations is P(my < 7). Thus
follows from Proposition }

For bounded functions g on NgU{—o00}, the discrete generator of (H;);en, on the time scale i = Q&lu&lt
is given by (cf. Theorem 1.6.5 of [I§])

Bng(n) = E FI,- —g(n ffi:
ng(n) = [9(Hi41) = g(n) | ]
1 Cy)unon
- P(D;1 | D; 1) — P(D,, | D;)(g(—00) —
o (G e B (Di [ Di)(g(n +1) = g(n)) + B(Dy | D) (g(~00) = g(n))
C(v) IF)(DiC—i-l | D)
=——P(D;y1|D;)(gln+1) —g(n)) + ————=(g(—0) — g(n)).
rot nom (Di1|Ds)(g( ) —g(n)) o Iin (9(=00) = g(n))
Due to (4.3.56) and Assumption A iii), the r.h.s. converges as N — oo to

)

(9(n+1) = g(n)),
To

which is the generator of the Poisson process (W(C(vy)t/ro))i>0. By Theorem 4.2.6 of [18] this implies
convergence of the corresponding processes. O

4.3.11 Convergence of the fitness process

Proof of Theorem[{.2.15 We proceed analogously to the proof of Theorem [£.2.14] Define

&)i =1 + Qlﬁz,
To

and recall ®; = 1+ 2¥ H;. As above, observe that the two processes (¢i)1§i§g§2u§1T and (&)i)lgiggﬁu]’vlT

coincide on the event D¢ _, _, |
len by Tl

a Markov chain with transition probabilities

whose probability converges to 0 as as N — oo, and that (®;)en, is

~ ~ C
P(dip1 =2+ (& =) = MP(DH& | D),
To ITro

C(y)uneon
ITo

]P)((i)H»l =X | él = :17) = (1 — )P(Di+1 ‘Dz)a
P(®;41=-00|®; =) = P(Diyq | Di),

for x > 0 and 3 3
]P((I)i—i-l = — | @Z = 700) =1.

Thus the discrete generator of (i)i)ieNo on the time scale i = g&z,ug,lt is given by

Ang(n) ::Q?VHNE[Q(@H) —g(x) | ®; =]
1 (C(’Y)MN.QN P(Dis1 | Di)(g(z + Z¥) — g(x)) + P(DS,, | D;)(g(—o0) — y(x)))
ON N xTo To
_Cc) P(Dis1 | Di)(g(a + 22 — g(a)) + ww(—%) —g(x)).
ONTOT o ONHMN
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Due to (4.3.56]) and Assumption A iii), the r.h.s. converges for a continuously differentiable function
g : R = R that vanishes at oo, as N — oo to

CH)
Ag(z) = =24 (z
9(z) 2 Y (z)
as N — oo (as can be seen from Taylor’s expansion, compare the proof of Lemma |4.3.15|). This, in turn,
is the generator of the solution to the (deterministic) differential equation

_ 1 Cy)
(t)—w T(Q) stz

0,

whose solution (for the initial value h(0) = 1) is f. So we can apply Theorem 4.2.6 in [I8] to conclude
that ® and then ® converges in distribution to (f (t))¢>0 in the Skorokhod topology. Convergence of F
follows from the relation . Since f is continuous, this amounts to locally uniform convergence in
distribution. O

Proof of Corollary[£.2.16, The proof is as for Theorem [£.2.15] with the only difference that now we
replace ® by ®¥, with transition probabilities for > 1

- - C
P(q);ﬂrl — 4 M | q);/’ =2)= MP(DHJ | D;),
To ITo
= = C(y)unony(x)
P P _ _ _ . )
]P((I)i+1 =z | (I)z' - :C) - (1 o7 )P(Dz+1 |Dz)a
P(&)gjﬂ = —0o0| ‘i)?) =1)= P(Dic—i-l | D),
for x > 0 and ~ R
P(®Y,, = —00|®Y = —o0) = 1.
which leads to a slightly different discrete generator
C()y(x) Y(x)on P(Dfy4 | Di)
A% g(z ———P(D;.1|D; r+ —22) —g(z)) + — Y (g(—00) — g(2)).
No(x) Py (Diy1] Dy)(g( o) g(x)) Porin (9(=00) = g(x))
Thus we get
. W(x)2C
lim A}’f,g(a:) = LACIRCIG)) >2 () g (z)

N—oc0 roZ

and we conclude as above. In particular, solving

vields [@.2.15).
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Appendix A

Some calculations and technical
remarks

A.1 Bound on a mixing time

We will prove a bound on the mixing time, that we used in the proof of Theorem [2.3.10

Lemma A.1.1. Let ¢ >0 and 8 > 0. Let uy = (1 — €)1 + e€dne. Let (Xi) be the urn process and vy
its stationary distribution. For 8> 0 let Pys denote the set of probability measures on {0,..., N® — 1}.
For all A > 38 > 0, there exist 6 > 0 and Ny € N, such that for all N > Ny

S5
sup ||Pu(Xnx €-) —vnllry < e N,
HEPNp

In particular the mizing time of (Xg), Tmiz, fulfills
Tmix S N)\-

Proof. Let (Z,)nen, be a realization of the urn process started in the invariant distribution vy in-
dependent of (X,)nen,. We couple (X,,) and (Z,,) by the Doeblin coupling in the following way: let
oo :=inf{n € Ny : X,, = Z,}. Define

X, = Xy %fn < 0o,
Zn ifn > og.

Write P := P, g, . Then P(X,, = k) = P, (X,, = k) for all n € No, k € {0, ..., N® — 1}. By Example
we have

IP.(X, €-) —vnlry <P(X, # Zyn) = P(og > n). (A.1.1)
Our aim is therefore to bound P(op > n). To this end we consider the difference of the two process at
particular times. Define mg := inf{n > 0: X,, = 0},lp := inf{n > 0: Z, = 0}, and let recursively, for
i>1,
m; = inf{n >mi_1:X,=0,X,_1= 1}

and
l; == mf{n >l q1: 2, = 0, L1 = 1}

Note that for all ¢ > 0 we have Z,,,, — X,,, > 0 and X;, — Z;, > 0. Without loss of generality we can
assume that Zg — Xg > 0, which implies mg < lg. Since the difference of the two processes remains
constant as long as none of the two processes is in urn 0, we see that

oo € {m; 11 >2YU{l;:i> 1}, (A.1.2)

i.e. the coupling always happens in urn 0, and it happens if either process (Z,,) jumps from 1 to 0 while
(Xy) is in 0 or vice versa.
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Define for ¢ > 0

= Hn € {mi,...,mi+1

and

|{n S {ll, z+1

the number of visits in urn 0 of either of the process during one ‘cycle’ (note that between m; and
m;y1 the process (X) has exactly one jump of lenght N®. By construction, (Vi)i>o and (W;);>o are
independent sequences of iid geometric random variables with parameter ¢, and

(Zm'i - X’mi) - (Zm'i—l - Xmi—l) =Wi1— ‘/i—lv (A13)

('Xli - le) - (Xli_l - Zli_l) - Vjifl - Wi*la (A14)
1 > 1. Moreover we note that
ml—_,_lfmi:Vi+Nﬂ, li+1 712' :W1+N’B (A15)

The random sequence (ZZ o(Vi=W;))k>0 is a random walk with centered increments whose variance
(depending on ¢ but not on N) is finite. Moreover, oy can be controlled by the first time this random
walk exits the set {—N? +1,..., N® — 1}, since this event corresponds to either (Z,) ‘catching up’ with
(X,), or vice versa. More precisely, defining

k
Ri=inf{k>0:[Y (Vi = Wi)| > N7},
i=0
we see from (A.1.3) and (A.1.4) that
ago < meg. (A16)

Equation (A.1.6) implies that for any A > 0,

R
P(og > N*) <P(> _(mi —mi_1) > N*)
i=1

. (A.1.7)

<1-P({R< %NA*B} N{mi—m;_1 <2NPVi=1,.., 5NH?})
<P({R> %NA*B} U{d1<i< %NH* tm; —mi—1 > 2NPY)
<P(R> %NA*B) +P(EL<i < NP imy —miog > 2NP).
To control the first term on the rhs, we use classical bounds on the exit time from an interval of symmetric
random walks with finite variance, see e.g. Theorem 23.2 of [66]. This provides that for every ¢’ > 0

there exists § > 0 such that

P(R> N2/+0) < V', (A.1.8)
For A > 38, we can choose ¢’ > 0 such that 28 + §’ < A — 3, hence we find the bound

P(R > %N*B) <e N (A.19)

To bound the second term in (A.1.7)), by (A.1.5) and a union bound we find, for NV large enough,

P(31 <i < NP :m; —m;_1 >2NP) < N} PP(V; > NF)

— N)\_B(l _E)NB < N)\_ﬁe_ENB < e_Nﬁ/zl (AllO)
In view of (A.1.1), together the bounds (A.1.7), (A.1.9) and (A.1.10) prove the Lemma. -

106



A.2 Convergence to the seedbank diffusion

Proposition A.2.1. Assume ¢ =eN = M and M — 0o, N — 0. Let (Dn a)N,men be an array of
positive real numbers. Then the discrete generator of the allele frequency process (XLAl/DN it Y%N it Vicr+
on time-scale Dy is given by

(A D)) = Do [ 50 = )5 (@) + 0 = )5 (02)

11 0% f

+ Nix(l 735)@(%?» JFR(N’M)}’

where the remainder term R(N, M) satisfies that there exists a constant C1(c, f) € (0,00), independent
of N and M, such that

|IR(N,Ma)] < Cy(N32 + M2+ N*M~' + NM~3).

In particular, in the situation where M = O(N) as N — oo and Dy, = N we immediately obtain
Proposition

Proof. We calculate the generator of (X}¥,Y;M);>¢ depending on the scaling (Dy )N men. For f €
C3(]0,1]?) we use Taylor expansion in 2 dimensions to obtain

0 0
(ANf)(x,y) = ﬁ a*i(%y)Ez,y [XIN - x] + a—i(m,y)]Ewyy [YlM - ?/]

102

+ iaixlé(xay)Ex,y [(X{V - m)Q}
102

+ 567?;(177?”&23:,2/ [(Y1M - 9)2}

P ., (XY —a) (Y = )]
axﬁy Y x,y 1 Yy

FE[ Y R )XY -2t (M - )]
a,BENg
a+p=3

where the remainder is given by

a+p [t
Bl Jo
for any Z,y € [0,1]. In order to prove the convergence, we thus need to calculate or bound all the

moments involved in this representation.
Given P, , the following holds: By Proposition [3.2.2]

3
(1—1?)0‘“371 rf (a:—t(i—a:),y—t(g]—y))dt

R (@9) = Do DyP

1

1
yM o= —(yM-Z+V
1 M (y + )7
in distribution where U, V and Z are independent random variables such that

U ~ Bin(N-—c¢uz),
V  ~ Bin(e,z),
Z ~ Hyp(M,c,yM).

Thus we have

and moreover



One more observation is that as 0 <V < cand 0 < Z < ¢, it follows that |Z —cX| < cand |V — Z| < ¢,
which implies that for every a € N

and for every o, € N
Eey[(Z = eX)(V = 2)P]| < P (A.2.1)
We are now prepared to calculate all the mixed moments needed.

1
E, (X — 2] = NIEM,[U +Z — Nz

1 1
= NIEmy[U — Nz + cx] + NE“’[Z — cz]
c

= N(y — )
Here we used (A.2)), in particular E, ,[U — Nz + cz] = E, ,[U — E, ,[U]] = 0. Similarly,

1
Eoy[YY —y] = 1 Ben[My+V = Z = My
1
= B,V - Z]
C

= M(x—y)-

Noting X{¥ —z = & (U — Nz + cz) + & (Z — cz) leads to

1
N
1

E. (X1 — )] ZWE@y[(U — Nz + cx)?]

2

ﬁEw,y[U — Nz + cz|E, ,[Z — cx]
1

+ 2 Bel(Z - cx)?]

1

1
:Nx(l —x) —

+

1 2
FaEeul(Z - o)’

c 1
ﬁx(l —)+ ﬁEx,y[(Z —cx)?],

where

1 c?

c
—z(l—z)+ N

| - N2
Moreover we have
1 2

[Eey [V = 0)°)| = |3 Eenl(V = 20°] < 375

Using Equation (A.2.1) we get

1
By (05 21 — )] <] 5Bl — 2N + el [V - 2]
1
+ ’WEz,y[(Z —cx)(V - Z)H
2
< .
“NM

We are thus left with the task of bounding the remainder term in the Taylor expansion. Since f €
C3([0,1]?), we can define

_ 3
cf .= max{%(i:,g) | a,8 € Ng,a+ 8 =3,z,5 € [0,1]}
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which yields a uniform estimate for the remainder in the form of

1
B (5 =
IR @ 9 < DT
which in turn allows us to estimate
’Ery[ § RQ’B(X{Vale)(X{V - x)a(ylM - y)ﬁM

«,BeNy
a+p=3

1
= aIpIcT > Eay [I(XY = 2)* (M )7
o ﬂeNO

a+p=

Thus the claim follows if we show that the third moments are all of small enough order in N and M.
Observe that for « € {0, 1,2} we have

E;y[|(U— Nz + cx)|*] < N. (A.2.2)

For a = 0 this is trivially true, for &« = 1 it is due to the fact that the binomial random variable U is
supported on 0,..., N — ¢ and Nz — cx is its expectation, and for @ = 2 it follows from the fact that
(U~ Nz +cz)? = |(U— Nx +cx)?| and the formula for the variance of a binomial random variable. For
a = 3 it follows e.g. from Lemma 3.1 in [32] that

Eoy[|(U — Nz + cx) ] = O(N*/?). (A.2.3)
Thus we get for any 0 < «, 8 < 3 such that o + 8 = 3 that

By [|(X1 — ﬂr) (v

Mg

(a E.4[|(U—- Nz + cx)’ (Z—cx)a_i(V—Z)ﬁH

—y)°
NaMﬂ 2 )
< yaip Z (3)BasllC = Mot ca) 2, 2 - o - 2)°)
< NQMB z: (O‘>N (200141 5.3y () + 315[270/);1{3}(@)
<Clyyr + 3o * yomap)

from (A.2.1), (A.2.2) and (A.2.3), where the constant C' depends only on c. This completes the proof. [

A.3 Basics on Yule processes

A.3.1 Basics on Yule processes and proof of Theorem |4.2.5
Definition A.3.1 (Yule process). A Yule process with rate ris a continuous-time Markov process taking

values in N such that the transition rates are given by:

{ n—n+1 atrate ™

n — others at rate 0.

Remark A.3.2. Consider a population model starting with ng individuals, where each individual repro-
duces independently at rate r by splitting into two individuals. Then counting the total number of
individuals, one gets a Yule process. This is the population model which we consider in the Lenski
experiment during one day, with starting population size ng = N.

Lemma A.3.3. Let Z" be a Yule process with rate r and Z§ = 1. Then, for t > 0, Z"(t) follows a
geometric distribution with parameter e™".
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Proof. Let (E;);>1 be independent exponential random variables with parameters i. Then it follows
immediately from Definition that

k
P(Z"(t) > k) =P(>_ E; <rt). (A.3.1)

Let {(Wt(i))}lgigk be k i.i.d unit Poisson processes. For each ¢ = 1,...,k, let T; be the first jumping
time of (W;). Then we see that

k
sup {T;} @ ZE’
i=1

1<i<k
Consequently, (A.3.1)) equals (1 — e~ "*)F. O

Corollary A.3.4. If Z"(0) = ng € N, then Z"(t) follows a negative binomial distribution with parameters
ng and e~"t. In particular,

E[Z"(t)] = noe”™, and var(Z"(t)) = " (e — 1)ny.

Proof. This just follows from the fact that the individuals reproduce independently and the fact that the
negative binomial distribution is obtained by summing independent geometric random variables. O

The next lemma shows that ¢y is asymptotically equal to o.

Lemma A.3.5. Let sy and o0 = o¢ be as defined in (4.2.1)) and (4.2.6). Then

d
SN (—)) ag.
Proof. During one day in the Lenski experiment, consider the population consisting of N subpopulations
each of whose sizes follows an independent Yule process with parameter r. Let Z}(t) denote the size of
total population at time ¢. Then ZJ (¢) is the sum of N i.i.d geometric variables with parameter e~"*.
Let € > 0. Then due to the law of large numbers

Zy(o—¢) N—yoo Zy(o+e¢) N—yoo
P2~ 1; P(E =2 > q 1.
( ,YN < ) - ’ ( ,YN > ) -
Therefore P(oc —e < ¢y <o +¢€) N:>O° 1. Since e can be arbitrarily small, the lemma follows. O

Proof of Theorem m This is a direct application of Theorem 2.1 in [51I]. Fix a generation in
the Cannings model and let ¢y be the probability for a pair of individuals to be coalesced in the previous
generation and dy the probability for a triple of individuals to be coalesced in the previous generation.
Then it suffices to prove that

CN N:>OO O7 dN/CN N:>OO 0. (A32)

Notice that cy,dy do not depend on the generation since the reproduction, sampling and labeling in
each day do not depend on the past and on the future. Therefore we can consider a typical day (the
population at the beginning of a day constitutes a generation) and take the notations at the beginning
of Section 2.1.1. Let Y be the size of the family of individual ¢ at time ¢. Then

ZN =Y + Y2+ v,

with (Y}")1<i<n identically and independently distributed as a geometric distribution with parameter

e~ ™. The day ends at time o = loff 7 and notice that the population for the next day will be chosen

uniformly, hence one can express cy,dy as follows:

Zf’vﬂ (};”) 2(1 - %)
NN

which gives (A.3.2)), and thus completes the proof. O

|
=

CN:]E ,dN—
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A.3.2 Properties of near-critical Galton Watson processes

The following lemma (Theorem 3 of [2], and see also Theorem 5.5 in [26] under weaker conditions)
provides the survival probability for certain near-critical Galton Watson trees.

Lemma A.3.6. Consider a sequence of supercritical Galton Watson processes (GN)ien,, N =1,2,...,
with offspring mean 1+ B (with By — 0) and offspring variance o + vy (with vy — 0) and uniformly
bounded third moment, starting from one ancestor in generation 0. Then the survival probability ¢n
obeys pn ~ 28

o2

Lemma A.3.7. Let (GN)ien,, N =1,2,... be as in Lemma, Assume that Sy N — 00 as N — oo.
Then, for every e >0, P(Ji: GN > eN) ~ P(lim; 0 G = o).

Proof. Again let ¢ be the survival probability of GV started in one individual. Then

2
P(lim G; = oc|3i: G; > eN) 21—(1—¢N)6N~1—(1—@)6N—>1,N—>oo.
1—>00 g

O
Lemma A.3.8. Let (GN)ien,, N = 1,2,... be as in Lemma Assume that By ~ cN~° N =

1,2,..., for some ¢ >0 and b € (0,1). For fized € € (0,1), let wy = inf{i > 0: GN > eN}. Then we
have for any § > 0
I\}im Py (wy > ﬁ&l_é |wy < o0) =0.
—00

Further, let vy := inf{i > 0: GV = 0}. Then for any 6 > 0, for N large enough,
Py vy > By 0 Jun < 00) < e N, (A.3.3)

Proof. First we consider the difference between conditioning G on survival (forever) and on reaching
eN, respectively. Since we know (from Lemma B1) that

2
P, (G survives) ~ iév ~dN7b (A.3.4)
o

we can infer, using the strong Markov property, that

P, (G reaches eN and G does not survive ) < Pl (G" does not survive )

= (1 —¢n)M < (1 - NN

< exp(—c(e)N17P). (A.3.5)
Thus we can estimate
1

P (G reaches eN)

Py (wy > By'°|GY reaches eN) = Py (wy > By' %, GN reaches eN)

1
= P;(GN reaches eN)
1
+]P’1 (GN survives )
The first summand on the r.h.s tends to 0 as N — oo because of and . Thus, for proving
the lemma it suffices to show that

P, (G" reaches eN and does not survive)

Py (wy > By %, GY survives).

Nlim Py (wn > Byt °|GY survives ) = 0. (A.3.6)
—00

Let ¢ be the survival probability of GV, and denote by HY, i =0, 1, ..., the generation sizes of those
individuals that have an infinite line of descent, conditioned on survival of G¥. Then we have (cf.
Proposition 5.28 in [46])

E[(1 - ¢n + ¢ns)%1 ] — (1 — ¢n)

* o s, {v: _ 18H{V:
fr(s)i= D s'Pi(HY = k) = Ea[s""V] o

k>0

,5 > 0.
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Obviously, P1(HY = 0) = f*(0) = 0 and Py (HY = 1) = (f*)'(0) = E[GY¥ (1 - gZ)N)GiV’l], which, using
Taylor expansion, is transformed to

=E1[GY (1 — (GY — 1)¢n)] + O(é%) =1 — Bn + (,BN>7 (A.3.7)

where t = t(GY) € (0,1). The first equality is due to the assumption in Lemma that the third
order moment of G¥ is uniformly bounded. We can thus infer that, for any fixed n € (0,1),

IP’l(HlN > 2) > nBn,when N is large enough.

We can now give a lower bound for GV, conditioned on survival of GV, in two steps: first by HY, and
then by a (discrete time) Galton Watson process with offspring distribution (1 — nfy)d1 + nBnda. Call
this process BY. With Wle generations as a new time unit, the sequence of processes BY converges,

as N — oo, to a standard Yule process. This means that, for every fixed ¢ > 0, at a time of |tn8x]|~!
generations, BN has an approximate geometric distribution with parameter e~*. Thus we conclude after
| Bn] 177 generations, BY (and a fortiori also GV when conditioned to survival) is larger than e N with
probability tending to 1 as N — oo. This shows , and concludes the proof of the first statement.
For the last statement, observe that by Theorem 5.28 of [46] the distribution of (GIV) conditioned on
extinction is equal to the distribution of a Galton Watson process with probability generating function

F(s) = (1= on) 7" D (1= én)s) Pu(GY = k).

k>0
Thus we have
E1[GN|GY dies out] = f (1) = E[GN (1 — ¢x)%" 1) =1 — By + 0o(By),
where the last equality follows from equation . Then, by Proposition 5.2 in [46] we observe that

[Gf—\[; 1— 5-||GN dies out] = (]_ — ﬁN + O(ﬂN))ﬂ§175 S e—Nb‘s (A38)

so we conclude

Py (vy > By °loy < 00) = Py (G > 0|GY dies out) < El[Gm 1-57 |GY dies out] < N

By "1
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