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Abstract. From the economic and technical point of view, the reduction of development periods and required resources represent a
considerable benefit. For the reduction of numerical effort and processed data in numerical stress analysis, the present paper is
focused onto the investigation of an efficient method for the a priori detection of a structural component’s highly stressed areas.
Based on the theory of stress mode superposition and the frequency domain solution of the decoupled equations of motion, an
analytically consistent approach for a priori mode superposition is presented. In this context, the influence of multiaxial loading
and mode normalisation is investigated. Validation is performed on a simplified industrial model of a twist-beam rear axle.

Keywords: Durability analysis, fatigue hot spot, dynamic stress analysis, high stress prediction, computational efficiency.

1. Introduction

In the product development process, numerical methods, as the finite-element-method (FEM), have gained high importance, as
comparative studies can be performed in early development stages and cost-intensive experimental investigations can be reduced
to a minimum. From an economical point of view, the cost of numerical investigations on the one hand is far lower that of
experiments, on the other hand it is directly connected to the complexity of the investigated models, increasing disproportionately
with size, CPU-time and data. Along with high efficiency of modern numerical algorithms [1, 2] as well as widespread availability
of computing power and data storage, also the requirements for system size and computational accuracy increase. The tendency
towards lightweight structural design resulted in various research directions, such as application of modern composite materials
[3, 4], development of modern tools for their modelling and simulation [5, 6], application of smart materials in their design [7, 8],
application of methods for structural design optimization [9, 10], etc. Looking at modern lightweight design, mass reduction and
extensive exploitation of load bearing capacities lead to higher sensitivity to dynamic stress and failure [11], increasing the
requirements of stress accuracy and numerical validation, as the unforeseen failure can cause catastrophic accidents [12]. In that
context, especially the stress and durability analysis of dynamically loaded structures still pushes the limits of economically
reasonable calculations regarding CPU-time and data. The emerging conflict of high stress accuracy on the one hand and
computational speed and efficiency on the other hand, has spawned sophisticated calculation methods in structural dynamics [13].
As direct integration methods can be time consuming and costly, modal approximation methods are well-established in structural
dynamics [14]. Based on modal decoupling of the system of equations of motion, a system’s response to external excitation can be
efficiently calculated and computational cost can be reduced to only a fraction of the direct solution of the full system [15]. Available
methods can be categorised in time-domain and frequency-domain approaches, finding application particularly in durability
analyses of large structural systems in automotive engineering [16], as well as aerospace, aviation and civil engineering [17]. In well-
known mode displacement methods (MDM), independently from time- or frequency-domain, the system’s physical displacement-
response is approximated by linear superposition of generalised coordinates and corresponding natural modes [18]. The resulting
stress fields are post-processed from the superimposed field of displacements, in which more than 99 % of CPU-time may be used
for data recovery for large models and long loading events [19]. As the type of mode-normalisation has generally no influence on
the results of physical stress analyses, the effect of mode-scaling is typically investigated in the field of experimental modal analysis
and system identification [20-23]. For higher numerical efficiency, modal strain and modal stress methods have gained high
importance especially in durability and numerical fatigue analyses. The basic concept of modal strain roots in experimental modal
analysis from strain measurements and is well-described in [24]. Yet, modal stress superposition techniques have been pertained
in numerous applications in time-domain [25, 26], as well as frequency-domain [27-29] for all types of technically relevant loading.
The general procedure of stress mode superposition has been extended to more specific modal fields, as modal stress intensity
factors [30] and finds application in flexible multibody dynamics [31], submodeling approaches [32] and extended finite element
methods [33] to account for local plasticity phenomena.
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As typically high stress concentration in large systems is locally limited to only small areas of the global model, the a priori
identification of these highly stressed regions is of great advantage for the reduction of numerical effort of any present or
subsequent analysis steps. In automotive industry, the fraction of a model being of considerable durability interest is around 1%
[34]. Especially in numerical fatigue analysis, which is an additional post-process to the dynamic stress analysis, filtering of so-
called hot spot areas plays an important role, as the complex analysis of stress data of long loading events increases computational
effort [35]. Most existing algorithms for detecting high stress in structural components can be summarized as posteriori methods,
as they rely on the analysis of present stress history data. Huang et al. [19], for instance, perform an element pre-scan for elements
exceeding a threshold value of von Mises stress in short peak loading events on vehicle body structures. Full stress history analysis
and fatigue-life evaluation are subsequently limited to the top 100 elements, resulting in a method for identifying highly stressed
elements [36]. Besides the application of modal methods for the calculation of structural stress responses, eigenvectors and their
derivatives find wide application in many fields of engineering research [37], as model updating [38], structural health monitoring
[39] and damage detection [40], optimization [41] and model order reduction.

Apart from the established methods, the system’s information inherent in the eigenvectors and especially in the resulting stress
mode shapes, can be applied for the development of powerful methods for a priori high stress detection. Veltri [42] describes a
method for the a priori prediction of stress concentration based on component-mode-synthesis (CMS) methods for the durability
analysis of an all-terrain vehicle frame subjected to road-load time histories. Information about highly stressed elements is gained
from selected fixed interface normal modes, while the influence of external loading is captured by a set of static modes. For
numerical fatigue analysis of plate-type structures subjected to random base excitation, Zhou et al. [43] propose a procedure for
locating highly stressed elements from modal stress analyses. A Subsequent durability analysis is carried out in the frequency
domain and, for reduction of computational effort, is limited to the detected hot spots. For a notched elbow structure under base-
excitation, Zhou et al. [44, 45] later interpreted the contributions of dominant modes from mass modal participation factors and
perform random vibration fatigue analyses on the so determined hot spots.

In this paper, an a priori stress mode superposition approach is investigated for force excited systems. By means of appropriate
approximation and prediction of maximum modal contributions, a weighting coefficient for a priori superposition of modal von
Mises stress fields is developed from the frequency domain solution of the decoupled equations of motion in modal space. Loading
influence is captured by modal load considerations, as recent investigation [46] explains in more detail. In addition, the general
influence of mode normalisation is investigated on a simply supported cantilever beam structure. The developed approach is then
validated on the simplified industrial model of a twist-beam rear axle with multiaxial loading on variable loading positions. The
innovation of this approach is based on the fact that the required information is limited to the system’s normal modes and basic
loading information in terms of the areas of load application and directions. As a structural system’s fundamental dynamic
properties, the elastic normal modes are determined in early product development stages. The presented methodology extends the
existing modal mass participation considerations (e.g. [44, 45]) to force excited systems. In this manner, detailed engineering
assessment is eliminated, thus making the approach significantly more efficient and therewith readily applicable to automated
computations and optimization algorithms. The paper is structured as follows: In section 2, the basic equations of mode
superposition are summarized and the theory of stress mode superposition in the frequency domain is given in section 3. In
section 4, a weighting coefficient for a priori application is derived to approximate the dominant modes’ maximum contributions
to the system’s response whereas special attention is paid to mode normalisation. For validation, the proposed approach is applied
to the rear axle example in section 5, followed by a summary and conclusion in section 6.

2. Mode Superposition

A structure discretised by finite elements is described by a system of differential equations (1), with the system’s mass matrix
M, damping matrix C and stiffness matrix K, the vectors of nodal accelerations {i(t), nodal velocities 1u(t), nodal displacements
u(t) and the vector of external excitations F(t).

Mii(t)+ Cu(t) + Ku(t) =F(t) (1)

In order to approximate the structure’s dynamic displacement field, the system can be transformed to modal space. In this
manner the displacement field is given by linear superposition of the system’s eigenvectors, ¢,, and generalised coordinates, qi.
Solving the eigenvalue problem of the undamped system (2), the eigenvalues, wj;, and the corresponding eigenvectors, ¢, , are
determined:

(K - (Dg,iM)(Pi =0 (2)

With the eigenvectors arranged as columns of the modal matrix X, the transformation of the system to modal space is
performed:

u(t) = e (t) = Xq(t) )

From the modes’ orthogonality properties, assuming modal damping, the equations of motion decouple. Transformation of the
system matrices yields:

X'MX =diag(m;) ; X'CX=diag(c;) ; X'KX=diag(k,) (4)
m; - 0 (j1 (t> G 0 q1 (t> k1 0 q, (t)

oo e I o i |=XTF(Y) (5)

o .. m, tir (t) (U ¢ qr (t) o - kr 9, (t)

From each row of eq. (5), the frequency domain solution for a harmonic excitation F(t)= Fe canbe formulated and the modal
coordinates g;, modal velocities ¢, and modal accelerations ¢; can be evaluated for the forced vibration problem.

(-9 +29,0,,1Q + ) ;) §;e™ = £ qor (6)
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With the modal load fi for each mode,

the system’s frequency dependent modal response amplitude g, for each modal coordinate is given by:

1
—0 +29,0,,1Q + o ;

®)

|

611(9):(

2
Wo 5
1

Furthermore, with the frequency ratio n, = Q/ o, , the complex frequency response function H%(n) in generalised coordinates
is defined and the steady state response can be written as
G () =H*(m)f;
Transforming back to physical coordinates by means of the following equation:

G(n)=Xq(n) (10)

©)

the system’s complex frequency response function, H(n), in physical coordinates can be evaluated for the steady state solution for
the forced harmonic excitation as given below:

((1 - 7112) - 129%)
((2—m) + a0i?)

Finally, from the corresponding displacement field given in eq. (12), the resulting time-dependent strain and stress for each
excitation frequency Q can easily be evaluated.

H(n)= Zw? . (11)

<<1 _ nf) _ izgini) Feit

k(12 + a0 (12)

u (t) = Z(Pi(')?
i1

3. Modal Stress Approach

For the reduction of numerical effort needed for stress recovery in linear systems, a modal stress approach, also called matrix
method as the stress modes can be arranged to a modal stress matrix, has been well-established over the last decades [19].
Equivalent to the displacement modes, also the so-called strain modes ¥, are capable of describing the dynamic properties of
vibrating structures. Application of the differential operator D to the displacement modes yields the strain modes for the FE-
discretised structure:

¥; =De, (13)

By linear superposition of the contributions of modal strain fields, the structure’s dynamic strain response ¢ and, for a linear-
elastic and homogeneous material, the corresponding stress response ¢ is determined by using the Hooke’s matrix H [24]:

£E= iqi‘l’i ; 0= iqu‘I’i (14)
i1 i1

From the modal stress approach, we find the complex stress transfer function H°(n) and corresponding steady state solution
for the physical stress field of(t):

L 1*‘1?)712\91‘11)
e sper_l
=g k,((1-n2)" + a0 1
: 1-n7)-i29n) . (16)
t)= ‘I‘i 1'T (( F it
"o k(1) + 49’ )

Additionally, with the tensorial strain- and stress-mode-shapes given in eq. (14), one can apply the well-known strength theories
to determine stress measure mode-shapes such as principal stress modes, equivalent von Mises stress modes or strain energy
modes, which can also be used in the mode superposition approach.

4. A Priori Mode Superposition

In many applications of numerical stress and durability analysis, the knowledge of highly stressed regions, i.e. sets of finite
elements, is of great advantage and therefore of high interest to structural engineers. In the following, an approach is developed for
a priori detection of these highly stressed elements, based on modal stress superposition techniques. As a mechanical component’s
dynamic response and the corresponding stress are always a function of its excitation, for the development of an a priori mode
superposition approach, the influence of loading position and loading direction plays a crucial role. Solution of the system’s
eigenvalue problem yields scalable eigenvectors and therefore special attention needs to be paid to mode normalisation and the
influence on the resulting modal stress fields. Starting from the system’s complex transfer function in modal coordinates given in

eq. (8), we find the real valued amplification function V(v,) for each mode:
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1
ki\/(l — ) + 497

vin) (17)

The frequency ratio for the maximum amplification at resonance n,.,; is found from the derivation of the amplification
function of the underdamped system, i.e. for §<+2/2:

Mresi =y 1— 97 ) Qe = 0g 41— 97 (18)

From equations (8) and (18), the maximum modal contributions at resonance ¢, ., can be written as

R f
qi max ; 19
' k,29,/1— 9 a9
The maximum stress response in frequency domain can then be approximated as
ST 5 T - (20)
= 'k2941-9

4.1 Loading Influence

Expanding the assumptions of the previous section, separation of the system’s excitation to one vector of loading functions p,
with each entry pj accounting for time-dependency in the j® degree of freedom, and one spacial force-direction vector f, yields a
means for a priori application of the modal stress superposition, where the influence of loading position and direction is captured
by the dot-product of an eigenvector and force-direction vector, also accounting for multiaxial loading configurations.

f=olfp (21)

We hereby find a weighting coefficient I, as an approximation that accounts for the modal contributions to the overall
vibration and, as discussed in the following section, also for mode normalisation for an a priori superposition of modal fields. The
assumption that all modal maxima are in-phase, results in an upper bound for maximum dynamic stress. Assuming the frequency
content of p induces all mode-shapes to respond at resonance, the superposition of all amplitude maxima resembles the
assumptions of the well-established response spectrum analysis [47].

T, T
o f
I = y B Omax — E :IITiri 22

k29,41 - 9 — (22)

4.2 Mode Normalisation

Eigenvectors calculated by commercial modal analysis tools are scalable and, commonly, either unit displacement or unit mass
normalised. A physical interpretation of the effect of scaling of eigenvectors to unit length or unit modal mass, respectively, is given
in [48]. In this paper, modal stiffness normalisation is proposed.

The simple example of a beam structure shown in Fig. 1 illustrates the effects of this approach on resulting modal fields. The
cantilever beam (length of 1 m, square cross-section of 10 x 10 mm?2, material properties of steel, as depicted in table 1) is additionally
simply supported at its right end and discretised with 15 linear beam elements, type B31 in commercial FE-software ABAQUS. In
the following, the von Mises modal stress is considered for stress mode superposition. As an equivalent stress measure, it is
independent from the sign of any modal scaling factor, making it well applicable for a priori superposition on the one hand, and, on
the other hand, it is a well-established stress measure for evaluation of multiaxial stress states.

3 A

Fig. 1. Cantilever beam example

4 45
35 4
& &
T . £ 35
£ £
=3 2 3
g ¢
& & 25
g 2 g
2 2 2
= =
c 15 [
g S1s5
% %
° 1 @
£ E 1
0.5 05
0 0
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Mode Number Mode Number

Fig. 2. Maximum von Mises stress for each mode: (a) unit mass normalisation, (b) unit stiffness normalisation
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With the unit mass mode normalisation, the resulting modal fields show a significant change (mainly increase) in the maximum
local modal stress going from the first to higher modes. This is represented in Fig. 2a for the first 10 von Mises stress modes. One
should keep in mind that the lower modes are often dominant in a dynamic structural response.

As local stress maxima of higher modes would overlay or mask the dominant global maxima, a general stress mode
superposition using unit mass normalisation is not applicable for a priori superposition. In the proposed approach, unit modal
stiffness normalisation is proposed. Hence, an eigenvector ¢; is determined so that the modal stiffness k; equals 1:

oKe, =k =1 23)

Finding a constant factor a; to perform the normalisation,
0; = a;0; - 9Kp, =1 (24)

the unit stiffness-normalised eigenvector @, is defined in eq. (25), while the same transformation is also valid for the

corresponding strain ¥, and stress modes, respectively.

_ 1
0; = ﬁq)i ’ ¥ = ﬁ‘l’i (25)

Equation (23) reveals a direct relation between the modal stiffness and the strain energy content of a mode. Hence, unit modal
stiffness normalisation can also be interpreted as modal strain energy normalisation. The distribution of the resulting maximum
element stress over the 10 mode shapes depicted in Fig. 2b is significantly more uniform compared to the result from the unit mass
normalisation. Now, the maximum frequency domain solution for stress can be transformed to the physical coordinates (eq. (20)),
which is independent from the mode normalisation approach. By means of equations (14) and (21), the maximum stress response
can be rewritten and decomposed into a term solely dependent on the system’s individual properties (the Hooke’s matrix H, modal
stiffness k; ,damping 9, and the eigenvectors ¢, )and a term related to the spatial distribution of the loading f. As the maximum
response is considered at each modal resonance:

T T,
s _<\~1 HDoof

max — 26
=k 291-9 (26)

the frequency dependency is eliminated.

As the physical stress field is independent from any mode normalisation, division by modal stiffness k; in equations (22) and
(26), can be interpreted as re-normalisation of an eigenvector with respect to the modal stiffness. Combining equations (25) and (26)
in eq. (27), we find proof for the derivation of an analytically and physically consistent weighting coefficient I'; for stress mode
superposition in eq. (22).

Z HY, o/f 1 1 HDg; (pl ZH‘I’ T, 27)

ffzsﬂ ~k, 2919

5. Industrial Example

For validation of the developed approach, a simplified beam model of the twist-beam rear axle depicted in Fig. 3a, is investigated.
For general investigations, the complex geometry of the real axle is defeatured and simplified to enable modeling with beam
elements and excluding the effects of local details. To meet the global dynamic properties of the real model in the lower
eigenfrequencies with similar global mode shapes, the properties of the simplified model have been adapted.

The simplified model is discretised with an average element length of 1 mm (1876 linear beam elements of type B31, circular
cross-section of 40 mm in diameter), material properties are depicted in table 1. Boundary conditions at the sleeve positions for
axle bushings are fixed, with free rotation around the local x-axes, at the areas of stub-axle assembly, one side is free, and one side
is encastered, as depicted in Fig. 3b.

i X
@ L o o3
Fig. 3. (a) Industrial model and (b) simplified beam model
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Table 1. Material Properties

Poisson ratio [1]
0.3

Young’s Modulus [MPa]
220 000

Density [t/mm?]
7.85

The influence of the loading position of a unidirectional loading on the resulting stress field has been investigated in [46]. This
investigation is focused on the loading influence in more complex multiaxial loading configurations. For this purpose, the system’s
steady state response is analysed for 4 multiaxial loading configurations depicted in Fig. 4, whereby modal decoupling is used with
the first 10 modes in a frequency range of up to 1000 Hz with a frequency step of Af =1 Hz and critical damping of $=0.2.In Fig.
4, one can interpret the first load-case (LC-1) as vertical and horizontal forces, resulting from road-load excitation, whereas the
other load-cases are more of academic interest, as they do not represent loading-events from the structure’s actual field of
application.

-
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 / | x
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Fig. 4. Investigated Multiaxial load-cases
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Fig. 5. Reference solution: von Mises stress for all elements: a) load-case 1; b) load-case 2; c) load-case 3; d) load-case 4
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As a reference solution, the von Mises stress is evaluated by superimposing the maxima of the first 10 modal coordinates with
each corresponding stress mode, as derived in section 3. The resulting stress over all elements is shown for all load-cases in Fig. 5.

For interpretation of the resulting superimposed stress fields, the first 9 von Mises stress modes, resulting from mass-
normalised eigenvectors, are depicted in Fig. 6. While 10 modes have been considered for mode superposition in the example, mode
10 is not shown for layout reasons.

Figure 6 clearly reveals that the local stress magnitude increases for higher modes, which was already derived in section 4.2 for
the unit mass normalised eigenvectors. Direct superposition of these stress modes leads to high deviations with respect to the
reference solution. As the resulting stress ranges differ in orders of magnitude, comparison is only possible with the normalised
results, Fig. 7. Direct superposition does not account for loading information and, consequently, the results by direct superposition
are identical for all load-cases.

In the next step, the influence of the modal load is investigated and for this purpose the superposition is performed with modal
load from eq. (7) as weighting coefficient. As seen in Fig. 8, the weighted superposition, by using the modal load coefficients only,
yields no improvement of the results and is therefore not applicable for a priori methods.

The modal contributions of the reference solution for each load-case are given in Fig. 9. The figure makes it obvious that the
higher stress modes are less dominant in the excitation. However, with the unit mass normalisation applied, the resulting stress
magnitudes are much higher for higher modes. As a consequence, the influence of lower modes, which are in fact dominant in the
structural response, is masked by the artificially increased influence of the higher modes in the resulting superimposed stress fields.
The effect becomes even more pronounced with a wider frequency range considered.

Application of the proposed weighting coefficient improves the results, as derived in section 4. Comparison of the reference
solution with the results of the proposed a priori superposition shows the exact match, as seen in Fig. 10. The proposed weighting
coefficients have three important features:

e the modal loads are used in determination of the modal contributions,
e the maximum modal frequency-domain responses are also accounted for,
¢ and the modal strain energy content is considered for mode normalisation.

From the results of a priori stress mode superposition, high stress regions can be readily detected using a threshold criterion, as
proposed in [36]. As the procedure is based on scalable modal fields, the assessment should be performed qualitatively. For instance,
depending on the field of application and severity of unexpected failures, elements that exceed a stress-limit of 70 % of the
maximum occurring stress can be considered as elements of interest. As depicted in Fig. 11, plausible results on high stress regions
for the investigated example can be achieved (high-stress elements marked in red), with the clear indication of the influence of
different loading configurations.
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LC-3 LC-¢

Fig. 11. Results of high stress detection for threshold 70 % of maximum stress

6. Summary and Conclusion

The paper elaborates a priori detection of highly stressed structural regions by means of a modal stress superposition approach.
The objective was to develop and validate a methodology for this purpose, which is applicable to force excited structural
components prior to cost-intensive calculations in order to reduce the computational effort significantly in subsequent analysis
steps. The investigation was focused on the influence of mode normalisation and loading configurations on the results of a priori
stress mode superposition. The simply supported beam structure revealed the aspects of mode normalisation. A relation between
the modal stiffness and modal strain energy content was demonstrated and the mode normalisation with respect to the system’s
stiffness matrix was proposed to overcome the effect of masking of dominant modes in an a priori mode superposition procedure.
For determination of maximum contributions of dominant modes, the frequency domain solution of the decoupled equations of
motion was employed together with the modal load considerations, thus leading to an analytically consistent weighting coefficient
for a priori superposition. For validation, a simplified industrial model has been investigated under complex multiaxial loading
conditions at variable positions. Reference solutions were obtained by superposition of the maxima of the generalised coordinates
from modally decoupled steady state analyses, resembling the assumptions of response spectrum analyses. From superposition of
modal von Mises stress fields, the results of reference solution and the proposed approach show exact match. The stress fields
approximated in this manner deliver valuable information about highly stressed elements with a low computational cost. With
that knowledge, sophisticated subsequent analysis steps can be limited to only fractions of the global model, e.g. submodeling,
substructuring or crack propagation analyses, providing high potential for data reduction and increasing efficiency. In contrast to
existing approaches, by introduction of the proposed weighting coefficient, a priori applicability as well as reliability and
performance can be increased to a great extent. A great advantage of the proposed approach is seen in the fact that it is applicable
in relatively early stages of product development.
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Nomenclature
ai Normalising factor [-] q Modal amplitude vector [m]
(@ Damping matrix [kg/s] Gimex  Maximum modal amplitude [m)]
G Modal damping [kg/s] u Displacement [m]
D Differential operator [-] u Velocity [m/s]
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F(t) Forcing function [N] u Acceleration [m/s?]

Ai Modal load [N] a Displacement amplitude [m]

F Force amplitude vector [N] V(n;) Amplification function [-]

f Force-direction vector [-] X Modal matrix [-]

H Hooke’s matrix [N/m?] I Weighting coefficient [-]

H°(n) Stress transfer function [1/m?] 3 Strain tensor [-]

H(n) Displacement transfer function [m/N] i Frequency ratio [-]

H%(n) Modal transfer function [m/N] MNres Resonance frequency ratio [-]

K Stiffness matrix [N/m] ¢ Stress tensor [N/m?]

ki Modal stiffness [N/m] G nax Maximum stress tensor [N/m?]

M Mass matrix [kg] 0; Eigenvector [-]

mi Modal mass [kg] @; Normalised eigenvector [1/+/N/m ]

P Vector of time-dependent forcing functions [N] ¥, Strain mode [-]

q Vector of modal coordinates [m] P, Normalised strain mode [1/+/N/m |

q; Modal coordinate [m] 9 Critical damping [-]

q; Modal velocity [m/s] 0o ; Eigenfrequency [1/s]

d; Modal acceleration [m/s?] Q Excitation frequency [1/s]

4; Modal amplitude [m] Q. Excitation frequency at resonance [1/s]
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