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Abstract. Hypergraph transformation systems are examples of M-adhesive trans-
formation systems based on M-adhesive categories. For typed attributed graph
transformation systems, the tool environment AGG allows the modelling, the sim-
ulation and the analysis of graph transformations. A corresponding tool for anal-
ysis of hypergraph transformation systems does not exist up to now. The purpose
of this paper is to establish a formal relationship between the corresponding M-
adhesive transformation systems, which allows us the translation of hypergraph
transformations into typed attributed graph transformations with equivalent be-
havior, and, vice versa, the creation of hypergraph transformations from typed
attributed graph transformations. This formal relationship is based on the gen-
eral theory of M-functors between different M-adhesive transformation systems.
We construct a functor between the M-adhesive categories of hypergraphs and
of typed attributed graphs, and show that our construction yields an M-functor
with suitable properties. We then use existing results for M-functors to show
that analysis results for hypergraph transformation systems can be obtained us-
ing AGG by analysis of the translated typed attributed graph transformation
system. This is shown in general and for a concrete example.

Keywords: M-adhesive transformation system, graph transformation, hyper-
graph transformation, M-adhesive category, M-functor, critical pair analysis,
Aca

1 Introduction

In the theory of graph transformation, various related approaches exist. Hyper-
graphs have shown to be appropriate e.g. for evaluation of functional expressions
since they allow a function with n arguments to be modelled by an hyperedge
with one source node and n target nodes [I1]. Other applications are distributed
systems [I] and diagram representation [10].
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Hypergraph transformation is related to algebraic graph transformation [3], where
structural changes are modelled in the double-pushout (DPO) approach for the
category of (typed, attributed) graphs, which has been generalised to M-adhesive
categories, relying on a class M of monomorphisms. The DPO approach is a
suitable description of transformations leading to results like the Local Church-
Rosser, Parallelism, Concurrency, and Local Confluence Theorems [3]. The well-
established tool Aca [12] supports modelling and analysis of (typed, attributed)
graph transformation systems. However, up to now there exists no tool support
for directly analysing confluence of hypergraph transformation systems.

In our previous paper [7], we have proposed formal criteria ensuring a semantical
correspondence of reconfigurable Petri nets and their corresponding representa-
tions as graph transformation systems. The aim of our previous work was to
establish a formal basis allowing us to translate Petri net transformations into
graph transformations and, vice versa, to create Petri net transformations from
graph transformations such that the behavior of Petri net transformations can
be simulated by simulating their translation using the graph transformation tool
Aga.

In [7], we established the new framework of M-functors F : (Cy, M;) — (Cz, My)
between M-adhesive categories. This framework allows to translate transforma-
tions in (Cy, M) into corresponding transformations in (Cg, M) and, vice versa,
to create transformations in (Cy, M) from those in (Ca, Ms).

Building on this previous work, we have extended this framework in [§] to al-
low the analysis of interesting properties like termination, local confluence and
functional behavior, in addition to parallel and sequential independence, using
the corresponding results and analysis tools like AGG for graph transformation
systems.

Hence, in this paper we define an M-functor Fyg : (C1, M) — (Ca, My), where
(C1, M) are hypergraphs and (Ca, My) typed attributed graphs. In our main
results, we show that the functor Fuq satisfies all the properties required by
the general framework to guarantee the transfer, i.e., translation and creation
of transformations and local confluence. This allows us in particular to apply
the well-known critical pair analysis for typed attributed graph transformations
supported by the AGG-tool [12] to analyse these properties for hypergraph trans-
formations. In contrast to previous instantiations of M-functors in [7], we do not
have to restrict our functor to injective morphisms.

This technical report is an extended version of our paper [9]. It is structured
as follows: introduces the basic notions of M-adhesive transformation
systems and M-functors to define a formal relationship between two different
Me-adhesive categories. In [Section 3| we construct the functor Fyg between hy-
pergraph and typed attributed graph transformation systems, and show that this
functor satisfies the properties of M-functors and some additional properties



that are required in the general theory. In we study the F-transfer of
local confluence by analysing JF-reachable critical pairs and show that the M-
functor Fug from satisfies the required properties. The result is used
in to analyse a hypergraph transformation system using AGG on the
functorial translation of the system. In we compare our approach to re-
lated work, conclude the paper and give an outlook to future research directions.
Detailed proofs are given in Appendix [A]

2  M-Adhesive Categories, Transformation Systems,
M-Functors

In this section we concentrate on some basic concepts and results that are impor-
tant for our approach and which we review from our previous paper [7]. Our con-
siderations are based on the framework of M-adhesive categories. An M-adhesive
category [4], consists of a category C together with a class M of monomorphisms
such that the following properties hold: C has pushouts (POs) and pullbacks
(PBs) along M-morphisms, M is closed under isomorphisms, composition, de-
composition, POs and PBs, and POs along M-morphisms are M-VK-squares
(see , i.e., the VK-property holds for all commutative cubes, where the
given PO with m € M is in the bottom, the back faces are PBs and all vertical
morphisms a, b, c and d are in M. The VK-property means that the top face is a
PO iff the front faces are PBs.

Fig. 1. M-VK-square

The concept of M-adhesive categories generalises that of adhesive [6], adhesive
HLR, and weak adhesive HLR categories [3]. The categories of typed attributed
graphs, hypergraphs and several categories of Petri nets are weak adhesive HLR
(see [3]) and hence also M-adhesive. A set of transformation rules in an M-
adhesive category constitutes an M-adhesive transformation system [4].

Definition 1 (M-Adhesive Transformation System).
Given an M-adhesive category (C, M), an M-adhesive transformation system
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AS = (C, M, P) has a set P of productions of the form p = (L LKL R) with
l,r € M. A direct transformation G 2= H via p and match m consists of two
pushouts according to the DPO approach [3].

We use the notion of an M-functor [7] to define a formal relationship between
two different M-adhesive transformation systems.

Definition 2 (M-Functor).
A functor F : (C1, M) — (Ca, My) between M-adhesive categories is called
M-functor if F(M;) C My and F preserves pushouts along M-morphisms.

Given an M-adhesive transformation system AS; = (Cy, My, P;), we want to
translate transformations from AS; to ASy = (Ca, My, P») with translated pro-
ductions P, = F(P;) and, vice versa, we want to create transformations in AS;

from the corresponding transformations in ASs. This can be handled by

below, shown in [7].

By definition, each M-functor F : (Cy, M;) — (Caz, My) translates each pro-
duction p = (L & K 5 R) in P, with I,r € My into F(p) = (F(L) Al
F(K) 0 F(R)) in P, = F(P,) with F(l),F(r) € Mz and each direct trans-
formation G 25 I in AS; given by DPO (1) + (2) into a direct transformation

F(G) T2LE™ F(H) in AS, given by DPO (3) + (4).
Ll T .p 7o) 22 Fu0 29 Fw)
G D H F(G) «— F(D) — F(H)

Vice versa, we say J creates direct transformations, if for each direct transfor-

mation F(G) O i AS, there is a direct transformation G 25 H in AS,

with F(m) = m’ and F(H) = H' leading to F(G) 25" F(H) in AS,. In the
following, we provide two conditions in order to show creation of direct trans-

formations and transformations, i.e., sequences of direct transformations written
*
G = H.

Theorem 1 (Translation and Creation of Transformations).

Fach M-functor F : (C1, My) — (Ca, Ms) translates (direct) transformations.
Vice versa, F creates (direct) transformations if we have the following two con-
ditions:

— (F creates morphisms): For allm' : F(L) — F(G) in (Ca, My), there is

exactly one morphism m : L — G with F(m) =m'.



— (F preserves initial pushouts): (Cy, My) has initial pushouts and for
each initial pushout (1) over m : L — G, also (2) is initial pushout over F(m)
m (Cz, MQ)

b F(b)

B L ]'—(B) —_— }—(L)
l (1) lm i l (2) l]—'(m)
C e F(C) —— F(G)

The proof for is given in [7]. Moreover, it is shown under the same
assumptions that F translates and creates parallel and sequential independence
of transformations. Concerning the definition and the role of initial pushouts for
the applicability of productions we refer to [3[7].

3 M-Functor from Hypergraphs to Typed Attributed
Graphs

Our aim is to construct a functor from hypergraphs to typed attributed graphs to
be able to analyse hypergraphs by anlysing typed attributed graphs according to
the general theory from [7] and [8]. For this purpose, we review on the one hand the
category (HyperGraphs, M) of hypergraphs with the class M; of all injective
hypergraph morphisms, which is shown to be M-adhesive in [3]. On the other
hand, we review the category of typed attributed graphs (AGraphsarg, M>)
with the class M5 of all injective typed attributed graph morphisms, which is also
shown to be M-adhesive in [3], and we define a suitable attributed hypergraph
type graph ATG = HGTG. Moreover, we construct a functor Fyg between both
categories and show that the general result from is applicable to this
functor.

Definition 3 (Category HyperGraphs [3]).

A hypergraph G is defined as G = (Vg, Eq, sa, ta), where Vg is a set of hypergraph
nodes, E¢g is a set of hyperedges and sq,tq 1 Eq¢ — V& are functions assigning
the string sq(e) of source nodes resp. tg(e) of target nodes to each hyperedge e.
Consider two hypergraphs G1 = (Va,, Egy, s¢y,ta,) and Go =

(Vs Eay, Saysta,). A hypergraph morphism f: G1 — Gy is I 5G, v
given by a tuple of functions f = (fy : Vo, = Va,, [ B, — G o &1
Eg,) such that the diagram to the right commutes with source fEl = lfx’?
and target functions, i.e., Sq,° fr = [y 0Sq, and tg,o fp = Eg, %6 173
Jv otg,, where fy, Vi, — Vg, with A — X and xy...x, — ta,

fv(l‘1> e f\/(l’n)

According to [3], the category (HyperGraphs, M) of hypergraphs with a class
M of all injective morphisms is M-adhesive, where pushouts are constructed
componentwise.



Attributed graphs and morphisms between them form the

category AGraphs, where each object is a pair (G, D) .25 v

of an E-graph G with signature E (shown to the right) spa ¢ TG swa
and Y-nat algebra D, where in the following we only use / N\

D = Ts_pat = NAT (with the term algebra T, and the Epa o Vb fa Ena
ordinary natural numbers algebra NAT) This means, G

is given by G = (VC?’ V E ENAa EEA? ( j ’t]G)]e{G,NA,EA})’

are the graph resp. data nodes of G, ES, E$, resp. ES, are the graph edges
resp. node attribute and edge attribute edges of G and 3] , 17 are corresponding
source and target functions for the edges.

The notion of attributed graphs combined with the typing concept leads to the
well-known category of typed attributed graphs AGraphsarg, where attributed
graphs are typed over an attributed type graph ATG [3]. Here, we consider a
specific type graph HGTG to express hypergraphs as typed attributed graphs,
which is shown in . [|

The meaning of every depicted element of HGTG is as follows: Nodes of type
Node and FEdge represent hypergraph nodes and hyperedges. Edges of types n2e,
e2n represent hyperedge tentacles and are attributed by a number num which
contains the position of a node in the source (resp. target) string of the considered
hyperedge. Nodes of type Fdge have two attributes in and out giving the number
of nodes in the pre- and postdomain of a hyperedge (to ensure the preservation of
an Fdge node’s environment using typed attributed graph morphisms). All node
and edge attributes are typed over natural numbers.

We consider the category AGraphsygrg with fixed data type NAT and identical
algebra homomorphism, which implies that the Vp-component of morphisms is
the identity.

According to [3], the category (AGraphsarg, M) is M-adhesive for each type
graph ATG, where M-morphisms are injective with isomorphic data type part.

where V§ resp. V§

J

! Node and edge attributes are depicted in compact notation as node/edge inscriptions together with their data
type.

Node

e2n n2e
num : nat num : nat

FEdge
n : nat
out : nat

Fig. 2. Attributed type graph HGTG
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Hence also the special case of (AGraphsarg, M) with ATG = HGTG is M-
adhesive. The subcategory (AGraphspgra, M2) with identical algebra homo-
morphism as considered above is also M-adhesive for the subclass M = M, of
all injective typed attributed graph morphisms.

We are using the M-functor Fyg : (HyperGraphs, M;) — (AGraphsupgra,
M) defined below for the translation of HyperGraphs objects and morphisms
into the corresponding AGraphsggTg objects and morphisms.

Definition 4 (Fyc : (HyperGraphs, M;) — (AGraphsugrg, M2)).
Consider a hypergraph G = (Vg, Eg, sa,tc). We define the object Fuc(G) =
((G', NAT), type | in AGraphsugrg with morphism type : (G', NAT) —
(HGTG, Dyi) and E-graph G' = (VS V§ =N, ES | ES,, ES,,

(s¢, tf’)je{GyNAEA}) as follows:

Vg, = Vo W Eg (graph nodes)
Eg/ = ES_ WES (graph edges) with
ES. ={(v,e,n) € Vg x Eg x N | sk(e) = v},
ES, ={(e,v,n) € Eg x Vg x N | t%(e) = v},
where sg(e) is the n-th node in the string sg(e) and similar for té(e),
ES, = ES WES, (node attribute edges) with
ES ={(e,n,in) | (e,n) € Eq x NA |sg(e)| = n},
ES = {(e,n,out) | (e,n) € Eg x NA|tg(e)] =n}, where |w]| is the
length of the string w,
ES, = EY WEY (edge attribute edges) with
EY ={(n,v,e) e Nx Vg x Eg | s}(e) = v,
ES = {(n,e,v) € N x Eg x Vg | t&(e) = v}
(and the corresponding source and target functions:)
sg/,tg/ : Eg/ — VGG/ defined by sg/(x,y,n) = x, tg/(x,y,n) =y,
sC L ESy — VS defined by 5§ 4(e,n, ) = e
54 ES, = N defined by t§,(e,n, z) = n,
s¢,  ES, — ES defined by s$,(n, z,y) = (z,y,n),
8BS, — N defined by tS,(n, z,y) = n.
The AGraphsugrg-morphism type : (G', NAT) — (HGTG, Dy;y,) is given by
the final morphism of data types from NAT to the final algebra Dy;, and type G

2 In the following, we also use the short notation Fug(G) = G-
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G' — HGTG is given by E-graph morphism type® = (typev,, typey, , typeg,,,
typegy ., typer,, ), where each component is mapped to the obvious type in the type
graph HGTG, e.g., typey,, : V§ — VHCTC with x + Node (if v € Vi), = v
Edge (if v € Eg).

For each hypergraph morphism f : G; — Go with f = (fy : Vo, = Vo, fE -
Ea, — Eg,), we define Fuc(f) : Fuc(G1) — Fuc(G2), where in short nota-

; _ G; G G G; G .G . .
tion Fuc(G:) = (V5 N, EZ", Eyy, ERy, (sj N )icfa.na,pay) with i € {1,2} by

fHG(f) = f/ = (f\l/c7f\l/D = idNaflEG>flENA7f/EEA) with

fro VT = VE with Vi =Vg,WEg, for i€{1,2} by f. =fr¥fp
fro,  BS — B3 with BG' = B, W ES, for i€ {1,2} by

n2e e2n

fflEc;(Uaean) = (fV(U)7fE(e)>n) fO?“ (Ua ean) S Er%le
fre(e;v,n) = (fele), fv(v),n) for (e,v,n) ¢ ES
Fona i By — B with EYy = ES wES, for i€ {1,2} by
Fegalesn,x) = (fele),n.x) for (e,n,z) € BG' W Egy A a € {in, out}
fep, ES, — ES% with ES, = ES wES for ic{1,2} sz'mz'lmﬂ to

/ . Gl G2
Jee P Egt — EG

An example for using the functor Fyg on objects and morphisms is shown in
Figure 3| where the typed attributed graphs on the right together with the mor-
phism between them are the translation of the corresponding hypergraphs and
the morphism on the left. As usual in the hypergraph notation, only the target
nodes of a hyperedge are marked by arrows.

Note that Fug defined above is a well-defined M-functor in the sense of
inition 4| This includes that the components of Fug(f) are well-defined w.r.t.
their codomain and that they are compatible with source and target functions as
well as typing morphisms. Fug is a functor, because Fyg preserves identities and
composition. Moreover, Fy¢ is an M-functor, because we have Fyg(M;) C Mo,
i.e., Fug preserves injectivity of morphisms, and Fyg preserves pushouts along
M-morphisms (see in Appendix |A)).

Now we apply the translation and creation of (direct) transformations (see
to the M-functor Fyg : (HyperGraphs, M;) — (AGraphsggrg, M2)

leading to our new main technical result.

Theorem 2 (Translation and Creation of Transformations between Hy-
pergraphs and Typed Attributed Graphs).

The M-functor Fug : (HyperGraphs, M;) — (AGraphspgrg, M2) trans-
lates and creates direct transformations and transformations.

- ’ 4 ! ’
3 where E¢ =~ ES,, and ES ~ ES,,.



v1:Node [vg:Node]
TH e e
1 7 vo,e0,1)n2e [ fod Fd
£—1)—' L o:Fdge e1:Edge
©2) —]:—HL> vo:Node|—2% in=2 in=1
. out=1 out=1
1
1 (eo,v3,1):€2n  (v4,e1,1):n2e
(V4 num=1 num=1
Fua(Gh) v3:Node v4:Node
g
Fuc(g)

/ / ’ U
v, €0, 1):n2e [7. (v1,2, €0, 2):n2e
/ ﬁ—_r@ eg:Fdgep 2 ==
1; num= TUm=
@ V1,2 2 EU61N0d6 =2 4‘1)’1,2:]\70616

out=1

1 2 h F (€1, v1,9,1):€2n

LHG (e, v, 1):e2n num=
1 num=— 7

1 1 . e1:Edge .

v3:Node in=1 T T)mze
& @ s
Fuc(Gs)

Fig. 3. Applying functor Fug to two hypergraphs and morphism between them

Proof Idea.
According to we have to show that Fyg creates morphisms and pre-
serves initial pushouts.

1.

(Fuc creates morphisms): Given a typed attributed graph morphism f* :
Fuc(G1) = Fuc(Ge), there is a unique hypergraph morphism f : G; — Go
with Fua(f) = f defined by f = (fv, fe) with fv(v) = fi,. (v) for v € Vg, C
V& and fg(e) = fy.(e) fore € Eg, C VST where VS = Vi, W Eg, is the V-
component of Fyg(G1). From the morphism property of f’ we can show that
f is a hypergraph morphism with Fug(f) = f and Fug(f) = Fuc(g) implies
f = ¢ and hence uniqueness. The proof is based on in Appendix [A]
showing that each typed attributed graph morphism f’ : Fua(G1) — Fua(Gs)
is uniquely determined by its Vg-component fi,. : VGG ' — Vg 2.

(Fuc preserves initial pushouts): Preservation of initial pushouts means
that (Hyper-Graphs, M;) has initial pushouts, which become also initial
pushouts in (AGraphspgra, Ms) as defined in [3] after application of Fyg.
The construction of initial pushouts in (HyperGraphs, M;) and their preser-

vation is shown in in Appendix [A]

4 JF-Transfer of Local Confluence

In this section, we review under which conditions local confluence can be trans-
lated by M-functor F : (Cy, M;) — (Ca, M3) from one transformation system
AS) = (Cq, My, P) to another one AS; = (Ca, My, F(P)) with translated pro-
ductions F(P) and, vice versa, under which conditions local confluence of AS;
can be created by F from local confluence of AS; (see [§]). In this case, we speak
of F-transfer of local confluence.



According to [3], an M-adhesive transformation system (C, M, P) is locally con-
fluent, if for all direct transformations G = H; and GG = H, there is an object X
together with transformations H; = X and H, = X. In the case of confluence
this property is required for transformations G = H; and G = H..

In [8] it is shown under the assumptions of[Theorem 1|that AS; is locally confluent
for all transformation spans H; R G2 |, T AS, s locally confluent for all

translated transformation spans F(H) FoLzom) 7 (G) Fleakdma) g (Hy).
A well-known approach for the verification of local confluence is the analysis of
P£2,02

critical pairs. A critical pair P, 22 K 22 P, is a pair of parallel dependent
transformations with a minimal overlapping K of the left-hand sides of the rules.

Definition 5 (F-Reachable Critical Pair).
Given an M-functor F : (Cq, M1) = (Ca, Ms). An F-reachable critical pair of
productions F(p1) and F(p2) is a critical pair in ASs of the form

F(Ry) & F(K) = F(Ly) -F(L2) -F(K2) = F(Ry)
| | N7 | |
F(P) <= F(Ny) — F(K) — F(Nz) 2% F(Py)

where all morphisms of type F(A) — F(B) are of the form F(f) for some mor-
phism f: A — B.

Note that for determining F-reachability of a critical pair, it is sufficient to ensure
that the overlapping of F(L;) and F(Ls) is an F-image [§].

For below we require that F : (Cq, M;) — (Ca, Ms) is compatible
with pair factorisation. This means, on the one hand, that (C;, M;) has pair fac-
torisation based on & — M;-factorisation for i € {1,2}. For (Cy, M) this means
that each morphism pair (f; : L1 — G, fo : Ly — G) with common codomain
can be decomposed uniquely up to isomorphism as (f; = moey, fo = moey)
with a pair (e, e2) of jointly epimorphic morphisms and m € Mj. On the other
hand, it means that F preserves pair factorisation, i.e., for each pair factorisation
(fi = moey, fo = moey) in (Cy, M) also (F(f1) = F(m) o Fler), F(fa) =
F(m) o F(ez)) is a pair factorisation in (Cg, My).

Furthermore, we use the Local Confluence Theo-
rem [3] to analyse whether a given M-adhesive trans-
formation system is locally confluent. This is the case, if
all critical pairs P, &2 K 22 P, of the given transfor- ,01,2)% \M’OQ
mation system are strictly confluent. Strictness means
intuitively that the largest substructure of K that is \ /
preserved by the critical pair is also preserved by the
merging transformation steps P, = K’ and P, = K’
(see the diagram to the right).
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The following , with the proof in [§], shows that AS] is locally confluent
if all F-reachable critical pairs in AS, are strictly confluent. This is important
if in AS; critical pairs of typed attributed graph transformation systems have to
be considered, because they can be detected automatically using the tool AGG.

Theorem 3 (Creation of Local Confluence Based on F-Reachable Crit-
ical Pairs).

Given M-adhesive transformation systems AS; = (Cy1, My, P), ASy; = (Ca, Mo,
F(P)) and an M-functor F : (C1, My) — (Ca, Ms) that creates (direct) trans-
formations and morphisms (see |Theorem 1| in [Section 2) and is compatible with
pair factorisation in the sense as discussed before. Then, ASy is locally confluent
for all transformation spans Hy "= G 222 H, if all F-reachable critical pairs
of F(p1) and F(pa) in ASy are strictly confluent.

Now we apply the results concerning the creation of local confluence based on F-
reachable critical pairs to the concrete M-functor Fyg : (HyperGraphs, M;) —
(AGraphsugrg, M>). This is our main conceptual result, allowing us to use
AGG for the analysis of hypergraph transformation systems.

Theorem 4 (Local Confluence of Hypergraph Transformation Systems
with Analysis using AGG).

Consider the M-functor Fug : (HyperGraphs, M) — (AGraphsgpgrg, M>2)
from |Definition 4 in |Section 5. A hypergraph transformation system s locally
confluent for all transformation spans H; 2= G 2% H, if all Fug-reachable
critical pairs of Fua(p1) and Fuc(p2) are strictly confluent.

Proof Idea.

In{Theorem 2| (see|Section 3|), we have shown that Fyg : (HyperGraphs, M;) —
(AGraphsugrg, Ms2) is an M-functor, which creates (direct) transformations
and morphisms. Moreover, Fug is compatible with pair factorisation using the
E-M-factorisations (€1, M) in (HyperGraphs, M;) and (&, M) in
(AGraphsugrg, Ms), where & and & are the classes of surjective morphisms.

In fact, Fyg preserves coproducts and we have Fyg(€1) C & such that we obtain
compatibility of Fug with pair factorisation according to in Appendix

[Al Altogether, this allows us to apply with F = Fuc.

Since AGraphsggrg is the category of typed attributed graph transformation
systems, we can use the tool AGG for critical pair analysis, while it is sufficient

for our result to consider only Fug-reachable critical pairs (see [Definition 5| in
this section).
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5 Analysis of Hypergraph Transformation Systems based
on AGG

We consider a simple distributed system with mobility, inspired by [I], with
servers connected by channels, and processes moving through the network and
running on the servers.

Note that for this example, we use hypergraphs extended by a labelling function
for hyperedges. Objects in this slightly extended category have the form: G =
(Va, Eq, sa, ta, lg) with the labelling function lg : Fg — A, where A is some
alphabet. The corresponding M-functor additionally translates the hyperedge
labels into String attributes of the corresponding hyperedge node representation.
All properties shown in [Section 3| and [Section 4] do also hold for the M-adhesive
category of labelled hypergraphs and the extended M-functor F [

In our distributed system model with mobility, servers, connections and processes
are represented as labelled hyperedges. The meaning of the hyperedge labels is
as follows: P denotes a process before it is executed, S stands for server, and
C for connection. A running process is represented by label R. Note that, on
the one hand, we simplify the network model in [I] by disregarding firewalls
and secure servers; on the other hand, we allow for connections between three
servers modelled by hyperedges with three tentacles, and we distinguish between
travelling processes P and running processes R.

The hypergraph in models a network with four servers, different kinds
of connections between them, and two processes. Nodes are depicted as black
bullets, while hyperedges are represented by labelled rectangles.

Fig. 4. Hypergraph defining a network with distributed processes

The behaviour of the system is modelled by the hypergraph transformation rules
in . Rules enterServer [leaveServer] allow a process to enter [leave| a server
location. Both rules are inverse to each other (indicated by the double arrow).
Rules crossC [backC] model the travelling of a process via a connection. We have dif-
ferent rules for process travelling, depending on the kind of connection hyperedge
that is crossed. When a process finally has found a suitable server, it switches

4 Note that this holds also for the variants of hypergraphs with labelled nodes and/or labelled hyperedges.
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into the state running by applying the rule runP. A process that has finished its
execution is removed from the system by the rule removeR.

(©)]

. . leaveServer / engServer . .

P

. . backC / crcgc - -
P]

P]

1 backC1 / crossC1 1

L
1 backC2 / crossC2 1

=" o c

E - rUnP> E
E - remove; -

Fig. 5. Hypergraph transformation rules modelling the behaviour of mobile processes

(@)

:

3

Applying the M-functor Fyg from[Definition 4]to this hypergraph transformation
system results in a typed attributed graph transformation system that can be
statically analysed using AGG. shows an Fyg-reachable critical pair for
the application of rules enterServer and crossC (depicted in the left part) when their
left-hand sides overlap as indicated in the overlapping graph in the right part. The
conflict (a delete-use conflict) is obviously caused when a process can “choose”
either to enter a server location or to cross a connection channel in the network.

&5 Ruen o o X
enterServer @
q
¥ 5e2n
: 4Node -

1:Edge H& 3:Mode| [2Edge oo JEdae
in= " 7:n2e™in=1 5:e2n - £
:utgﬂ 6:e2n Ut 7n2e ?utll num=1/in=0 @:’) (2)delete-use-conflict © 77 o @

- new - out=1 B = =
label="F" label="§ label="s" label="F" =

v N 2 X 7:n2e[5; .
@53“‘ Rule 2 o e 1:Edge 6:e2m 3N0del\‘ 2:Edge 4:Node
‘é in=0 in=1 ’vSIZ_,
cross - out=1 11:n2e out=1 b
6:e2n_|3Node K e ® 8:Edge label="s"

1:Edge 11:n2e 11:n2e in=1

- = 10:22n

in=0 8:Edge 8:Edge &2n Ecige uui—l_“ .

out=1 =1 | n=1 10:0% = in=0 label="C

|abel="p" n 10:e2n 0:22n num=1-out=1 9:Node

out=1 out=1 label="P*
label="C" 9:Node label="C" — [

Fig. 6. A critical pair detected by AGG for the rule pair (enterServer, crossC)

This critical pair is locally confluent: after applying either rule, we can reverse the
effect by applying the corresponding inverse rule and hence have at least one graph
which can be derived to join the different results. We can even conclude that the

13



whole transformation system is locally confluent by applying [Theorem 4] showing
strict confluence of all Fyg-reachable critical pairs. Obviously, rules for process

travelling can be executed in any order; a step modelling forward travelling and
a step modelling the execution of a process can be joined again by performing
backward travelling and then executing the process.

Note that there are several non-Fyg-reachable critical pairs that do not have
to be considered according to Two examples for possible non-Fyg-
reachable critical pairs constructed for the rule pair (runP, enterServer) are shown in

-
|£ ) Critical P{alr Analysis (conﬁlctTabIeW‘lmMulllpkltleicpx ;[?lstrirocefses)‘ TR~ a L
Critical Pair Analysis / Show
7)) Rule1 ol = 7)) Rule2 ol =
runP I enterServer
] q
4 ¥
1:Edge 6. 7:1)2.Edge 5:efa ﬁ::%e 1:Edge [Eiode] 7.n2e |2 E:‘D* 8:e2n :la'Nnde 7:n2e |2.Edge
in=0 in=1 u in=0 ,_,—-P-——y"ﬁ -——hl in=1 1
out=1 out=1 :)at‘:;::'R‘ out=1 6:e2n out=t out=1
label="P" label="§" label="p" label="§ label="§"
- Kl I IDEKT I ]
il [ Y I ]
D) 3
J7) (3)delete-use-conflict o l_j' @.ﬂ P Tp—— e
3 Node
7:n2e
6:e2n .
2Edge | Seln e; 7n2e 9020 |8Node
. 1:Edge 2€dge |~
label="S" n=0 in=1 5:e2n
\ 8:e2n out=1 out=1
label="P" label="§"
ol I

Fig. 7. Two non-Fyg-reachable critical pairs detected by AGG for rule pair (runP, enterServer)

The first delete-use-conflict (3) shows a non-Fyg-reachable overlapping graph,
where a Server hyperedge has two outgoing edges connecting it to the same node.
For this situation, an original hypergraph does not exist, since the attributes
in=1 and out=1 mean that the original hypergraph has exactly one incoming and
one outgoing edge. A similar overlapping graph is shown for the second delete-
use-conflict (4), where also two outgoing edges exist, this time connecting the
hyperedge with two different nodes.

6 Related Work and Conclusion

In our previous paper [7] we have developed a general framework to establish a for-
mal relationship between different M-adhesive transformation systems, showing
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under which conditions transformations can be translated and created between
different M-adhesive transformation systems. This result is based on suitable
properties of M-functors between the corresponding M-adhesive categories. In
this paper, we construct an M-functor from hypergraphs to typed attributed
graphs. We show in our main technical result in (with non-trivial
proof in Appendix that the functor satisfies the required properties guaran-
teeing translation and creation of rule applications, as well as the transfer of local
confluence. Moreover, also termination and functional behavior can be transferred
according to [§]. This provides us with a general framework to analyse hyper-
graph transformation systems and allows us by to use the critical
pair analysis of the AcG-tool [12] for typed attributed graphs to analyse conflu-
ence of hypergraph transformation systems. We demonstrate this by analysing a
hypergraph transformation system modelling a distributed system with mobile
processes.

A related approach to hypergraph analysis considers causal dependencies mod-
elled by approximated unfolding [1J2]. The thesis of D. Plump [I1] contains al-
ready theoretical results about confluence of hypergraph transformation systems,
comprising a sufficient condition for local confluence based on critical pairs. But
to the best of our knowledge, a tool supporting directly critical pair analysis of
hypergraph transformation systems does not yet exist.

A suitable characterisation of F-reachable critical pairs would be helpful to reduce
the analysis effort, and is subject to future work. Furthermore, we will investigate
how (nested) application conditions [5] can be handled in this framework in or-
der to consider critical pairs and local confluence of M-adhesive transformation
systems with (nested) application conditions.
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A Proofs

In this appendix we give the proofs for Lemmal[I}{4] where Lemmal[I}3] are required
to show that the M-functor Fug : (HyperGraphs, M;) — (AGraphspcra,
M3) (see [Definition 4| in [Section 3) translates and creates (direct) transforma-
tions (see [Theorem 2|in [Section 3)) and [Lemma 4] we are using to show that Fug
creates local confluence based on Fpg-reachable critical pairs (see in
Section 4J).

The following lemma shows that the functor Fug : (HyperGraphs, M;) —
(AGraphsugrg, Ms) preserves pushouts along M-morphisms, which is a prop-
erty to be satisfied by each M-functor.

Lemma 1 (Fug Preserves Pushouts along M-Morphisms).

Consider hypergraphs G; for i € {0,1,2,3} with hypergraph morphisms b =
(by,bg), ¢ = (cv,cr), g = (9v,9E), h = (hv,hg) and typed attributed graphs
Fuc(G;) fori € {0,1,2,3} with typed attributed graph morphisms Fug(b) =0 =
(b/\/cab/\/pvb/EGvb/ENA’bSEEA)f ‘FHG(C) =cd = (C'VG,C/VD,C/EG,C/ENA,CEEA), FHG(g) =
g = (g{/G7g{/D7g/EG’g/ENA’g/EEA)7 ‘FHG(h> =h = (hQ/Ga h/VD7 hjEG’ h/ENA> hZEEA)'

If (1) is a pushout in HyperGraphs with b € My, then we have that (2) is a
pushout in AGraphsugrg with Fug(b) € M.

b -7:HG (b)Zb,

Go Gy Fua(Go) Fua(Gh)

CI (1) lg ]:HG(C)—C,l (2) l]:HG(g)—gl

Go h Gs FHG(GQ)m,FHG(G?))
Proof.

For the given morphism b € M; we have that Fyug(b) = b’ € My, because Fug
preserves injectivity of morphisms.

Given: (1) is a pushout in HyperGraphs with b € M, i.e., V- and E-components
of (1) are pushouts in Sets, because pushouts in HyperGraphs are constructed
componentwise.

To show: V-, Vp-, Eg-, Ena- and Eg4-components of (2) are pushouts in Sets
with Fug(b) = O € My, because pushouts in AGraphsggrg are constructed

componentwise as well.
1. Vig-component of (2) is a pushout in Sets

by Wb
(see diagram (3)) with f{, = fy & fp for f € Vgo v Wbg VGGl
{b, ¢, g, h}, because pushouts are compatible
with coproducts. cvier l (3) lgv Wop
2. Vp-component of (2) is obviously a pushout Ve VG
in Sets with f{, = idy for f € {b,c,g,h}. hy Whg
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3. For the Eg-component we have to show that diagrams (5a) and similarly (5b)
are pushouts. Diagrams (5a) and (5b) commute, because for each product com-
ponent we have a pushout in Sets by assumption. So it remains to show that
(5a) and (5b) are pushouts, because products of pushouts are not necessarily
pushouts (the merging morphisms are in general not jointly surjective).

by X bg x id bg X by X id
Go OV B N G Go lE % N el
EnZe EnQe EeQn EeZn
. gy X gg X ZdN .
cy X Cg X Zle (5(1,) l cp X ¢y X Zle (5b) lgE X gy X idy
G2 > IG3 EG: — , pGs
n2e by x hp X idy ~ "2€ €N hp X hy X idy ~ €27

(a) For diagram (5a) we have to show that the diagram (5a’) is a pushout in
Sets with

Vi BE; @ N={(v,e,n) € V; x E; x N|s!'(e) = v} forie{0,1,2,3}
and fy ® frp ®idy for f € {b,c,g,h}.

V®bE®ZdI\ﬁ/1

%®%®ﬁ ®F®@N

CV®CE®Z'le (5(1//) lgv®gE®idN

%®EQ®%V®hE®idK”®E3®N

Since b, ¢, g, h are hypergraph morphisms, we have that all fiy ® fr ® idy
morphisms for f € {b,¢, g, h} are well-defined. Furthermore, we have that
the components of (5a’) are pushouts and pullbacks in Sets, because b =
(by,bg) € M; by assumption. Hence, also (5a’) is a pullback, because
pullbacks are compatible with products and it remains to show that (hy ®
hg ®idy, gy ® g ® idy) are jointly surjective.
Consider (v, e3,n) € V3® F3 ® N. The E-component of (5a) is a pushout
in Sets s.t. we have e; € E; with gg(e;) = e3 (or we have ey € Ey with
hg(e2) = es). Without loss of generality we consider the first case. Let
vy = s}(e1) for n € N, then (gv ® gp ® idy)(v1,e1,n) = (vs, e3,n), because
g = (g9v,gr) is a hypergraph morphism, i.e., the compatibility with the
corresponding source function holds s.t. we have s%(e3) = vs. Hence, (5a’)
and (5a) are pushouts.

(b) For diagram (5b) the proof is similar to the Case [3a] switching the com-
ponents of the product.

4. For the Ey4-component we have to show that diagrams (6a) and similarly
(6b) are pushouts for X = {in} and Y = {out}. Diagrams (6a) and (6b)
commute, because for each product component we have a pushout in Sets
by assumption. It can be shown similar to the Case [3| that (6a) and (6b) are
pushouts.
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b X idy X id b X idy X id
G E N X G G E N Y G
E ino E inl E ouot E oult
. . id, id . .
cg X idy X del (6@) lgE :EZxNi;NZxXidyl (6b) lgE X idy X idy
G2 Gs G2 > 'Gs
E’Ln hE X ZdN X ’de m EOU’t hE X ZdN X ’Ldy EOU’t

5. The proof for the Fg4-component is similar to that of the Eg-component in
the Case |3| by switching the components of the products.

According to the following lemma, each typed attributed graph morphism f’ :
Fuc(G1) — Fuc(G2) is uniquely determined by its Vi-component fy, . : Ve —

VGG 2. We are using this property to show the uniqueness of morphism creation.

Lemma 2 (Uniquely Determined Fyg-Images).

Consider a typed attributed graph morphism f': Fua(G1) — Fuc(Ga) with fi, =
1dy.

Then we have that f' is uniquely determined by the component fy, . Vgl — ng
with V5" = Vg, W Eq, fori € {1,2}.

Proof.

Given a typed attributed graph morphism f' : Fug(G1) — Fuca(Ge) with f/ =
(fvs fv, = idn, fuoy fEy s fEg,) (see diagram below) and fy(v) = fy, . (v) for
v € Vg, fele) = fy,(e) fore € Eg,.

@ % e
G1 EGl :0;1 VG 1 G4
sEA/ v te ! \SNA
To show G E e f{,GE .
Ega BNy
1 f/E'G<v7evTL):(fV(U)ufE(e)?n) for (U7ean)€E§21e ) :tg};‘:* G1 A:/t]?/lA:
2. fp,(e,v,n)=(fe(e), fv(v),n) for (e,v,n)€ES E v D E
3. feyalesn,x)=(fe(e),n,x) for (e, n, 2)eESWESY | fion, E 'G s VG EfENA
4. fg,, (n,v,e)=(n, fy(v), fe(e)) for (n,v,e)eES | " Bg? % % ]
G s t 2 S
5 ffEEA(n,e,v):(n,fE(e),fv(v)) for (n,e,v)eE™ . EiA/ " ? \i“‘
Gy 7 G2
EEA % ENA
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we have:

v = 522(?/76’,”) = 562 (fio (v, e,n)) = fi (sé (v, e,n)) = fir, (v) = fr(v)
= v = fir(v),

¢ =t (v e n') =t (fi, (v,e,n)) = fir, (tG" (v,e,n)) = fi(€) = fule)
= ¢ = fp(e),

n = idy(t54(n,v,€)) = t34(fg, , (n,v,€)) w t92 (', v,y =n"=n'=n

= f}/E‘G<U’67n) = (Ulvelan/) = (fV(U)’fE(e)’n>

(¥) 854 ([Epa (0, 0,€)) = fig (s54(n,0,€)) = [, (v, e,n)
= (', ¢,n') = &2 (n', 0, )
= fi,,(n,v,e) = (0,0, ¢') since 592 is a bijection and therefore also an

injection
Cases U5 Similar to the Case [Tl

The following lemma with its detailed proof states the fact that the M-functor
Fuc : (HyperGraphs, M;) — (AGraphsuygrg, Ms2) given in
in preserves initial pushouts, i.e., (HyperGraphs, M;) has initial
pushouts, which become also initial pushouts in (AGraphsuygra, Ms) after ap-
plication of Fyg.

Lemma 3 (Preservation of Initial Pushouts).
Let (1) be an initial pushout over f: L — G in (HyperGraphs, M;). Then (2)
is an initial pushout over Fuc(f) : Fuc(L) = Fuc(G) in (AGraphsugra, Ms).

Bt .y Fuc(B) 2% Fya(L)
[ C R VAN I @ |mew
C G Fug(C) — Fuc(G)

Proof.

Similar to initial pushouts in (Graphs, M) (see [3]) we also have initial pushouts
in (HyperGraphs, M) using a boundary construction based on dangling and
identification points.

We assume that (1) is an initial pushout in (HyperGraphs, M) with boundary
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B = (Vg,Ep,sp = s1,tp = t1) C L, where

Ve = DPy UIPy UIPyg with dangling points
DPy = {v € Vi, | 3e € B\ fu(EL).(fv(v) € s6(€) V (fu(v) € tale))}
where x € w < Jwq, wy. w = wy-x-wy and identification points
IPy={veV, | #v eV A fy(v) = fr(v)},
IPyp={ve€V,|JecIPg.1€s(e) VTEtL(e)},

Ep=IPp={ec EyL |3 #ec € B, N frle)= fs()}

Note that [ Py g is needed in order to make sure that B is a well-defined hyper-
graph to avoid an intersection construction for B.

b/

./—'H(J b ;
N Fuc(B) ol )J""HG( Ly=1"r B~ Fuc(L) =L’
(4) l (2) l}—HG(f) =f [ (3) l}—HG(f) =f
i, Fuc(0) = Fiua(G) = G C'—— Fuc(G) = G’
C’ ¢

(6)

C/

Since Fug preserves pushouts along M-morphisms (see in this ap-
pendix) we have that (2) is a pushout in (AGraphsuygra, M2) with Fug(b) €
M.

Now we construct similar to [3] the initial pushout (3) over Fuc(f) : Fuc(L) —
Fuc(G) in (AGraphspgra, M2) with inclusion O : B" — Fug(L) and boundary
B = ((B{), NAT) type), where the components of Bj = (VGBO, V,fo =N, Ego, Eﬁ%,
ngll, (s; Bo t >]e{G NA EA}) are defined as follows:

ES =1Pp,, ={a€ EY, =EXwEL, | 3d # a. d € Efiy = Bl WEL, A

Jeya(a) = fp, (@)}, where f,  is defined as given in

E% = IPp,, = {a € B, = ESL’ WEF | 3d #a. d € FE, = EF¥' wEF A

JEp,(a) = fg, (a')}, where f,_ is defined as given in

V% = DPy, UIPy, U sk (IPg,) UtE (IPg,) U sk ,(IPg, ) with

DPy, ={a eV =V, WwE, | [3d € E§,\ 5, (Exa) = (BS W ES)\
Fen (BEWEE). f (a) = s ()] v [3d € EG\ fr, (EY) =

(Epae W EG)\fig (Brae W Bly). fr(a) = sG () V fiy,(a) = t& (a)]},
where f5_ ., f{/G and fEG are defined as given in |Definition 4}

21



IPy, ={a eV =V WE,|3d #a.d eV =ViwE, A fi (a) = £, ()},
where fy, is defined as given in [Definition 4]

ES = DPy, UIPg, Usk,(IPg,,) with

DPy, ={a € B§ = Ep, W Egy, | Ja' € BEN\fo, , (B) = (B B\

Tipa (B WED). [ (a) = sEa(a)},
where f_ and f_ are defined as given in [Definition 4
IPg, ={a€ By = EL wEL |3d #a.d € B =EY WEL A fp(a) =

n2e e2n
fr.(a)}, where fp,  is defined as given in [Definition 4]

and source/target functions in By, are restrictions of the corresponding functions
in ]:Hg(L> =1I.

Initiality of (3) implies unique morphisms i : B’ — Fyg(B) and j : ¢ — Fua(C)

such that (4) is a pushout in (AGraphsuygrag, M2) and (5), (6) commute with

1€ Mo.

Consider the typed attributed graph Fug(B) = B* = ((Bf, NAT), type) with

By = (Va", V" = N, Egf, By, By, (57, 47)

[Definition 4! in [Section 3l

It remains to show: i : B’ — Fug(B) is surjective, i.e., Fug(B) = B* C B, i.e
B: B! B: B B B} B: B!

VI CVE A EE C BE A BS, C B A EE < B

In the following we prove only the first conjunct. The proofs for the other con-

juncts can be done in the similar way.

jE{G’,NA7EA}) defined according to

To show: Vga - Vé%.
From [Definition 4|in [Section 3| and constructions of B, B’ above we have:

VP = VywWEp =IP, UIPygUDP, UIPg and
Vo = DPy, U TPy, U sy (IPg,) Ut (IPg,) U sk 4(IPgy )

1. Let v € DPy. Then we consider two cases:
(a) ve Vpand Je € Eg\fe(EL). fv(v) € sg(e), i.e., In € N. fy (v) = si(e).
It remains to show: v € DPy, C VGB 0
From v € V;, we get that v € VZ&'. Furthermore, let o/ = (fy(v),e,n) €
ES. . because fy (v )— s¢(e). Then we have:

fo(0) = fo0) = s8(@) and e € E\fo(Er) = d = (fu(v).ein) ¢
fio (L)

Constr. B’
=

v e DPy, C V5o,
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(b) v e Vy and Je € Eg\fe(EL). fv(v) € ta(e), ie., In € N. fy(v) = ti(e):

Similar to the Case [[al above.
2. Let v € I Pyg. Then we consider two cases:

(a) veVy and Je € [Pg. v € sp(e), i.e., In € N. v = s7(e).
It remains to show: v € s& (I Pg,) C VGB{).
From e € I Pg we get that 3¢’ #e. ¢ € B, A fr(e) = fr(€).
Let a = (v,e,n) € EX_and we construct a’ # a with o’ = (v',€/,n) € EL,
s.t. v/ = s (€’). Then we have:

fr(v) = fv(si(e)) = [fv(scle))], = [sa(fule)l,
= [sa(fe(€))], = [fV(se(eD)], = fv(si(e)

= fy(v'), where []  denotes n-th component of [ ]

This implies:

ff,EG(a’) = fflEG(U7€7n) = (fV(U>’fE(6)7n) = (fV(UI)va(6/>’n>
= fue (V' €' ,n) = fi,(d)

Conste- B ¢ [Py, B =
= v € s& (I Pg,) with v = 55 (a) fEl = lfi?

Sr, "
VL

— v € 5 (IPg,) C Vb Eo —= V
[7¢]
(b) v € V, and Je € IPg. v € tr(e), i.e,, In € N. v = t}(e): Similar to the

Case 2al above.
3. Let v € IPy. Then we have: v € Vp and ' #v. v € Vi, A fu(v) = fu ().
It remains to show: v € 1Py, C Vf‘).

From v,v’ € V;, we get that v,v’ € V. Furthermore, we have:
Constr. B’

fv(v) = fv(v') = fi,(v) = fv(v) = fv(v) = fi, (W) =" velby, C
v
4. Let e € [ Pg. Then we have: e € Ep and 3¢’ #e. € € Ep N fr(e) = fr(€).
We can show that e € I Py, C VGB % similar to the Case [3| above.
This concludes the part of surjectivity of ¢ : B — Fug(B). Now i is injective
and surjective, so we get that ¢ is an isomorphism. Since (4) is a pushout, also
j: C" = Fuc(C) is an isomorphism and hence (2) is isomorphic to (3). So we
get that also (2) is an initial pushout over Fug(f) : Fuc(L) = Fuc(G).

According to the following lemma, the M-functor Fyg : (HyperGraphs, M;) —
(AGraphsugra, M>) given in [Definition 4|in [Section 3|is compatible with pair
factorisation, which is needed to prove our main conceptual result in
ection J).

Lemma 4 (Fpg is Compatible with Pair Factorisation).
The M-functor Fug : (HyperGraphs, M) — (AGraphspcTg, M2) is com-
patible with pair factorisation, i.e., (HyperGraphs, M;) and (AGraphsucgra,
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M) have pair factorisation and Fug preserves pair factorisation. In more detail,
Fug preserves pair factorisation if for each pair factorisation (fi = moey, fo =
moey) in (HyperGraphs, M) also (Fuc(f1) = Fuc(m) o Fua(er), Fuc(fe) =
Fuc(m) o Fuc(ez2)) is a pair factorisation in (AGraphspgra, Ma2) (see the di-
agram below).

Proof.

Pair factorisation of (f; : Ly — G, fo : Ly — G) based on & — M;-factorisation
(and coproducts) is given by (f; = mo ey, fo = moey), where f: L1+Ly — G
is the induced morphism of f; : L; — G for i € {1,2}, f =moeis an & — M;-
factorisation, and e; = eoiy, e; = €01y are defined via the coproduct morphisms
iy : Ly — Li+Ls and iy : Ly — Li+Ls in (HyperGraphs, M;). Similar we
obtain a pair factorisation in (AGraphspgrg, Ma2), and &, & are classes of
surjective morphisms leading to the classical & — M;-factorisation for i € {1,2}.
In order to show that Fyg is compatible with pair factorisation it remains to
show that Fug preserves pair factorisation, i.e., for each pair factorisation (f; =
moey, fo = moey) in (HyperGraphs, M) also (Fug(f1) = Fua(m) o Fuc(er),
Fuc(f2) = Fua(m) o Fuc(e2)) is a pair factorisation in (AGraphsggra, Ms).
But this can be concluded, if Fyg preserves coproducts and satisfies Fg(€1) C &
as well as Fyg(Mi) C M,. The first property can be shown similar to in
this appendix. Fyg(€1) C & means that Fyg preserves surjectivity of morphisms,
which is shown below, and Fpg(M;) € My is valid, because Fug is an M-
functor.

; Fuc(f1)
1
Ly ; Fua(L1) Fue(f)
ill b fHGUl)l
Li+L, ° m G Fuc(bitLa)=Fua(L)+Fuc(L) Fua(G)
iZT > K / fHG(iZ)T fm Fuc(K)
Lo ©2 Frc(L2) Fua(e)
f2

Fua(f2)

It remains to show that Fpg preserves surjectivity of morphisms.

Let f = (fv, fe) be a surjective hypergraph morphism, i.e., Vo' € Vg,. Jv €

Ve, V' = fv(v) and Ve’ € Eg,. Je € Eg,. € = fgr(e).

We have to show that the corresponding typed attributed graph morphism Fyg(f)

= f'= (fus fvps fEo> fun 4o JE,,) 18 also surjective.

1. To show: fi,. is surjective, i.e., Vo' € VSR 3 e VS (2 = fu(z) Vv () =
f(2)).
A VGG b — VGG2 with fy. = fy¥ fg for VGGZ' = Vi, WEg, is surjective, because
the components fy and fg are surjective.

24



2. To show: fi, is surjective, i.e., Vn' € N. In € N. n’ = idy(n). This holds
obviously.

3. To show: ff, is surjective. Eg e, —
1 1
fio o EGY — EG* for EG' = EG, W B ; l Tta L
where Ef;;e = { v,e,n) € (Vg, X Eg,) x N | SG =0} " 56, i v
and EG = {(e,v,n) € (Eg, x Vg,) x N |t (e) = v} Ee, o Ve,
(a) Let (v/,¢,n') € ES2 with sp () =,

It remains to show: 3(v,e,n) € ESL. fr,(v,e,n) = (V' e, n).
Because of surjectivity of fp holds: Je € Eg,. ¢/ = fr(e) and let v = s (e).

Then we get, that (v,e,n’) € ES)., because s () = v. Furthermore, we
have:

o = st () 72T s (Fe(€)) = [su(fe(e))] = [F(seu (€D,
= fv(sgl(e)) = fv(v), where [ ] denotes n-th component of [ ]

This implies: f5 . (v,e,n') = (fv( ), fe(e),n') = (v, ¢, n').
(b) Let (¢/,v',n') € ES2, with 2 ,(€’) = v': Similar to the case above.
We can show that f, —and fEE ,, are surjective similar to the Case
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