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Abstract. We discuss the analysis of constant coefficient linear differential algebraic equations
Ez(t) = Axz(t) + q(t) on infinite dimensional Hilbert spaces. We give solvability criteria of these
systems which are mainly based on Laplace transformation. Furthermore, we investigate decoupling
of these systems, motivated by the decoupling of finite dimensional differential algebraic systems by
the Kronecker normal form. Applications are given by the analysis of mixed systems of ordinary
differential, partial differential and differential algebraic equations.
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1. Introduction. In today’s engineering applications, there an increasing in-
terest in partial differential algebraic equations (PDAE’s), which are mainly coupled
systems of partial differential equations (PDE’s) and differential-algebraic equations
(DAE’s). More concrete, they appear e.g. in modelling and simulation of electrical
circuits with further effects which are modelled by PDE’s. These effects can be para-
sitic like transmission lines or heat conduction [2, 14, 23] as well as they could be the
result of a more reliable modelling of complex components like semiconductor devices
[3, 29, 33]. Moreover, PDAE’s are the outcome of mathematical models of several
mechanical systems like elastic multibody systems [10] or biomechanical systems like
blood flow networks. In order to study these problems in a mathematically systematic
way, we are led to differential algebraic systems

F (i), 2(t),t) = 0 (1.1)

in an abstract setting, the so called abstract DAE’s (ADAE’s). The unknown function
z(+) is now a path in an appropriate (mostly infinite dimensional) Hilbert space, and
the Frechét derivative %F (£, z,t). has a nontrivial nullspace, in general. In this
work, we focus on the linear constant coefficient case

Ei(t) = Az(t) + q(t) (1.2)

and making use of that gaining additional structure. £ : X — Z is now a bounded
linear operator and X, Z are some Hilbert spaces. In many practical cases, A is often
acting on some product spaces and it is a block operator containing differential and
evaluation operators, for example. Hence, it is natural to assume that it is unbounded
in general and is defined on some proper subspace D(A4) C X.

The aim of this work is a step-by-step generalization of the known theory for the finite
dimensional version of (1.2), in which case we have square matrices E, A € R"*"™.
The finite dimensional systems are well-studied and subject of various textbooks like
e.g. [4], [5] and [15]. The matrix pair (E, A) is said to be regular, if det(sE — A) does
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2 T. REIS AND C. TISCHENDORF

not vanish identically, i.e. det(sE — A) # 0. For regular matrix pairs, it is known that
there exist invertible matrices T, W € R™*" such that

(WET,WAT)z((N I),<I A)), (1.3)

where N € R"e*"e ig nilpotent and A € R ") (n—n) ig an arbitrary square
matrix. The representation (1.3) is called Kronecker normal form of (E, A). Further,
the nilpotency index v € N of N, i.e. the number with N¥~1 #£ 0, NV = 0, is well-
defined by (F, A) and called the Kronecker index. Multiplying a finite dimensional
DAE of the form (1.2) from the left side with W and insert the identity I = TT !,
we get

WET(T &(t)) = WET(T'z(t)) + Wq. (1.4)

If we introduce (z1 22) = T~ 'z and (21 22) = W, the equivalent DAE in Kronecker
normal form is obtained, namely the following decoupled differential equations

Niy(t) = Jil(t) +q1(t) (1.5a)

o(t) = Awa(t) + g2(t). (1.5b)

(1.5a) contains algebraic equations and some further hidden relations, being algebraic,
when (1.5a) is differentiated, and thus it is called the (hidden) algebraic constraints.
The second expression (1.5b) is nothing but an ordinary differential equation extracted
from the DAE (1.2) and is therefore called the inherent ODE. Altogether, solutions
of these equations are given by

v—1

wi(t) ==Y N (1), aa(t) = eMaa(0) + / AT (r)dr. (1.6)
k=0 0

In [4] and [13], for example, algorithms for the computations of T and W are presented.
Due to (1.6), it can be seen that the Kronecker index v of (E, A) is the minimal integer
which satisfies an inequality

(D)1 < ez - > 11a™ (s o,1,20) (1.7)
k=0

for some positive constant c¢. Lo([0,T],R™) denotes the Lebesque space of square
integrable functions with values in R™.

In this work, we will perform an analysis as in (1.7) as well as we generalize the
decoupling framework to infinite dimensional descriptor systems. We will obtain a

form as follows
N 0\ ,. I K a1(t)
@1(t)) _ z1(t)
0 I (ii(t))_ 0 (x;(t)>+ @) ] . (1.8)

0 0 0 R qs(t)
The second two lines, i.e. the system
To (t) = Uz + QQ(t) (1 9)
0 = xa(t) +qs(t), '
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play the role of the inherent ODE for the finite dimensional case. This type of equa-
tions is called an abstract boundary control system, since, in an abstract setting, bound-
ary controlled systems can be written in this way. After solving (1.9) for 23, we obtain
for the first component of the state vector

ay(t) = — z_j N¥(g™ 4 Ky (t)).
k=0

An extraordinary role is taken by the coupling term K. Due to the existence of the
Kronecker normal form, in the finite dimensional case there can be always found a
representation with K = 0. However, this is not true for infinite dimensional DAFE’s.
It will turn out that K has to satisfy a certain boundedness condition in order to
guarantee that it can be eliminated. The proof of the existence of the form (1.8) is
constructive and requires some projector chain to be existent and stagnant. There, we
lean against the results of [17]. Besides that F is bounded, we will make the assump-
tion that the generalized resolvent (s — A)~! is bounded and analytic for s in some
complex half-plane and has there, it has at most polynomial growth in s. With the
Laplace transformation of the ADAE, we will shift the problem into some frequency
domain spaces, namely the Hardy spaces Ho and Ho,. From that, we will derive
some criteria for the solvability of ADAE’s. Many examples of practical relevance,
especially coupled systems of DAE’s and PDE’s, fulfill the requirements, we make on
E and A.

We briefly resume the actual state of affairs concerning ADAE’s. [12] considers sys-
tems (1.2), where he assumes that FE is indeed injective but not boundedly invertible.
Although these assumptions are almost disjoint to those, we make, the mathematical
methods for the analysis of the solvability are based on Laplace transform and hence,
they are somehow similar to our guesses. The application of that work mainly focuses
on PDE’s with spacial singularities. In the papers of Thaller et. al. (e.g. [31, 32]),
besides the boundedness F : X — Z, they additionally assume that

{r € D(A): Az € im E} Nker E = {0}.

It will turn out that this assumption is equivalent to the index of the ADAE being
less than 2, in our formulation. Moreover, both assume that the spaces, we denoted
by Z and X, coincide. As we will see with the given examples, this is not reasonable
for the consideration of coupled systems. More related to this work is [17]. There,
abstract differential algebraic systems of the form

d
dt
are considered and an extraction of the algebraic relations is performed. Especially,
this approach is applied and in [3, 29, 33| in modelling and simulation of analog cir-
cuits. Indeed, this approach is more general than ours since time-varying operators
are considered. On the other hand, the presented theory is close to the given practi-
cal examples and for the applicability of those results, some inspired homogenizations
have to be performed. Moreover, there is no uniform theory for the solvability of this
type of equations. Since we assume time-invariance, i.e. our operators E and A do not
depend on time, a much bigger mathematical framework is disclosed, of which we can
make use of. As an example, we can apply methods based on Laplace transformation.
Possible applications of this paper are given by the structure analysis of coupled sys-
tems. Especially, by the transformation into (1.8), we get inside into the system

AW~ (D(b)a(t)) + Bb)(t) = q(t) (1.10)
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behavior. A theory which could benefit from this work is that of consistent initial-
ization of PDAE’s (see [25]). In our abstract formalism, this denotes that for a given
inhomogeneity ¢(-) we determine the z, for which the abstract equation (1.2) pos-
sesses a solution with z(0) = zo. It is clear that not every initial condition is allowed
since even in the finite dimensional case, it has to fulfill the algebraic constraints and
the hidden ones. In this work, we will always assume homogeneous initial condition
and hence, we will claim some extra conditions on ¢(-). Another application is given
by the perturbation analysis for these systems, i.e. the sensitivity of the solution with
respect to the inhomogeneity. Outgoing from the decoupling theory of systems (1.2),
another possible application is the control and observation of PDAE systems [24]. A
generalization of the system theoretic concepts of reachability and observability to the
infinite dimensional differential algebraic case can be performed with the help of the
presented theory. For finite dimensional DAE systems, these concepts are well-known
and subject of various works like e.g. [4, 5, 9, 16]. As well, there is an advanced the-
ory about the control and observation of infinite dimensional ODE systems available.
With the decoupling of ADAE’s, we are able to link these two theories.

This work is organized as follows: In the first section, the functional analytic frame-
work is presented. The needed spaces are introduced. Thereafter, the solvability of
abstract differential algebraic systems is analyzed in Section 2. Furthermore, the con-
cept of perturbation index and its interpretation in both time and frequency domain
is treated. In section 3, we briefly repeat the decoupling theory for finite dimensional
constant coefficient differential algebraic systems under an alternative point of view
and, outgoing from that, we consider the infinite dimensional case. We introduce the
ADAE index, a generalization of the Kronecker index and deal with its comparison
to the perturbation index. Before this work is concluded, an example from analytic
circuit theory is given in the fourth section in order to illustrate the applicability of
the presented theory.

2. Preliminaries. In this section, we collect some necessary fundamentals. Let
X, Z be complex Hilbert spaces throughout this work. The space of bounded linear
operators from X to Z is denoted by Ly (X, Z) and associated with the usual operator
norm || - ||z, (x,z)- A linear operator Q with @* = @ is called projector onto im Q
and along ker Q. The complementary projector P = I — @ satisfies im P = ker () and
ker P = im Q. It is known that for all subspaces X7, Xo C X with X; & X5 = X,
there exists a projector onto X; and along Xs. Moreover, that projector is bounded
if and only if both X; and X5 are closed (see [27]).
Further, we introduce several function spaces needed throughout this work. More
details about the definitions can be found in [1, 8, 11, 21] and [27]. Let I be an interval
containing zero during this section. The space of distributions on I with values in X
is denoted by D'(I, X) and the Lebesque space consisting of measurable and square
integrable functions mapping from I to X is denoted by L?(I, X). Outgoing from
that, we introduce the weighted Lebesque spaces

LLI,X)={f()eD'(I,X): e f() € L*(I, X)}

associated with the norm ||f||%g(1,x) =[le” f( )l r2r,x)-

For k € N, we denote f*) to be the k-th distributional derivative of f and define the
Sobolev space with homogeneous initial values

HE (IL,X)={feD(,X): f® eL2(l,X)and fV(0)=0fori=0,...,k—1}
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and HJ (I, X) = Hok,o(IvX) The norms are given by ||f||H’c (I,X) = = || f* ||L3(1,X)-
It can be seen that the distributional derivative

d
o CHE(ILX) — HE YT, X)
is an isometry. The inverse mapping is given by integration ([ f)(t fo T)7, and

therefore, it holds || [ f(-)[l gz (1, x) = IIf(: )||ch LX)
This leads us to define the Sobolev spaces H (I X)) with negative exponents, namely

Hy M1, X)={f e D'(I,X): ())' f € L2(I,X)}.

The norm in that Hilbert space is given by Hf||H karx) = 1 ) f||H0T5+1(I)X). For
keZ,T>0and f € Hy,([0,00), X), it can be seen that fljo,7) being the restriction
of f to the interval [0, 7], we have f|, 1 € HE([0,T), X), where . For convenience,

we shortly write || f[| g o,m1,x) = Il flio. 7y Il 5 (10,77,3)

The complex half-plane consisting of numbers whose real part exceeds w € R is
denoted by Cf. The Hardy space H2(CJ;, X) consists of all holomorphic functions
f:C} — X with the property

||f||H2(<Cj,X) = Sgp Ilf(y+ Z")||L2(1R,X) < oo.
T>w

For k € Z, we define the monomial weighted Ha space s* - Ha(C}, X) associated with
the norm

ﬁf(-)}

Furthermore, it can be seen that the multiplication with s defines an isometry from
sk Ha(CH, X) to sF11 - Ho(CE, X).

In the following, we address the relation between the introduced Hardy and Sobolev
spaces. The Laplace transform L(f = fo e~ %tdt is known to be an isom-
etry from L2([0,00),X) to ’Hg((CJr X) [34 37]. For f eV = HFN0,0),X)N
L2 ([0,00), X), the differentiation rule of Laplace transform [11] reads

LI (s) = s"L(f) (5)-
Since V is dense in H*([0,0), X), the Laplace transform extends to an isometry Ly
mapping from Hg,([0,00), X) to the space s~ Ha(CH, X) via Ly (f) := s* L ((f)k f)
In terms of better overview, we skip the index and write £ instead of Ly if it can be
seen from the context.
In addition, the Hardy space Hoo(C}, X,Y) is the space of functions with values in

Ly(X,Y) being holomorphic and bounded on CJ and it is a Banach space associated
with the norm

1ok 202 (e, x) += SUP
sk-Ho(CH,X) y>w HQ(C:T,X)

1 oo vy = sup IF(8)l] 2 x,v)-
seCh

Further, we define the monomial weighted Ho spaces s* - Hoo(CJ;, X,Y) and, similar
to s*Hs, the norm in that space reads

1
1l 2 e vy = HWF(.)HHOO(CJXY) '
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An operator valued holomorphic function G € Hoo (CJ, X,Y) defines a bounded linear
operator Ha(Cl, X) — H2(CF,Y) via pointwise multiplication (G f)(s) := G(s)f(s)
and in [37] it is shown that

”GHLb(’Hg(CI,X),Hg((Cj,Y)) = ||G||Hoo(<cj,x,y)- (2-1)
Further, G defines a bounded map F from L2 ([0,00), X) to L2([0,00),Y) by

z L7 (GO)(4). (2.2)

The norms these operator norms equal, i.e.

I F 122 ([0,00), %), £2,([0,00),¥) = Gl (et x,v) - (2.3)

We repeat the following results from [7] and [36].
THEOREM 2.1. Let G € Hoo(CJ, X,Y) and the corresponding F be defined with
(2.2). Then, for all T > 0, y := Fux, the restriction y|[O)T] € L2([0,T],Y), only

depends on x| 1 € L2([0,T], X). Furthermore, for some constant cr > 0, we have
an estimate

91l 0,7,v) < erll@llLago,r),x)- (2.4)

Conversely, if F € Ly(L2(]0,00), X),L?(]0,00),Y)) satisfies that properties, there
ezists a G € Hoo(Ch, X,Y), such that Fx = L7 (G(-)2(+)).

We can conclude that x does not depend on future values of the inhomogeneity i.e.
q(t2) has no influence on z(t1) for t; < to. This property is called causality.
Subsequently, we formulate a generalization of the previous statements to the mono-
mial weighted case. It can be seen that G € s*H.(CJ, X,Y) defines a bounded linear
operator s'Hs(CH, X) — s'FH,(CH,Y) by pointwise multiplication. Moreover, we
have

||G||Lb(SLHQ(CI,X),Sl+kH2(C:;7Y)) = ||G||SkHw(Ct,X,Y) fOY al]. l, k S Z. (2.5)
Further, G defines map from F € Ly(H{ ([0, 00), X), ng’“([o, 0),Y)) by
= Fr=L"1(G()2(+)) (2.6)

and the corresponding operator norms coincide. As a conclusion of Theorem 2.1, we
formulate the following.

COROLLARY 2.2. Let k,l € Z, G € s*H.(CE,X,Y) and, furthermore, the
operator F is defined asy := Fx = L1 (G(-)2(-)). Then for all T > 0, the restriction
Ylor € H*([0,T),Y) only depends on zljor € HL([0,T), X) and the following
inequality holds for some constant cp > 0

||y||H(§+k([o7T],y) < CTHCC”H(%([O,T],X)- (2-7)

Conversely, for F € Lb(H&w([O,oo),X),HéLk([O,oo),Y)) with the properties above,
there ezists a G € s*Hoo(CH, X,Y), such that

Fr =L (G()2() for allz € Héyw([O, 00), X)
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Overall, by the Laplace transform, we discovered a duality between the defined
Sobolev and Hardy spaces. Since the Laplace transform is closely related to Fourier
transform, motivated by practical examples, one often speaks of frequency domain
if Hardy spaces are meant and, correspondingly, the time domain is identified with
Sobolev (or Lebesque) spaces in literature like [37], as an example.

Further relations between the defined spaces are that, by restriction of analytic func-
tions on (C:;2 to some smaller half-plane, we have the following dense inclusions

sFHo(CE L X) € sk Ha (T, X) for wy < wo

SMH(CH X)) C $*Hy(CE.X)  for ki < Ky and 0 > w; < ws. (2:8)

By a Laplace transform, one can obtain that analogous relations hold for the Sobolev
spaces, namely

Hok,wl([ovoo)vX) C Hok,wg([ovoo)vX) for wi < ws
HE' ([0,00), X) C Holfqu([O,oo),X) for k1 < kg and 0 > wy < ws.

0,(4.)1

(2.9)

For the H ., spaces, there hold inclusions being analogous to (2.8), but, however, these
inclusions are not dense.

3. Solvability of Abstract Differential Algebraic Systems. The aim of
this section is to derive conditions for infinite dimensional systems

Ei(t) = Az(t) + q(t) (3.1)

to be solvable for z(-) in some distributional function space with values in X. As
in the introduction, we generally assume that X, Z are some Hilbert spaces and for
the operators, we assume F € Ly(X,Z) and A : D(A) C X — Z is assumed to be
densely defined. The inhomogeneity ¢(-) is a Z-valued of sufficient smoothness. This
will be precised throughout this section. At first, we analyze the solvability of (3.1).
In analogy to the finite dimensional case, we call the operator pair (F, A) is said to
be regular, if the resolvent set defined as

p(E,A):={\eC: (A\E—A)~' € Ly(Y, X) exists}

is non-empty. Moreover, it can be shown that the A with domain D(A) is closed if
(E, A) is regular. In contrast to the finite dimensional case, the regularity of (F, A)
alone does not suffice to guarantee the solvability of (3.1). This even holds if X = Z
and E is just the identity, where (3.1) stands for an abstract ordinary differential
equation. There, the question of solvability is intimately connected with the property
of A being the generator of a semigroup, a generalization of the matrix exponential
to the infinite dimensional case (see [21]).

Subsequently, we give a frequency-domain criterion for the solvability of abstract
differential algebraic systems and the smoothness of the solution z(-).

THEOREM 3.1. Let 7 € Nyw € R and (sE — A)™! € 87 - Hoo(CL, Z, X) and
let ¢ € Hy,([0,00),Z). Then, there exists a unique x(-) € Hy " (X) satisfying the
abstract diﬁerential algebraic equation (3.1). Moreover, there exist constants c,cr > 0,
such that for all T > 0 holds

Hx”H&;D([O,oo),X) <c ||q||H(;;D([O,oo),Z) (3.2a)

”zHHg*”([o,T],X) < CT||‘J||HOV*D([O,T]7Z)- (3.2b)
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Proof. We show that
2() = L7 ((sE = A7 L(@)(9) (), (3.3)

is the unique solution of (3.1). Then, the inequalities (3.2a) and (3.2b) are satisfied
by Corollary 2.2.

At first, we show that 7 is satisfies (3.1). Due to the assumption ¢ € Hy, ([0, 0), Z),
we have L(¢)(s) € s7" - H2(C},, Z) and therefore

L(Z)(s) = (sE—A)"'L(q)(5) € 8" Hoo(CH, Z,X)s™" Ho(CL, Z) C s"7V - Ho(CT, X).

Then, we can deduce Z(-) € H},”([0,00), X) and we calculate

The second last equality holds due to the facts that A with domain D(A) is closed
and (sE — A)~! maps into D(A).

Now we show that the Z(-) chosen above is the unique solution. Let z(-) € Hy,”(X)
satisfying (3.1). By a Laplace transform of (3.1), we obtain

SEL(x)(s) = AL(x)(s) + L(q)(s)

and hence L(z)(s) = (sE — A)71L(q)(s) = L(Z)(s). Inverse Laplace transform of this
equation yields the desired result. a
The previous theorem states uniqueness of the solution z(-) € Hy;”([0,00), X), i..
we require a zero initial condition x(0) = 0 for the solution trajectory. Moreover, due
to Corollary 2.2, it can be seen that (s — A)~! € s""1H(CL, Z, X) if and only if
the solution mapping of (3.1), namely

HOk,;D([Ov T]? Z) — HOk,Il([Ov T]v X)

is continuous for all T' > 0 and some (and hence any) k € Z. Hence, due to Corollary
2.2 and the fact that point evaluation is a bounded mapping from H ([0,7], Z) to R,
the v, € N defined as

vy=min{l € Z : (sE— A)7' € s "Ho(CF, Z, X) for some w € R}

(3.4)

is the minimal number for which an estimate

[z(T)|| < er- Z 114%™ ()l 2 (10,77,27) (3.5)

holds for some positive constant cr. As in the introduction, the constant v, is said
to be the perturbation index. This concept is often used when dealing with DAE’s
and is therefore subject of various textbooks (see e.g. [4, 5, 35]). We have to notice
that these references define the perturbation index slightly different since they take
the Loo-norm instead of Lg-norms, in principle. In [30], the perturbation index is
introduced in terms of L,-spaces. We treated the special case p = 2.
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4. Decoupling of Differential Algebraic Equations.

4.1. Finite Dimensional DAE’s. We briefly present an alternative approach
for the decoupling of (finite dimensional) DAE’s by using the results of [18]. Later,
that approach is taken over to the infinite dimensional case. We define the subsequent
matrix chain from which we will derive the equivalence transforms for decoupling the
DAE (1.2).

E() = E,

AQ = A
i—1

Qi € R™" Q7 = Qy, imQ; = ker Ej, ZkerEi C ker Q; = im P;
j=0

Ei 1 = B — AQs,
A1 = AP

It has to be mentioned that our notation is slightly different to that of [18]. There, the
DAE reads A#(t) + Bz(t) = ¢(t) and is a (A4, B) regular matrix pair. Consequently,
the matrix chain was built by A;41 := A; + B;Q;, Bix1 = B;P;. 1t is clear that both
are totally equivalent. Our notation is mainly used in control theory, like e.g. in [9].
The chain above is guaranteed to stagnate and further, the minimal v € N such that
Q. = 0 is called tractability index. The concept of tractability index has been subject
of various publications of MAERZ ET. AL. like e.g. [15] and is also applicable to the
case of non-constant-coefficient DAE’s of the form (1.10) (see e.g. [19]).

Besides the fact that v < n, it holds that the space Ny; := @z;& im @; does not
depend on the particular choice of the projectors @Q; ([19], Theorem 2.3). The following
matrix is known to be a projector onto Ny

sz Z:Q0+POQ1+...+P0"'Pj_2Qj_1.

Its complementary projector reads Ps; = Fy---FPj—1. The subsequent equivalent
transforms can be performed to E and A

E= E()PO = (EO — A()Q())PO = E1P0 = E1P1P0 = (El — AlQl)Plpo (41&)

=EPP=---=E/P, 1 Ph=E,(-Q —-Q1—--—Q,1) (41b)

A= APy + AoQo = —(Eo — AoQo)Qo + AgPo = —E1Qo + Ax (4.1c)

= —(B1 = A1Q1)(P1Qo + Q1) + A1 Pr = —E2(P1Qo + Q1) + A2 (4.1d)

= =—FE,(Qo+ -+ Qu1)+ A (4.1e)

Since ker E,, = {0}, the inverse E ! exists. Premultiplying E and A with the matrices

—QoPr1 - P, 1E;Y, ..., —Q, 2P, 1E,; ! and —Q,_1E, ! respectively, we obtain the

following fori=1,...,v —1
~QiPiy1-P,1E'E

=—QiPiy1--Po1E'E,(I— Qo — -+ — Qu_1)

=Qi—QiPiy1--- P, (4.2a)

~QiPiyy--- P, EJ'A
=—QiPiy1- Py E; N (—E,(Qo+ -+ Quo1) + A))
=QiPis1- Pyo1(Qo+ -+ Qu_1) — QiPip1 - Po1E A,
=Qi—QiPp1--P,1E A, (4.2b)
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Further, we compute

Py---P, \E;'E

:PO"'PuflE;lEv(I_QO_"'_Qufl)
:PO"'PU—I(I_QO_"'_Qu—l)
= PQ"'PU_l (42C)

Py---P,_E'A
- PO o 'Pu—lEy_l(_Eu(QO + -+ Qu—l) + Au)
=Py---P,_1A,. (4.2d)

We define the vector spaces X1 :=im Qo X --- X imQ,_1, Xo = im Ps,, and it can be
seen that the linear transformations W : R™” — X7 x Xo and T : X7 x X9 — R" defined
below are invertible. Let z € Z, z; € imQ; for ¢ = 0,...,v — 1 and zp € im Py, .
Then we declare

—QoPy---P,_1E 'z T
~Q1Py---P,_1E; 'z 1
. . v—1
Wz := : , T- : =xp+ ) P P1Qim;.
_QvflEI;lZ LTv—1 ;
PO"-PV_lE,j_lZ xrp

Then, by the matrix calculations (4.2a) and (4.2c¢), we yield
Ng 0
WET = , (4.3)
0 PEV
and Ng : X1 — X, reads
0 Q@1 QoP1Q2 QoPiPQ3 -+ QP P, 2Qu 1
' Q2  QiPQs :

Qu_3P,_2Q,_1
Qu—2Qu—l
0

Moreover, we obtain by (4.2b) and (4.2d)

Q QOPI"'PV—IEV_lAV
0 Q1P P,_1E; A,

WAT = ' Qv-1 (4.4)

QV—IEV_lAU

0 PO"'Pu—lEu_lAu
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It can be seen that Ng is nilpotent and its nilpotency index does not exceed v. The
fact that it even equals v can be made clear as follows. We argument that Ng[l is
not the zero matrix. We calculate

0 - 0 Qo Qv
v— 0
Nyt = ' _ £ 0.
0
Now assume that Qqy---Q,_1z = 0. Hence, it holds Q1 -+ Q,_1x € ker Qo Nim Q1.
From that, we calculate

0=FE1Q1- Quorx = (Ey— AQo)Q1 - Qu_1x = ExQ1--- Qu_12.

This implies @ ---Qp—1x € ker By = im @Qy. Together with the assumption that
Q1 Qu_1x is in kerQp, we get Q1 ---Qp—_1x = 0. Iterating this argumentation,
we get Q,_12 = 0 and thus kerQo---Q,—1 = ker@Q,_1 # {0} and hence, both
Qo - --Qu—1 and Ng are non-zero matrices.

By a construction of bijective transformations 77,7 with 77 : X7 — R™> and T5 :

X5 — R" " we get
-1
Ty Ty (N 0
(T2> WET (T> - (O I) (450)
-1
Ty Ty (I K
(T2> W AT (T> - (0 ). (4:5b)
We observe that the system not yet in Kronecker normal form since a possibly non-

vanishing coupling term K € R">*("="=) appears. We will call such a representation
a decoupling form during this work. A solution of a differential algebraic equation in

that form, i.e.
(G- G+ ()

can be obtained by backsubstitution, namely

:cl(t):—yilNk Kz () + ¢¥ (1)) , where z,(t) = A 2(s)ds.  (4.6)
> ( AP0 e

In order to get a Kronecker normal form with the technique based of matrix chains,
the projectors @); have to be chosen in a way such that

Qj=—Q;Pjt1-P,_1E, A

for j =0,...,v — 1. Then the terms Q; = —Q;Pjy1---P,_1E, A, vanish and we
get a decoupling form with K = 0. Then, a transformation of the kind (4.5a), (4.5b)
yields a Kronecker normal form. These projectors are called canonical and the work

[18] deals with their computation. We will deal with canonical projectors in Section
4.3.
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4.2. Decoupling in Infinite Dimensions. Here, we develop decoupling forms
(4.5a), (4.5b) for the infinite dimensional case. Since projectors are available in infinite
dimensional spaces as well, the approach of the previous subsection is useful for that.
The following theorem represents the main result concerning decoupling of abstract
differential algebraic systems.

THEOREM 4.1. Let X, Z be Hilbert spaces and let (E, A) be a regular operator pair
with E : X — Z be bounded and A : D(A) C X — Z be densely defined. Moreover,
let the operator chain

EO = E,

AO = A
1—1

Qi € Ly(X)NLy(D(A)), QF = Qi, mQi = Ny, Y ker E; C kerQ; = im P;
j=0

Ni = kGI‘Ei

W; € Ly(Z), W? = W;, kee W; = im E;,
Ei 1 = By — AQs,
Aiy1 = AP,

be existent and stagnant, i.e. there exists a v, such that N, = {0}. Further, let

imE+ A (Vz_l Nk> (4.7)

k=0

be closed. Then, there exist Hilbert spaces X1, Xo, X3 and mappings W € Ly(Z, X1 X
Xox X3), T € Lp(X1 X Xo, X), where T is bijective and W is injective and has dense
range, i.e. imW = X7 x X5 x X3, such that

N 0

WET = 0 I]: Xl X XQ — X1 X XQ X Xg, (48&)
0 O
I K

WAT = 0 4« |: X1 x D(K)N D) ND(R) — X1 x Xa x X3, (4.8b)
0 R

and, in particular, we have that N € Ly(X1) is a nilpotent operator whose nilpotency
order is v.

The number v is called ADAE index. This concept was first published in [17] as a
generalization of the tractability index to infinite dimensions. Further, that theory is
applied and further refined in [29], [3] and [33].

We show the result of Theorem 4.1 constructively and similar to the computations
(4.3) and (4.4) for matrix pairs. Here, the main difference to that case is that the
injectivity of E, only implies the existence of a left inverse E , i.e. E, E, = I due to
the infinite dimensionality of X and Z. The fact that this left inverse can be chosen
such that it is bounded is shown in Appendix A. For that, we need the technical
condition that the space (4.7) is closed. Although there is a freedom in the choice
of the @;, it holds that Ez;é N, = imQsy, is an invariant of the pair (E, A) (see
[19]), and hence, we have no redundancies in our requirements. In the known cases
of practical relevance, the existence of the projector chain as the closedness of (4.7)
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is guaranteed. It remains to be an open question if the regularity of (F, A) and the
closedness of the range of E suffices to imply E, € Ly(Z, X).

Proof. [Theorem 4.1] Let E, € Ly(Z, X) be chosen in a way that £, E, = I and
E E; =1 —W,. By means of the projectors, we define the Hilbert spaces X1, Xo
and X3 by X1 :=imQy X --- XximQ,_1, Xo:=imFPy---P,_1 and X3 :=im W, and
the transformations W € Ly(X1 X Xo X X3, 7), T € Lp(X1 x X2, X) by

—QoP,---P,_1E;z

-1 P P, Bz o
T1
. v—1
Wz = —Q,1E; 2 ) T- : :$P+ZP0"'PF1Q1'$1'-
v Ty—1 i=0
P Pl,,lE;Z
W,z e

It can be seen that 7 is bijective and W is injective. The relation im W = X x X5 x X3
is implied by the fact im £, = X.

Now we determine the products WET and WAT. It can be seen that the following
expressions read as in (4.3) and (4.4)

—QoP1---P,1E; —QoP1--- P, E;
-1 PP, E; -1 PP, E;
5 ET, 5 AT.
_QuflE; _QuflE;
Py-- P, \E; Py P, \E

For the remaining part, by using the relations (4.1b) and (4.1e), which hold here as
well, we observe

W,E=W,E,P, 1---Py=0
WUA = WV(_EV(PV—I e PIQO + -+ PV—IQU—2 + QV—I) + AV) = WVAV

Therefore, we obtain

W,ET=(0 --- 0 0),
W, AT = (0 -+ 0 W,A,).

Altogether, we get the form (4.8a), (4.8b), and in particular
0 Qo1 QoPiQ: QoPPQs -+ QoPr---P2Qu
' Q@2 Q1P2Qs :

, (4.9a)
Qu—3P,_2Q., 1

Qu—2Qu—l
0
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QoP1---P,1E A,
PP, EJA,

K=— , (4.9b)
QU—].EV_AIJ

LLZPO"'Pl,,lE;AV (49C)

R=W,A,. (4.9d)

We can show analogously to the argumentation in the finite dimensional case that v
coincides with the nilpotency index of N. a

The result of Theorem 4.1 leads to the analysis of systems of the type (1.8). In
the projector computations above, we see that the additional relation 0 = Rxs + g3
on the space X3 is a consequence of the range defect of F,,. Due to the dimension for-
mula, X3 is trivial in the finite dimensional case. Hence we get the abstract boundary
control system

ia(t) = Uza(t) + q2(t)
0 = Rza(t)+gs(t).

These systems are well-studied in a system theoretic framework (see e.g. [28, 8]). In
[28] it is shown that (4.10) can be transformed into a system

#o(t) = Aws(t) + ga(t) + Bas (1), (4.11)

where A is a restriction of il to the space D(A) = ker RN D(4l) and B is an operator
having its range on some larger space containing X3, namely the dual of D(A*), where
A* is the adjoint of A.

Hence the dynamics of the system are mainly determined by the properties of A.
For the solvability of (4.10) and (4.11), A has to generate a semigroup T;. By the
Hille-Yosida Theorem [21], A is the generator of a strongly continuous semigroup if
there exist constants M > 0,v € R such that

(4.10)

(A — A)~F|| < for all k € N\ > 7.

M
(A=)*
If this is fulfilled, a solution of (1.8) can be found by first solving for x5 by using the
variation of constants formula (see [21]) and then, by inserting this solution, the first
component x; can be obtained. Analogously to (4.6), we get

v—1
ni(t) = -3 N* (mé’” (t) + q§’“>(t)) , (4.12a)
k=0

where  za(f) = /O Tt - 5)(a(s) + Bas(s)). (4.12b)

In order to analyze the property of A being a generator of a strongly continuous
semigroup, we have to take a closer look at the generalized resolvent. For A € p(E, A),
we have

-1

AN -1 —-K
0 A -4
0 -R

0 (A — 4 ~ R~

1
’kcr()\lfil)

_ <()\N—I)1N —AN =K M =07y ON=DT'K R
o )71’kch 7
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whereas z; = (A —ﬂ)*l‘kerR:rl and 2o = R71|)\I—M 2o are defined to be the solu-
tions of the equations

M—-Wzn = =z M-z = 0
Rzl = 0 R22 = I32.

It can be seen that the unique solvability of these equations is a result of the initial
requirement that the operator pair (E, A) is regular. Alternatively, we can express
according to (4.12b)

A=)~ o= = A
Ril‘kcr()\lfil) =\ -A)7'B,

and hence, we have p(E, A) = p(A). The property (sE — A)~! € s"» - H, is necessary
for A generating a strongly continuous semigroup. The sufficiency is not guaranteed,
it can only be shown that A fulfills [|[(A — A)~Y| < M(y — A)” for some ¥ < v,
M,~v > 0and all A > v. Operators having this property generate a so-called integrated
semigroup, or also called distributive semigroup. These semigroups are not continuous
functions but distributions of highest order  with values in T'5. Integrated semigroups
are treated in [20], as an example. They are not subject of this paper.

Since (sN — I)~! is a polynomial with operators as coefficients and has the degree
v — 1, we have

v<min{l€Z : (sE—A)~' € s "H(CS, Z,X) for some w € R}

Hence v < v, i.e. the ADAE index does not exceed the perturbation index. In con-
trast to the finite dimensional case, this inequality is strict in general.

Trivially, as for finite dimensional DAE’s, the decoupling form is not unique. In the
following we expose, how two such forms differ. Further, the question arises, if the
property of A generating a strongly continuous semigroup depends on the particular
choice of the decoupling form. Indeed, it can be shown that this property is an in-
variant of the pair (E, A). This will be a conclusion of the subsequent result. From
that, we will obtain some useful consequences for the inherent abstract ODE

THEOREM 4.2. Let (W, ETy, W1 AT) = (Ey, A1) and (WoETs, WoAT,) = (Es, As)
be two decoupling forms of the pair (E,A), where Wy € Lp(Z, X171 X X12 X X13),
Wy € Lb(Z,Xgl X Xoo X ng), T € Lb(Xll X Xlg,X) and Ty € Lb(Xgl X XQQ,X)

are some transformations. In particular, let

i N1 0 i I K i Ny 0 i I K,
El = 0 I , Al = 0 L[l , E2 = 0 1 y A2 = 0 LLQ
0 0 0 Ry 0 0 0 Rs

Then, N1 and Ny are similar, i.e. there exists a bounded and boundedly invertible
Tn € Ly(X11,X21) with Ty' € Ly(X21, X11) such that Ny = Ty NoT. Addition-
ally, the operators Ay and As to be the restrictions of Uy to the space ker Ry and Us
to ker Ry are similar.

Proof. Let T := Ty *Ty and W := WoW, ! be partitioned as

5 Ty Ti 5 Wi Wiz Wi
T < ) , W= |Wa Wir Wp
Ty T2

Ws1 Wiy Wss
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For A € p(E, A), consider

By — ALy = ((ANl “ DTNy —(ANy — )UK (M — Ay 1>7

0 (A — Ay)~1

and, analogously (AEy — Ag) ™' E,. Since T~ '(AE; — A1) 'E\T = (AEy — Ay) ' Es,
we have the identity

0 TiiKou+ Tio(M — A3)™"\ _ = A R
(O T21K2* + TQQ()\I — Ag)iy =T (()\E2 AQ) E?)
= (()‘El - Al)_lEl)VT
_ K1, To K1.To
(AL —Ay) ™" Tor (M — Ay) VT

for some operators Ki,, Ko.. Hence, we can conclude T5; = 0. By an analogous
argumentation, it is clear that 7! has the same block structure as T and thus, both
T11 and T, are boundedly invertible. Moreover, the equality As = WA, T implies

I K WiiThi Wi (The + KoTo) + WialleThe + Wiz RoTho
0 o | = | WarT1r War(Thg + KoTss) + WaolloThg + Waog RoThs |
0 R Ws1Ti1 Wsi(Thz + KoTo) + WaslloTho + Wiz RoTho

and therefore Wo; = 0, W31 = 0 and Wy, = T11 . By making use of that and the
relation Ey = WE, T, we obtain

Ny 0 WiiNi{T11 WinNiTia + Wi
0 I]|= 0 WasTho ;
0 0 0 W32T52

and this implies Wsy = 0, Way = T,
Since Ny = TﬁlNlTu, N7 and N, are similar. In addition, we have

8y = Ty 4 Toy + Was Ri Ty

and R2 = W33R1T22. Hence, AQ is the restriction of T2721}J1T22 + W23R1T22 to the
space ker Ws3R1T52, and thergfore, it i§ the restriction of T{;ﬂngg to the space
ker R1T55. From that, we get Ay = T2_21A1T22, which completes the proof. a

COROLLARY 4.3. Let the same preliminaries hold as in Theorem 4.2. Then, if
Ay generates a strongly continuous semigroup, the same holds for As.

Proof. This statement is immediately concluded by Theorem 4.2 since A, =
T{;Al Ts5 for some bounded and boundedly invertible operator T52 and therefore the
semigroup T3, (-) generated by Aj is given by T55'Tx, (-)Ts2, where T4, (+) is the semi-
group generated by A;. O

We will call the semigroups T4, (-) and T, () inherent semigroups of E and A. From
the proof above, we can conclude that all inherent semigroups of F and A are similar.
In the following, we give some a priori criteria on E and A possessing a strongly
continuous inherent semigroup.

THEOREM 4.4. Let a system Eix = Az + q with ADAFE index v be given. Further,
let Q; :i=0,...,v—1 be the projector chain as in the proof of Theorem 4.1 and
Ps, = PFy---P,_1. Then, the following three statements are equivalent:
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(i) There exists a decoupling form with a strongly continuous inherent semigroup
(i) All decoupling forms have a strongly continuous inherent semigroup

(i11) There exist M,~v > 0, such that for all k € N, X\ > ~ holds
_M
A=)k

Proof. We only have to prove the equivalence between (i) and (ii) was already
shown in Corollary 4.3. Let (E, A) be given and let W, T be transformations, such that

(WET,W AT) is in decoupling form (4.8a) and (4.8b). Since E:;ol im@Q; = ker Py,
does not depend on the particular choice of the projectors, we can conclude that

(0 HY,._,
PEV—T<O I)T

for some H € Ly(X1, X2). Thus, for A € p(E, A) we compute

1P, (AE = A) ' E)* Py, || < (4.13)

Ps,((AE — A" E)e Py,

{3 (VS Y )

=T <8 (A —OA)—k) T

Hence, if A generates a strongly continuous semigroup, there exist constants m > 0
and v € R, such that |[(A] — A)7F|| < mosyr for all k € N and A > . Thus, for

M = m||T||| T~ the relation (4.13) is valid. B
Conversely, if statement (iii) is fulfilled, we have ||[(A — A)7F|| < Tosyr for the con-
stant m := M||T||||T~| and for all k € N,4 > X and therefore, by the Hille-Yosida

Theorem, A generates a strongly continuous semigroup. d

4.3. Complete Decouplings. For regular matrix pairs (E, A) it is well-known,
that there exists transformation matrices W, T, such that (W ET, W AT) reads as in
(1.3), i.e. we can always find transformations, such that the coupling term K vanishes,
which we call now a complete decoupling. Now, one may ask if this is also possible
in the infinite dimensional case. In fact, there are practically motivated examples of
ADAE’s, where a complete decoupling is not possible, which we will confirm with
an example at the end of this section. The following theorem states whether such a
complete decoupling is possible.

THEOREM 4.5. Let (E, A) be an operator pair. Then, there exist transformations
Wi,Ty, such that

Ny 0\ (/I 0
WLiETy, WiAT) = [0 I|,[0 w (4.14)
0 0/ \0 R

if and only if transformations W, T exist such that (WET, W AT) has the decoupling
form (1.8), and, additionally KU € Ly(Xo, X1) for k=0,...,v — 1.

For the proof, we use the projector approach as in the proof of Theorem 4.1 as well.
In order to achieve a complete decoupling, especially, we have to choose the kernels
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of the decoupling projectors ; in a particular way, namely canonical. Our approach

is inspired by the work [18], where these complete decouplings of matrix pairs are
realized for matrix pairs. The presented method was based on an iteration method
leading to the canonical projectors in finitely many steps. The problem in generalizing
this to the infinite dimensional case is that one to pay attention for possible unbound-
ednesses. This is the reason for the additional assumption KU* € Lj(Xo, X;) for
k=0,...,v— 1. Before we state the proof, the following useful lemma is presented.
The proof of that Lemma is extensive and left to Appendix B.

LEMMA 4.6. Let an operator pair (E, A) be decoupled with the projectors Qq, . .., Qu—1,

with

Q()Pl o 'PuflE;Av
PP, E A,

K=—-|QiPy1--PE A |, U=PoE A, (4.15)
0

0

such that K (Ps,E,; A,)" € Ly(X) forl=0,... k.
Then, a decoupling with the projectors Qj := —Q;Pjt1--- P,_1E,; A; leads to decou-
pling of (E, A), namely

N 0\ [I K
0 I|,{0 4
0 0 0 R
Especially K reads
QoP---P, 1 E A,
Q1P 1B, A,
K=—|QinPi---P,1E;A, |, U=PsE A, (4.16)
0
0

Moreover, we have KU € Ly(X) for1=0,...,k— 1.
The constructed @Q; are indeed projectors, since
(=QjPjy1-+ Py1E; Aj)* = QjPjy1 -+ Py1E, AjQ;Pjs1 -+ Po1E, A;
=—QjPjr1- Ph1E E,QjPjpr - Py 1B A
=—Q;Pjy1--- P, E A;.
Their boundedness of is a consequence of Q; = Q; — Q;jPj41--- P,_1E, A,, which

holds due to the relation (4.2b) and the boundedness of Q;Pj41 - P,_1E, A,. Now
we show Theorem 4.5.
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Proof. Since the zero operator is obviously bounded, the existence of a form (4.14)
clairly implies the second assertion. In opposition to that, the converse implication is
more exertive to prove. Let an operator pair

N 0\ (I K
E,A =0 1],|l0 u
0 o/ \o R

be given with F, A mapping from their domains in X; x X5 x X35 to X; x X5 and
assume that K4 is bounded for I = 0,...,v — 1. The decoupling procedure can be
performed with projectors of the form

Then, we get

Py K 0 0
Al/ = 0 M ) PEUEV_AU = (O A) )
0 R

we obtain K as in (4.9b) with

0 QiPiJrl"'Pvl(N_I)lK)
0 0

QiPiy1---P,EjA, = <

and hence Q;P,y1--- P, 1E; A,(Ps,E; A,)" is bounded for [ =0,...,v — 1.
Now, successively using Lemma 4.6, in the nu — 1-th iteration, we get a bounded

Qopl t 'PIJ—IE;AV
_ 0
K = . 9
0
which can be further eliminated by a new construction of the Q; and we finally get a
representation, where the coupling term K vanishes. a

For operator pairs consisting of bounded E and A which possess a decoupling form,
the condition that K4’ is bounded for all I € N is trivially fulfilled and hence, the
complete decoupling is possible in any case. Therefore, Theorem 4.5 goes with the
case of regular matrix pairs (E, A) € (R"*")2, where, as a matter of course, both E
and A are bounded.

As an example, where the canonical projectors do not exist, we present the following.
Let E: X — Z, E: D(A) C X — Z be given by

000 10 —C
100 01 0
E_OOI’A_OO—B%
000 00 Co
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C), denotes the evaluation operator which maps a function f to its value at h € [0, 1],
ie. Cpf = f(p). The spaces Z, X and D(A) are

Z =R3x Ly([0,1],R) x R, X =R3x L*([0,1],R), D(A)=R>x H'([0,1],R),
where H'[0, 1] denotes the Sobolev space [1]

H([0,1],R) := {f € L*([0,1],R), (%f € Ly([0, 1],R)} .

The operator pair (E, A) is regular, and the generalized inverse reads

x s 1 _o1—
v e txg+ [y e 7Y f(y)dy

(sE — A)_l ! = | se Sx3+s fol e—S(l—y)f(y)dy — 29
s e~ xs + [ e @Y f(y)dy

for all s € C. It can be seen that this generalized resolvent is located in the space
Hoo(CL, Z, X) for all w < 0. Moreover, the system is already in decoupling form, the
ADAE index reads v = 2 and projectors are given by

00 0 100
Qo=(0 1 0] and@Q:=[1 0 0
00 0 00 0

If we now construct Qg, Q1 according to Lemma 4.6, we get

) 10 ¢
Q=—QE; Ay =11 0 C
0 0 O

Since ) contains some evaluation operators, it is not a bounded projector anymore.
Therefore a complete decoupling of this pair is not possible with the presented method.
We can even show that a complete decoupling does not exist. Assume that there exists
a complete decoupling, i.e. transformations W, T, such that

N 0\ /I 0
WET,WAT)= |0 1],l0 «
o o/ \o R

The relations between W and T bringing one decoupling form into another have been
investigated in the proof of Theorem 4.2, and hence, we get

T8 Wi Wi
! Tn T
W=\ 0 Ty Wyl, T:<61 TZ)

0 0 Was

where T, W are partitioned according to the block structure of (WET, W AT) and
(E, A). Therefore, we can derive

<sI - u) o <sl — Tyt 2Ty + W2300T22> -
-R W33C0T22

-1 _
_ T_l SI — é% T22 —W23W331
22 CO 0 W?Bl .
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From that and the fact

-2\
<S 5%> € Hoo(CH, L2([0, 1], R), L*([0,1], R) x R),
0

it can be conclude that

1
(SI_;%L[> S HOO((CI, Xo, Xo X X3)

Especially, for

0
F=|1], H=01 0 0),
0
we obtain F(sE — A)™ H = se™*.
Now, let
H,y
WH=|H|, FI=(F §R)
Hs

be partitioned according to the block structure of WET and W AT. Then, we obtain

se™*=F(sE—A)'H=FT(sWET - WAT) 'WH
-1

sN —1 0 H,
= (L F) 0 sl — 4 Hy
0 -R Hs

-1
o (15) (8)

S

Thus we can express the function se™* as a sum of the polynomial F;(—sN — I)H;

and the function
-1
sl — U H2
B (T30 () e

but this is a contradiction, since se~® has a pole of infinite order at oo. This argu-
mentation yields that a complete decoupling is not possible in that case.

5. Example: An Electrical Circuit with a Transmission Line. We present
a simple practical example to demonstrate the reliability of the discussed decoupling
theory. Consider an electrical circuit containing a transmission line as below. The
voltage and current courses V(z,t),I(x,t) along the transmission line, which is as-
sumed to have length one, satisfy the telegraph equations (see [26])

0 3}
CTEV(:E,t) = —Grl(x,t) — %V(:r,t)

0 0
LTEI(Iat) - —%I(.I,t) - RTV(Iat)v
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100, )

uy (t) <> uc(t) ::C V(0,t Transmission Line V(1,t)

F1G. 5.1. Electrical circuit with transmission line

for some constants G, R > 0, Cp, Ly > 0. Further, due to element relations and
the Kirchhoff laws [6], we get the equations

Cuc(t) =ic (t)

Equivalently, we model that system with an abstract differential algebraic system
Ei(t) = Ax(t) + q(t). The state 2 and the inhomogeneity ¢ are chosen to be

0
uc(t) —uy(t)
ic(t) 0
z(t) = |uy(t) | € X :=R¥x(L*[0,1])?, q(t) = 0 € Z :=R5x(L?[0,1))°.
V(t) 0
I(t) 0
0

V(t),I(t) are the spacial distributions of the voltage and current along the transmis-
sion line, i.e. (V(¢))(x) := V(x,t) and (I(t))(z) := I(x,t). The operators E and A
are given by

C 00 0 0 0o 1 0 0 0
000 0 0 1 0 0 0 0
000 0 0 0 -1 -1 0 G
E=f0o 00 0 0], A=|-1 0 0 Co 0 [,
000 0 0 0o 0 0 0
000 Cr 0 0o 0 0 -Gr —-£
000 0 Ly 0 0 0 -2 —Ry

and the domain of A reads D(A) = R5x (H|0,1])2. Cp and C; are evaluation operators
like in the previous section. It will turn out that this system has index 2 and operators
of the operator chain in Theorem 4.1 read

0 0

Qo =

o o oo
oS O o
oo = OO
o oo oo
o O o oo
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C -10 0 0 0 00 0 0
0 0 0 0 0 1 00 0 0
0 1 1 0 0 000 0 Co
E, = |0 0 0 0 0], A = |-1 00 C 0 [,
0 0 0 0 0 000 0 O
0 0 0 Cr O 0 00 —Gr —-Z
0 0 0 0 Lp 0 00 —-Z —Ry
1 0000
C 0000
Q = |-C 000 Of,
0 0000
0 0000
cC 10 0 0 000 0 0
-1 00 0 0 000 O 0
011 0 0 000 0 Co
E, = |1 00 0 0, Ay = |00 0 Co 0 |,
000 0 0 000 0
0 00 Cr 0 000 —Gr —-Z&
0 00 0 Lyp 000 -2 -Ry

It can be seen that Fp, Fs are defined anywhere and for the domains of A;, for
i € {1,2} holds D(A) = D(A;) = D(As3). A left inverse of Ey and, consequently, the
projector Wo = I — ELE; is given by

000O0O0GO 0O
0 -1 000 0 0 000O0O0GO 0O

1 ¢ 000 0 O 000O0O0O 0O
Ey=|-1 -C 1 00 0 0|, Weo=|0 101 0 0 0
0 0 000 Cit 0 00007100

0 0 000 0 L' 000O0O0UO0 DO
000O0O0O 0O

Hence, the inherent abstract ordinary differential equation on the subspace im Py P, =
{0} x (L?[0,1])? with boundary control 0 = WaAsx(t) = Waq(t) is the following

0 0 0 O 0 0 0
4|0 0 0 0 0 0 0
Sl o l=]0 00 0 0 0
v 000 -G —CLE% V(t)

I(t) 000 —%&& —& I(t)

0 000 0 0 0

0 000 0 0 0 0

0 000 0 0 0 0

0 = 0 0 0 C() 0 0 + —UV(t)

0 000 0 Ci|]|V@® 0

0 000 0 0 I(t) 0

0 000 0 0 0

It can be shown that the operator Ar being a restriction of

Gr 108
_ C Cr 0
Ur=1{_17 o

" Lr oz Lt



24 T. REIS AND C. TISCHENDORF

to the space
D(Ap) = {(ﬁ) e L?[0,1]?: <%?> € L?[0,1]? and 0 = V(0) = 1(1)} c L?[0,1)?
ox

generates a strongly continuous semigroup Tr(-). For the proof, we refer to [23, 25].
The computation of Tr(-) can e.g. be performed by an inverse Laplace transform of
the resolvent (sI — Ar)~! (see [11]). Hence, PyP1E; Az with domain

D(A) n keI‘WQAQ n iHlP()Pl = {O} X D(AT)

is a generator of a strongly continuous semigroup on the space im PyP;. With the
method of [28], we get according to formula (4.12b)

Vi _ [ do
( 1@)) = [2-9) (0 uy(s)ds,
where §p € D'(]0, 1], R) is the Dirac delta distribution.

The (hidden) algebraic relations QoQ14(t) = Qox + QoP1E5 Asx(t) — QoP1E; q(t)
and 0 = Q12(t) — Q1Ey A2x(t) — Q1E5 q(t) read

0 0 0
Cic(t) io(t) 0
—C’llc(f) = iv(t) — CQI(t) (51&)
0 0 0
0 0 0
0 uc(t) uy (t)
0 —Cuc(t) —Cuy (1)
ol = cuctt) | = | cuvt) |. (5.1b)
0 0 0
0 0 0

The formula (5.1b) implies uc(t) = uy (¢). Plugging that into (5.1a), we get
ic(t) = Cuy(t)

iv(t) = —C’llv(f) + I(O, t) = —C’llv(f) + (O Oo) /Ot TT(t - S) (%) UV(S)dS

Hence, the decoupling of the abstract differential algebraic system which modelled
the given circuit was helpful for the determination of the solution trajectory. However,
although by a more inspired way in writing down the circuit equations, a solution can
be obtained without the decoupling procedure in this case. Nevertheless, for more
complicated examples, the decoupling seems to be a reasonable method for getting
inside the solvability of ADAE’s and the structure of its solution. The ADAE index
turned out to be 2. The perturbation index also equals 2 and it can be shown that
the resolvent fulfills

(sE—A)"!' €5 Hoo(CL, Z, X) for all w < 0.

Further, it can be seen that we cannot achieve a complete decoupling with the pro-
posed method in this example since, here, the coupling term K contains some point
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evaluation and thus, the preliminaries of Theorem 4.5 are not fulfilled.

The example consisted of a PDE whose boundaries where coupled with some finite
dimensional DAE’s. This is the reason why E; and A; for i = 0,1, 2 have some block
structure with matrices of the upper left part, which are mainly responsible for the
kernels of the E;. Due to that fact, the projectors @); can be obtained by numerical
computations, in principle.

6. Conclusions. In this work, we have developed a framework for analyzing
linear constant coefficient abstract differential algebraic systems. Solvability criteria
which are mainly based on Laplace transform methods have been presented. Mo-
tivated by the famous Kronecker normal form, we educed a method for decoupling
of infinite dimensional differential algebraic systems. It turned out that a complete
decoupling, i.e. a representation of the system, where the (hidden) algebraic and the
differential conditions are completely independent, is not possible in each case of
practical relevance. We established criteria for systems possessing such a complete
decoupling. Another difference to the finite dimensional case is the appearance of a
third relation, which has been interpreted as a boundary term. The advantage of a
decoupling is that one can filter out an inherent abstract ordinary differential equa-
tion and the computation of a solution of the abstract differential algebraic system
is led back to the determination of the semigroup, which the operator appearing in
the inherent ODE generates. We exposed that this inherent semigroup is - up to sim-
ilarity - an invariant of the system. Especially, the strong continuity of an inherent
semigroup is a property of the system and not of the particular decoupling form, we
choose. The main intention of the authors for developing this theory is to deal with
coupled systems of partial differential and differential algebraic equations and analyze
their properties.

Appendix A. Here, we complete the proof of Theorem 4.1 by showing that F,
possesses a bounded left inverse. We give a characterization whether such a bounded
left inverse of E, exists. Afterwards, we will show that the preliminaries of the
following Lemma are fulfilled by the assumptions made in Theorem 4.1.

THEOREM 6.1. Let E, be injective and let im E,, be closed. Then, there exists a
bounded projector W, along im E,, and a bounded E, € Ly(Z, X) satisfying ELE, =
I-W, and E;E, =1.

Proof. The existence of the projector W,, € Ly(Z) with ker W,, = im E,, is obvious,
if im E), is closed and clearly, we have that Z = ker W, & im E,. Furthermore, due to
its injectivity, E, is a bijection from X onto im I — W, and both spaces X, im I — W;
are complete. Hence, by the Inverse Mapping Theorem [27], there exists a bounded
inverse B, : imI — W, — X. For arbitrary z € Z, we set B,z := E; (I — W,)z
and therefore, £, has been boundedly extended to the whole space Z. Then for all
r e X, z€ Z, we have

E, E,x=E E,x=x
E,E;z=EE; (I -W,)z=(I-W,)=z. 0
From the previous result, it suffices to show that im E), is closed. This is done below.

THEOREM 6.2. Let the preliminaries of Theorem 4.1 be given. Then im E, is
closed.
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Proof. By induction on ¢, we show that

i—1
imE;, =imE+ A <ZNk> fori=0,...,v.
k=0

By the assumption that im EF + A (Zz;é Nk) is closed, we get that im F,, is closed.
Since imF =imE+ A (Z;:lo Ni) the induction start holds trivially.
Further, for ¢ > 0, we obtain

Eix = Ei(P1x+ Qi1v) = E; 1 Piax + A 1Qiax,
and hence, we get

im El =im Ei—l + im AQi—l
=imF; 1+ AN; 1
i—2

= 1mE+A (ZNk) +ANi_1

k=0

i—1
—imE+ A <ZNk> .

k=0

]

Appendix B. Before Lemma 4.6 is shown, we present three Lemmas which are
essential for that proof. The first and the last lemma are proven in [18] for matrices.
Since the proofs only involve symbolic matrix calculations, the results also covers the
case of bounded operators and hence, we refer to that reference for the proof.

LEMMA 6.3 ([18],Lemma A.1). Let

Qj=-QjPjs1- - PoE A, j=0,...,v—1

be valid. Then the chain Qo,-..,Qu_1 is_an appropriate operator chain for (E,A).

Deﬁmng Lej EO = E, AO = A, Ez = Ei,1 — Ailei; Az = Aiflﬁ)i. Theq the
projectors () are an appropriate chain for decoupling the pair (E,A), i.e. iImQ; =
ker E;, Q:Q; =0 for i > j. Moreover, for j =0,--- ,v —1, we have

Ej = Eij,
fO’I’ Fj = I + QOPO + -4 ijlpjfl.
Furthermore, it holds

ijl ::I_QOPO_"'_ijlpjfl (61)
QiQ; = QiQ; foralli<j. (6.2)

LEMMA 6.4. Let Qo,-..,Qu—1 be a decoupling chain for the operator pair (E, A)
and let QjPji1--P,_1E;A, =0 fori=k,...,v—1. Then it holds

QJ:_QJPJ+1PU71E;AJ fOTi:k,...,V—l.
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Proof. For j =v — 1, it holds
0= Qu—lEy_Au = QU—].PV—I

and thus ker Q,_; = ker Q,_1, which implies Q,_1 = Q,_1. Assuming that Qj =Q;
for j > k and QxPry1---P,1E,; A, =0, we get
0=QrPePit1- - Poa
= QpPpPryi1--Py1
= QrPr — Qr(PrQrt1 + PePry1Qry2 + -+ + PePryr - Poo1Qu1)
p 71Qv71

= QrPr — Qr(PuQrs1 + PuPri1Quya + -+ + PuPrgy -+ )

= QkPk7
and by the same argumentation as above, we get Qi = Q. The second last equality
holds due to the relation (6.2). O

LEMMA 6.5 ([18],Lemma A.2). For j=k,...,v—1, let
Qj = =QjPjy1--- P, 1 EJ A
Then we have
Qi =Q;=—-Q;Pj1--P,_1E;A; forj=k,...,v—1,
and, additionally
Qu-1=—Qr 1Py Py 1B, Ay

This section concludes with the proof of Lemma 4.6.

Proof. [Lemma 4.6]

Since, by Lemma 6.3, the equality between E, and E,F, holds, we choose a left
inverse

E; =F'E; =(I-QoPy— -+ —Qu_1P,_1)E,
and then, we calculate
pEuEy_ - pEv(I - QOPO - Ql/*lpll*l)Ey_ = pEuEy_-

Due to [19], Theorem 2.3, we have
v—1 v—1
imQs, = PimQi =P imQ; = imQs,.
=0 i=0

a_nd thus, t_he relations QEUQEU = QEU? QEVQEV = QEV; PEUPEU = Ps, and
Ps,, Ps,,, = Ps,, are valid. Hence,

Py, E; A, = Py, F,'E; AP,

=P, (I —=QoPy—---— Q1P 1)E, APs,
= Pg, E, APs,

= Py, (Ps,E; A)Px,

= Py, (P, E; A))Psy.
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The last equality was already shown in (4.2d). Using the relations above, we can
write

(P By A,)! = Po(Po, By A,)' P,

for I € N.

Now we show that K (Psx, E; A,)! is bounded for [ =0,... .k — 1.

Using the relations QZ-QJ- =0 for ¢ > j and QZ-QJ- = QZQJ for i < j from Lemma 6.5.
Furthermore, we need the equality (4.2b) being

QiPo,E,;A=Qi —QiPiy1---P,1E, APs,,.
Then, we compute
~QiPit1--P,1E A,

=-Q;Ps,E, A,

=Q:Ps,E,; A;Ps,E A,

- QlPEuE;APO e PiflpEvEy_Av

=(Qi — QiPiy1- P,_1E; APs,)Py--- P,_1Ps, B A,

=QiPy---P_1PsyE,; A, — Q;Piy1 - P,_1\E, APs, Py---P,_1Ps, E A,

= Qipi+1 te puflEy_Av - QiPiJrl te PU*lE;APEUPEVEV_AV'
Hence , we have the equation

2QiPi1-+P,1E; A, = QiPiy1--P,_1E,; APs, Py, E; A,

Using that, we get

2QiPiy1--- P, 1E, A, (Ps,E; A"}
=Q;Piy1--P,_1E,; AP, Ps, E; A, (Ps, E; A,) 1
=QiPy1---P,_1E, APs,(Ps,E, A,)
=QiPiy1-+  P,_1E, APy, Py, (Ps,E; A)' Py,
=QiPiy1--- Py 1B A (Ps, E A,) Py,

(N

By assumption, Q;Piy1---Po—1E, A, (fguE_;4y)l_is bounded for [ = 0,...,k. This
implies the boundedness of Q; P41 ---P,_1E; A, (Ps,E;A)) forl =0,...,k— 1.

Having K as in (4.15), we derive that K equals

The first equality holds, since, by Lemma 6.4, we get Qj_ =Qjforj=i,....v—1
whereas the second is trivial. Then, Lemma 6.5 implies Q); = Q;Pi+1---P,_1E, A;,

QuPy - Py B, A, QuPy - Py E, A, QPP B, A,

PP, _1EJA, PP, E A, PP, E A,

- _Qipi_-i-l e pli—l _Z_A’i =—|QiPiyr---PoaEj A, | == | QiPiyy---P, 1 E A
Qiv1Piy2---P,_1E;A, Qix1Piy1--- P 0
QU—].EV_AU QU—lPI/—l 0
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and hence Q;P;y1---P,_1E, A, = 0. Therefore, we conclude that equation (4.16)
holds and the proof is complete. a
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