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Introduction

The contents of this doctoral dissertation consists of results in two different areas of
probability theory and its applications, namely Rough path theory and theory of Loewner
evolutions. In order to describe best, we take a view on the two areas seperately and
then present the results.

Rough path theory

Rough path theory, abbreviated RPT, was introduced by Terry Lyons in a seminal pa-
per [54] in 1998 for a systematic study of continuous paths which are very irregular.
Continuous paths, whether deterministic or random, appear frequently in real world as
a mathematical model for something which evolves in time. It could be describing the
motion of a particle in an external field, it could be some time series data from financial
world, e.g. price of a financial commodity like call options or could it be the trajec-
tory of a script alphabet being written on a touchscreen interactive device like computer
tablets. In many applications, it is very essential to associate parameters to the path
which can be used to derive informations it. One seeks for a set of parameters which is
efficient and easy to implement and also should also contain relevant informations about
the path which will distinguish it from other ones. For example, given a smooth path
X :[0,T] — R4, length of the path

L(X) = /OT X, dr

is one such parameter measuring the length of the path. Other examples include winding
number of a closed complex valued (or two dimensional) path,

1 1
X,P)=—
WX, P) 27m'/Xz—PdZ

which measures number of times path X turns around point P. These examples are very
useful for certain appliations but they do not cover all the aspects of the path. More
generally, in 1957, K. Chen [[7], [§]] introduced signature of a path, which is collection of
its all possible iterated integrals as a set of such parameters which would describe all the
important aspects of the path in an efficient manner.

Definition .0.1. Given a path X : [0,T] — R, signature of X, denoted S(X)or is
defined as

S(X)or = (1/ dXh,/ de@de,...,/ an@de@..@ern,...)
o<r <T 0<r1<ro<T 0<r1<re<..<rp<T

giwen that all the integrals above are well defined, e.qg. when X is a smooth path.

Vil
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Signature can be considered as the building block of Rough path theory. In 1936,
L.C. Young proved the following remarkable result.

Theorem .0.2 (Young, 1936). Let a, 3 € (0, 1] such that a+3 > 1. If X € C*([0,T],R?)
and Y € CP([0, T],R™*9) are two Hoélder reqular paths. Then

T
/ Y,dX, := lim Yo( X — X5)
0 "P|~)0
[s,t]eP
is well defined, where P denote a partition of [0, T| and |P| its mesh size. Furthermore,
there exist a constant C' such that for all s < t,

t
/ YidX, — Ya(X, — X,)| < ClIX||alIV]]lt — s/

Young’s result guarantees that iterated integrals in definition of signature are well
defined wheneve X is a-Holder path for o > % But when X is even more irregular,
it is not possible to make sense of signature of path X. The key idea of T. Lyons
leading to emergence of RPT was abstractifying the concept of signature. When the
path X is not regular enough, the integrals in the definition of signature are not well
defined. But, if one could construct an objects which mimics signature of X upto some
algebraic and analytical properties, then one could use that object in the place of signature
for practically all relevant purposes. RPT also comes with a extension theorem which
gurantees that it is only required to construct an objects which mimics signature only
upto some finitely many levels and all the higher order iterated integrals can be naturally
constructed. Let TN (R?) be the truncated tensor algebra defined by T3V (R?) := 1 R4 P
{R4}®2 @ .. @ {R4}®Y with the multiplication g ® h such that

k
(g ®h) =Y mlg) © mi(h)

i=0
where 7, is the projection map 7 : T} — {R4}®*. GV (R?) denote the step N nilpotent
group.
Definition .0.3. Let X € C*([0,T],R?) be a path and let N = [f]. A rough path
associated to X is a path X : [0, T] — TV (RY) such that m(X) = X and for 1 <k < N,

4 (X.0)
X)ka = — <
I (X) o 3= sup =5 < o

where X, := X;' @ X;. A rough path is called a geometric rough path if it takes value
in GN(RY) c TN(RY).

The rough path X indeed mimics the signature and it can be proved that when X is
smooth,

m(X) = / dX,, ®dX,, ®..®dX,,
0<r1<ro<..<rp<T

An another strategy for styding properties of a path is to construct calculus based on
that path, i.e. make sense of integration

/ Y,dX,
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for appropriate paths Y. This strategy has proved to be very effective in many situations,
e.g. many non-trivial properties of Brownian motion sample path can be derived using
Ito stochastic calculus. The rough path X associated to X can also be used develop an
integration theory called “rough integration”. In particular, rough integration can be
used to make sense of higher order iterated integrals

/ dX,, ®dX,, ® .. ®dX,,
0<r1<re<..<rp<T

for n > N, justying the fact that it is enough to construct the object X which mimics
the signature upto N levels. The key idea behind rough integration is that since X is not
regular enough to define integration, we enhance the path X via X, adding some extra
information to it and X can be used to define the (rough) integration. For example in
the case when % < a < 3, N =2 and integration of one forms f(X) can be defined as
follows.

Theorem .0.4 ( Lyons, Gubinelli). For % <a< %, rough path X = (1, X, X), and one

forms f(X) with f continuously twice differentiable,

T
/ f(X)dX := lim Z F(Xo) Xt + (X)X s
0

|P|—0
[s,t]leP

exists. Moreover,

/ FX)AX = F(X) X — F/(X)Xe

< (I + 1l ) e~ s

where the constant C' only depends on f.

In the above theorem, the pair of 1-forms (f(X), f/(X)) can be replaced by any pair
(Y,Y”) such that Y, Y’ are a-Holder path and Ry, := Y, — Y/ (X;,) satisfy

’Rstl
Rllog = — <
|[R]]24 SUp e <

Such a pair (Y,Y”) are called controlled paths and rough integration

T
/ YdX
0

can be defined same as above for controlled paths.

Rough path theory paves way to give meaning to differential equations which were
previously ill posed. For a irregular path X, the equation

dY, = f(Yy)d X,

can be now given the meaning

t
Vi=Yo+ [ sy,
0



and solution Y can be looked for in the space of controlled paths. These equations
are so called “rough differential equations” (RDEs) and existence and uniqueness of the
solutions Y := I;(X) can be established using modified picard iteration schemes, as
carried out in [[26], [25]]. One of the most important results which follows from the
analysis of RDE’s is the “Universal limit theorem” which guarantees that the solution
map X — Y := [;(X) is continuous in the appropriate rough path metric, a metric
defined on the space of rough paths. Given that path X is very irregular, such a result is
very rare and is of great impact and it finds its applications in many areas of mathematics.

One of the most important applications of RPT is in stochastic calculus. When X
is a stochastic process with semimartingale structure, e.g. Brownian motion, there is an
another probabilistic way of making sense of

/0 " vax (1)

This theory was developed by K. Ito in mid 20th century and now is known as Ito’s
stochastic calculus named after him. Here, the integrands Y are taken to be adapted left
continuous processes and the stochastic integral

where the limit is shown to exist in probability. The Ito’s stochastic calculus is a very
elegant theory and it indeed finds its appliations in many different areas. But it has
some cons too. The limit above is taken in probability which takes into account the
law of X and thus all the sample paths of X. The stochastic integral so constructed
is only defined almost surely, i.e. on a set of probability one and it is thus impossible
to decide whether the integral is defined for a given particular sample path. In many
application, e.g. mathematical finance, there is only one available time series data and
inherent law of the process is usually unknown. Considering such situations, one seeks
for a an integral calculus which is defined pathwise, i.e. for a particular given sample
path of X one should be able to define the integral . Note that since Brownian motion
B is only a-Holder for a < % and no more regular, the Young’s result Theorem falls
just short for making sense of in a pathwise sense. Such a situation can perfectly be
handled by RPT as introduced above. We fix an o € (%, %) such that Brownian sample
paths are a-Holder almost surely. If one could construct a rough path B associated to
B, then rough integration can be used to give meaning to pathwise integration against
Brownian motion. It can be easily proven that prescribing

t
Bs,t = / Bs,r ® dBr

indeed defines a rough path B = (1, B, B) reaching us the goal of pathwise integration.
Rough integral in this context is also consistent with the stochastic integral. It can be
shown that rough integral so defined actually matches with the Ito integral. Such a
consistensy is of great impact. What this implies is that stochastic differential equations
(SDEs)

dY; = f (Y;t)dBt
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can be now viewed as a RDE
dY, = f(Y;t)dBt

In constrast to SDEs, RDEs are very well behaved in view of approximations. Note that
the solution map of a SDE W : B — Y doesn’t have any nice continuity properties w.r.t
to any useful topology put on the path space C([0, 7], R?). On the other hand, “universal
limit theorem” for RDEs gives us continuity of map Y = I¢(X) in the rough path metric.
Considering SDEs as a RDE, we immediately get the continuity under approximation
type results for SDE, e.g. Wong-Zakai theorem with explicit rates of convergence.

The applications of RPT in stochastic analysis goes beyond the realm of Ito calculus.
Probabilistic semimartingale structure is very crucial for the developement of Ito calcu-
lus. But there are many other stochastic models where one doesn’t have semimartingale
property and the Ito calculus fails to apply, e.g. fractional Brownian motion. On the
other hand, RPT just requires for a construction of an appropriate rough path associated
to the process X. This can be carried out for many Gaussian processes with appropriate
covariance structure. As a result, many interesting results follows, e.g. densities for RDEs
under Hérmander condition for Gaussian signals, [67].

Relevant to the content of this thesis, we mention one more application of RPT in
approximating the solution of parabolic PDEs. Consider

{atu(t, x) = —Lu(t, )
u(T,z) = f(x)

with the differential operator L = Vj + %(Vf + ..+ V2), where the differential operator
is identified with the corresponding vector fields V;. Using Feynman-Kac reperesentation

formula, one can can express u(t,z) = E(f(&r—:.)), where £ the solution of Stratonovich
SDE

fO,x =T

{dgt,:r = Z?:o Vl(ft,w) ° dXZ

driven by X; = (¢, B;) where B, is the d-dimensional Brownian motion. Interested in
fast numerical simulations for the solution w(t,z) of such parabolic PDEs, signature of
Brownian motion can be used very effectively. Stochastic taylor expansion (of order m)
allows one to approximate

ut) =E[f G~ Y vil..vikﬂa:)lﬁ{ / | edBi.oan]

(il,..ik)EAm

where A, := {(i1, ..i.) € {0, .., d}}|k+card{j,i; = 0} < m}. One clearly sees Stratonovich
signature of B (iterated integrals w.r.t. Stratonovich integration) contributing to approx-
imate the solution u(t, z). In fact one only needs the expected value of signature and it is
very desirable to get an closed form formula for the expected signature. One can use the
analysis above to base very efficient approximation technique, e.g. Cubature methods on
wiener space [52].



pall

Theory of Loewner chains

The theory of Loewner chains and Loewner’s differential equation (LDE) was introduced
in early 20th century by C. Loewner in an attempt to solve Bieberbach’s conjecture in
geometric function theory. The conjecture stated that if

f(2) =z 4+ ap2® +az2® + ...
is an univalent conformal map on the unit disk, then for all n > 2
la,| < n.

Bieberbach himself proved the bound |as| < 2 and Loewner could extend it to |az| < 3
using LDE. Later in 1986, when De Branges finally resolved the conjecture, LDE was
used as an important component in the proof. A good account on the history and
developements of Bieberbach conjecture can be found in [68].

Loewner’s theory gives a one-to-one correspondence between a family of continuously
growing compact sets in a planar simply connected domain and real valued continuous
curves. For simplicity, we will restrict ourselves to the upper half plane

H = {z]z € C,Im(z) > 0}

A bounded subset K C H is called a compact H-hull if K = HN K and H\ K is a simply
connected domain. For each such compact H-hull, there is a unique associated bijective
conformal map gx : H\ K — H satisfying the so called hydrodynamic normalization

lim gx(2) —2=0

Z—00

The map gg is called the mapping out function of K. The half plane capacity of K is
defined by

heap(K) = lim =(gic(2)  2)

Definition .0.5. A Loewner chain is a family {K;}i>0 of compact H-hulls such that
K, C K, for all s <t and satisfying local growth property:

rad(Kiiin) — 0 as h — 0+ wuniformly on compacts in t
where Ky = g, (K¢ \ Ks)

Given {U, }+>0 a continuous real valued curve with Uy = 0, for each z € H\ 0, let g,(2)
denote the solution of the LDE

g(z) = ORI g0(z) = 2 (2)

The solution exists upto the maximal time T'(z) € (0, 00] and if T'(2) < oo,

lim ¢(z)—U, =0

t—T(z)

Define
K, ={z e H|T(z) <t}
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Then the family {K;};> is a Loewner chain with heap(K,;) = 2t and g; is the mapping
out function of K;. We call the chain {K;};>¢ is driven by {U; }+>o.

Conversely given a Loewner chain {K}}:>o with hcap(K;) = 2t, then there exist contin-
uous real valued curve U; with Uy = 0 such that mapping out functions g:(z) = gk, (2)
satisfies equation and {K;}i>o is driven by {U,}+>0. Please refer to [40] and lecture
notes [3] for the details.

In a seminal article by O. Schramm in 1999, [73], correspondence above was utilized
to characterize processes in plane which are conformally invariant and satisfies domain
Markov property. Today these processes are known as Schramm-Loewner evolutions,
SLE(k), which is a random Loewner chain obtained when U, = \/kB;, where B is the
one dimensional Brownian motion. SLEs was then proven to arise natuarally as scaling
limit of various discrete lattice models in statistical physics. See results in [76, [74] [73] for
these results.

Interesting examples of Loewner chains inlcude bubble fill of any continuous curve
v : [0,T] — H (fill in the interior whenever « forms a loop). In this case, the Loewner
chain is actually described by a growing curve rather than just a growing family of
compact sets. But not all Loewner chains fall in this category. There are pathological
examples like logarithmic spiral where K; is not locally connected. Convergence results
of various statistical mechanics model to SLEs suggests that SLEs are actually random
curves in upper half plane and not just a family of growing compact sets. A natural
question then is that under what conditions the Loewner chain can be described as
bubble fill of a continuous curve in the following sense :

Definition .0.6. A chain {K,}i>o is called generated by a curve v : [0,T] — H with
Yo = 0 if for allt >0, H; := H\ K; is the unbounded component of H \ v[0,t].

If a chain is generated by a curve ~, then it is the only such a curve called the trace
of chain. A necessary and sufficient condition for the existence of the trace can be found
in [71]. Denote f,(z) = g; *(2).

Theorem .0.7 ([71]). A chain is generated by a curve if and only if
Ve = yli%gr fi(iy + Uy)

exists and is continuous curve. If so, curve 7y is the trace.

There are many positive results known in this direction. It was proved in [62], 47]
that when the driver U is 3- Holder with [[U|[z < 4, then the trace exist. This is
the best possible known deteministic result and fails to apply for the SLFE, case where
U; = \/kB;, where B, is standard Brownian motion. Nevertheless, proof of existence
of trace of SLE(k), k # 8 was carried out in [71] using probabilistic techniques. The
trace also exist for SLE(8), but the proof follows indirectly from convergence of Uniform
spanning tree to SLE(8) and there is no direct proof known so far.

Complete understanding of phenomena of existence of trace is unknown. In the case
of random drivers U, probabilistic techiniques are the only available tool for proving
the existence of trace. Though these techniques works efficiently for SLEs, it doesn’t
give deterministic conditions on the driver and pathwise property of Brownian motion
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responsible for the existence of trace. Such a condition is very desirable to understand
many fine properties of SLE. One immediate corollary to such understanding would be
continuity of the Loewner map ® : U — ~ is appropriate metric and Wong-Zakai type
Theorem for SLE. In this thesis, we take a step in this direction and prove some results
on the trace of Loewner chains.

The results of this thesis

In this section, we mention the main results of this thesis. The content is divided into
following research articles.

I. Doob-Meyer Theorem for rough paths

In a recent work [57], Hairer-Pillai introduced the concept of -roughness for rough paths,
leading them to a deterministic Norris type lemma. Norris lemma is one of the key
ingredient in Hormander theorem for smoothness of probability density of solutions to
Brownian SDEs. Using rough path theory and aforementioned Norris-type lemma, Hairer-
Pillai developed a Hormander theorem for rough path driven SDEs. In this article, we
take a step back and prove a deterministic Doob-Meyer type result for rough paths.
In the semimartingale setting, Doob-Meyer Theorem states that it is not possible to
have cancellation between martingale part and bounded variation part and the both
the components are uniquely determined from semimartingale. Intuition behind is that
martingales are nothing but time changed Brownian motion and it is very irregular at
every small scales. We coin the notion of “true roughness” of rough paths which formalises
the above intuition and obtain the Doob-Meyer type results under this assumption. In
the framework of [54], let X : [0, 7] — V is a p-rough path taking value in Banach space
V' and controlled by some control function w.

Definition .0.8. For fized s € [0,T) we call X "rough at time s” if (convention 0/0 :=0)

. (v, X))
%) Vor € V\ {0} : limsup ——— = 400
(x) (0} timap

If X is rough on some dense set of [0,T], we call it truely rough.

Theorem .0.9. (i) Assume X is rough at time s. Then

t
/ f(X)dX =0 (w (s’t)2/P> astls = f(Xs)=0.
(i’) As a consequence, if X is truely rough, then
/.f(X)dXEO on [0,T] = f(X)=0on [0,T].
0

(i”) As another consequence, assume |t — s| = O(w (s,t)*'"), satisfied e.g. whenw (s,t) =
t —s and p > 2 (the "rough” regime of usual interest) then

/O‘f(X)deL/OAg(X)thO on [0,7T] = f(X),9(X)=0o0n [0,T].
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(ii) Assume Z = X @Y lifts to a rough path and set, with f (2) (z,y) = f (2) x,

/f(Z)dX ::/f(Z)dz.

Then the conclusions from (1),(i’) and (i”), with g = g (Z), remain valid.

We then verify various stochastic processes to be truly rough. Examples include
Brownian motion, fractional Brownian motion and many other Gaussian processes. In
fact, the results doesn’t require finite dimensionality of state space of rough path and
can be proved in infinite dimension setting. As a result, ()-Wiener processes are also
proven to be truly rough. We close the article by mentioning an application to existence
of density for Non-Markovian systems under Hormander condition. This is joint work
with Prof. Peter Friz published in Bulletin of the Institute of Mathematics, Academia
Sinica (New Series) [20].

II. General rough integration, Lévy rough paths and a Lévy—Kintchine type
formula

RPT as introduced above is developed under the basic assumption of X being a con-
tinuous path. The theory fails to work due to some technical reasons if we give up the
continuity and just assume that X is a cadldg (right continuous with left limits) path.
Needless to say that cadlag paths appear frequently in many situations, e.g. price of
financial commodity undergoing sudden change can be modelled using cadlag processes
like Lévy processes. In this article, we develope RPT for cadlag paths.

We first coin the definition of cadlag rough paths. Since we lack continuity, we choose
to measure the roughness of a path in p-variation metric which a priopri doesn’t imply
continuity rather than Holder metric. We prove a variant of Lyon’s extension Theorem
in this setting and make sense of signature of a (geometric) cadlag rough path.

Theorem .0.10. Let 1 < p < oo and N> n >m :=[p|. A cadlag geometric rough path
X qdmits an extension to a path X™ of with values G™ C T™, unique in the class
of G -valued path starting from 1 and of finite p-variation with respect to CC metric on
G™ subject to the additional constraint

log™ AX{™ = log™ AX{™. (3)
Signature of X is defined as

S(X(m))O,T = (1, 71.1<}((1))7 7T2(X(2)), . 7'('n<}((”))7 )

The construction of an appropriate extension above uses an adaptation of an idea
due to Marcus. Marcus argued that a jump is nothing but an idealisation a very fast
change happening in a very short time. Thus at each jump time, a fictious time interval
is introduced during which the jump is traversed appropriately, giving us a continuous
path. One can then use the machinery available in continuous RPT followed by removal
of the fictious time intervals in the end to obtain results about cadlag rough paths.

We next make sense of rough integration against such rough paths. For simplicity, we
stick to the case of p € [2,3).
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Theorem .0.11. Let X = (1, X, X)) be a cddldg rough path and (Y,Y") a controlled rough
path, then

where the limit exist in refinement Riemann sum (RRS/net convergence) sense.

The cadlag rough integration can be used to give pathwise interpretation of gerenal
stochastic integration. For example, if X is a Lévy process, it can be naturally lifted to
a rough path by defining

t
BQ&t:::h/RAXgJ ® dX,

or a geometric rough path by
t
XY = / Xspo @ 0dX,
S

where odX, stands for Marcus integration. We verify that such specification actually
constructs a rough path associated to X and that the rough integration so obtained
matches almost surely with stochastic integration. The solutions to SDEs driven by Lévy
processes can be now seen as corresponding RDE solution. We also introduce rough path
variant of Marcus differential equations as introduced in [39]. In fact, we show that the
signature S; = S(X); is the solution of a Marcus type RDE

dSt = St X OdXt

given the meaning

t
S =1 +/ S,_ ®dX, + Z Se_ ® {exp(log@) AX,) — AX,}
0

0<s<t
This allows us to compute explicitly the expected value of signature of a Lévy process.

Theorem .0.12. Let X is a Lévy process associated to Lévy triple (a,b, K) with co-
varinace matriz a, drift b and jump measure K. If the measure K1y, >, has all finite
moments, then

BIS (V)] = exp |7 (04 50+ [ (ext) = 1= )R () )]

The above formula resembles the well known Lévy-Khintchine formula for character-
stic function of Lévy processes and thus we name it Lévy-Khintchine formula for rough
paths. It is an generalisation of the formula obtained in [13] for the expected signature of
Brownian motion. We give further generalisation of such formula for Lévy rough paths,
defined as Lie group G?(R?) valued Lévy processes with appropriate variational regular-
ity. We also produce a partial integral differential equation (PIDE) for computing the
expected signature for Markov jump diffusions. Variants of such equations for the case
of Brownian diffusions was carried out in [66].

The contents of this work is collected together in a paper [I§](submitted) jointly with
Prof. Peter Friz
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III. Loewner chains driven by semimartingales

In this article, we consider the Loewner chains driven by semimartingales in the con-
text of existence of trace. Apart from producing more interesting examples of Loewner
chains, there is another motivation for considering such models. The deep insight of Oded
Schramm leading to construction of SLE was that domain Markov property (DMP) to-
gether with conformal invariance (CI) forces the driver to have independent and stationary
increment, i.e. Brownian motion with some speed. It is possible to canonically produce
some models which fails to have DMP and CI globally, but do possess these properties
on a local scale. See construction of SLE, , in [41] for example. Such processes is of great
importance to study the symmetries like duality and reversibility of SLE. Heuristically
speaking, having DMP and CI on a local scale forces the driver to have independent and
stationary increment locally, i.e. diffusions. The main result of this article is the following
deterministic inequality well suited to obtain the existence of trace for random drivers
beyond Brownian motion. To state it, we assume that driver that U : [0,7] — R has
finite quadratic-variation in sense of Féllmer if (along some fized sequence of partitions
7w = (m,) of [0,T], with mesh-size going to zero)

3lim 37 (U = Up)? = (U]

[r,s]€mn

and defines a continuous map ¢t — [U]f = [U];. For each fixed t > 0, define 35 =
Ui — Ui_s,s € 0,t] and [5]™ be the corresponding quadratic variation.

Theorem .0.13. Let d[3]7/ds < k < 2. Then there exist a path C* path G such that G
is Follmer integrable against B and

|f{(iy + Uy)| < exp {MZT —/0 G2d(r + %[5]»}

where fot G.d™ 3, = MY is the Follmer type integral.

As a result, we are able to prove the following theorem on the existence of trace for
Loewner chains driven by semimartingales.

Theorem .0.14. For each k < 2, there ezist a constant ag(k) depending only on k such
that following holds :

Let Uy is a continuous process such that for each t € [0,T], Bs = Uy — Ui_s is a semi-
martingale w.r.t. some filtration with canonical decomposition

6s:N5+As

with local martingale part N and bounded variation part A. Assume for all s <t <T,

and
< X0

t
sup E[exp (a / Afdr)
t€[0,T] 0

for some o > (k). Then the Loewner chain generated by U is generated by a trace.
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In a special case when U is a (deterministic) Cameron-Martin path, our method allows
us to prove the following uniform bound:

Theorem .0.15. If U is a Cameron-Martin path, then

iy + U] < exp | 1015 (@)

1
, 3
where ||U||y = {fOT der} is the Cameron-Martin norm.

Note that for Cameron-Martin paths U, by Cauchy-Schwarz inequality

t t
U — Uq| = ]/ Updr| < vt —s / UZdr

which implies

inf sup (LUl
€>0 [t—s|<e Vt—3s

and the existence of trace follows from results in [62], but it can also be seen directly
from inequality [d] Additionally, as remarked in [33], the Holder regularity of the trace
improves as %—Holder norm of the driver gets smaller. Since Cameron-Martin paths are
of vanishing % Holder norm, we can expect the trace to be as regular as possible. Note
that when U = 0, v, = 2i+/t, which is at best %—Holder on [0, T], Lipchitz on time interval
le, T] for € > 0 and is of bounded variation. Bounds like {4 allows us to prove,

=0<4

Theorem .0.16. If U is Cameron-Martin path, then ‘|7H%,[O,T] < oo and for any € > 0,

V|1, < 00. In fact under suitable time reparametrization ¢, ||y o ¢||1 < oo and thus
v 15 a bounded variation path.

Stability under approximation type results follow as corollary:

Theorem .0.17. If U is Cameron-Martin and U™ is a sequence of piecewise linear ap-
proximation to U, then for any a < %

17" = Ylla = 0 as n — oo

The contents of this article is collected together in a paper [19] (upcoming) jointly
with Prof. Peter Friz.

IV. Slow points and trace of Loewner chains

Precise pathwise property of the driver responsible for the existence of trace is still un-
known. In this article, we seek for deterministic conditions on the Loewner driver U which
will guarantee the existence of trace and which will also relate to the case U, = \/kB;.
We relate the existence of slow points for the driver to the existence of the trace for
correponding Loewner chain.
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Definition .0.18. Given a curve U and a > 0, pointt > 0 is called a a-slow point (from
below ) if

Ui_p — U,
limsup| Lok ! <a

h—0+ Vh N

The main result of this article is the following Theorem.

Theorem .0.19. Let U be bounded variation path. For t > 0 and s € [0,t], define
Bs = Bt =U — U_s and ||B]|s = ||B]l1-var,0,5. Assume for all t >0,

lim sup 5l <2 (5)

s—0+ \/g

and

t
/{HWCZHBHT < oo (6)

Then the Loewner chain driven by U is generated by a simple curve.

The slow points are known to exist for Brownian motion and have been extensively
studied in the literature. We refer the following well known result due to Davis, Perkins
and Greenwood.

Theorem .0.20 (Davis, Perkins and Greenwood). For standard Brownian motion B,
almost surely

inf lim sup M
t€0.1] hoot Vh
In particular, a-slow points exists almost surely for a > 1.

=1

Theorem [.0.19] and |.0.20f gives strong evidence of connection between slow points and
the trace of Loewner chains. But as required in Theorem [.0.19] not all the times ¢ are
slow points of Brownian motion. There do exist points where the Brownian motion has
unusually large growth in infinitely many small scales (such points are called fast points)
and Brownian motion falls short to satisfy conditions of Theorem [0.19 We propose
another simple direct approach to the trace which only relies on a weaker condition that
U is psuedo (a, %)—Holder for some a < 4 according to the following definition.

Definition .0.21. A continuous curve U is called (a, %)— psuedo Holder if

Ui — U,
sup lim inf [Uin — U

¢+ h—0+ Vh

We recall a result due to B. Davis [I1] suggesting that Brownian motion paths are
psuedo Holder.

<a

Theorem .0.22 (B. Davis). For Brownian motion B, almost surely,

sup lim inf M
¢ h—0+ Vh
Except for the missing modulus, Theorem suggest that Brownian motion paths
are almost surely psuedo Holder. Also note that for a fixed time ¢, since zero set of
Brownian motion has no isolated points, almost surely,

B,., — B
lim inf —’ th i

h—s0+ Vh

=1

=0
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Conjecture 1. Brownian motion paths are almost surely (1, %)— psuedo Holder.

For SLE(k) process, the driver Uy = \/kB;. Thus our approach works well for x < 16
and potentially answers the role of Brownian motion in the existence of trace for SLE(k),
including the unresolved case k = 8.
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Part 1

Doob-Meyer Theorem for rough
paths






L1, INTRODUCTION 3

Contents of this article is collected together in a published paper [20] appearing in
Bulletin of the Institute of Mathematics, Academia Sinica (New Series), 2012.

1.1 Introduction

Hairer—Pillai [57] proposed the notion of f-roughness of a path which leads to a deter-
ministic Norris lemma, i.e. some sort of quantitative Doob-Meyer decomposition, for
(level-2, Hoélder) rough integrals in the sense of Gubinelli. It is possible to check that
this roughness condition holds for fractional Brownian motion (fBm); indeed in [57] the
author show f-roughness for any § > H where H denotes the Hurst parameter. (Recall
that Brownian motion corresponds to H = 1/2; in comparison, the regime H < 1/2
should be thought of as "rougher”.) All this turns out to be a key ingredient in their
Hormander type result for stochastic differential equations driven by fBm, any H > 1/3,
solutions of which are in general non-Markovian.

In the present note we take a step back and propose a natural "roughness” condition
relative to a given p-rough path (of arbitrary level [p] = 1,2, ..) in the sense of Lyons; the
aim being a Doob-Meyer result for (general) rough integrals in the sense of Lyons. The
interest in our (weaker) condition is that it is immediately verified for large classes of
Gaussian processes, also in infinite dimensions. (In essence one only needs a Khintchine
law of iterated logarithms for 1-dimensional projections.)

We conclude with an application to non-Markovian systems under Hormander’s con-
dition, in the spirit of [23].

1.2 Truely ”rough” paths and a deterministic Doob-
Meyer result

Let V' be a Banach-space. Let p > 1. Assume f € Lip” (V,L(V,W)), v > p— 1, and
X :[0,T] — V to be a p-rough path in the sense of T. Lyons [48] 50] controlled by w.
Recall that such a rough path consists of a underlying path X : [0, 7] — V, together

with higher order information which somewhat prescribes the iterated integrals fo dX;, ®
. ®dXy, for 1 <k <[p].

Definition 1.2.1. For fized s € [0,T) we call X "rough at time s” if (convention 0/0 :=
0)

: (v, Xs)|
%) : Vor € V*\{0} : limsup ——— =
() \ 0 tls W (s,t)Q/p

If X is rough on some dense set of [0,T], we call it truely rough.

Theorem 1.2.2. (i) Assume X is rough at time s. Then

/Stf(X)dX:O(w (s,t)Q/p> astls = f(X;)=0.

(i’) As a consequence, if X is truely rough, then

/.f(X)dXEO on [0,T] = f(X)=0o0n [0,T].
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(i”) As another consequence, assume g € C (V,W) and |t — s| = O(w (s,t)*'?), satisfied
e.g. when w(s,t) <t —s and p > 2 (the "rough” regime of usual interest) then

/.f(X)dX+/.g(X)thO on [0,T] — f(X),q(X)=0on [0,T].
0 0
(ii) Assume Z := X @Y lifts to a rough path and set, with f (2) (z,y) = f (2) x,

/f(Z)dX ::/f(Z)dz.

Then the conclusions from (1),(i’) and (i”), with g = g (Z), remain valid.

Remark 1.2.3. Solutions of rough differential equations dY =V (Y)dX in the sense of
Lyons are understood in the integral sense, based on the integral defined in (ii) above.
This is our interest in this (immediate) extension of part (i).

Proof. (i) A basic estimate (e.g. [10]) for the W-valued rough integral is

/Stf (X)dX = f(Xs) Xer + O <w (S’t)2/p> .

By assumption, for fixed s € [0,T"), we have

f(Xs)X&t
0:W+O(1) astis

and thus, for any w* € W*,
[0 X | ‘<w f (X)X

w (s, )77 w (s, )"

where v* € V* is given by V' 3 v — (w*, f (X;)v) recalling that f(X;) € L(V,W).
Unless v* = 0, the assumption (x) implies that, along some sequence t, | s, we have
the divergent behaviour [(v*, Xs; )| /w (s,t2)Y? — oo, which contradicts that the same
expression is O (1) as t,, | s. We thus conclude that v* = 0. In other words,

Yw* e W v eV (w, f(X)v) =0.

and this clearly implies f (X;) = 0. (Indeed, assume otherwise i.e. Jv: w = f(X;)v #
0. Then define (w*,\w) := X and extend, using Hahn-Banach if necessary, w* from
span(w) C W to the entire space, such as to obtain the contradiction (w*, f (Xs)v) = 1.)

>‘:O(1) ast | s;

(i”) From the assumptions, fstg(X,,)dr < gl lt—5 =0 (w (s,t)z/p> . We may thus

use (i) to conclude f(X,) = 0 on s € [0,7). It follows that [, g (X,)dr = 0 and by
differentiation, g (X.) =0 on [0,T].
(ii) By definition of [ f(Z)dX and f respectively,

/:f(Z)dX;: /:f(Z)dZ
— f(Z)Z..+0 (w (s, t)Q/p)
— [(Z) X, + O (w (s, t)2/p)

and the identical proof (for (i’), then (i”)) goes through, concluding f (Z;) = 0. O
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Remark 1.2.4. The reader may wonder about the restriction to p > 2 in (i”) for Hélder
type controls w (s,t) < t —s. Typically, when p < 2, one uses Young theory, thereby
avoiding the full body of rough path theory. That said, one can always view a path of finite
p-variation, p < 2, as rough path of finite 2-variation (iterated integrals are well-defined as
Young integrals). Moreover, by a basic consistency result, the respective integrals (Young,
rough) coincide. In the context of fBM with Hurst parameter H € (1/2,1), for instance,
we can take p = 2 and note that in this setting fBM is truely rough (cf. below for a general
argument based on the law of iterated logarithm). By the afore-mentioned consistency,
the Doob—Meyer decomposition of (i”) then becomes a statement about Young integrals.
Such a decomposition was previously used in [0].

Remark 1.2.5. The argument is immediately adapted to the Gubinelli setting of ”con-
trolled” paths and would (in that context) yield uniqueness of the derivative process.

Remark 1.2.6. In definition one could replace the denominator w (s,t)Q/p by
w(s,t)’, say for 1/p < 0 < 2/p. Unlike [57], where 2/p — 0 affects the quantitative
estimates, there seems to be no benefit of such a stronger condition in the present con-
text.

I.3 True roughness of stochastic processes

Fix p € [1,2) and p € (2p,4). We assume that the V-valued stochastic process X lifts to
a random p-rough path. We assume V* separable which implies separability of the unit
sphere in V* and also (by a standard theorem) separability of V. (Separability of the
dual unit sphere in the weak-* topology, guaranteed when V' is assumed to be separable,
seems not enough for our argument below.)

The following 2 conditions should be thought of as a weak form of a LIL lower bound,
and a fairely robust form of a LIL upper bound. As will be explained below, they are
easily checked for large classes of Gaussian processes, also in infinite dimensions.

Condition 1. Set ¢ (h) = h2e (Inln1/h)"2. Assume (i) there exists ¢ > 0 such that for
every fized dual unit vector ¢ € V* and s € [0,T)

P |lmsupl (X016t = 9) 2 ¢| =1
tls
and (ii) for every fixed s € [0,T),

. ’Xs,t‘v
P |limsup —————= < 0| =1
us ¥ (t—s)

Theorem 1.3.1. Assume X satisfies the above condition. Then X 1is a.s. truely rough.

Proof. Take a dense, countable set of dual unit vectors, say K C V*. Since K is countable,
the set on which condition (i) holds simultanously for all ¢ € K has full measure,

P Vo € K :limsup|¢ (Xs4)| /Y (t —s) >c| =1
tls



On the other hand, every unit dual vector ¢ € V* is the limit of some (¢,) C K. Then

|<S0naXs,t>| < |<907Xs,t>| |Xs7tlv
Yt—s) — Y(t—s) Y (t—s)

so that, using lim (|a| + [b]) < lim (|a|) + lim (|b]), and restricting to the above set of full
measure,

+ |pn — ¢

T n;Xs T 7Xs
L <l Xl =l ,t>)|+|%_¢
S

s p(t—s) s Y (E—

Sending n — oo gives, with probability one,

Eres |Xst|
 lim—22V
Ve g (E— s)

e < mK%Xs,tH

ths P (t—s)

Hence, for a.e. sampe X = X (w) we can pick a sequence (t,) converging to s such that
{0, Xs1,)] /¢ (tn —s) > ¢ — 1/n. On the other hand, for any § > 1/ (2p)

{0, Xw @D [, X (@)] ¥ (t0 — 5)
It, — s|’ Yt —5)  |t, —s|
> (c—1/n) [ty —s|% " L(t, —s)
—

since ¢ > 0 and 6 > 1/(2p) and slowly varying L (7) := (Inln1/7)"? (in the extreme
case 8 = 1/(2p) the divergence is due to the (very slow) divergence L (7) — oo as
T=t,—s—0.) O

I.3.1 Gaussian processes

The conditions put forward here are typical for Gaussian process (so that the pairing
(p, X) is automatically a scalar Gaussian process). Sufficient conditions for (i), in fact,
a law of iterated logarithm, with equality and ¢ = 1 are e.g. found in [59, Thm 7.2.15].
These conditions cover immediately - and from general principles - many Gaussian (rough
paths) examples, including fractional Brownian motion (p = 1/ (2H), lifted to a rough
path [10, 21]) and the stationary solution to the stochastic heat equation on the torus,
viewed as as Gaussian processes parametrized by x € [0, 27]; here p = 1, the fruitful lift
to a "spatial” Gaussian rough path is due to Hairer [30].
As for condition (ii), it holds under a very general condition [21, Thm A.22]

|Xs,t|%/
dn>0: sup Fexp|n——"——+ ] < .

0<5,t<T |t — s|1/”
In presence of some scaling, this condition is immediately verfied by Fernique’s theorem.
Example 1. d-dimensional fBM is a.s. truely rough (in fact, H-rough)

In order to apply this in the context of (random) rough integration, we need to
intersect the class of truely rough Gaussian processes with the classes of Gaussian pro-
cesses which amit a rough path lift. To this end, we recall the following standard setup
[26]. Consider a continuous d-dimensional Gaussian process, say X, realized as coordi-
nate process on the (not-too abstract) Wiener space (E,H, ) where E = C ([0,T],R%)
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equipped with p is a Gaussian measure s.t. X has zero-mean, independent components
and that V, ., (R, [0, T}Q), the p-variation in 2D sense of the covariance R of X, is finite
for p € [1,2). (In the fBM case, this condition translates to H > 1/4). From [21 The-
orem 15.33] it follows that we can lift the sample paths of X to p-rough paths for any
p > 2p and we denote this process by X, called the enhanced Gaussian process. In this
context, modulo a deterministic time-change, condition (ii) will always be satisfied (with
the same p). The non-degeneracy condition (i), of course, cannot be expect to hold true
in this generality; but, as already noted, conditions are readily available [59].

Example 2. Q-Wiener processes are a.s. truely rough. More precisely, consider a sepa-
rable Hilbert space H with ONB (e), (Ax) € I*, A\, > 0 for all k, and a countable sequence
(Bk) of independent standard Brownians. Then the limit

Xt = Z )\llc/Qﬁfek
k=1

exists a.s. and in L%, uniformly on compacts and defines a Q-Wiener process, where
Q = > A\ (er,-) is symmetric, non-negative and trace-class. (Conversely, any such
operator QQ on H can be written in this form and thus gives rise to a Q- Wiener process.)
By Brownian scaling and Fernique, condition (ii) is obvious. As for condition (i), let ¢
be an arbitrary unit dual vector and note that ¢ (X.) /o, is standard Brownian provided

we set
0-320 = Z)\k <g0,€k>2 > 0.

By Khintchine’s law of iterated logarithms for standard Brownian motion, for fized ¢ and
s, with probability one,

limsup [ (Xo0)| /¢ (t = ) > V20,
tls
Since p — O’Z is weakly continuous (this follows from (\) € I' and dominated convergence)

and compactness of the unit sphere in the weak topology, ¢ := inf o, > 0, and so condition
(i) is verified.

Let us quickly note that )-Wiener processes can be naturally enhanced to rough
paths. Indeed, it suffices to define the H ® H-valued ”second level” increments as

t
(5,1) = Xy 1=y Ai/zAj/Q/ B odfie; ®e;.
i,j $

which essentially reduces the construction of the ”area-process” to the Lévy area of
a 2-dimensional standard Brownian motion. (Alternatively, one could use integration
against Q-Wiener processes.) Rough path regularity, [Xy.|,., = O (|t — s\m) for some
a € (1/3,1/2] (in fact: any a < 1/2), is immediate from a suitable Kolmogrov-type or
GRR criterion (e.g. [16], 21]).

Variations of the scheme are possible of course, it is rather immediate to define -
Gaussian processes in which (5’“) are replaced by (X k), a sequence of independent Gaus-
sian processes, continuous each with covariance uniformly of finite p-variation, p < 2.

Let us insist that the (random) rough integration against Brownian, or ()-Wiener
processes) is well-known to be consistent with Stratonovich stochastic integration (e.g.
[50, 21], [16]). In fact, one can also construct a rough path lift via It6-integration, in this
case (random) rough integration (now against a "non-geometric” rough path) coincides
with Ito-integration.
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1.4 An application

Let X be a continuous d-dimensional Gaussian process which admits a rough path lift
in the sense described at the end of the previous section. Assume in addition that
the Cameron-Martin space H has complementary Young regularity in the sense that H
embeds continuously in C'4V?* ([O, T] ,Rd) with % + % > 1. Note ¢ < p for u is supported
on the paths of finite p-variation. This is true in great generality with ¢ = p whenever
p < 3/2 and also for fBM (and variations thereof) for all H > 1/4. Complementary
Young regularity of the Cameron-Martin space is a natural condition, in particular in
the context of Malliavin calculus and has been the basis of non-Markovian Hérmander
theory, the best results up to date were obtained in [23] (existence of density only, no
drift, general non-degenerate Gaussian driving noise) and then [57] (existence of a smooth
density, with drift, fBM H > 1/3). We give a quick proof of existence of density, with
drift, with general non-degenerate Gaussian driving noise (including fBM H > 1/4). To
this end, consider the rough differential equation

dY = Vo (Y)dt +V (Y)dX

subject to a weak Hormander condition at the starting point. (Vector fields, on R, say
are assumed to be bounded, with bounded derivatives of all orders.) In the drift free
case, Vp = 0, conditions on the Gaussian driving signal X where given in [23] which
guarantee existence of a density. The proof (by contradiction) follows a classical pat-
tern which involves a deterministic, non-zero vector z s.t. ZTJSi@ (Ve (Y. (w))) =0 on
0,0 (w)),every k € {1,..,d} for some a.s. positive random time ©. (This follows from
a global non-degeneracy condition, which, for instance, rules out Brownian bridge type
behaviour, and a 0-1 law, see conditions 3,4 in [23]). From this

/ TRV (V) dX + / T (Vo Vil (Y0)) de = 0

on [0,0 (w)); here V- = (V4,..V;) and V; denote smooth vector fields on R® along which
the RDEs under consideration do not explode. Now we assume the driving (rough) path
to be truely rough, at least on a positive neighbourhood of 0. Since Z := (X, Y, J) can be
constructed simultanously as rough path, say Z, we conclude with Theorem m (iii):

2o (Vi Vil (V) = 0= 275 (Vo Vil (V7))

Usual iteration of this argument shows that z is orthogonal to V7, .., V; and then all Lie-
brackets (also allowing V;), always at yo. Since the weak-Hormander condition asserts
precisely that all these vector fields span the tangent space (at starting point yo) we
then find z = 0 which is the desired contradiction. We note that the true roughness
condition on the driving (rough) path replaces the support type condition put forward in
[23]. Let us also note that this argument allows a painfree handling of a drift vector field
(not including in [23]); examples include immediately {BM with H > 1/4 but we have
explained above that far more general driving signals can be treated. In fact, it transpires
true roughness of ()-Wiener processes (and then, suitables generalizations to ()-Gaussian
processes) on a seperable Hilbert space H allows to obtain a Hérmander type result where
the Q-process "drives” countably many vectorfields given by V' : R® — Lin (H, R®).

The Norris type lemma put forward in [57] suggests that that the argument can
be made quantitative, at least in finite dimensions, thus allowing for a Hormander type
theory (existence of smooth densities) for RDE driven by general non-degenerate Gaussian
signals. (In [57] the authors obtain this result for fBM, H > 1/3.)
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Contents of this article is collected together in an upcoming paper [18].

II.1 Motivation and contribution of this paper

An important aspect of “general” theory of stochastic processes [35], [70, 69] is its ability to
deal with jumps. On the other hand, the (deterministic) theory of rough paths [55] 5], 29,
50, 22, [17] has been very successful in dealing with continuous stochastic processes (and
more recently random fields arising from SPDEs [31], [I7]). It is a natural question to what
extent there is a “general” rough path theory which can handle jumps and ultimately
offers a (rough)pathwise view on stochastic integration against cadldg processes. In the
spirit of Marcus canonical equations (e.g. [39, [I]) related questions were first raised by
Williams [80] and we will comment in more detail in Section [[1.2.9 on his work and the
relation to ours. We can also mention the “pathwise” works of Mikosch—Norvaisa [63] and
Simon [75], although their works assumes Young regularity of sample paths (¢g-variation,
q < 2) and thereby does not cover the “rough” regime of interest for general processes.

Postponing the exact definition of “general” (by convention: cadlag) rough path, let
us start with a list of desirable properties and natural questions.

e An analogue of Lyons’ fundamental eztension theorem (Section below for a
recall) should hold true. That is, any general geometric p-rough path X should
admit canonically defined higher iterated integrals, thereby yielding a group-like
element (the “signature” of X).

e A general rough path X should allow the integration of 1-forms, and more general
suitable “controlled rough paths” Y in the sense of Gubinelli [I7], leading to rough

integrals of the form
/ f dX and / Y~ dX.

e Every semimartingale X = X (w) with (rough path) Ito-lift X! = X! (w), should
give rise to a (random) rough integral that coincides under reasonable assumptions
with the Ito-integral, so that a.s.

Ito/f )dX = /f X)dx’.

e As model case for both semi-martingales and jump Markov process, what is the
precisely rough path nature of Lévy processes? In particular, it would be desirable
to have a class of “Lévy rough paths” that captures natural (but “non-canoncial”)
examples such as the pure area Poisson process or the Brownian rough path in a
magnetic field?

e To what extent can we compute the expected signature of such processes? And
what do we get from it?

In essence, we will give reasonable answers to all these points. We have not tried to
push for maximal generality. For instance, in the spirit of Friz—Hairer [I7, Chapter 3-5], we
develop general rough integration only in the level 2-setting, which is what matters most
for probability. But that said, the required algebraic and geometric picture to handle the
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level N-case is still needed in this paper, notably when we discuss the extension theorem
and signatures. For the most, we have chosen to work with (both “canonically” and
“non-canonically” lifted) Lévy processes as model case for random cadlag rough paths,
this choice being similar to choosing Brownian motion over continuous semimartingales.
In the final chapter we give discuss some extensions, notably to Markov jump diffusions
and some simple Gaussian examples.

In his landmark paper [55, p.220], Lyons gave a long and visionary list of advantages
(to a probabilist) of constructing stochastic objects in a pathwise fashion: stochastic
flows, differential equations with boundary conditions, Stroock—Varadhan support theo-
rem, stochastic anlysis for non-semimartingales, numerical algorithms for SDEs, robust
stochastic filtering, stochastic PDE with spatial roughness. Many other applications have
been added to this list since. (We do not attempt to give references; an up-to-date bib-
liography with many applications of the (continuous) rough path theory can be found
e.g. in [I7].) The present work lays in particular the foundation to revisit many of these
problems, but not allowing for systematic treatment of jumps. We also note that inte-
gration against general rough paths can be considered as a generalization of the Follmer
integral [14] and, to some extent, Karandikar [38], (see also Soner et al. [77][)), but free
of implicit semimartingale features.

I11.2 Preliminaries

I1.2.1 “General” Young integration

[81], 12]
We briefly review Young’s integration theory. Consider a path X : [0,7] — R? of
finite p-variation, that is

1/p

P < 00

||X||p—var;[O,T] = Sup Z |X8,t
P step

with Xs; = X; — X, and sup (here and later on) taken over all for finite partitions P
of [0,7]. As is well-known tsuch paths are requlated in the sense of admitting left- and
right-limits. In particular, X, := limg X, is cdglad and X, := lim,, X cadldg (by
convention: X, = Xo, X} = Xr). Let us write X € W?([0,T]) for the space of cddlag
path of finite p-variation. A generic caglad path of finite ¢-variation is then given by Y~
for Y € W4([0,T]). Any such pair (X,Y ™) has no common points of discontinuity on the
same side of a point and the Young integral of Y~ against X,

T T T
/ YdXE/ Y dX, E/ Y,_dXq,
0 0 0

is well-defined (see below) provided 1/p +1/qg > 1 (or p < 2, in case p = ¢q). We need

Definition I1.2.1. Assume S = S (P) is defined on the partitions of [0,T] and takes
values in some normed space.

(1) Convergence in Refinement Riemann—Stieltjes (RRS) sense: we say (RRS)limp|0 S (P) =
L if for every € > 0 there exists Py such that for every “refinement” P O Py one has

IThere is much renewed interest in this theories from a model independent finance point of view.



I1.2. PRELIMINARIES 13

S (P)—L| <e.
(ii) Convergence in Mesh Riemann—Stieltjes (MRS) sense: we say (MRS) limp|—,0 S (P) =
L if for every e > 0 there exists 6 > 0 s.t. VP with mesh |P| < §, one has |S (P) — L| < e.

Theorem I1.2.2 (Young). If X € WP and Y € W19 with % —|—é > 1, then the Young

integral is given by

T

Y dX = li Y X, = 1i Y. X, 7

/0 Plo s et Pl 2 ! )
[s,t]eP [s,t]eP

where both limit exist in (RRS) sense. Moreover, Young’s inequality holds in either form

t
/ Y dX — Yts_stt S—/ ||Y_Hq—var;[s,t] ||X||P‘U‘”’;[5at] ! (8)
t
/ Y_dX - Yng,t S ||Y”q—va7‘;[8,t] ||X||P‘U‘17’;[57t] ’ (9)

At last, if X,Y are continuous (so that in particular Y~ =Y ), the defining limit of the
Young integral exists in (MRS) sense.

Everything is well-known here, although we could not find the equality of the limits in
pointed out explicitly in the literature. The reader can find the proof in Proposition

[L5.1 below.

I1.2.2 “General” Ito stochastic integration

[35], 70, [69]

Subject to the usual conditions, any semimartingale X = X (w) may (and will) be
taken with cddlag sample paths. A classical result of Monroe allows to write any (real-
valued) martingale as a time-change of Brownian motion. As an easy consequence, semi-
martingales inherit a.s. finite 2% variation of sample paths from Brownian sample paths.
See [45] for much more in this direction, notably a quantification of [|X{|, ..z for any
p > 2 in terms of a BDG inequality. Let now Y be another (cddlag) semimartingale, so
that Y~ is previsible. The It0 integral of Y~ against X is then well-defined, and one has
the following classical Riemann—Stieltjes type description,

Theorem I1.2.3 (Itd). The Ité integral of Y~ against X has the presentation, with
t? _ 1T

=il
T
/ Y= dX = limZYt;le L =1m Y Vin Xy (10)
0 n - i— 1— 3 n - 1— 1—1°"%

where the limits exists in probability, uniformly in T over compacts.

Again, this is well-known but perhaps the equality of the limits in (10) which the
reader can find in Protter [69, Chapter 2, Theorem 21].

I1.2.3 Marcus canonical integration

[60, 61], B9, 1] Real (classical) particles do not jump, but may move at extreme speed.
In this spirit, transform X € WP ([0,7]) into X € CP([0,T]), by "streching” time
whenever

Xt —Xt, = AtX 7é O,
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followed by replacing the jump by a straight line connecting X, with X, say
0,1] 20— X;_ +0AX
Implemented in a (caddldg) semimartingale context , this leads to Marcus integration
T T 1 /7
| o= [ peaxieg [ o ax.x;
0
+ 3 AtX{/ (X +0AX) — f(Xt_)}dH.

te (0,77

(A Young canonical integral, providied p < 2 and f € C*, is defined similarly, it suffices
to omit the continuous quadratic variation term.) A useful consequence, for f € C3(R9),
say, is the chain-rule

t
| 000X = 1) - 1(Xo).
0
It is also possible to implement this idea in the context of SDE’s,
dZt - f(Zt) & dXt (11)

for f: R?Y — R* where X is a semi-martingale, [39]. The precise meaning of this
Marcus canoncial equation is given by

Z Z0~|—/f )dXs+ = /ff X, X
+ Z {¢ fAX&Zs—) - s— - f(Zs—)AXs}

0<s<t
—Zo+/f _)dXs+ = /ff d[ X, X]s

(AX,)*}

N |

+ Y AO(fAX Zio) = Zoo — [(Zo)AX, — ['f(Zs)

0<s<t

where ¢(g, z) is the time 1 solution to y = ¢(y), y(0) = x. As one would expected fromt
the afore-mentioned (first order) chain-rule, such SDEs respect the geometry.

Theorem 11.2.4 ([39]). If X is a cddlag semi-martingale and f and f'f are globally
Lipchitz, then solution to the Marcus canoncial SDE exists uniquely and it is a
cddldg semimartingale. Also, if M is manifold without boundary embedded in R? and

{fi(x) : © € M}1<,<k are vector fields on M, then

P(Zoe M)=1 = P(Z, € M Vt>0)=1.

II.2.4 “Continuous” rough integration

[55, 29, [I7]

Young integration of (continuous) paths has been the inspiration for the (continuous)
rough integration, elements of which we now recall. Consider p € [2,3) and X = (X, X) €
CPv2*(]0,T]) which in notation of [I7] means validity of Chen’s relation

Xs,u = Xs,t + Xt,u + Xs,t & Xt,u (12)
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+ ||X||;§§_Var < 00, where

and || X[, == [X]

p-var p-var

2/p

1Kz = | sup D X, P2
[

s,t|EP

For nice enough F (e.g. F € C? ), both Y; := F(X,) and Y’ := DF(X,) are in CP*
and we have

2/p

| R p/2-var = SI7J;p Z |Rs7t|p/2 < 0o where Ry =Y — Y, X 4. (13)
[s,t]leP

Theorem II1.2.5 (Lyons, Gubinelli). Write P for finite partitions of [0,T]. Then

T
3 lim > VX + VX, = / YdX
PI=0 Sep 0

where the limit exists in (MRS) sense, cf. Definition |[1.2.1]

Rough integration extends immediately to the integration of so-called controlled rough
paths, that is, pairs (Y,Y”) subject to (13)). This gives meaning to a rough differential
equation (RDE)

dY = f(Y)dX
provided f € C? say: A solution is simply as a path Y such that (Y,Y”) := (Y, f(Y))
satisfies and such that the above RDE is satisfied in the (well-defined!) integral
sense, i.e. for all t € [0, 77,

Yt—sfoz/tf(Y)dx.
0

I1.2.5 Geometric rough paths and signatures

55, 511, 156, [22]

A geometric rough path X = (X, X) is rough path with Sym (X,;) = $X,,® X,, ; and
we write X = (X, X) € CZ¥ ([0, T]) accordingly. We work with generalized increments of
the form X;; = (X, X ) where we write X;; = X; — X, for the path increment, while
second order increments X ; are determined from (X ;) by Chen’s relation

XO,S + XO,s & Xs,t + Xs,t = XO,t‘

Behind all this is the picture that Xo; := (1, Xo4, Xo+) takes values in a Lie group
T (RY) = {1} @ R? ® R, embedded in the (truncated) tensor algebra T® (R?), and
X = X, ; ® Xp¢. From the usual power series in this tensor algebra one defines, for
a+becRYp R

1
log(l+a+b) = a—l—b—§a®a,

1
exp(a+0b) = 1+a+b+§a®a.
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The linear space g® (R?) = R? @ so0 (d) is a Lie algebra under
la+bd +bV]=a®d —d ®a;
its exponential image G®(R?) := exp (g (R?)) is then a Lie (sub) group under
(1,a,b) @ (1,d",b") = (1l,a+d,b+axd +1).

At last we recall that G (R?) admits a so-called Carnot—Caratheodory norm (abbrevi-
ated as CC norm henceforth), with infimum taken over all curves v : [0, 1] — R? of finite
length L,

1
M+a+blee :inf(L(’Y)i’Yl—’Yoza,/ (’Yt—’Yo)®d’Yt:b>
0

= ] + b

la| + |Anti (b)]"/?.

X

A left-invariant distance is induced by the group structure,
dCC (gv h) - Hg_l ® hHCC

which turns G (R?) into a Polish space. Geometric rough paths with roughness param-
eter p € [2,3) are precisely classical paths of finite p-variation with values in this metric
space.

Proposition I1.2.6. X = (X,X) € c2*([0,T]) iff X = (1, X,X) € C?** ([0, 7], GP(R?)).
Moreover,
1/p

[ [ 1 N b o
P [s,t]eP

The theory of geometric rough paths extends to all p > 1, and a geometric p-rough
path is a path with values in G (Rd), the step-[p] nilpotent Lie group with d generators,
embedded in 7D (Rd), where

T (RY) = @y, (RY) Y € @2y (RY) ™ € T(RY)

(the last inclusion is strict, think polyomials versus power-series) and again of finite p-
variation with respect to the Carnot-Caratheodory distance (now defined on G(PD).

Theorem I1.2.7 (Lyons’ extension). Let 1 < m = [p] <p < N < oco. A (continuous)
geometric rough path X e Cp-vor ([0, T] ,G(m)) admits an extension to a path XN with
values GN) € TW) | unique in the class of GN)-valued path starting from 1 and of finite
p-variation with respect to CC metric on G™) . In fact,

X g S X

p-vars] p-vars{s.t]

Remark I1.2.8. In view of this theorem, any X € CPv" ([O, T], G(m)) may be regarded
as X € CPvor ([O,T] ,G(N)), any N > m, and there is no ambiguity in this notation.
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Definition I1.2.9. Write w(xy resp. ma for the projection T((R?)) — TW) (Rd) resp.
(RY) M Callg e T((R)) group-like, if mn (9) € GW) for all N. Consider a geometric
rough path X € CPv" ([O, T] ,G[p}). Then, thanks to the extension theorem,

SX)or = 1,m (X), .., 7 (X)), Tns (X)) € T((R))
defines a group-like element, called the signature of X.

The signature solves a rough differential equation (RDE, ODE if p = 1) in the tensor-
algebra,
dS =S5S®dX, Sy =1. (14)

To a significant extent, the signature determines the underlying path X, if of bounded
variation, cf. [32]. (The rough path case was recently obtained in [5]). A basic, yet
immensely useful fact is that multiplication in T'((R?)), if restricted to group-like elements,
can be linearized.

Proposition I1.2.10. (Shuffie product formula) Consider two multiindices v = (i1, .., im) , w =
(jl? cey jn)
XOXY — Z X*

where the (finite) sum runs over all shuffles z of v, w.

I1.2.6 Checking p-variation

[3, 27, 58]
(i) As in whenever v > p — 1 > 0, with ¢t} = k27T, one has

p

X1 oz Zmz X — X, (15)
n=1

This estimate has been used [43] to verify finite (sample path) p-variation, simply by
taking expectation, e.g. for the case of Brownian motion by using that E[|Bs.|"] =
|t — s|1*¢ for € > 0, provided p > 2. Unfortunately, this argument does not work for jump
processes. Even for the standard Poisson process one only has E[|Ng:|"] ~ C, |t — s|
as t — s — 0, so that the expected value of the right-hande side of is infinity. An
extension of to rough path is

n

[e.e]
+ ’thlpt"

2
p/2
1X Zvar[OTlrSZ”VZ{’Xt“tz n }

and we note that for a geometric rough path X =(X,X), i.e. when Sym (X,,;) =
%Xs,t ® X5+, we may replace X on the right-hand side by the area A = Anti (X). This
has been used in [51], again by taking expecations, to show that Brownian motion B
enhanced with B, ; := f: B, , ® odB, constitutes a.s. an element in the rough path space
crvar ([0, T], GP), for p € (2,3).

(ii) In [27] an embedding result W% < CP™ is shown, more precisely

X — X[
”X“p var;[0,T] ~ / / 8|1+5qd dt’
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provided 1 < p < ¢ < oo with § = 1/p € (0,1). The extension to rough paths reads

|Xst| Dgs,tr]/2
”XHpvar [0,T] ~ / / {‘t 1+6q ‘t—8’1+6q dsdt.

Since elements in W% are also a-Hélder, with a = 6 — 1/¢q > 0, these embeddings are
not suitable for non-continuous paths.

(iii) In case of a strong Markov process X with values in some Polish space (E,d), a
powerful criterion has been established by Manstavicius [58]. Define

a(h,a) = sup{P(d(X;", z) > a)}
with sup taken over all z € E, and s < t in[0, 7] with ¢ — s < h. Under the assumption

hB

a(h,a) < =

uniformly for A, a in a right neighbourhood of zero, the process X has finite p-variation for

any p > v/f. In the above Poisson example, noting E [| N || = O (h) whenever t —s < h,

Chebychev inequality immediately gives « (h,a) < h/a, and we find finite p-variation,

any p > 1. (Of course p = 1 here, but one should not expect this borderline case from a
general criterion.) The Manstavicius criterion will play an important role for us.

11.2.7 Expected signatures

[13), 132, [42, 9]
Recall that for a smooth path X : [0,7] — RY its signature S = S (X) is given by
the group-like element

(1,/ de/ dX,, @de,..) € T((RY).
0<t1<T 0<t1<ta<T

The signature solves an ODE in the tensor-algebra,
dS=S®dX, Sy =1. (16)

Generalizations to semimartingales are immediate, by interpretation of as [to, Stratonovich
or Marcus stochastic differential equation. In the same spirit X can be replaced by a
generic (continuous) geometric rough path with the according interpretation of as
(linear) rough differential equation.

Whenever X = X (w), or X = X (w) is granted sufficient integrability, we may con-
sider the expected signature, that is

ESr € T((RY))
defined in the obvious componentwise fashion. To a significant extent, this object behaves

like a moment generating function. In a recent work [9], it is shown that under some mild
condition, the expected signature determines the law of the Sr(w).
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11.2.8 Lévy Processes

[72, @, 1, [34]

Recall that a d-dimensional Lévy process (X;) is a stochastically continuous process
such that (i) for all 0 < s < t < oo, the law of X; — X, depends only on ¢ — s; (ii) for
all £,..,tx such that 0 <t; < .. <{; the random variables X; _, — X;, are independent.
Lévy process can (and will) be taken with caddldg sample paths and are characterized by
the Lévy triplet (a,b, K), where a = (a*’) is a positive semidefinite symmetric matrix,
b= (b') a vector and K (dr) a Lévy measure on R? (no mass at 0, integrates min(|z|?, 1))
so that

E [e”“’xt)} = exp (—§ (u,au) + i (u,b) + / (e =1 —iuylyy<y) K (dy)) . (17)
]Rd

The Ito—Lévy decomposition asserts that any such Lévy process may be written as,

yN (ds, dy) +/ yN (ds, dy) (18)

(0,8]x{[y|=1}

Xt:UBt+bt+/

(0,8]x{Jyl<1}

where B is a d-dimensional Browbian motion, co7 = a, and N (resp. N ) is the Pois-
son random meausre (resp. compensated PRM) with intensity ds K (dy). A Markovian
description of a Lévy process is given in terms of its generator

R4

d d d
(L) (@)= 5 Y 00,5+ vorf+ | <f (0 +9) [ (@)~ Lyyen 3 yl@-f) K (dy).
ij=1 i=1 i=1

(19)
By a classical result of Hunt [34], this characterization extends to Lévy process with
values in a Lie group G, defined as above, but with X; — X replaced by X;'X;. Let
{uy, ..,u,, } be a basis of the Lie algebra g, thought of a left-invariant first order differential
operators. In the special case of exponential Lie groups, meaning that exp : g — G is an
analytical diffeomorphism (so that g = exp (z'u;) for all g € G, with canonical coordinates
x' = 2" (g) of the first kind) the generator reads

1 - v,w v - v

(Lf)(z) = §v;1a , uvuwf—l—;b uvf+/G (f (zy) — f (z) — Lgy<y z;y uvf> K (dy) .
(20)

As before the Lévy triplet (a,b, K) consists of (a"") positive semidefinite symmetric,

b = (b¥) and K(dz) a Lévy measure on G (no mass at the unit element, integrates

min(|z[2, 1), with |z|* :== 37 (2%)*))

i=v

11.2.9 The work of D. Williams

[30]

Williams first considers the Young regime p € [1,2) and shows that every X €
WP ([0,7]) may be turned into X € C”‘V&r([O,T]), by replacing jumps by segments
of straight lines (in the spirit of Marcus canonical equations, via some time change
[0, 7] — [0,T]) Crucially, this can be done with a uniform estimate || X||pvar S || X]|pvar-
In the rough regime p > 2, Williams considers a generic d-dimensional Lévy process X
enhanced with stochastic area

Ay = Anti/ (X, — X5) ®@dX,
(s,t]
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where the stochastic integration is understood in Ito-sense. On a technical level his main
results [80, p310-320] are summarized in

Theorem I1.2.11 (Williams). Assume X is a d-dimensional Lévy process X with triplet
(a,b,K).
(i) Assume K has compact support. Then

E[|A ] St -l
(i) For any p > 2, with sup taken over all partitions of [0,T7],

sup Z 1A, [P/? < o0 a.s.
[s,t]eP

Clearly, (X,A) (w) is all the information one needs to have a (in our terminology)
cadlag geometric p-rough path X = X (w), any p € (2,3). However, Williams does not
discuss rough integration, nor does he give meaning (in the sense of an integral equation)
to a rough differential equations driven by cadlag p-rough paths. Instead he constructs,
again in the spirit of Marcus, X € C*¥*([0,T]), and then goes on to define a solution ¥
to an RDE driven by X (w) as reverse-time change of a (classical) RDE solution driven
by the (continuous) geometric p-rough path X. While this construction is of appealing
simplicity, the time-change depends in a complicated way on the jumps of X (w) and the
absence of quantitative estimates, makes any local analysis of so-defined RDE solution
difficult (starting with the identification of Y as solution to the corresponding Marcus
canonical equation). We shall not rely on any of Williams’ result, although his ideas will
be visible at various places in this paper. A simplified proof of Theorem will be
given below.

I1.3 General rough paths: definition and first exam-
ples

The following definitions are fundamental.

Definition II1.3.1. Fiz p € [2,3). We say that X = (X,X) is a general (cddldg) rough
path over R? if

(1) Chen’s relation holds, i.e. for all s <u <t, Xy — X — Xy = X500 @ Xots
(i) the following map
0,7] 3t — Xos = (Xoy, Xo,) € R @ R4
1s cadlag;
(i4i) p-variation regularity in rough path sense holds, that is

1/2
||X||p-var;[0,T} + ||X||p§2-var;[0,T] < 0.

We then write
X e WP =wr([0,7],R?).
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Definition I1.3.2. We call X € WP geometric if it takes values in GO (RY), in symbols
X e WP, If, in addition,

(AX, AA) :=log AX € RY @ {0} C g?(RY)
we call X Marcus-like, in symbols X € WY,.

As in the case of (continuous) rough paths, cf. Section [II.2.5]
WE == WE ([0,T],R?) = W ([0, T], GP(RY))

so that general geometric p-rough paths are precisely paths of finite p-variation in G (R%)
equipped with CC metric. We can generalize the definition to general p € [1,00) at the
price of working in the step-[p] free nilpotent group,

WP =Wwr ([0,7],GP).

As a special case of Lyons’ extension theorem (Theorem [[1.2.7)), for a given continuous
path X € WP for p € [1,2), there is a unique rough path X = (X, X) € WP. (Uniqueness
is lost when p > 2, as seen by the perturbation X;; = X,; + a (t — s), for some matrix

a.)

The situation is different in presence of jumps and Lyons’ First Theorem fails, even
when p = 1. Essentially, this is due to the fact that there are non-trivial pure jump paths
of finite g-variation with ¢ < 1.

Proposition 11.3.3 (Canonical lifts of paths in Young regime). Let X € W7 ([0,7],R¢)
be a cddldg path of finite p-variation for p € [1,2). (i) It is lifted to a (in general,
non-geometric) rough path X = (X, X) € WP by enhancing X with

Xt = (Young)/ Xer- ®dX,
s,t]

(ii) It is lifted to a Marcus-like cddldg rough path XM = (X, XM) € Wi, by enhancing X
with )
M _
Xop =X + 5 Z (A X) @ (A X).

re(s,t]

Proof. As an application of Young’s inequality, it is easy to see that

p var;[s,t]

Note that w(s,t) := || X||”.
p-var;|[s,t]
w(s,t), so that

Z ’XStP N Z ||X|‘p—var [s,t] ~ < HXHp—var [0,T7]
[s,t]leP [s,t]eP

is superadditive, i.e. for all s < u < t, w(s,u)+w(u,t) <

Taking sup over P, X has £ variation. We then note that
P P

STIAXP] < > AXP

2
re(s,t] re(s,t) re(s,t]

> (AX)®(AX)

IN
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Since the jumps of X are p-summable, we immediately conclude that XM also is of
finite £ variation.

Also, from “integration by parts formula for sums”, it can be easily checked that
Sym(XY,) = $X,; ® X,,. The fact that (X,XM) forms a Marcus-like rough path comes
from the underlying idea of the Marcus integral replaces jumps by straight lines which
do not create area. Precisely,

lim XM = AXM =~ (A,X)®?

1
2
which is symmetric. Thus A;A = Anti(AXM) = 0. O

Clearly, in the continuous case every geometric rough path is Marcus-like and so there
is need to distinguish them. The situation is different with jumps and there are large

classes of Marcus-like as well as non-Marcus-like geometric rough paths. We give some
examples.

Example 3 (Pure area jump rough path). Consider a so(d)-valued path (A;) of
finite 1-variation, started at A9 = 0. Then

X+ = exp (A;)

defines a geometric rough path, for any p > 2, i.e. X (w)€ WP but, unless A is continu-
ous,

X (w) @Wrh,.
It is not hard to randomize the above non-Marcus M rough path example.

Example 4 (Pure area Poisson process). Consider an i.i.d. sequence of a so0(d)-
valued r.v. (a" (w)) and a standard Poisson process Ny with rate A > 0. Then, with

probability one,
Ny
Xy () = exp (Z a” <w>)
n=1

yields a geometric, non-Marcus like cadlag rough path for any p > 2.

It is instructive to compare the last examples with the following two classical examples
from (continuous) rough path theory.

Example 5 (Pure area rough path). Fiz a € so(d). Then
Xo: :=-exp(at),

yields a geometric rough path, X € C§ ([O,T] ,Rd), above the trivial path X =0, for any
p € [2,3).

Example 6 (Brownian rough path in magnetic field). Write

t
Bg,t = (Bs,tv/ Bs,r ® odBr)
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for the Brownian rough path based on iterated Stratonovich integration. If one considers
the (zero-mass) limit of a physical Brownian particle, with non-zero charge, in a constant
magnetic field [24] one finds the (non-canonical) Brownian rough path

BY, :=B%, + (0,at),

for some a € so(d). This yields a continuous, non-canonical geometric rough path lift of
Brownian motion. More precisely, B™ € C? ([O,T] ,Rd) a.s, for any p € (2,3).

As is well-known in rough path theory, it is not trivial to construct suitable X given
some (irregular) path X, and most interesting constructions are of stochastic nature. At
the same time, X does not determine X, as was seen in the above examples. That said,
once in possession of a (cddldg) rough path, there are immediate ways to obtain further
rough paths, of which we mention in particular perturbation of X by increments of some
p/2-variation path, and, secondly, subordination of (X, X) by some increasing (cadlég)
path. For instance, in a stochastic setting, any time change of the (canonical) Brownian
rough path, by some Lévy subordinator for instance, will yield a general random rough
path, corresponding to the (cadldg) rough path associated to a specific semimartingale.

For Brownian motion, as for (general) semimartingales, there are two “canoncial”
candidates for X, obtained by It6- and Marcus canonical (=Stratonovich in absence of
jumps) integration, respectively. We have

Proposition I1.3.4. Consider a d-dimensional (cddldag) semimartingale X and let p €
(2,3). Then the following three statements are equivalent.
(1) X (w) € WP a.s where X! = (X, X)) and

t
X!, = / X ®dX, (It0)
(it) XM (w) € Wi (C WE) a.s. where XM = (X, XM) and
t
Xé‘fft ::/ X 0 ®@dX, (Marcus).

(#ii) The stochastic area (identical for both Ité- and Marcus lift)
A,y = Anti (XI,) = Anti (Xi\/[t)
has a.s. finite p/2-variation.
Proof. Clearly
Sym(XIsv,[t) = %Xs,t ® Xy

is of finite p/2-variation, a consequence of X € WP a.s., for any p > 2. Note that XM — X!
is symmetric,
(XE/,[t) I — (Xi,t) 7= §[X 7X]]s,t + 5 Z AXYAXT.

rée(s,t]
and is of finite £ variation as [X’, X7]° is of bounded variation, while
p p
2 1 2
> AXNANX| < 5 dDTIAXP] £ ) IAXP <o as.
re(s,t] re(s,t] re(s,t]

because jumps of semimartingale is square summable and thus p > 2 summable. O]
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We now given an elegant criterion which allows to check finite 2*-variation of G-
valued processes.

Proposition I1.3.5. Consider a G (R?)-valued strong Markov process Xsr = X' ®
X =exp (Xsy, Agy). Assume

]E ‘Xs,t|2 5 ’t - S‘ s
E|Ag> < |t—s)?,
uniformly in s,t € [0,T]. Then, for any p > 2,
”XHp—var+ ”AHp/Zvar < 00 a.s.

Equivalently, ||X||p-par < 00 a.s.

Proof. Consider s,t € [0,T] with |t — s| < h. Then

1 h
P(Xul2a) < EIXP S
1
P (14wl 2a) = P(lAul2d®) < —E|A,l
a
1 on1/2  h
S ? (E |As,t ) = ?

From properties of the Carnot-Caratheodory metric doc(Xs, Xy) < | X | + |As7t|1/ % and
the above estimates yield
h
P(d(Xs,Xt) Z CL) 5 -
a
Applying the result of Manstavicius (cf. Section [[1.2.6) with 8 = 1,7 = 2 we obtain

a.s. finite p-variation of X, any p > ~/f = 2, with respect to dcc and the statement
follows. o

As will be detailed in Section below, this criterion, combined with the ex-
pected signature of a d-dimensional Lévy process, provides an immediate way to recover
Williams’ rough path regularity result on Lévy process (Theorem and then sig-
nificantly larger classes of jump diffusions. With the confidence that there exists large
classes of random cadlag rough paths, we continue to developt the deterministic theory.

II.4 The minimal jump extension of cadlag rough
paths

In view of Theorem [[I.2.7] it is natural to ask for such extension theorem for cddlig
rough paths. (For continuous paths in Young regime, extension is uniquely given by
n-fold iterated young integrals.) However, in presence of jumps the uniqueness part of
Lyons’ extension theorem fails, as already seen by elementary examples of finite variation
paths.
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Example 7. Let p = 1,N = 2 and consider the trivial path X = 0 € W' ([0,1],R?),
identified with X = (1,0) € W' ([0,1], GW). Consider a non-trivial so (d)-valued cadlag
path a(t), of pure finite jump type, i.e.

apt = Z Aa,.
]

s€(0,¢
(finite)

Then two possible lifts of X are given by
X® = (1,0,0), X{¥ = (1,0,a, — ap) € W =W ([0,1],G?).
We can generalize this example as follows.

Example 8. Again p =1, N = 2 and consider X € W Then
X = (1, X, X)) e Wi
and another choice is given by
XEQ) = (1,Xt,XiW + a; — ag) € ng'”“r,
whenever, a; € $0(d) is piecewise constant, with finitely many jumps Aa; # 0.

Note that, among all such lifts 5(752), the Xﬁg) is minimal in the sense that log® AXEQ)
has no 2-tensor component, and in fact,

log® AX? = AX,.

We have the following far-reaching extension of this example. Note that we consider
g" D g™ in the obvious way whenever n > m.

Theorem I1.4.1 (Minimal jump extension). Let 1 <p < oo and N> n >m :=[p]. A
cadlag rough path X™ ¢ WE=Wwr ([O, T ,G(m)) admits an extension to a path X™ of
with values G C T™ | unique in the class of G™ -valued path starting from 1 and of
finite p-variation with respect to CC metric on G™ subject to the additional constraint

log™ AXETL) = log™ AXQ”). (21)

For the proof, we will adopt the Marcus / Willliams idea of introducing an artificial
additional time interval at each jump times of X™, during which the jump will be suitably
traversed. Since X™ has countably infinite many jumps, we number the jumps as follows.
Let t; is such that

180X = sup (18X lec)

telo,

Similarly, define t, with

1AL X™|loe = sup  {]AX™]|cc}
te[0,T),t#t
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and so on. Note that the suprema are always attained and if [|A,X™||cc # 0, then
t =ty for some k. Indeed, it readily follows from the cadlag (or regulated) property that
for any € > 0, there are only finitely many jumps with ||A,X™)||cc > €.

Choose any sequence J; > 0 such that ), §; < co. Starting from t;, we recursively
introduce an interval of length d; at ¢,, during which the jump A, X X (™) ig traversed
suitably, to get a continuous curve X(™ on the (finite) interval [0, 7] where

k=1
Taking motivation from simple examples, in order to get minimal jump extensions, we
choose the “best possible” curve traversing the jump, so that it doesn’t create additional
terms in log™ AXi”). If [a, a+6;) C [0, 7], is the jump segment corresponding to the k™
jump, define

7 = exp™ <—a T2 togm X + L log™ X, )>
k k

Lemma I11.4.2. 7* : [a,a + 6] — G is a continuous path of finite p variation w.r.t.
the CC metric and we have the bound

||ry ||p -var;la,a+8g] ~ HAtk (m)||p (22)

Proof. Omit k. W.lo.g. we can assume that v, = exp™((1 — t)log"™ z + tlog™ y)
for ¢ € [0, 1] for some z,y € G™. Also, as an application of Campbell-Baker-Hausdorff
formula,

exp™ (log"™ x) @ exp™ (tlog"™ (27" ® y)) = exp™ ((1 — ) log™ x + tlog™ y)
so that we can assume x = 1. At this point, we have
Vs = exp((t — s)log!™ y)
Also, since p > m, it is easy to check that for z € g™ and X\ € [0, 1],
[|exp™ (Az)[[” < Al exp™ (2)||P

So,
Vsl [P S (= )|yl
which finishes the claim. ]

Lemma IL.4.3. The curve X : [0,T] — G constructed as above from X &
Wwe ([O, T] ,G(m)) s a continuous path of finite p variation w.r.t. the CC metric and we
have the bound

| ’X(m) | ‘p—var;[(]j’] g ‘ |X(m) | |p—var;[0,T} (23)

Proof. For simpler notation, omit m and write X,X. The curve X is continuous by
construction. To see the estimate, introduce w(s,t) = [[X[[?_, .. s, With the notation
w(s,t=) = [|X][|! .. 5. Note that w(s,t) is superadditive. Call t' the preimage of

t € [0,7] under the time change from [0, 7] — [0,T]. Note that [0, 7] contains (possibly
countably many) jump segements I,, of the form [a,a + ;). Let us agree that point in
these jump segments are “red” and all remaining points are “blue”. Note that jump
segements correspond to one point in the pre-image. For 0 < s < t < T, there are
following possiblities;
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e Both s,t are blue, in which case ||X,||P = [|Xyu|[P < X[ e o 7 = W (8" 1)
e Both s,t are red and in same jump segment [a,a + J), in which case

Xl P < 11

p-var;[a,a+9k]

e Both s,t are red but in different jump segment s € [a,a + ;) and ¢ € [b,b+ ¢;), in
which case s’ = (a + &), ' = (b+ ;)" and

p

+

p

Xa—i—ék,b

IN

~ P
5 ([ )
S (CRTES ) SV CERSUT N

< 31’_1 <H’7 ||z-var;[a,a+5k] + w<8/’t/_) T ||’Y ||Z var,| bb+5l]>

IN

e sis blue and t € [a,a + ;) is red, in which case

p

~ p
Xs,t + Xa,t

> (HXM )

1 p
< 2P ( ( )+ ||’7 ||pvar [aa+5k]>

IN

® 5 € [a,a+ d) is red and ¢ is blue, then

p

27 (Ko )
S,a+0g

< ort (HV [F——— +w(3/’t/)>

+ HXa—Hik,t

’Xs,t

IN

In any case, by using Lemma |[[.4.2, we see that

~ p
HXs,t Sw(s ) + [|AGX] P + [|ArX] [P

which implies for any partition P of [0, T,

TS S )+ [[AGXP (AKX P

[s,t]€P s/ t/]

< w0, T)+ > [JAX]]P

~Y
0<s<T

Finally, note that
> IAXIP < IIXIE oo

0<s<T

which proves the claim. O
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Proof of Theorem[IT.].1. Since X(™ is continuous path of finite p-variation on 0, T]
11.2.7,

from Theorem it admits an extens1on X ™ taking values in G starting from 1
for all n > m. We emphasize that S = X can be obtained as linear RDE solution to

dS =S @dX™ Sy=1e1™. (24)

We claim that for each jump segment [a, a + ],

X(")

cats, = exp(n) (log(m) (Ath(m)))

which amounts to proving that if 4, = exp™ ((1 — t)log!™ x 4 tlog™ y) for t € [0, 1] for
some z,y € G then its extension 7™ to G™ satisfies

2w = exp™(log™ (27t @ y))

By Campbell-Baker-Hausdorff formula,
exp™ (log!™ 2) @ exp™ (tlog!™ (z7! @ y)) = exp™ (1 — £) log?™  + tlog!™ y)

Thus,
Yo = exp™((t — s)log™(z7! @ y))

Here we have used our crucial construction that log™ = is linear in t. Now by guessing
and uniqueness of Theorem [[1.2.7],

7y = exp™((t - ) log™ (27! @ y))

)

which proves that claim and defining Xi,n = Xﬁ") finishes the existence part of Theorem

ML41l

For uniqueness, w.l.o.g., assume n = m—+1. Let Z{" = X™ 4+, and Y™ = X" 1N,
are two extension of X\™ as prescribed of Theorem [[1.4.1] where M;, N, € (R%)®".
Consider

Sy =278 @ {Y! = (X + M) @ (X{™ + Nyt =1+ M, - N,

where the last equality is due to truncation in the (truncated) tensor product. This in
particular implies S is in centre of the group G™ (actually group 77") and thus so is
S71® S;. So, by using symmetry and subadditivity of CC norm,

155 @ Sill = Y™ @ 207 @ (Y} || = 11287 @ (Y8} I < 12837+ (1Y S|
which implies S; is of finite p-variation. Also,
AS =YY" 0 AZM @Y™
Since A,Z™ = A, Y™ we see that log A S =0,1i.e. S;is continuous. Thus, M —N is a

continuous path in (Rd)®” with finite 2 < 1 variation, which implies M; = N; concluding
the proof. O
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Remark I1.4.4. In the proof of uniqueness of minimal jump extension, we didn’t use the
structure of group G™. The fact that the minimal jump extension takes value in G™
follows by construction. That said, if Z™ and Y™ are two extensions of X(™ taking
values in T™(R?), of finite p-variation w.r.t. norm

1 il
11+ gl == g"1+ g’z + .. + |g"|"

and
Atz(n) — AtY(”) = exp( )(log (At ))

then same argument asw above implies

Definition IL.4.5 (Signature of a cadlag rough path). Given X € W ([0,T],GP)) call
X (™) constructed above the step-n signature of X. The T((R?))-valued projective limit of
ng% as n — 00 is called signature of X over [0,T].

II.5 Rough integration with jumps

In this section, we will define rough integration for cadldg rough paths in the spirit of
[81, 29] and apply this for pathwise understanding of stochastic integral. We restrict
ourselves to case p < 3. For p € [1,2), Young integration theory is well established and
interesting case is for p € [2,3). Recall the meaning of convergence in (RRS) sense, cf.
Definition In order to cause no confusion between following two choices of Riemann

sum approximation
= ) Y.Xy,

[s,t]eP

= > YoXy

[s,t]eP

and

we add that, if X and Y are regulated paths of finite p-variation for p < 2, then

€= (RRS) lim > VX,

[s,t]eP
exist if either Y is cadlag or Y is caglad (left continuous with right limit) and X is cadlag.
This can be easily verified by carefully reviewing the proof of existence of Young
integral as in [I2]. Note that we have restricted ourselves to left point evaluation in
Riemann sums. Thus if YV is a cadlag path then,

Cy = (RRS) lim Y VX,

|P|—0
[s,t]eP

and
Cy := (RRS) “131'51 Z Yo X,y

both exists. But it doesn’t cause any amblgulty because in fact they are equal.
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Proposition 11.5.1. If X and Y are cadldg paths of finite p-variation for p < 2, then
Cl == CQ.

Proof. For each € > 0,

S(P) = Z AYSXS,t: Z AY51|AYS\>€XS,IS+ Z AY91|AYS|§eXs,t
[s,t]leP [s,t]leP [s,t]leP

Since there are finitely many jumps of size bigger than ¢ and X is right continuous,

‘71>1|IE>10 Z AY;llAYS‘>5XS’t =0
[s,t]leP

On the other hand,

Y AVidpvieXal <0 (AY P Lavi<d) D Xl
[s,t]leP [s,t]leP [s,t]leP
< Y AP Y P
[s,t]leP [s,t]leP
_ 2
S 82 P ||Y||§-var ||X||2—var

where we used p < 2 in the step. It thus follows that

lim li AY;1 Xst =0

which proves the claim. O

One fundamental difference between continuous and cadlag cases is absence of uniform
continuity which implies small oscillation of a path in small time interval. This becomes
crucial in the construction of integral, as also can be seen in construction of Young
integral (see [12]) when the integrator and integrand are assumed to have no common
discontinuity on the same side of a point. This guarantees at least one of them to have
small oscillation on small time intervals.

Definition I1.5.2. A pair of functions (X4, Ys:) defined for {0 < s <t < T} is called
compatible if for all € > 0, there exist a partition T = {0 = tg < ty--- < t, = T} such
that for all 0 <1 <n—1,

OSC(X, [ti)ti+1]) S e OR OSC(Y'7 [tz, tz‘+1]) S €

where Osc(Z, [s,1]) == sup{| Zu||s < u < v <t}

Proposition 11.5.3. If X is a cddldag path and Y is cdgldd path, then (X,Y) is a com-
patible pair.

Proof. See [12] O
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Ler X = (X, X) be cadlag rough path in the sense of Definition [[1.3.1} For the purpose
of rough integration we will use a different enhancement

Xs,t = Xs,t + ASX X Xs,t

Note clearly that X is also of finite £ variation, Xo,t is cadlag path and for s < u <,

Xs,t - Xs,u - Xu,t = X;u & Xu,t (25)
where X, = X, X, = Xo=0.

Lemma I1.5.4. For any € > 0, there exist a partition T = {0 =ty < ty--- < t, =T}
such that for all 0 <7 <n—1,

Osc(X, (tistinr)) < €

Proof. Since §§07t is cadlag, from , it follows that for each y € (0,T), there exist a
9, > 0 such that

OSC(X, (y —dy,y)) <€ and OSC(X, (y,y+9,)) <e

Similarly there exist &, and o7 such that Osc(X, (0,48y)) < € and Osc(X, (T — 07, T)) < €.
Now family of open sets

[0750)7 (y - 6yay + 5@/)7 ceey (T - 5T=T]

form a open cover of interval [0,77], so it has a finite subcover [0,d¢), (y1 — 0y, Y1 +
Sy )s s Un — Oy s Yn + 6y,.), (T — 67, T]. Without loss of generality, we can assume that
each interval in the finite subcover is the first interval that intersects its previous one and
the claim follows by choosing

tO - O7t1 S (?Jl - 5y1760)7t2 - y17t3 S <y2 - 5y27y1 + 53/1)7 "'7t2n+1 — T

Lemma I1.5.5. For any cdgldd path Y, the pair (Y, §§) s a compatible pair.

Proof. Choose a partition 7 such that for all [s,t] € T,
Osc(Z, (s,t)) <€

for Z =Y, X, X, X. We refine the partition 7 by adding a common continuity point of
Y, X¢, X, and XOJ in each interval (s,t). Note that such common continuity points will
exist because a regulated paths can have only countably many discontinuities. With this
choice of partition, we observe that on every odd numbered [s,t] € T,

Osc(X, [s,t]) < €
and on every even numbered [s,t] € T,

Osc(Y, [s,t]) <€
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Definition I1.5.6. Given X € WP, a pair of cddldg paths (Y,Y") of finite p-variation is
called controlled rough path if Rsy = Ysi — Y! X+ has finite %—fuam’ation, i the sense

1R]ly = sup{ D[Ryl }7< 0.
[s,t]eP

It is easy to see that 1-forms (V;,Y}) := (f(Xy), f'(Xy)) for f € C? is a controlled
rough path. Also

Rey =Y, - Y X_,
is also of finite £-variation and pair (1:2, X) is a compatible pair.

Theorem I1.5.7. Let X = (X, X) be a cddlag rough path and (Y,Y") a controlled rough
path, then

T
/ Y,_dX, = lim S(P)= lim S'(P)
0 [P|—0 |P|—0

where both limits exist in (RRS) sense, as introduced in Definition |[1.2.1] and

S(P) = Y Yo X4V Xy= > Yo X, +V (X+AX®X,
[s,t]eP [s,t]eP

S(P) = Y YXo+YX
[s,t]eP

Furthermore, we have the following rough path estimates: there exist a constant C de-
pending only on p such that

t
/ Y,_dX, — Y. X., - V] X,

< C (IIRIIg,[s,t}llelszﬂ + |IY"IIp,[s,ﬂlIXIlg,[s,t@ZG)

t
/ YidX, =Y Xo - Y Xy| < C (IIRIIg,[s,t]llelp,[s,tl +Y IIp,[s,ﬂIIXIIg,[s,ﬂ) (27)

Proof. We first consider the approximations given by S(P). We first note that if w is a
superadditive function defined on intervals, i.e. for all s <wu <t

wls, u] + wlu, t] < wls,t]

then, for any partition P of [s,¢] into r > 2 intervals, there exist intervals [u_,u] and

[u, uy] such that
2

r—1

wlu_,uy] < wls, t] (28)

Also, we can immediately verify that for Z of finite p-variation,

wls,t] := ||Z||£,[s,t]

defines and superadditive function and if w; and w, are two positive superaddtive func-
tions, then for o, 6 > 0, + 8 > 1,

a8
w = wiw,
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is also a superadditive function.
Now, it is enough to prove that for any € > 0, there exist a partition 7 (to be chosen

properly) such that for all refinement partition P of T,
|S(P) = S(7)| < e

Choose p < p' < 3 and let [s,t] € 7 and Py, be the partition of [s,t] by refinement points
of P. Note that

/

wls, 1] —||R||§ IIXH +!|Y‘||38t]|| 15

p',[s,t] p[t]

is a superadditive and there exist u_ < u < uy € Py, such that . holds. Using
|S<’P57t) - S(Ps,t \ u)’ :léu uXu U4 + Yu,j,uXU,U—J

e e L L [ P2
2 _ 2’ 3
< (RIS, , X1, M+||Y . u+||X||§ L)
¢ 5 g - N
< L RS XN g+ 1Y IR
(’I“—]. o 27 [s.t 2
C _ . N
< s WAl Xt + 10l Ky )

where C'is a generic constant. Iterating this, since p’ < 3, we get that

[S(Pas) = Yo Xt 4+ YKl < CUIRILy g g X o+ 1Yl gl Kl 1, )

Thus,
1S(P) = S < C S 1Rl gl Xl + 1V Ty gl

[s,tleT
Note that (R, X) and (Y'~,X) are compatible pairs. Properly choosing 7,
[S(P) = S()| < Ce Y IIRIIP[St IXllp[St +||Y_||p[8t]||X||p[St
[s,tleT
Finally, the term under summation sign is superadditive which thereby implies
[S(P) = S(7)] < Ce

Also, the estimate follows immediately as a by product of the analysis above.
At last, let us deal with the case of Riemann sum approximations

S(P)= ) Y. X+ VX,
[s,t]eP

It suffices to consider the difference

S(P)—S(P)= > Ry X, +AY/X,,
[s,t]leP

and then use arguments similar as those in the proof of proposition to see tgat

(RRS) lim (S'(P) = S(P)) = 0.

The rest is then clear.
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As an immediate corollary of and , we have

Corollary I1.5.8. For a controlled rough path (Y,Y"),

t
(Zt7 Z;) = (/ K"—dXTaY;f)
0

15 also a controlled rough path.

Corollary I1.5.9. If (Y,Y") is a controlled rough path and Z; = f(f Y,_dX,, then

t
A7 = li%n Y, dX, =Y, AX+Y AX
sTt

S

where Ay X = ligl Xt

Though we avoid to write down the long expression for the bounds of ||Z],,[|Z"||,
and ||R? ||z, it can be easily derived from (27). The important point here is that we can
again, for Z taking value in suitable spaces, readily define

t
/ Zp_dX,
0

The rough integral defined above is also compatible with Young integral. If X is a finite
p-variation path for p < 2, we can construct cadlag rough path X by

t
X, o= / (X,_ — X,) ®dX,

where right hand side is understood as a Young integral.
Proposition I1.5.10. If X, Y are cddldg path of finite p and q variation respectively with

1,1 21 1< 1
;—I—a>1,thenforany0>0wzth5+525,

t
Zs,t = / (}/r— - Ys)er

has finite 0 variation. In particular, X has finite § variation.
Proof. From Young’s inequality,
0 0 0
| Zs.tl” < ClUX s g 1Y g s

, right hand side is superaddtive, which implies || Z|]y < o0 O

Theorem I1.5.11. If X|Y are cddldg paths of of finite p-variation for p < 2, then

t t
/ Y, dX, — / Y, dX,
0 0
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Proof. The difference between Riemann sum approximation of corresponding integrals

can be written as
S(P)= > Y X,
[s,t]leP
Choose p < p’ < 2. From Young’s inequality,

t
’Xs,t‘ = ’/ (er - Xsf) ® er‘ < C|’Xin’,[Sut]HXHP’,[Sﬂ

(X, X) is a compatible pair, which implies for properly chosen P,

IS(P)I < Ce Y IIX[I;7 4lIX 11,
[

pilst]
s,tjleP
Noting again that the term under summation sign is superadditive,

(RRS) |71)1‘1210 S(P)=0

II.6 Rough differential equations with jumps

In the case of continuous RDEs the difference between non-geometric (Ito-type) and
geometric situations, is entirely captured in one’s choice of the second order information
X, so that both cases are handled with the same notion of (continuous) RDE solution.
In the jump setting, the situation is different and a geometric notion of RDE solution
requires additional terms in the equation in the spirit of Marcus’ canonical (stochastic)
equations [60, 61, 39, [1]. We now define both solution concepts for RDEs with jumps, or
course they coincide in absence of jumps, (AX,, AX,) = (0,0).

Definition I1.6.1. (i) For suitable f and a cddldg geometric p-rough path X = (X, X) €
W2, call a path Z (or better: controlled rough path (Z, f(Z))) solution to the rough

canonical equation
dZt = f (Zt) < dXt

if, by definition,
t
Zt = ZO+/ f(Zs—)dXs+ Z ¢ (fAXs + % [f» f] AXS; Zs—) _Zs—_f(Zs—)AXs_f,f (Zs—) AXS}
0

0<s<t

where, as in Section &(g,x) is the time 1 solution to y = g(y), y(0) =x. When
X is Marcus like, i.e. X € WY so that AX, = (AX,)®? /2, this becomes

7= Zut [ 2Kt S AAIAK 2 )2 = (2 )AX= [ f (2,0) 5 (AX) ).
0<s<t

(ii) For suitable f and a cddldg p-rough path call a path Z (or better: controlled rough
path (Z, f(Z))) solution to the (general) rough differential equation

dZt - f (Zt—) dXt
if, by definition,
t
Zy =2y +/ f(Zs-)dXs.
0
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We shall not consider the solution type (ii) further here.

Theorem 11.6.2. Fiz initial data Zy. Then Z is a solution to dZ; = f (Z;) o dX; if and
only if Z is a solution to the (continuous) RDE

A7, = f (Zt> X,
where X € CP is constructed from X € WP as in Theorem |II.4.1]

Proof. We illustrate the idea by considering X of finite 1-variation, with one jump at
7 € [0,T]. This jump time becomes an interval I = [a,a + 6] C [0,T] = [0, T + 6] in the
stretched time scale. Now
Zor~ Y. f(Z)X.
[s,tleP

in the sense of (MRS) convergence, as |P| — 0. In particular, noting that X ,, =
@AXT whenever [s,t] C [a,a + J]

Zugrs = Jim Y f(Zs)Xs,tzé /Mf(Z)AX dr

|79|—>0 -
[s,t]leP
— Za,a-i—é = Cb(fAXm Za) - Za

On the other hand, by refinement of P, we may insist that the end-point of I are contained
in P which thus has the form .
P=PLUPUP,

and so

from which we learn, by sending ‘75‘ — 0, that
~ 3 (Z) Kot olfAX,, Z) Z (%) X
[s,t]eP1 s,t|EP

We now switch back to the original time scale. Of course, Z = Z on [0, 7) while Z; = Zt+5
on [1,T] and in particular

ZO,T = Zgj
Z. = Z,
Z. = Z

But then, with P; and P} partitions of [0, 7] and [r, T, respectively,

Zor Z f(z st + Z f(Zo) Xy +o(fAX- Z) — Z7
s/ t']€P! [s",t']€P
t’<7’
~ Z F(Zo) X g+ (FAX:, Za) +{(fAX7, Zo ) = Zo = [ (Z--) AX;}

/ t/ 67)/
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since f(Zy) X g — f(Z;-) AX, as |P'| — 0, with [¢/, 7] € P’. By passing to the (RRS)
limit, find

T
Zor = /0 F(Z7)dX + {6(fAX,, Z,_) — Zo — [ (Z._) AX,}.

This argument extends to countable many jumps. We want to show that

ZT220+/f dX+Z{}

0<s<T

= Z+(RRS) lm 37 f(Z)Xe0+lim Do {}.

O (otep s€(0,]:
[AXs|>n

What we know is (MRS)-convergence of the time-changed problem. That is, given € > 0,
there exists § s.t. |P| < ¢ implies

ZO,T“%€ Z f(Zs X t

[s,t]leP
where a &, b means |a — b| < e. For fixed > 0, include all (but only finitely many, say
N) points s € (0,t] : |AX,| > n in P, giving rise to (75] 1< < N). Sending the mesh
of these to zero gives, as before,

ZO,T e Z f (Zs’) Xs/,t’ + Z {(b(fAXSa Zsf) - Zsf - f (Zsf> AXS}

(s t']eP’ s€(0,t]:
|AXs|>n

In fact, due to summability of }_ 4 {-..}, we can pick > 0 such that
Zox e Z FZNX g+ Y ANAX Zoo) = Zoe — f(Zo2) AX,}
s P! s€(0,4]:

and this is good enough to take the (RRS) lim as |P’| — 0. Going from finite variation
X to the rough case, is just more notational effort. After all, the rough integral is a sort
of (abstract) Riemann integral. O

We will need to the following corollary.

Corollary I1.6.3. For a cddlag rough path X = 14+ X +X = exp(X +A) € Wwe
for p € [2,3), the minimal jump extenstion X™ taking values in G™(R?) satisfies the
Marcus-type differential equation

X" = 1+/X ®dX, + Y X @ {exp™(log® AX,) — AX,}  (29)
0<s<t

where the integral is understood as a rough integral and summation term is well defined
as absolutely summable series.

Proof. This follows from ([24)). O
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II.7 Rough path stability

We briefly discuss stability of rough integration and rough differential equations. In the
context of cadlag rough integration, Section m, it is a natural to estimate Z! — Z2, in
p-variation norm, where

7l = /Yidxi for i =1, 2.
0

Now, the analysis presented in Section adapts without difficulties to this situation.
For instance, when Y’ = F (X*), one easily find
|2t — 77| < Cea(] Xy — X3| + || X" — X2

p-var —

p-var + HXl _XQ ||p—var)

provided F' € C? and |X§| + [|X*|| o + X e < M. (The situation can be compared
with [I7, Sec 4.4] where analogous estimate in the a-Holder setting.)

The situation is somewhat different in the case of Marcus type RDEs, dY;" = f (Y}}) ¢
dX!. The observation here, quite possibly already contained implicitly in the works of
Williams [80], is simply that the difference Y! — Y2, in p-variation norm, is controlled,
as above uniformly on bounded sets, by

HX1_X2

_q@uﬁ

p-var p-var

where X! = (X', X) € CP is constructed from X* € WP as in Theorem [IL.4.1} (It should
be possible to rederive the convergence results of [39] within this framework.

I1.8 Rough versus stochastic integration

Consider a d-dimensiona Lévy process X; enhanced with
X, = (It0) / (X, — X.)®dX,.
(s:t]

We show that rough integration against the Ito lift actually yields standard stochastic
integral in Itd sense. An immediate benefit, say when taking Y = f (X) with f € C?
is the universality of the resulting stochastic integral, defined on a set of full measure
simultanously for all such integrands.

Theorem I1.8.1. Let X be a d-dimensional Lévy process, and consider adapted processes
Y andY’ such that (Y,Y") is controlled rough path. Then Ito- and rough integral coincide,

T
/ Y, dX, = / Y, dX, a.s.
(0,77 0
Proof of Theorem (I1.8.1]. By Theorem [[1.5.7] there exist partitions P,, with

T 1
wwm—/‘nﬂxgs—
0 n

where
S(Pa) = D YXy+Y/X,,

[s,t]EPn
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Let X; = M; + V; be the Lévy Ito decomposition with martingale M and bounded
variation part V. Since (V~, V), (V—, M), (M~,V) are compatible pairs we can choose
the corresponding 7,, for e = % from their compatibility. W.l.o.g., we can assume P,,_; U
T, U D, C P,, where D, is the n-th dyadic partition. We know from general stochastic
integration theory that, possibly along some subsequence, almost surely,

S(Pu)= > YiXy — Y,_dX, asn — oo
[5,]€Pn ©0.1]
Thus it suffices to prove that almost surely, along some subsequence,
S (Pa)= ) YiXyu—0
[s,t]EPn

Now,
Xs,t = Ms,t + Vs,t + /

(1]

Using a similar argument as in Theorem |[[1.5.11},

Z YZ(Vs,t -|-/ (M,— — M) ®dV, +/
(s,]

[5,6]€Pn (s,t]

(M, — M,) ®dV, +/ (Vie = V,) @ dM,
(s:]

We are left to show that

> VM, =0
[S,t]epn
By the very nature of Ito lift
1 1
Sym (M) = 5 Msit ® Mg, — B (M, M]s,t

and it follows from standard (convergence to) quadratic variation results for semimartin-
gale (due to Follmer [I4]) that one is left with

> YAy —0

[s,t]€Pn

where A;; = Anti (Mj,). At this point, let us first assume that |Y’| < K uniformly in

w. We know from Theorem [I1.2.11] (or Corollary [I1.9.2| below)
EflAyl*] < Clt — s (30)

and using standard martingale argument (orthogonal increment property),

E| Y YAPI= ) EVALPI<KC ) |t—sf=0(Pl)
|

$,t|EPn [s,t]€Pn [s,t]€Pn

which implies, along some subsequence, almost surely,

> YAy —0 (31)

[s,t]€Pn
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Finally, for unbounded Y”, introduce stopping times

Tx =inf{t € [0,7]: sup |Y]| > K}

s€[0,t]

Similarly as in the previous case,

E Y YALP=0(P,)

[5,t]€Pn,s<Tk

Thus almost surely on the event {Tx > T'}

> YAy =0

[s,t]€Pn

and sending K — oo concludes the proof. O]

We remark that the identification of rough with stochastic integrals is by no means
restricted to Lévy processes, and the method of proof here obviously applies to semi-
martingale situation. As a preliminary remark, one can always drop the bounded vari-
ation part (and thereby gain integrability). Then, with finite p-variation rough path
regularity, for some p < 3, of (It6 -, by Proposition equivalently: Stratonovich) lift,
see Section the proof proceeds along the same lines until the moment where one
shows (31)). For the argument then to go through, one only needs

> E[JAy’] = 0as [P| -0,
[s,t]eP

which follows from , an estimate which will be extended to general classes of Markov
jump processes in Section|lI.10.1] That said, we note that much less than (30)) is necessary
and clearly this has to exploited in a general semimartingale context.

I1.9 Lévy processes and expected signature

11.9.1 A Lévy—Khintchine formula and rough path regularity

In this section, we assume (X;) is a d-dimensional Lévy process with triplet (a,b, K).
The main insight of section is that the expected signature is well-suited to study rough
path regularity. More precisely, we consider the Marcus canoncial signature S = S (X),
given as solution to

ds = S®odX
So = (1,0,0..) € T((RY)).

With Sy, =S5 ! ® S, as usual this givens random group-like elements

S = (1,X1,, X2

sty sty *

)= (1, X, X3,
and then the step-n signature of X|j;4 by projection,

X" = (1,XL,,.,X,) € GM) (RY).

s,t)



I1.9. LEVY PROCESSES AND EXPECTED SIGNATURE 41

The expected signature is obtained by taking component-wise expectation and exists
under a natural assumption on the tail behaviour of the Lévy measure K = K (dy). In
fact, it takes “Lévy-Kintchine” form as detailed in the followig theorem. We stress that
fact that expected signature contains significant information about the process (X; : 0 <
t < T), where a classical moment generating function of X only carries information
about the random variable X.

Theorem II.9.1 (Lévy-Kintchine formula). If the measure K1,>1 has moments up to
order N, then
E[X(()AQ] = exp(CT)

with tensor algebra valued exponent

a y®2 y®N N d
Oz(o,b+/ yK(dy>,—+/—K<dy>,--, —K(dy))eT( (RY).
o1 2 2l N!

In particular, if K1, >, has finite moments of all orders, the expected signature is given
by

EIS (X)og] = exp | (b4 g+ [texp) 1= sty (@) )| € T(@Y),

The proof is based on the Marcus SDE dS = S®odX in T (R?), so that Xé"% =S
and will be given in detail below. We note that Fawcett’s formula [13, 53, 2] for the
expected value of iterated Stratonovich integrals of of d-dimensional Brownian motion
(with covariance matrix a = I in the afore-mentioned references)

E[S(B)yrl =E [(1,/ OdB,/ odB ® odB, )} = exp {Za}
’ 0<s<T 0<s<t<T 2

is a special case of the above formula. Let us in fact give a (novel) elementary argument for
the validity of Fawcett’s formula. The form E[S (B), ;] = exp (T'C) for some C' € T((R?))
is actually an easy consequence of independent increments of Brownian motion. But
Brownian scaling implies the k™ tensor level of S(B)or scales as T*2, which alreay
implies that C' must be a pure 2-tensor. The identification C' = a/2 is then an immediate
computation. Another instructive case which allows for an elementary proof is the case of
when If X is a compound Poisson process, i.e. X; = Zf\il J; for some i.i.d. d-dimensional
random variables J; and Ny a Poisson process with intensity A. In Lévy terminology, one
has triplet (0,0, K') where K is A times the law of J;. Since jumps are to be traversed
along straight lines, Chen’s rule implies

E[SY(X)o1| N1 = n] = Elexp(J1) ® .. @ exp(J,)] = Elexp(J;)]*"

and thus
E[S™(X)o1] = exp[(A(Eexp(J) — 1)]

which gives, with all integrations over R,
¢ = [l - V().

Before turning to the proof of Theorem we give the following application. It
relies on the fact that the expected signature allows to extract easily information about
stochastic area.
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Corollary 11.9.2. Let X be a d-dimensional Lévy process. Then, for any p > 2, a.s.
(X, xM) e Wi (10,7],R?) a.s.
We call the resulting Marcus like (geometric) rough path the Marcus lift of X.

Proof. W.lo.g. all jumps have size less than 1. (This amounts to drop a bounded
variation term in the [t0-Lévy decomposition. This does not affect the p-variation sample
path properties of X, nor - in view of basic Young (actually Riemann—Stieltjes) estimates -
those of XM). We establish the desired rough path regularity as application of Proposition

which requires as to show

E | X,/
E A,

|t = s

S
< ]t—s|2.

While the first estimate is immediate from the L2-isometry of stochastic integrals against
Poisson random measures (drift and Brownian component obviously pose no problem),
the second one is more subtle in nature and indeed fails - in presence of jumps - when A
is replaced by the full second level XM. (To see this take, d = 1 so that X}S\f{t =X fyt /2 and

note that even for standard Poisson process E | X" < |t — 5| but not [t — s|*.)
It is clearly enough to consider Ay} for indices ¢ # j. It is enough to work with
S*(X) =: X. Using the geometric nature of X, by using shuffle product formula,

(5" = (k- L) (2 -2
— X XU X X
On the other hand,
EX,; =exp[(t—s)Cl=1+(t—5)C+0(t—s)

so that it is enough to check that C%J — C¥it — % 4 (9% = (. But this is obvious
from the symmetry of

1
7T4C = I /y®4K (d’y) .
O]

We now given the proof of the Lévy—Kintchine formula for the expected signature of
Lévy—processes. We first state some lemmas required.

The following lemma, a generalization of [69, Ch. 1, Thm. 38], is surely well-known
but since we could not find a precise reference we include the short proof.

Lemma I1.9.3. Let F, be a cdgldd adapted process with sup,_ ., E[|Fy|] < oo and g be a
measurable function with |g(x)| < Cl|z|* for some C > 0,k > 2 and g € L*(K). Then

BLY. Pa(aX)) = [ EIRIs [ a@K(i)

0<s<t
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Proof. At first we prove the following,

E[ ) |E|lg(AX,)] < Hlgll sup E[[F]] (32)

0<s<t <ss

To this end, w.l.o.g, we can assume ¢ vanishes in a neighbourhood of zero. The general
case follows by an application of Fatou’s lemma. Also, it is easy to check the inequality
when Fj is a simple predictable process. For general Fy, we choose a sequence of simple
predictable process FI' — F pointwise. Since there are only finitely many jumps away
from zero, we see that

Yo FMgAX) = Y IR9(AX)] a.s.

0<s<t 0<s<t

and the claim follows again by Fatou’s lemma.

Now, define g = [z, 9(2) K (dz) and M; = 37, ., g(AX) —tg. Then it is easy to

check that M; is a martingale. Also,

t
N, ::/ FdM, = > Fg(AX,) —g/ F,ds
(0.]

0<s<t 0

is a local martingale. From (2)), E[supg.,<,|Ns|]] < oo. So, NV, is a martingale, which
thereby implies that E[V;] = 0 finishing the proof. O

Lemma I1.9.4. If the measure Kl >, has moments upto order N then with S; =
SN(X>O’t7
E[ sup [Ss|]] < o0

0<s<t

Proof. We will prove it by induction on N. For N = 1, S; = 1 + X;, and the claim
follows from the classical result that E[sup,.,<;|Xs|]] < oo iff KIj,>; has finite first
moment. Now, note that

t 1 t
St = 1+/ 7TN7N_1(ST_)®CZXT+—/ 7TN7N_1(ST)®CLd7”+ Z 7TN7N_1(ST_)®{€AXS—AXS—1}
0 0

2
0<s<t

where 7y n_1 : TN (RY) — TV"(R?) is the projection map. From induction hypothesis
and lemma ([1.9.3)), last two terms on right hand side has finite expectation in supremum
norm. Using Lévy-Ito decomposition,

t t t
/ TNN-1(5—) ® dX, = / TNN-1(5—-) ® dMH—/ TNN-1(Sr—) & bdr
0 0 0

where M is the martingale. Again by induction hypothesis and Lemma [[1.9.3] last
two terms are of finite expectation in supremum norm. Finally,

t
L= / WN,Nfl(Srf) ® dM,
0
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is a local martingale. By Burkholder-Davis-Gundy inequality and noting that

[M], = at + Z (AX)?1|ax, <1

0<s<t

we see that

E[sup |L,] SE[{ 0 |wN,N_1<ST_>|2d[MJT}21

0<s<t

1
2

< [ t|wN,N_1<ST_>|2dr}5J+E[{ 5 s (S PIAX, Pl i | |

0<r<t

r<t r<t

SEfsup [ 1(5)] +E[{sup|wN,N_1<sr_|}é{ 5 v (SlIAX, Plax <

0<r<t

SE[sup |y n-1 (S )] + Efsup [y v -1 (Se—[] + B[ > [myv-1 (S [[AX 1 ax, <i]

r<t r<t O<r<t

where in the last line, we have used vab < a+b. Again by induction hypothesis and
(I1.9.3]), we conclude that
E[sup |Ls|] < o0

0<s<t

finishing the proof. m
Proof. (Theorem [I1.9.1)) As before,

t
St:1+/ ST_®dMT+/ S, ®(b+ Jdr+ > S @ {e — AX,Ljax, <1 — 1}
0 0

0<s<t

By Lemma [[1.9.4] below f(f S,_ ® dM, is indeed a martingale. Also note that S; has a
jump iff X, has a jump, so that almost surely S;_ = S;. Thanks to Lemma below

t t
ES, =1+ / ES, ® (b+ %)dr + / ES,dr ® /(ey — yljy<1 — 1)K (dy)
0 0

and solving this linear ODE in T}V (R¢) completes the proof. O

11.9.2 Lévy rough paths

Corollary tells us that the Marcus lift of some d-dimensional Lévy process X has
sample paths of finite p-variation with respect to the CC norm on G®, that is

XM= (1, X, x™M) e wr ([0,7],G® (RY)).

It is clear from the nature of Marcus integration that XM viso (X, :r < s < t)-measurable.
It easily follows that XM is a Lie group valued Lévy process, with values in the Lie group
G®? (]Rd), and in fact a Lévy rough path in the following sense

Definition I1.9.5. Let p € [2,3). A G®(R%)-valued process (X) with (cddldg) rough
sample paths X (w) € WP a.s. (on any finite time horizon) is called Lévy p-rough path
iff it has stationary independent left-increments (given by X, (w) = X' @ X;).

[N

]
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Not every Lévy rough path arises as Marcus lift of some d-dimensional Lévy process.
For instance, the pure area Poisson process from Example [J and then the non-canonical
Brownian rough path (“Brownian motion in a magnetic field”) from Example @ plainly
do not arise from iterated Marcus integration.

Given any Lévy rough path X = (1, X, X), it is clear that its projection X = 7 (X) is
a classical Lévy process on R? which then admits, thanks to Corollary , a Lévy rough
path lift XM, This suggests the following terminology. We say that X is a canoncial
Lévy rough path if X and XM are indistinguisable, call X a non-canonical Lévy
rough path otherwise.

Let us also note that there are G®(R?)-valued Lévy processes which are not Lévy p-
rough path in the sense of the above definition, for the may fail to have finite p-variation
for p € [2,3) (and thereby missing the in rough path theory crucial link between regularity
and level of nilpotency, [p| = 2.) To wit, area-valued Brownian motion

X, = exp@ (By[eq, e5]) € G (RY)
is plainly a G®(R?)-valued Lévy processes, but
sup Z [ Xl [ ~ sup Z B[P < o0
[s,t]eP [s,t]eP
if and only if p > 4.

Remark I1.9.6. One could define G*(R?)-valued Lévy rough paths, with p-variation reg-
ularity where p € [4,5), an example of which is given by area-valued Brownian motion.
But then again not every G*(R%)-valued Lévy process will be a G*(R?)-valued Lévy rough
path and so on. In what follows we remain in the step-2 setting of Definition [II.9.5

We now characterize Lévy rough paths among G® (R%)-valued Lévy processes, them-
selves characterized by Hunt’s theory of Lie group valued Lévy porcesses, cf. Section
11.2.8 To this end, let us recall G (R?) = exp (g? (R?)), where

g? (RY) =R*@® so(d).
For g € G® (RY), let |g| be the Euclidean norm of logg € g® (R?). With respect to
the canoncial basis, any element in g(? (Rd) can be written as in coordinates as (z"),.;
where
J={i:1<i<d}U{jk:1<j<k<d}.
Write also
I={i:1<i<d}.

Theorem I1.9.7. Fvery G® (Rd) -valued Lévy process (X) is characterized by a triplet
(a,b,K) with

a = (a":vweld),

b = b":vel),

K ¢ M(G?(RY): / (J92 A 1) K (dg)

G (RY)

The projection X = m (X) is a standard d-dimensional Lévy process, with triplet

(a,b,K):= ((a™ :4,j€I), (" kel),(m),K)

where K is the pushforward of K under the projection map. Call (a,b,K) enhanced
Lévy triplet, and X enhanced Lévy process.
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Proof. This is really a special case of Hunt’s theory. Let us detail, however, an explicit
construction which we will be useful later on: every G (]Rd)—valued Lévy process X

(started at 1) can be written as in terms of a g® (R?)-valued (standard) Lévy process
(X, Z), started at 0, as
X; = exp (X, Ay + Z)

where A; = Ay, is the stochastic area associated to X. Indeed, for v,w € J, write
x = (2V) for a generic element in g® and then

((@”), (b%), R)

for the Lévy-triplet of (X, Z). Of course, X and Z are also (R?- and so (d)-valued) Lévy
process with triplets

(), (v") , K) and ((), (V) K),

respectively, where K and K are the image measures of R under the obvious projection
maps, onto R? and so (d), respectively. Define also the image measure under exp, that
is K =exp, K. It is then easy to see that X is a Lévy process in the sense of Hunt
(cf. Section [II.2.8)) with triplet (a,b,K). Conversely, given (a,b,K), one constructs a
9@ (R?)-valued Lévy process (X, Z) with triplet ((a""), (b"),log, K) and easily checks
that the exp (X, A + Z) is the desired G®-valued Lévy process. O

Recall that definition of the Carnot-Caratheodory (short: CC) norm on G® (R?) from
Section [I1.2.5, The definition below should be compared with the classical definition of
Blumenthal-Getoor (short: BG) index.

Definition 11.9.8. Given a Lévy measure K on the Lie group G® (Rd), call

5= inf {q 50 /G(Q)(Rd) (Ilgl|% A 1)K (dg)}

the Carnot-Caratheodory Blumenthal-Getoor (short: CCBG) index.
Unlike the classical BG index, the CCBG index is not restricted to [0, 2].
Lemma I1.9.9. The CCBG indez takes values in [0, 4].
Proof. Set log (g) = 2+ a € R @ s0 (d). Then
i jk|4/2
lgllee = > [a'["+ 3 1o
i i<k
By the very nature of K, it integrates |#’|* and ’aj’“|2 and hence 8 < 4. (The definition of
CC BlumenthalGetoor extends immediately to GV (Rd), in which case 8 <2N.) [

Theorem I11.9.10. Consider a G® (Rd) -valued Lévy process X with enhanced triplet
(a,b,K). Assume
(i) the sub-ellipticity condition

a’ =0 unlessv,w el ={i:1<i<d};
(i) the following bound on the CCBG index
g < 3.
Let p € (2,3). Then a.s. X is a Lévy p-rough path if p > [ and this condition is sharp.
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Proof. Set log (g) =z +a € R @ so0 (d). Then

gl = 3" |27+ [a*]”.
7

j<k

Let K denote the image measure of K under the projection map g — x € R Let also
K denote the image measure under the map g — a € so0(d). Since K is a Lévy measure
on G®(R?), we know that

/(d) (la]” A1) K (da) < oc. (33)

whenever [ < 2p < 3. We now show that X enjoys p-variation. We have seen in the
proof of Theorem that any such Lévy process can be written as

logX = (X,A+ 2)
where X is a d-dimensional Lévy process with triplet
(@) (v) . K)
with so (d)-valued area A = A, and a so (d)-valued Lévy process Z with triplet
(0, (V%) ,K) .

We know that E[|X,,|*] < |t — s| and E[|A,,|°] < |t — s|” and so, for |t — s| < h,

h
P(|X57t|>(l) < E

On the other hand,

h
a2r

1
1/2 - P\
P(1Zeel > 0) < L E(Zuil) ~

/ (la|” A1) K (da)
s0(d)

and so

h

a2ev2’

P (HXs,tHcc > a) S

It then follows from Manstavicius’ criterion, cf. Section [[I.2.6] applied with § = 1,y =
2pV 2, that X has indeed p-variation, for any p > 2pV 2, and by taking the infimum, for
all p > V2.

It remains to see that the conditions are sharp. Indeed, if the sup-ellipticity condition
is violated, say if a"" # 0 for some v = jk, say, this means (Brownian) diffusity (and
hence finite 27~ but not 2-variation) in direction [e;,ex] € s0(d). As a consequence,
X has 4" -variation (but not 4-variation), in particular, it fails to have p-variation for
some p € [2,3). Similarly, if one considers an a-stable process in direction [e;, ex], with
well-known finite a*- but not a-variation, we see that the condition p > 3 cannot be
weakened. O
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11.9.3 Expected signatures for Lévy rough paths

Let us return to the Theorem where we computed, subject to suitable integrability
assumptions of the Lévy measure, the expected signature of a Lévy process, lifted by
means of “Marcus” iterated integrals. There we found that the expected signature over
[0, 7] takes Lévy—Kintchine form

BXoa] = exp{T(b+ 5 + [ (ex0(0) = 1= sl K () }

for some symmetric, positive semidefinite matrix a, a vector b and a Lévy measure K,
provided KT, >; has moments of all orders. In absence of a drift b and jumps, the formula
degenerate to Fawcett’s form, that is

a

exp(T'5)

for a symmetric 2-tensor a. Let us present two examples of Lévy rough paths, for which
the expected signature is computable and different from the above form.

Example 9. We return to the non-canonical Brownian rough path B™, the zero-mass
limit of physcial Brownain motion in a magnetic field, as discucssed in Example [0 The
signature S = S™ 1is then given by Lyons’ extension theorem applied to B™, or equiva-
lently, by solving the following rough differential equation

dSt:St®dB;n<w),S():1

In [2])] it was noted that the expected signature takes the Fawcett form,
a

]E[SS}T] = emp{T§}

but now for a not necessarily symmetric 2-tensor a, the antisymmetric part of which

depends on the charge of the particle and the strength of the magnetic field.

Example 10. Consider the pure area Poisson process from Ezample[]]. Fiz some a €
s0 (d) and let (N;) be standard Poisson process, rate A > 0. We set

X, := @M exp® (a) € GP(RY);

noting that the underlying path is trivial, X = 71 (X) = 0 and clearly X is a non-Marcus
Lévy p-rough path, any p > 2. The signature of X s by definition the minimal jump
extension of X as provided by Theorem [IL{.1. We leave it as easy exercise to the reader
to see that the signature S 1is given by

Si = @iy exp (a) € T((RY)).

With due attention to the fact that computations take places in the (non-commutative)
tensor algebra, we then compute explicitly

ESy = > e e (AT)* /k!
k>0
= ¢ Z (ATe®)" /k!
k>0
= exp[A\T(e" —1)].
Note that the jump is not described by a Lévy-measure on R? but rather by a Dirac
measure on G2, assigning unit mass to expa € G2,
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We now give a general result that covers all these examples. Indeed, Example [J] is
precisely the case of @ = a + 2b with antisymmetric b = (b*) # 0, and symmetric
a = (a*7). As for example (ii), everything is trivial but K, which assigns unit mass to
the element expa.)

Theorem 11.9.11. Consider a Lévy rough path X with enhanced triplet (a,b,K). As-
sume that Kl g1y integrates all powers of |g| = |log 9lgagso(a)- Them the signature of
X, by definition the minimal jump extension of X as provided by Theorem[IL.].1], is given
by

ESor = exp

d d
1 g | .
T (5 Y de;@e;+ Y bei+ Yy b [ej e +/G(2>{€Xp(10g(z) 9) — 9lqg<13 1K (d9)>]
=1

ig=1 j<k
(34)
Proof. We saw in Corollary that S solves

t
S =1 —I—/ Se_ @ dX+ Z Se_ ® {exp(log@) AX,) — AX,}
0

0<s<t

With notation as in the proof of Theorem [[1.9.10]

1
Xs,t = T2€Xp (Xs,t + As,t + Zt - Zs) = §Xs,t & Xs,t + As,t + Zs,t

1
X;t = 5 (Xs,t & Xs,t - [X7 X]s,t) + Zs,t

where we recall that (X, Z) is a R? @ so (d) valued Lévy process. With Z,;, = Z, — Z,
we note additivity of = := X — X! given by
1

Es,t . = 5 [X, X]s,t + Z&t

1 ®2
a(t—s)+§ Z IAX, %7 + Zsy.

re(s,t]

t t t
/Ss®dxs:/ss®dxg+/ss®dz
0 0 0

and so, thanks to Theorem on consistency of It6- with rough integration, we can
express S as solution to a proper Ito integral equation,

N | —

But then

t t
S, = 1+ / Se. ®dX -+ / S ®@d=+ ) S.- @ {exp(log® AX,) — AX,}
0

0 0<s<t

= 1+(1)+(2)+3).

Let MX be the martingale part in the Ito-Lévy decomposition of X, write also N¥ for
the Poisson random measure with intensity dsK (dy). Then, with b=3_",_, V* [e;, er),

X, = MtXertJr/ yN* (ds,d (y,a)) €R?
(04 x{lyl+lal>1}

Z; = MtZ+bt+/ aN™ (ds,d (y,a)) € s0(d)
(04 x{lyl+lal>1}

1 1

— gat+s [ YRNE (ds,d (y, ) + 7 € (RY).
2 2 J 0% {y1>1}

0
|
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Check (inductively) integrability of S; and note that [ S,_dM, has zero mean, for either
martingale choice. It follows that

t
d, = 1+ / o, ® (C + Cy + C3)ds where
0

C, = b+/ YLyt K (y, a)
g%(R%)

11
Cy = —a+—/ Y L ytria> 1K (4, a)+b+/ algjy+lal>1 K (y, 0)
2 2 92(R9) )

g2 (]Rd

Cy = / {exp(log®g) — g}K (dg) .
G (R)
Recall K = logff) K so that the sum of the three integrals over ¢g*(R?) is exactly

/ 9lye>13 1K (dg)
G(2)

where |g| = |logg| = |y| + |a]. And it follows that

1
CitCrtCa=gatbt b+/ {exp(log(y) 9) — glyg1<13 1 K (dg)
G (rR7)

which concludes our proof. O]

I1.9.4 The moment problem for random signatures

Any Lévy rough path X (w) over some fixed time horizon [0, 7] determines, via minimal
jump exension theorem, a random group-like element, say Sor (w) € T((R?)). What
information does the expected signature really carry? This was first investigated by
Fawcett [13], and more recently by Chevyrev [9]. Using his criterion we can show

Theorem 11.9.12. The law of Sy (w) is uniquely determined from its expected signature
whenever

V)\>O:/ exp (A ]y]) K (dy) < oo.
yeG@):|y|>1

Proof. As in [9], we need to show that exp (C), equivalently C' = (C° C',C?,..) €
T((R%)), has sufficiently fast decay as the tensor levels grow. In particular, only the the
jumps matter. More precisely, by a criterion put forward in [9] we need to show that

SATC™ < oo

where (for m > 3),

log(2) g @m
C™ =1y, @7 —g)K(d RY)™.
" (/G(2) (6(”) g> ( g)) € (&)

We leave it as elementary exercise to see that this is implied by the exponential moment
condition on K. ]
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I1.10 Further classes of stochastic processes

I1.10.1 Markov jump diffusions

Consider a d-dimensional strong Markov with generator

(LN () = 53 a9 (@0)00,f + 3 (1)aif

1,J€1 icl

[ A @+y) = @) = Loy Do yOSH (wdy).

i€l

Throughout, assume a = oo? and o, b bounded Lipschitz, K (z,-) a Lévy measure, with
uniformly integrable tails. Such a process can be constructed as jump diffusion [35], the
martingale problem is discussed in Stroock [78]. As was seen, even in the Lévy case,
with (constant) Lévy triplet (a,b, K), showing finite p-variation in rough path sense is
non-trivial, the difficulty of course being the stochastic area

At (w) = Anti/ (X, — X,)®dX €so(d);

(s.t]

where stochastic integration is understood in Ito sense. In this section we will prove

Theorem I1.10.1. With probability one, X (w) lifts to a G®-valued path, with incre-
ments given by
Xt 1= eXP(2) (Xst+ Asy) = Xs_l ® Xy

and X is a cddlag Marcus like, geometric p-rough path, for any p > 2.

Note the immediate consequences of this theorem: the minimal jump extension of
the geometeric rough (X , XM) can be identified with the Marcus lift, stochastic integrals
and differential equations driven by X can be understood deterministically as function of
X (w) and are identified with corresponding rough integrals and canonical equations. As
in the Lévy case discussed earlier, we base the proof on the expected signature and point
out some Markovian aspects of independent interest. Namely, we exhibit the step-N
Marcus lift as G®)-valued Markov process and compute its generator. To this end, recall
(e.g. [22, Remark 7.43]) the generating vector fields U; (g) = g ® e; on GWY)| with the
property that

Lie (U3, .., Uy) |, = T,G™,

Proposition I1.10.2. Consider a d-dimensional Markov process (X) with generator as
above and the Marcus canonical equation dS = S ® odX, started from

1=(1,0,.,0) € GM (RY) c T™ (RY).
Then S takes values in G (Rd) and is Markov with generator, for f € C?,
1 . ,
— (L W\N) S @ 1. i ,
(L)) = (L) (x) = 2”2631@ (1 () Ungva;b (1 () Ui f

+ Rd{f (z@Y) = f () = 1<y ZyiUif}K (z, dy),
iel
withY = exp™ ().
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Proof. (Sketch) Similar to the proof of Theorem [I1.9.1, Write X = M + V for the
semimartingale decomposition of X. We have

dS =S ®@odX =Y U;(S)odX’
i€l
and easily deduce an evolution equation for f(S;) = f(1). Taking the expected value
leads to the form (Lf). O

Since N was arbitrary, this leads to the expected signature. We note that in the
(Lévy) case of z-independent characteristics, ® does not depend on x in which case
the PIDE reduces to the ODE 0, = C' ® ® which leads to the Lévy—Kinthchine form
®(t) = exp(Ct) obtained previously. We also that the solution ® = (1, ®' ®2 ..) to the
PIDE system given in the next theorem can be iteratively constructed. In absence of
jumps this systems reduces to a system of PDEs derived by Ni Hao [66, [49).

Theorem I1.10.3 (PIDE for expected signature). Assume uniformly bounded jumps, o, b
bounded and Lipschitz, a = oo™, the expected signautre ® (v,t) = E*Sy; exists. Set

Cx) = Z b (x)e; + % Z a™ (z)e; ® ej + /d (Y —1—1Iy<y Zyiez) K (z,dy)

il ijel R iel
with Y = exp (y) € T((RY)).

Then ® (z,t) solves

P =CRP+ L+, . a7 (9;®)(2)e
+Jpa (V1) @ (2 (z@Y) = () K (,dy)
¢ (2,0) = 1.

Proof. Tt is enough to establish this in 70") (Rd), for arbitrary integer N. We can see
that
E* XN =y (z,t),

for x € GV (]Rd) c W (Rd) is well-defined, in view of the boundedness assumptions
made on the coefficients, and then a (vector-valued, unique linear growth) solution to the
backward equation

ou = Lu,
u(z,0) = zeTW (RY) .

It is then clear that
E’”Xéﬁ) =2 'Qu(z,t) = ®(x,t)

also satisfies a PDE. Indeed, noting the product rule for second order partial-integro
operators,

(L1 (@) = (LLN9) @)+ (FLIg) (@) +T(F.9)
M(fg) = Yo OfU0) @)+ [ (Flaey)=f@) oo Y) - g @)K @)

il
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and also noting the action of U, on f (z) = x, namely U, f = = ® e,, we have

1 . |
Lr = x®C’:_a:®{Zb”®6v+52az’]ei®ej+/ <Y—1—H{y§1}ZY”®eU>K(dy)
felc)

ved ijel ved

> (V) @i+ [

ijel G®

Iz, 9) = $®{ (Y—l)(9($®Y)—9($))K(dy)}-

As a consequence,
1RGP =0wu=Lu=L2RP)=(Lr)P+ 2 L[P]+T(z,P)

and hence

0P = C®<I>+{£, [®] + Z a™ (U;®) (x) e; +/

> Gm(Y—1><<1><w®y>—<1><x>>1<<dy>}.
h (35)

]

We can now show rough path regularity for general jump diffusions.

Proof. (Theorem [I1.10.1) Only p-variation statement requires a proof. The key remark
is that the above PIDE implies

®, = 1+ (Ql=00)t+ O (t*) =1+ Ct+ O ()

where our assumptions on a, b, K guarantee uniformity of the O-term in . We can then
argue exactly as in the proof of Corollary |[[1.9.2] O

I1.10.2 Semimartingales

In [45] Lépingle established finite p-variation of general semimartingales, any p > 2,
together with powerful Burkholder—Davis—-Gundy type estimates. For continuous semi-
martingales the extension to the (Stratonovich=Marcus) rough path lift was obtained in
[28], see also [22 Chapter 14], but so far the general (discontinuous) case eluded us. (By
Proposition it does not matter if one establishes finite p-variation in rough path
sense for the It6- or Marcus lift.)

As it is easy to explain, let us just point to the difficulty in extending Lépingle in the
first place: he crucially relies on Monroe’s result [64], stating that every (scalar!) cddlag
semimartingale can be written as a time-changed scalar Brownian motion for a (cadldg)
family of stopping times (on a suitably extended probability space). This, however, fails
to hold true in higher dimensions and not every (Marcus or It0) lifted general semimartin-
gald’| will be a (cadldg) time-change of some enhanced Brownian motion [22, Chapter 13],
in which case the finite p-variation would be an immediate consequence of known facts
about the enhanced Brownian motion (a.k.a. Brownian rough path) and invariance of
p-variation under reparametrization.

A large class of general semimartingales for which finite p-variation (in rough path
sense, any p > 2) can easily be seen, consists of those with summable jumps. Following

2... and certainly not every Markov jump diffusion as considered in the last section ....
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Kurtz et al. [39, p. 368], the Marcus version” of such a s semimartingale, i.e. with
jump replaced by straight lines over stretched time, may be interpreted as continuous
semimartingale. One can then apply [28, 22] and again appeal to invariance of p-variation
under reparametrization, to see that such (enhanced) semimartingales have a.s. p-rough
sample paths, any p > 2.

Another class of general semimartingales for which finite p-variation can easily be seen,
consists of time-changed Lévy processes (a popular class of processes used in mathematical
finance). Indeed, appealing once more to invariance of p-variation under reparametriza-
tion, the statement readily follows from the corresponding p-variation regularity of Lévy
rough paths.

11.10.3 Gaussian processes

We start with a brief review of some aspects of the work of Jain—-Monrad [36]. Given a
(for the moment, scalar) zero-mean, separable Gaussian process on [0, 7], set 02 (s,t) =
EXS%t = |X; — X;|3..We regard the process X as Banach space valued path [0,T] — H =
L?(P) and assume finite 2p-variation, in the sense of Jain-Monrad’s condition

F(T) :=sup |o? (u,v) | = sup 1X; — X% < o0 (36)
P [u%gv P {u%gp '

with partitions P of [0,7]. It is elementary to see that p-variation paths can always be
written as time-changed Hoélder continuous paths with exponent 1/p (see e.g. Lemma
4.3. in [12]). Applied to our setting, with a* = 1/(2p), X € C*~H ([0, F(T)], H) so
that

XoF=XeW*(0,T],H).

Now in view of the classical Kolmogorov criterion, and equivalence of moments for Gaus-
sian random variables, knowing

\Xt _ X,

<Ct—s|
L2

implies that X (or a modification thereof) has a.s. a-Holder samples paths, any a < a*.
But then, trivialy, X has a.s. finite p-variation sampe paths, any p > 1/a = 2p, and
so does X by invariance of p-variation under reparametrization. (I should be noted that
such X has only discontinuities at deterministic times, inherited from the jumps of F.)
In a nutshell, this is one of the main results of Jain-Monrad [36], as summarized in by
Dudley—Norvaisa in [12, Thm 5.3]. We have the following extension to Gaussian rough
paths.

Theorem 11.10.4. Consider a d-dimensional zero-mean, separabale Gaussian process
(X)) with independent components. Let p € [1,3/2) and assume

sup Y [E(Xey @ X)) < 00 (37)

Then X has a cddldg modification, denoted by the same letter, which lifts a.s. to a random
geometric cddldg rough path, with A = Anti(X) given as L*-limit of Riemann—Sticltjes
approximations.
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Proof. In a setting of continuous Gaussian processes, condition , i.e. finite p-variation
of the covariance, is well-known [22, [I7]. It plainly implies the Jain—-Monrad condition
, for each component (X?). With F (t) := >.* | F' (t) we can then write

XoF=X

for some d-dimensional, zero mean, (by Kolmogorov criterion: continuous) Gaussian
process X, whose covariance also enjoys finite p-variation. We can now emply standard
(continuous) Gaussian rough path theory [22] [17] and construct a canoncial geometric
rough path lift of X. That is, _ o
X=(X,X)ecr
with probability 1. The desired geometric cadlag rough path lift is then given by.
(X,X)=X:=XoF.

The statement about L2-convergence of Riemann-Stieltjes approximations follows imme-
diately for the corresponding statements for Anti(X), as found in [I7, Ch. 10.2]. [
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Contents of this article is collected together in an upcoming paper [19].

III.1 Introduction

The theory of Loewner chains and Loewner’s differential equation (LDE) was introduced
in early 20th century by C. Loewner in an attempt to solve Bieberbach’s conjecture in
geometric function theory. The conjecture stated that if

f(2) = 24 ap2® +as2® + ..
is an univalent conformal map on the unit disk, then for all n > 2
la,| < n.

Bieberbach himself proved the bound |as| < 2 and Loewner could extend it to |az| < 3
using LDE. Later in 1986, when De Branges finally resolved the conjecture, LDE was
used as an important component in the proof. A good account on the history and
developements of Bieberbach conjecture can be found in [68].

Loewner’s theory gives a one-to-one correspondence between a family of continuously
growing compact sets in a planar simply connected domain and continuous curves running
on the boundary of the domain. For simplicity, we will restrict ourselves to the upper
half plane

H = {z]z € C,Im(z) > 0}

A bounded subset K C H is called a compact H-hull if K = HN K and H\ K is a simply
connected domain. For each such compact H-hull, there is a unique associated bijective
conformal map gx : H\ K — H satisfying the so called hydrodynamic normalization

lim gx(z) —2=0

Z2—r 00

The map gx is called the mapping out function of K. The half plane capacity of K is
defined by

heap(K) = lim z(gx(2) - 2)

Definition II1.1.1. A Loewner chain is a family {K:}i>o of compact H-hulls such that
K, C K, for all s <t and satisfying local growth property:

rad(Kiiin) = 0 as h — 0+ wuniformly on compacts in t
where Ky = g, (K¢ \ Ks)

Given {U, }+>0 a continuous real valued curve with Uy = 0, for each z € H\ 0, let g;(2)
denote the solution of the LDE

2

g(z) = OEA go(z) = z (38)

The solution exists upto the maximal time T'(z) € (0, 00| and if T'(2) < oo,

li Uy =
iy 9~ U =0
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Define
K, ={z € H|T(z) <t}

Then the family {K;}>0 is a Loewner chain with heap(K;) = 2t and g; is the mapping
out function of K;. We call the chain {K;};>¢ is driven by {U; }1>o.

Conversely given a Loewner chain {K;}i>o with hcap(K;) = 2t, then there exist contin-
uous real valued curve U; with Uy = 0 such that mapping out functions ¢;(z) = gk, (2)
satisfies equation and {K;}>o is driven by {U;}>0. Please refer to [40] and lecture
notes [3] for the details.

In a seminal paper by O. Schramm in 1999, [73], the above correspondence between
Loewner chains and real valued curves was utilized to characterize processes in plane
which satisfy conformal invariance and domain Markov property. Today these processes
are known as Schramm-Loewner evolutions, SLE(k), which is a random Loewner chain
obtained when U; = /kB;, where By is the one dimensional Brownian motion. SLE’s
was then proven to arise natuarally as scaling limit of various discrete lattice models in
statistical physics. See [76], [74] [73] for such results.

These convergence results suggests that SLE’s are not only a family of growing com-
pact sets, but also a growing curve. This motivates to find conditions on driver {U;}:>o
which guarantees that { K };>0 is generated by a curve in the following sense:

Definition II1.1.2. A chain {K,}i>o is called generated by a curve v : [0,T] — H with
Yo = 0 if for allt >0, H, := H\ K is the unbounded component of H \ [0, t].

If a chain is generated by a curve -, then it is the only such curve called the trace of
chain. A necessary and sufficient condition for the existence of the trace can be found in
[71]. Denote fi(2) = g; *(2).

Theorem II1.1.3 ([71]). A chain is generated by a curve if and only if
Y= lim filiy + U

exists and is continuous curve. If so, curve v is the trace.

It was proved in [62] 47] that when the driver is 3- Holder with ||U]|: < 4, then the
trace exist. This is the best possible known deteministic result and fails to apply for
U; = /kB;. Nevertheless, proof of existence of trace of SLE(k), k # 8 was carried out in
[71] using probabilistic techniques. The trace also exists for SLE(8), but the proof follows
indirectly from convergence of Uniform spanning tree to SLE(8) and there is no direct
proof known so far.

Phenomena of existence of trace for Loewner chains is not completely well under-
stood. For random drivers, probabilistic techniques seems to be the only efficient tool
and it doesn’t give understanding of pathwise properties of driver responsible for the
trace. Having more examples to this phenomena will lead us to better understanding and
thus we consider Loewner chains driven by semimartingales. There is another motivation
for considering such models. The deep insight of Oded Schramm leading to construction
of SLE was that domain Markov property (DMP) together with conformal invariance (CI)
forces the driver to have independent and stationary increment, i.e. Brownian motion
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with some speed. It is possible to canonically produce some models which fails to have
DMP and CI globally, but do possess these properties on a local scale. See construction of
SLE, , in [41] for example. Such processes is of great importance to study the symmetries
like duality and reversibility of SLE. Heuristically speaking, having DMP and CI on a local
scale will force the driver to have independent and stationary increment locally, i.e. diffu-
sions. This motivates to consider Loewner chains driven by diffusions/semimartingales.
The main contribution of this article is the following Theorem:

Theorem II1.1.4. For each k < 2, there exist a constant ag(k) depending only on k
such that following holds :

Let Uy is a continuous process such that for each t € [0,T], Bs = Uy — Ui_s is a semi-
martingale w.r.t. some filtration with canonical decomposition

63 = Ns + As
with local martingale part N and bounded variation part A. Assume for all s <t <T,

|—d[N]s\ <k
ds '

t
sup E{exp (a/ Azdr)} < 0
te[0,T 0

for some o > (k). Then the Loewner chain driven by U is generated by a curve.

and

In a special case when U is a (deterministic) Cameron-Martin path, our method allows
us to prove the following uniform bound:

Theorem II1.1.5. If U is a Cameron-Martin path, then

iy + U] < exp | 1015 (30)

1
_ 3
where ||Ul|y = {fOT der} is the Cameron-Martin norm.

Note that for Cameron-Martin paths U, by Cauchy-Schwarz inequality

t t
Uy — Us| = ]/ Updr| < vt —s / UZdr

which implies

€>04_s|<e Vi—s

and the existence of trace follows from results in [62]. But it can also be seen directly
from Theorem . Additionally, as remarked in [33], the Holder regularity of the trace
v improves as %—Holder norm of the driver gets smaller. Since Cameron-Martin paths are
of vanishing % Holder norm, we can expect the trace to be as regular as possible. Note
that when U = 0, 7, = 2iv/¢, which is at best 2-Holder on [0, T], Lipchitz on time interval
le, T] for € > 0 and is of bounded variation. Bounds like 39| allows us to prove,

=0<14
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Theorem II1.1.6. If U is Cameron-Martin path, then H’yH%’[O’T] < oo and for any € > 0,

[ V][1,je,r) < 00. In fact under suitable time reparametrization ¢, ||y o ¢||1 < oo and thus
v 15 a bounded variation path.

Stability under approximation type results follow as corollary:

Theorem II1.1.7. If U is Cameron-Martin and U™ is a sequence of piecewise linear
approximation to U, then for any a < %

17" = Ylla = 0 as n — oo

II1.2 Proof of Theorem [III.1.4

The proof of the Theorem |[1I.1.4] will be based on Theorem [[11.1.3] Thus, achieving some
uniform in ¢ upper bound on |f/(iy + U;)| would imply existence and continuity of

Ve = yl_iglJr filiy + Uy)
This is made precise in the following lemma.

Lemma II1.2.1. Suppose there exist a 8 < 1 and yo > 0 such that for all y € (0, yo|

sup | f/(iy + Up)| < y™* (40)
t€[0,T]

then the trace exists.

Proof. Note that for y; < 12 < o,

Y2 Y2 1
|ft(iy2 +ug) — feiyn + Ut)l = | / ft,(“" + Ut)dr| < / r~ldr = —(y%_g - yi_e)
Y1

Y1

which implies that f;(iy + U;) is Cauchy in y and thus
Ve = yl_i>%1+ filiy + Uy)

exists. For continuity of v, observe that

1-0

. Y
— Uyl <
= fliy + V)] < L —

Now,

Ve = sl < ve = filiy + Un)| + |vs — fs(iy + Us)| + | fi(iy + Up) — fi(iy + Us)|
SJ y1—0 + |ft(2y + Ut) - fs(zy + Us)|

It is easy to see that for y > 0,
lim | (i + U3) — fu(iy + U,)] = 0

and since y was arbitrary, this concludes the proof. O]
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In the case of random Loewner chains, e.g. SLE(k) when U, = /KBy, it is usually
difficult to prove using pathwise techniques. But it becomes feasible via probabilistic
techniques. Before stating next lemma, we recall following definitions,

Definition II1.2.2. A subpower function is a continuous non-decreasing function ¢ :
[0, 00) — (0,00) such that for all constants ¢ > 0

lim z “p(x) =0

T—r00

Definition I11.2.3. We say a curve U : [0,T] — R is weakly %-Holder if there exist a
subpower function ¢ such that

1
Uy = Us| < /|t - 3|¢(m)

Lemma I11.2.4. If U is weakly %-Holder and there exist constant b > 2, § < 1 and
C' < oo such that for allt € [0,T) and y > 0

Pllfi(iy + Up)| = y™] < Cy°

then the trace exists.

Proof. By using of Borel-Cantelli lemma, it is easy that almost surely for n large enough,
Flaoon (127 4 Ugg-an)| < 2

for all £ = 0,1,..,22" — 1. Now applying results in section 3 of [37] ( Lemma 3.7 and
distortion Theorem in particular ) completes the proof. O

For proving the conditions in Lemma [[T1.2.1] and [[T1.2.4], we first get a representation
formula of |f](iy + Uy)|.

Lemma II1.2.5. For each fized t > 0 and s € [0,t], define s = Uy — Uy_s. Then

X7 -Y?)

where z = x + iy and (X, Y5), s € [0,t] is the solution of the ODE

2X,
dXS = dﬁs — st, X[) =X
2Y;
R S A

Proof. For each z € H, the path g, s(fi(2)) joins z to f;(z) as s varies from 0 to ¢. It is
then easy to see that
ft(Z + Ut) == Pt(Z) + Ut

where Py(z) for s € [0,¢] is the solution of ODE

—2

Ps(Z) = m;

Py(z) =z
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Writing in polar form, P! = r,e®: we see that

/
|l

/

S

Re(S20,P)) = Re(e (%0 r, + irye™:0,0,)) = Oyrs

So it follows that,
1
dslog| Pl = Re(ﬁﬁsPs/)

Noting that 0P, = (0sFs)’,

1 -2

Oslog| P;| = RG(FS,(PS )

)') = 2Re((Ps + B,)77)

= log|Pl| = 2/ Re((P. + B,) %)dr
0

and the claim follows.

A naive approximation to the RHS of

t2(X2_Y2) t(X2_Y2) Y;
/o xervee” / Xz yyz sty <le()

Also, it is easy to see that

Y, < Vy?+4s

implying
iy +U)| Sy~

which as per Lemma is just not enough for existence of trace. We thus need to
improve upon these naive approximation.

The key step in the proof of Theorem is the following deterministic estimate
on |f/(iy + Uy)| which eventually can be used to give an estimate of form |f(iy + Uy)| <
y=% 0 < 1. To state it, we would need that there is some calculus based on path /3 so
that integration of appropriate paths against  is well defined. This can be achieved if 3
is a-Holder for some « € (3, 3] (or 3 is of finite p-variation with p € [2,3)) and 3 can be
lifted to a a-rough path (or p-rough path). Since § is one dimensional, one can naturally
associate a geometric rough path to 3 by assigning 3, , = (1, B; — 5, %(ﬂt — B,)?). Please
see [25] for details. Denote Gy = 5, — Xs. Note that even if § is very irregular, G is
always a C! curve and
a. - 2X,

X2 +Y?
In fact it can be easily checked that G is a controlled path in the sense of Gubinelli with
the Gubinelli derivate G’ = & — G? and the rough integral
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where 7 is a partition of [0,t], is well defined. We will also assume that § has finite
quadratic variation in the sense of Follmer [I5]. We say that § : [0,7] — R has finite
quadratic-variation in sense of Féllmer if (along some fized sequence of partitions 7 = (7,)
of [0,¢], with mesh-size going to zero)

3 lim Z (Bsnt — Br/\t)2 =: [B]}

n—00
[r,s]€mn

and defines a continuous map ¢ +— [5]T = [f];. A function V on [0, ] is called Féllmer-Ito
integrable (against (3, along ) if

t
S i []Z VilBort — Bont) = /0 Vs,
r,8|ETn

(Follmer [I5] shows that integrands of gradient form are integrable in this sense and
so defines pathwise integrals of the form [ VF(8)d"3.) If the bracket is furthermore
Lipschitz, in the sense that

sup —[ﬁ]t — 18l <k < o0, (42)

0<s<t<T t—S
write § € Q7". Also note that X naturally inherits the calculus from S because they
differ by a C* path G. Such freedom to be able to define integrals against 3 allows one to
write log | f/(iy + Uy)| as sum of two parts, one which is singular and blows up as y — 0+

and another part which remains (more or less) bounded.

Proposition II1.2.6. Let § € C* with o € (1/3,1/2]. With G as above,
Xp+ Y2
r? 4 y?

) (43)

If in addition, B has continuous finite quadratic-variation in sense of Féllmer (along
7) then

t
. Y,
log |f/(z +Uy)| = M; — / Gfd?" + log(j) — log(
0

1 [t t Y X2 4Y?
log fi(=+ U = M7 + 5 | Caler — [ Gar 108 —tog( 5 0) (49
2 Jo 0 Yy =ty
with (deterministic) Féllmer—Ito integral
t
M7 =lim > Gu(B,— B.) = / Gd . (45)
" [u,v]€mn 0
Proof. Consider first the case of § in C!. Then
: 1., Y, dY, 2X,dX, +2Y,dY,
Grdﬁr - §G7,d7" + Xﬁ T }/;2 - XT? T }/;2
2, s 2X2 °X,dX,  Y.dY,

= —adpb, — r — —

Xz T ey’ T xEevE T XEAv?

2X 2X2 2Y?

= ———dB - X,) — —dr — —d

Xz =X Gar v T v

4X2 2X? 2?2

= dr — dr — ————5dr

(XF+Y2)2 o (X422 (X2+Y2)?

2(X2 - Y?
— ( T T )dr

(X2 4 Y2)2
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Next note that .
1. 1. Y,
§Gfdr + QY?dT = Zdr

and

Y,dY, 1. Y, 1.
— " = _Y?2dr = —dr — ~G?d
X2 y? 2 r Y. r 5L T

Putting all together, we get

2(X2 - Y?) : : Y, 2X,dX, +2Y,dY,
o T gy = GrdB, — GRr + Ldp — 2 Tt
(o0 1y dr = Grdbe = Grdr X21v2

and integrating both side, the claim follows with M; = fot G,df,. In the case of rough
driver, meaning § in C“ with a > 1/3, let 8™ be piecewise linear approximations to (3
on partition m,, with |m,| — 0 and let G™ be the one corresponding to 5". As a result of
continuity of rough integrals in rough path metric (universal limit theorem, see [25] for
details), one can observe that

| Grasy = rough) [ Gas,
0 0

as n — oo and equation (43| is then evident. Finally if § has finite quadratic variation,
then

ORACEE NS A

[u,v]€mr

which finishes the proof. O

Let us apply Proposition ([11.2.6)) to specific situation. We consider first the case when
U (or equivalently ) is a Cameron-Martin path. In this case (§ is bounded variation path
and thus [5] = 0. We easily get following proposition:

Proposition 111.2.7. If U is a Cameron-Martin path, then

2 1 t .
' <Y r - 2
|ft(Z+Ut)|_Yt(1+y2)eXp[4/o U,,dr}

[TL particulah
|fl( )|< y 1/t 'Qd < 1/t .2d
1+ I/ — €X — I/ T 62:€ — I) T
t y t = ]rt p ] 0 r = p 4 0 r
and th@ trace exists.

Proof. Note that

t t
Mt:/ Grdﬁr:/ GTBrdr
0 0
t 1 t
g/ szr+-/ (2
0 4 0

Thus form Proposition [[T1.2.6]
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, Y, X2 472
1og|ft<z+Ut>|=Mt—/G?dmog( ) log(2L 21

0 y x? + 42

L[, Y: X7+ Y7
< —/ ﬁrdTJrlOg(—)—lOg(W)
Y: Y2
2 t
<1 [ Brar gD g )

2

1 t
4/ 52dr—|—log(y) + log(1 + /7 )
and the claim follows. Finally the existence of trace follows from Lemma O

We can also apply Proposition |[I1.2.6 to other situations where [3] is not necessarily
ZEro.

Proposition IT1.2.8. In the context of Proposition[ITI.2.6, with continuous finite quadratic-
variation in sense of Follmer so that d[8]T/ds < k < 2 one has the following estimate

t
i+ )| < esp 7 = [ G2+ 4181
0
where fot G,d" B, = MY is the Ito-Follmer type integral introduced in .

Proof. From and by G’ = % — G2, taking z = iy (i.e. z =0),

log | f1(iyy + U,)| = /Gdﬁr /Ger— /G2

Y; X2+ Y2 Y,
+ log log— —l——/—dﬁ
() —los(==0) + 5 [ jras)
Using positivity of Y, /Y,
Y, X24+v2 1 [ty
log lo #Jr—/—rdﬁ?ﬂ
() —los(==) + 5 [ Sralg
Y, Y,. k [1Y,
< log — 2log + = /—dr
Ch-2msh+ 5 [ 5
Y,
=(=—-1)1
(5~ Dloz(=Y
< 0.
and the desired estimate follows. O

We are now ready to prove Theorem [[II.T.4 For each fixed ¢, let 8, = Uy — U
for s € [0,t] is a semimartingale with respect to some filtration ( and thus w.r.t its
own filtration). Standard martingale argument implies that for any nested sequence of
partition ,, with |m,| — 0, a.s.

lim Z (Bsat — ﬁmt)Q = [0]:

n—oo
[T‘,S} Emn

where [f] is the quadratic variation process of semimartingale .
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Proof of Theorem[IIT.1.4. Under the assumptions of Theorem it is easy to verify
that U is weakly %—Holder. Thus by Lemma [[I1.2.4] and Chebyshev’s inequality, it is
enough to exhibit constant b > 2 and C' < oo such that for all t and y > 0,

El|f/(iy+ Uy’ < C

The constant b is chosen as follows. Since k < 2, we can find p,q > 1 withp~t+¢7 1 =1
and € € (0,1) small enough such that

b::%(1+2(1;6)) > 2

Now, since 3, = N, + A, with A of bounded variation, [3]; = [N]s. Also since 3 is
semimartingale, the Follmer integral M can be identified with the Ito intgral fot G,.dp,.
Thus by Proposition

t t t
log | //(iy + Uy)| < / GrdN, + / GrdA, — / G2d(r + LIN],)

0 0 0

t t
/ CidA, = / G A, dr
0 0
¢, 1 [t .
(—:/ Gidr—i——/ AZdr
0 de Jo

t, 1 [t.
/ c2ar > L / AN,
0 K Jo

Putting all together, we get

Note firstly

Secondly,

L. 1 1- t t
g |f{(iy + U)| < | Gra, - (—+ ) | e+ [ iar

Thus by Holder’s inequality,

2 t
By + U < E|oxp [ v~ 27 [ cay Jexn(4 [ tar)
0 2 46 0
t 272 : t i
< E{exp (pb Gan, - 2 G'fd[N]Tﬂ ]E[exp(q—b / A,%drﬂ

Finally note that G is adapted to filtration of N' (or 3) and

/ G,dN,
0
is a local martingale. Thus
2b2
exp(pb/ G,dN, _T G2d[ | )
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is a positive local martingale. Since positive local martingales are super-martingale, we

conclude that
t . p262 t .
E {exp (pb/ G,dN, — 5 sz[N]T)] <1
0 0
implying

Elfiy+ 0l < Efeo (2 [ )|

€

Note that for v large enough (only depending on k), it possible to find such p, e with

qb
_:a
4e

and thus
sup sup E[|f/(iy + U)|"] < oo
y>0 t€[0,T]
which concludes the proof.
[

Remark I11.2.9. We cannot make a semimartingale asumption for the Loewner driver
U since the time-reversal of a semimartingales can fail to be a semimartingale. That said,
time-reversal of diffusion was studied by a number of authors including Millet, Nualart,
Sanz, Pardouz ... and sufficient conditions on “diffusion Loewner drivers” could be given
by tapping into this literature.

II1.3 Reverse Brownian filtration and diffusion driven
Loewner chains

In this section we apply Theorem to the class of diffusion processes. To appreciate
better, we restrict to the processes of form U; = F\(t, B;) for nice enough (say smooth)
functions F'. The general diffusions can be handled similarly but is technically more
involved. For a fixed time ¢t > 0, the process s = 8% = U, — U,_; is the time reversal of
U. Note that W, = B; — B;_, is another Brownian motion and a martingale w.r.t. to
its natural completed filtration F, satisfying usual hypothesis. We recall the following
classical result on expansion of filtration. See [[69], Chapter 6] for details.

Theorem II1.3.1 ([69]). Brownian motion W remains a semimartingale w.r.t. expanded
filtration Fs = FsV o(W,) = Fs V o(By). Moreover,

Wy —W,

W, =W, +
0 t—r

dr

where W is a Brownian motion adapted to the filtration F.

We prove here that f3; is a semimartingale w.r.t. to filtration F and provide its explicit
decomposition into martingale and bounded variation part.
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Lemma II1.3.2. The process § is a semimartingale w.r.t. F with the decompostion
s s hd ]_ "
BS = / F’(t -, Bt_r)dWr + / (F(t -, Bt—r) — EF (t -, Bt_',«)> d?”
0 0

= / F'(t — 7, By_,)dW,
0

° . 1 . B _r
+ / (F<t =7, Biy) — §F (t =7 Biy) + F'(t =, Btr)tt—) dr
0

Proof. By Ito’s formula,

t S/ 1
By = / F'(r, B,)dB, + / (F(t —rBi,.)+ §F (t—r, Bt_r)>d7’
t—s 0

Note that by computing the difference between forward (Ito) and backward stochastic
integral,

t S S
/ F'(r,B,)dB, = / F'(t —r, B,_,)dW, — / F'(t—r,B,_,)dr
t—s 0 0

which completes the proof.
Corollary II1.3.3. If |F'(t,z)| < /& < V2 and for a > ay(k)

]E{exp (a /OT{F(T, B,) — %F”(r, B,)+ F'(r, Br)%}er)] < 0 (46)

Then Loewner chain driven by U, = F(t, By) is generated by a curve on [0,T].

To note down an interesting example of Corollary [[I1.3.3] we first recall a classical
result on integrability of Wiener chaos of Gaussian measures.

Theorem II1.3.4 ([44]). Let (E,||.||) be a real separable Banach space equipped with
Borel g-algebra B and p be a centered Gaussian measure on E. Then for an element W
in the d-th (homogenous) Wiener chaos, there exist ny > 0 such that,

E[exp(nnwiﬂ <00 < 1<

In fact, the constant 79 can be given an explicit formula in terms of W. See [[44],
Chapter 5] for a proof and further details.

Corollary II1.3.5. For p > 0, U, = t*B; generates a trace almost surely on [0,T] for T
(deterministic) small enough.

Proof. With F(t,z) = tPx, |F'(t,z)| < 1 for T small enough. For checking condition [46]
note that

T
/ (Bf — r)rgp_zdr
0

lies in the second Wiener chaos of Brownian motion and use of Theorem completes
the proof.
]
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Remark II1.3.6. If function F'(t,z) is not space depedent, e.qg. F(t,x) = t’x or
F(t,z) = \/kx, we can apply the formula

t S
/ F/(r)dB, / F/(t — r)dw,
t—s 0

Note that RHS is indeed a martingale w.r.t. the filtration F and we do not have to work
with expanded filtration F. In this case the canonical decomposition of [ is given by

ﬁs—/ F'(t—r)dWr—i-/ F(t—7r, By, )dr
0 0

and Theorem again can be applied considering B as a semimartingale w.r.t. the
filtration F.

Remark II1.3.7. It is possible to give an intuitive explanation to the existence of trace
for Uy = t?By; on [0,T], T small enough. If T is small enough, fluctuations of U will be
dominated by that of \/kBy, k large enough, for which the trace exists. However, to the
authors best knowledge, there is no such comparison principle known. In fact, there is a
counter example, which appeared in [46], to a similar question posed by Omer Angel:

If U generates a trace, it is true that for r < 1, rU generates a trace ?

II1.4 Regularity and stability under approximation
of the trace

In this section, we study the regularity and stability under approximation of the trace,
specially in the case when U is Cameron-Martin path. Bound obtained in Proposition

is the key to following results.
Theorem II1.4.1. If U is a Cameron-Martin path, then,

1. The trace vy 1s %-Holder with

IVl < g([|U1]5)

for some continuous function g : [0,00) — (0, 00).

2. For each € > 0, v is Lipchitz on [e, T]. Moreover the map t — v(t?) is Lipchitz on
[0,T]. In particular, v is bounded variation curve on [0,T].

Remark I11.4.2. The form of function g can be explicitly seen in the proof below and in
fact it suffices to take

2

g(x) = Ce™
Proof. e Proof of Part 1 Define

o(t,y) = / G+ Uy)\dr

Note that,
V() — feliy + Up)| < v(t,y)



72

and by an application of Koebe’s one-quater Theorem,

Yy .
v(t.y) 2 71filiy + Uy (47)
In the proof below, we will choose y = v/t — s. Now,

v(&) = v(s)] <|v(t) = fi(Ur + iy)|
+ |7<S) - fs(Us + Zy)|
+ | fe(Us +iy) — f5(Us + iy)|
+ [fe(Us +iy) — fu(Us + iy)|

The first two terms are bounded by v(¢,y) and v(s,y) respectively. For the third
term, Lemma 3.5 in [37] and 47| implies,

‘ft(US + Zy) - fs(Us + Zy)’ < CU(Sa y)
For the fourth term,

\[(Up + iy) — fi(Us +iy)| < |U, — Ug| sup |fi(rUs + (1 — r)Us + iy)|

rel0,1]

Note that
U~ Ul < yllU]ls

and By Lemma 3.6 (Koebe’s distortion Theorem) in [37], there exist constant C
and « such that

U - Us “ .
00+ (=0 i) < Cnax , (=20 s 4 00
< Cmax{ 1,015 120+ 00)
and using (47| again,
lUc+in) = 1.+ )] < Y0 max{ L1 fole.n
Finally, from Proposition
1 2
o(t,y) < yexpy 71U

U113 < 11Ul

giving us
e = sl < wg(l1U[]n)
completing the proof.
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e Proof of part 2. We will use the results from [33] for the proof of this part. In
particular, we recall from [33] that if ||U ||% < 4 (which we can assume without loss

of generality since U is a Cameron-Martin path), then there exist a ,¢ > 0 such

that for all y > 0,
oVt < Im(fy(iy +Up) < vy + 4t

and
|Re(fi(iy + Uy))| < eVt

so that trace v lies inside a cone at 0 and |f;(ivt + U;)| < cy/t. From the proof of

part 1, we have
v — 7s| So(t, vVt —s) +v(s, vVt —s)
If s,t > €, using Proposition [[11.2.7],

1 1 1
v(t, vVt —s)Fu(s,Vt—s) S (? + ?)(t —s5) S —(t—s)
t s €
which implies « is Lipchitz on [¢, T']. For proving |z — 72| S |t — s/, note that we
can assume s = 0, for otherwise we can consider the image of 7 under conformal
map gs2 — U,z whose derivative of the inverse f'(. 4 U,2) remains bounded in a cone.

Finally again using Proposition [[I11.2.7}

|’Yt2| < h/tQ - ftQ(it + Ut2)| + |ft2(it + Ut2)|
<ot t) +t
t2
< — 4+t
7 +
<t

which completes the proof.
O

Theorem I11.4.3. If U" is a sequence of Cameron-Martin paths with ||[U" — Ul||s — 0
and
up [Tl -+ [ < o0

then
7" =Yoo = 0

In fact, for any a < %,
17" =lla =0

Proof. We have,

[V (t) = ()] <[V () = [ iy + U
+ | filiy + Uy) — ~(t)]
+ | £ iy + U) = filiy + U

Note that for fixed y > 0,

T |Gy + UF) — fuliy + U)| =0
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uniformly in ¢ on compacts. From Proposition [[T1.2.7]

(6) — £y + U]+ iy + ) = 2(0)] < 0°(69) + (89
<y(ew{ 078 b +ed 101} )

Jm 7 (0) = £y + U]+ iy + ) = (0] =0

Thus,

uniformly in n and ¢. Since y can be chosen arbitrarily small,
lim |7 —7[[c =0
n—oo

Finally note that from Theorem

sup [[7"[]; < o0

n

and standard interpolation argument concludes the proof. O

Remark 111.4.4. Variant of Theorem [[I1.4.1 and|IIl.4.5 also holds in the case when U
is semimartingale. As a by product of the proof of Theorem [III.1.4], we have the bound

|filiy + U <y™* (48)
for some 8 < 1. We can also optimise on the value of 6 by optimising the choice of
p,€ so that a = Z—g is as small as possible for given k ( this amounts to solve some

quadratic inequalities). As shown in [37], Holder regularity of the trace can be derived
from [{8 and smaller the value of 6 we can choose, better is the Holder reqularity. Thus
applying the same method as in [37], we can find an Holder exponent for trace driven by
semimartingales.

As for stability under approzimation, bound[{§ again allows us to apply the deterministic
result obtained in [79] which guarantees the convergence in the uniform topology of square
root or straight line interpolation schemes. See [T9] for details.
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IV.1 Introduction

Phenomena of existence of trace for Loewner chains is very subtle and complicated.
There is very little known about it from a deterministic point of view. It was proven in
[62, [47] that the trace exist if the driver U is 3-Holder with [|U H% < 4. Even though
this deterministic result fails to apply to SLE(k), the trace still exist for SLE(x). In
the random situations, the proofs are based on probabilistic techiniques and it gives no
understanding of pathwise properties of the driver responsible for the trace. In this article
we provide deterministic conditions on driver responsible for the trace with an aim to
understand the random situations better. We will using the notations from Part [[TI} The
main result of this article is the following Theorem relating trace to the slow points of
the driver. We first recall the definition of slow points.

Definition IV.1.1. A point t > 0 is called a-slow point (from below) for U if

1. |Ut - Ut—s|
msup —————

s—0+ \/g

Theorem IV.1.2. Let U be bounded variation path. For t > 0 and s € [0,t], define
Bs = B := Uy — Up—s and ||B]|s == ||B||1-varj0,5) Assume for all t >0,

lim sup 5l <2 (49)

s—0+ \/g

<

and

t
/0 el < o0 (50)

Then the Loewner chain driven by U is generated by a simple curve.

If U = U! — U? is the difference of monotonic increasing path U! and U?, then the
condition [49| is precisely saying that all ¢ > 0 is a slow point for U' 4 U2.
The slow points are known to exist for Brownian motion for any o > 1, see [65] for details.
Thus Theorem relates to the existence of trace for SLE(k) from a deterministic
point of view, at least for small k. In fact we believe that the restriction to the small « is
only due to some technicalities. We propose an another direct approach to the trace, again
involving slow points of the driver, which possibly explains the trace of SLE(k), x < 16.

IV.2 Proof of Theorem IV.1.2

We will be using Theorem for the proof of Theorem [[V.I.2] Classically, as one
can see in [71], [19], [33], the approach is to verify the conditions of Theorem [I1I.1.3| by
obtaining a constant 6 < 1 such that for all ¢ € [0,7] and y > 0 small enough,

|fi Gy + U <y~ (51)

In the case of U with [[U][1 < 4, inequality (51| was proved in [33] by obtaining a crucial
lower bound

Im(f,(iy + Uy)) > oVt (52)

for some constant ¢ uniformly for y > 0.
In the case of random drivers, inequality like is hard to obtain (and unlikely to



78

be true), but can still be proved by obtaining first appropriate moment bounds on
|f{(iy + Uy)| and then applying Borel-Cantelli lemma. This approach works elegantly for
all SLE(k), x # 8 and fails for k = 8 due to some technical reasons . Please see [T1] for
details.

For the proof of Theorem [[V.1.2] we will verify the conditions of Theorem [II.1.3]
directly as follows without relying on the inequality fI} We will assume the conditions
put forward in Theorem throughout the proof.

We split the proof into two parts. The first part will be dedicated to prove the existence
of the limit

Y = yl—i>%l+ ft(ly + Ut) (53)

and second part will prove the continuity of curve ¢t — ~;.

IV.2.1 Existence of the limit 53

In this subsection, we will keep the time index ¢ > 0 fixed. Define 8¢ = U,—U,_, s € [0, t].
As an abuse of notation, we will write 3, to mean .. The dynamics of f,(iy + U;) can
be easily obtained by following the reverse flow of the Loewner differential equation as
what following lemma gives.

Lemma IV.2.1. For each fized t € (0,T] and z € H,
ft(Z + Ut) = ht(Z)

where hg(2)scoy 95 given by the solution of the differential equation

dhy(2) = dB, + %ds, ho(2) = = (54)

Proof. Note that g;—s(f:(z)) for s € [0,t] is curve from z to fi(z). Note that ¢ (f:(z)) is
solution to differential equation [38] Then plugging z + U, is the place of z followed by
easy manipulations completes the proof. O

In view of Lemma [[V.2.1] we need to analyse solution h(iy) as y — 0+. It becomes
beneficial to look at the curves ¢ (—y?) = h,(iy)?. Note that for y > 0, h,(iy) € H and
thus ¢4(—y*) € C\ [0,00). It can be easily seen that

dos(iy) = 2h,(iy)dBs — 4ds = 2+/ ¢, (iy)dBs — 4ds, ¢o(—y*) = —y>

where /z : C\ [0,00) — H is a bijective holomorphic map. In fact, it follows easily from
the existence and uniqueness of equation [54] that

d¢s(20) =2y ¢s(2’0)dﬂs — 4ds, qu(Zo) = 20 (55)

admits a well defined (i.e. ¢s(z) € C\ [0,00)) unique solution ¢(zo) whenever z, €
C\ [0,00). We want to consider equation [55| for zop = 0. We will need some definitions
for that purpose.

Definition IV.2.2. For a continuous curve X : [0,T] — C, a branch square roof of X
is a measurable map A : [0,T] — H such that for all t, A? = X,.



IV.2. PROOF OF THEOREM 7?7 79

Lemma IV.2.3. For any continuous curve X, there exist a branch square root.

Proof. If X; ¢ [0,00), define A; = /X;. If X; € [0,00), define A; = /| X;|. Tt can be
easily checked that this constructs a branch square root of X and the verification is left
to the reader.

m

In fact, X can have more than one branch square roots in general. With an abuse
of notation, we will denote all branch square roots (or a particular one) by symbol A, =

VX.'. Note that for any such branch |\/th\ = +/|X}|, which is continuous.

Lemma IV.2.4. If a continuous curve v : [0,t] — C with a branch square root \/Eb

satisfies |Re(\/v_sb)| < ||B]]s and
Vg = 2/ \/U—rbdﬁr —4s
0

for all s € [0,t], then for all s > 0, vy € C\ [0,00) and thus U = \/Us.
Proof. Note that
. 2 s b . 1 2
lim sup — |Re(v/v,)|d||B]] < limsup —||5]|5 < 4
s—=0+ S Jo s—0+ S

so that

lim sup Re(v,) <0
s—0+ S

At this point, there exist a sp > 0 such that for all s € (0, so],
Re(vg) <0

which implies v; € C\ [0,00) for s € (0, sq]. Since solution of equation [55 remains in
C\ [0, 00) once the starting point zo € C \ [0, 00), we conclude that vy € C \ [0, 00) for
all time s € (0, ¢]. O

Lemma tells us that considering equation
b
d¢s(0) =2y 9253(0) dBs — 4ds, 9250(0) =0
with some branch / ngS(O)b is same as considering

ds(0) = 2/ ¢5(0)dfs — 4ds, ¢o(0) =0

with the condition that ¢(0) € C\ [0, 00) for all s > 0. In the next lemma, we establish
the uniqueness of solution to such equations.

Lemma IV.2.5. If ¢" fori = 1,2 satisfy |Re(\/®%)| < ||B]]s, ¢% € C\[0,00) for all s >0

and .
6. =2 [ Vs, 15
0

then ¢t = ¢2.
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Proof. Define ¢! = ¢’ + 4s. From the proof of lemma [[V.2.4]

lim sup —Re(z/)s)

s—0+ S

<4

for ¢ = 1,2. Thus there exist sy > 0 and § > 0 such that for i =1, 2,

sup Re(¢— —4) < -4

0<s<so

VT o

|w;—w§|=‘2/(wwl dr — /P2 — 4r)dp,

e
_f/ vi(= ) a,

0t =2
= [,

2 S
= \/—2—5/0 [y — 2| u(dr)

where the measure p(a,b] = fab —4=d||B||» < oo. Applying Gronwall’s lemma in measure

form, we see that ¢! = ¢? for all s < sg. Finally note that ¢} = € C\ [0,00) and
uniqueness of solution to equation 55| E 5| for starting point z, € C\ [0 oo) implies ¢! = ¢?
for all s € [0,¢].

so that for 0 < s < s

Now,

]

Having established the uniqueness of solutions for equation |55 with zy5 = 0, we now
show the existence of a solution. First we note down a lemma used for proving the
existence.

Lemma IV.2.6. Let X", X : [0,T] — C are continuous curves with Xy = 0, X' €
C\ (0,00) and X' € C\ [0,00) for all m and t > 0. If X™ converges uniformly to X,

b
then there exist a branch square root VX of X and a subsequence X™ such that / X ™
b
converges uniformly to v/ X . In particular, /X s continuous.

Proof. Note that family of curves {v/X"} is well defined and uniformly bounded. We
will prove that this family is equicontinuous, which implies, using Arzela-Ascoli Theorem,
there exist a subsequence v/ X™ converging uniformly to a continuous curve A. It can
be easily checked that A is a branch square root of X. For proving the equicontinuity of
{VX"} , let € > 0. We need to exhibit a § such that if |t — s| < §, then |/ X7 — \/X7| <

2 . . . . .
¢ for all n. W.lLo.g. we can assume |X[| > . Since family X™ is equicontinuous,

choose ¢ such that for all n, | X" — X?| < i—z and thus |X}'| > %. We claim that
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|\/X? + /X7| > ce for some ¢ > 0. If either Re(X") < & or Re(X!) < <, then

= 16 16°
Im(y/X7 + /X7') > ce. On the other hand, if Re(X") > & Re(XP) > %7 sign of

16
Im(X?) and sign of Im(X}') are the same (since curve X" doesn’t intersect the positive

real axis) and thus |Re(y/X? 4+ v/ X[")| > ce . Finally

VXE /X =

for some ¢ > 0, concluding the proof.

Xp - Xy
< ce
VX + /X7

We also recall a standard result from analysis which we will not prove here.

Lemma IV.2.7. Let x, is a sequence in a metric space such that for any subsequence
Tn,, there is further subsequence Tny, which converges to a fized element x, then sequence
T, converges to x.

Theorem IV.2.8. There is a unique continuous curve ¢ = ¢4(0) with |Re(\/os)| <
18]s, ¢s € C\ [0,00) for s >0 and

6.=2 [ Vs, s
0

Proof. Uniqueness is already settled in lemmal[[V.2.5] For the existence of a solution, note
that curves ¢(—y?),y > 0 is a uniformly bounded equicontinuous family. Thus by Arzela-
Ascoli Theorem and lemma [[V.2.6] there is a sequence ¢(—32) converging uniformly to a

continuous curve ¢ and \/¢(—y2) converging uniformly to some branch square root \/ab
as Yy, — 0+. Then it follows that

0.=2 [ V015, ~ 15
0
Also it follows easily from ODE [54| that if X + Y = hs(iy) = \/¢s(—y?), then
1 S
X, = s — — dy,
==y [ sav,

In particular, |Re(y/és(—y2))| < ||8]|s and thus |Re(v/&s')| < [|8|]s. Finally using lemma

¢S€C\[O,oo)f0ralls>0and\/_b:\/g_b.
]

As an immediate corollary, we have the existence of the limit [53]

Corollary IV.2.9. Solution ¢(z0) of equation[55 with zo € C\ [0, 00) converges uniformly
to ¢(0) as zo — 0. In particular fi(iy + Uy) = h(iy) = /d1(—y?) converges to /¢:(0)
as y — 0+.

Proof. As in the proof of Theorem [IV.2.8] ¢(z{) converges uniformly to ¢(0) along some
subsequence 2z — 0. By using the uniqueness of solution ¢(0) and lemma [IV.2.7, we
conclude ¢(z) conveges to ¢(0) as zg — 0. Finally note that ¢,(0) € C\ [0, 00) and thus

\/¢t(20) - \/¢t(0) as zp — 0.

]
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IV.2.2 Continuity of map t —

In this subsection, we prove the continuity of v defined by equation [53] At this point we
denote the solution constructed in Theorem [[V.2.8 as ¢! = ¢%(0) for s € [0,¢]. As seen

in corollary [V.2.9
Ve =\ b

Proposition IV.2.10. The map t — ¢ is continuous. In particular, v is a continuous
curve. Also v is a simple curve.

Proof. Note that for s € [0, t],

o =2 [ s 1s
0
Since family of curves ¢' are uniformly bounded, we see that

|¢§| SJ HﬁtHl—vaﬁ[O,t] + 4t

implying continuity at ¢t = 0
lim ¢! =0

t—0+

For continuity on (0,77, fix a time o > 0. Then for ¢ € (to,2lo), define o = ¢', _ for
s € [0,to]. Note that |Re(y/at)| < ||5]] .+, and
to

s t
al = 2/ Vatdp —4—s
0 to to

Again it is easy to check that family of curves ! is uniformly bounded and equicontinuous.
Thus again using Arzela Ascoli Theorem and lemma [[V.2.6] along some subsequence
tn 1 to, a'™ converges uniformly to some continuous curve ¢’ and Vatn converges uniformly
to some branch square root /@’ with \Re(\/a’sb)\ < [|B™]|s on [0, ). As an application
of Portmanteau Theorem, we easily see that

oi=2 [ Vs~ as
0
and again by lemma [IV.2.4 and [[V.2.5] we conclude ¢, = ¢. Finally lemma [IV.2.7

implies that o' converges uniformly to ¢’ as ¢ | to. In particular ¢} = af — ¢°, implying

the right continuity. Similarly as above, ¢! is also left continuous. Finally note that
¢t € C\ [0,00) for all t > 0 and thus v, = /¢! is also a continuous curve. For simpleness
for ~, suppose on the contrary v, = 7 for s < §'. Note that chain K, := 9s (K s\ Ks)—Us
is driven by U, = Uy, — U,, which again by above argument is generated by a curve 5
with 4, € H. But since 75 = 7y, 7s € R which is a contradiction. O]

IV.3 Further discussions

Though Theorem applies only to bounded variation path, it gives us good under-
standing of relation between slow points and the trace of Loewner chains. For example,
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if one could make an absurd assumption that Brownian motion paths are monotonic,
Theorem [IV.1.2| suggests the existence of a simple trace for SLE(k) given that

By — By 2
limsup“—t’ <

s—0+ \/g ﬁ
2

Note that equation |56/ holds true whenever k < 4 and ¢ is a \/—E—slow point for Brownian

(56)

motion. Such slow points exists and form a dense subset of [0, 7], suggesting a simple
trace if K < 4. This is in accordance with the fact that SLE(x) is indeed a simple curve
iff kK < 4.

We give below an another supporting result for slow points and trace if one is only
interested in the existence of the limit (3] for a fixed time ¢.

Proposition IV.3.1. For a continuous curve U and time t > 0, if either

|55
limsup —= < 1 (57)
s—0+ S
or . .
lim sup Bz Bl 2, (58)

50+ 4 ve0,3) |u — U’

then limit [55 exists at time t and ~, € H.

Proof. We use a representation formula for | f/ (zy + Uy)| from [71],

2

i+ 0] = exp] [ X2 aon(v)

where X + 1Y, = hy(iy) is the solution of ODE . We use an estimate obtained in [[33],
lemma 2.1] that | X| < sup{|8, — Bs|,r € [0, s]}. Thus if either [57| or 58 holds, there exist
a o <2 and sp > 0 such that | X;| < o4/s for s € [0, so]. If follows from [[33], lemma 3.2]
that there exist a constant L > 0 such that

Y, > Ly/s

for all s € [0, so] uniformly in y > 0. This implies that there exist § < 1 such that for all
y >0 and s € [0,1],

X2 Y2

<40

X? X2 4 X2 + X2~

so that
ity + U Sy~

which implies the existence of limit Also since Yy, > L,/s¢ for all y > 0, we conclude

We can also use Proposition [[V.3.1] to reflect in the reverse direction. Since we know
that SLE(k) is a simple curve iff K < 4, it suggests the following sample path property
of Brownian motion.

Conjecture 2. For Brownian motion B,

B, — B,
Plinf lim  sup 1B = Byl =1]=1
toe=0+ et t+e |U — ’U’
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Actually the relation between the slow points and the trace is not restricted to k < 4
regime. In view of analysing the solution h(iy) of equation as y — 04, we propose
following approximating scheme to the solution h(iy).

Recall that the y/z : C\ [0,00) — H is a bijective holomorphic map.
Consider a partition P = {0 = 59 < 51 < $2.. < s = t} of the interval [0,¢]. For y > 0,
starting from z,, = 1y, define iteratively

Zsjﬂ _ /83J+12 683 \/(28] ﬁ83+12 68]) 4(Sj+1 _ Sj) (59)

Note that Im(z,,) is increasing with j. For s € [s;, 5;11], define

§— 8
2y = \/zgj + —(ZEJH —22) (60)

Sj+1 7= Sj

It is easy to check that the curves 27 (iy) is well defined (at least for small |P| de-
pending on y) with the above chosen branch of complex square root function. For each
partition P,

. —2 . .
=l (iy) = dBl + ———ds, 2] (iy) =iy (61)

= (iy)
for some continuous curves 8% with ||37 — 8||c — 0 as |P| — 0. Actually even though 3
is real valued, the curves 37 will be complex valued. Allowing 3% to take complex values
makes it for feasible to solve equation [61] explicitly and which helps us to come up with
the recursion [59)in the first place. It then follows for each y > 0,

Tim 127 (iy) = k(i) = 0

Thus, in the limit |P| — 0, the curves z” (iy) and h(iy) are the same. The key remark
here is that even though it is impossible to make sense of ODE with y = 0, it is
possible to make sense 27 (0).

Proposition 1V.3.2. If the first point s1 of the partition P is such that

185, < 4/s1

then recursion zg(O) is well defined. In particular if

t
lim sup 15| <4

s—0+ \/g ’

then recursion zg(O) is well defined for all partition P with |P| small enough.

(62)

Proof. Note that starting from zy = 0,

Rsp = /8281 + Zl 4Sl

2
Since 6% —4s1 < 0, square root in well defined and z;, € H. Since / m(zz (0)) is increasing

in j, the whole recursion remains well defined. O
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The equation [62|is satisfied in particular when ||U H% < 4. It also holds if U; = \/kB;
if k<16 and tis a \/ig—slow point of B.

Conjecture 3. If equatz’on@ holds, there exist a continuous curve h(0) such that

D 127 (0) = h(0)loe = 0 (63)

Equation 63| gives us a natural limit A(0) of h(iy) as y — 0-+. One can also deal with
point ¢ which are not slow points if we are willing to pass to subsequential limit |P,,| — 0
in m Note that for y > 0, all the subsequential limit are the same and converge to h(iy).
A related result in the literature on slow points is the following result due to B. Davis

[,
Biyn — By

P lim inf =1]=1
P Y
We conjecture the following stronger statement:
Conjecture 4.
By, — B
P[sup lim inf [Bein = B =1]=1

+ h—0+ Vh

Conjecture 4] allows one to define 2z (0) along some subsequence P, for all time ¢ if
k < 16. Again lim,_, 27 (0) will be the natural limit of lim, o, h(iy) and in particular
Of hmy_>[)+ ft(ly + Ut)
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