LOW RANK PERTURBATIONS OF QUATERNION MATRICES
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Dedicated to the memory of Leiba Rodman, whose work inspired us greatly.

Abstract. Low rank perturbations of right eigenvalues of quaternion matrices are considered.
For real and complex matrices it is well known that under a generic rank-k perturbation the k largest
Jordan blocks of a given eigenvalue will disappear while additional smaller Jordan blocks will remain.
In this paper, it is shown that the same is true for real eigenvalues of quaternion matrices, but for
complex nonreal eigenvalues the situation is different: not only the largest k, but the largest 2k
Jordan blocks of a given eigenvalue will disappear under generic quaternion perturbations of rank
k. Special emphasis is also given to Hermitian and skew-Hermitian quaternion matrices and generic
low rank perturbations that are structure-preserving.

1. Introduction. In this paper we will consider an n x n matrix A with entries
from the skew-field H of the quaternions. Recall from [20] that a number A € H is
called a right eigenvalue if there is a vector x € H™\ {0} such that Ax = z\. Since for
every a € H we have A(za) = (za)(a"tAa), we see that together with A also every
similar number o~ !\ is a right eigenvalue. Restricting oneself to one representative
of each equivalence class of similar right eigenvalues, one can assume without loss of
generality that the right eigenvalues are in fact complex numbers with nonnegative
imaginary part. This concept then allows the computation of a Jordan canonical form
for the matrix A, to be precise: there exists an invertible quaternion matrix S such
that

STLAS = TImi (A1) @ @ T, (M),

with Aq,..., A, € C having nonnegative imaginary part for j = 1,...,p. Here,
A1, ..., Ap are not necessarily pairwise distinct and J,,,(A) stands for the upper trian-
gular complex Jordan block of size m x m associated with the eigenvalue A € C.

The question we will consider is the following: what happens to the Jordan canon-
ical form of A when we apply a generic additive perturbation of rank &, i.e., when we
consider the matrix A+ UV for some (U, V) from a generic set  C H" x H" = H?",
For the complex case this problem was studied in [12], and later in [19, 21, 22]. An
alternative treatment for the complex case was given in [14], and also the real case has
been studied, see [16]. Furthermore, also the case of complex matrix pencils has been
studied in [9, 8] for the regular case and in [6] for the singular case, while the case
of regular matrix polynomials was treated in [7]. The related questions for matrices
with a symmetry structure have been addressed in a series of papers starting with
[14] and continued in [15, 16, 17, 18] and [13, 11] for many different classes of struc-
tures and the case of structure-preserving rank-one perturbation. A generalization
to the case of structure-preserving rank-k perturbations was then given in [5]. Also,
structure-preserving low-rank perturbations of regular matrix pencils with symmetry
structures have been considered, see [1, 2, 3, 4] for special perturbations of rank one
or two and [10] for the general case.

To be precise about the nature of the term ”generic”, we introduce the isomor-
phism y : H® — R*" as a particular standard representation of H" seen as a real
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vector space as follows: If (1,1, ], k) is the canonical basis for H over R, we define

Ug
Uy
U2
us

x(u) =

for a vector u = wug + uii + usj + ugk € H™, with u; € R™, i = 0,1,2,3. Then a
set 2 C H"™ is said to be generic (or more precisely generic with respect to the real
components) if the set () is a generic set in R%", i.e., its complement is contained
in a proper algebraic subset of R4". (Recall that a subset A C R*" is called algebraic
if it is the set of common zeros of finitely many real polynomials in 4n variables, and
it is called proper if it is not the full space R**.) Similarly, a set Q C C" is said to
be generic (or more precisely generic with respect to the real and imaginary parts) if
it is generic when viewed as the canonical subspace of R?". It is easy to see that if
Q C F" is generic and S € F™" is invertible, then the sets S and Q.S are generic as
well, where F € {C, H}.

A general result on rank-k perturbations of complex matrices says that the geo-
metric multiplicity of a fixed eigenvalue can change at most by k if any (not necessarily
being generic) rank-k perturbation is applied, see, e.g., [19] or [14], and the question
arises if this remains true for quaternion matrices. As a first example, consider the
quaternion matrices

1 0 1 —k 2 —k
A:{O 1], B:{k 1 }, and A+B:[k 9 ]

Then A is actually a real matrix with eigenvalue 1 with algebraic and geometric
multiplicity two and B is a quaternion matrix of rank one. Then one easily checks
that

@4+<B)[ i] — {i }3, and @4+<B)[1k] - {1k] 1,

so that the eigenvalues of A + B are 3 and 1. This shows that for this example the
geometric multiplicity of the eigenvalue 1 does change by only one from two to one as
the reader may have expected.

Surprisingly, however, it needs no longer be the case for quaternion matrices that
a rank-k perturbation can change the geometric multiplicity by at most k. To see
this, consider the example

o-[42) w1 7

where B is the same rank-one matrix as above. Then setting

| -1+2 1—k
so[r n]
a straight forward calculation shows that

T4i —k Jo_[-1+2 2i-k |_o[1
[ k 1+i}5{ 2+ ] 2—i—k}s{0
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or equivalently S~1(C + B)S = J5(1), so the perturbed matrix C + B has the eigen-
value 1 with geometric multiplicity one and algebraic multiplicity two which means
that the geometric multiplicity of the eigenvalue i of the original matrix C' has changed
by 2 from two to zero. Although we will see below that the perturbation B does not
show the generic behaviour as it generates a Jordan block of size two of the newly
created eigenvalue 1, this example shows that the effect of quaternion rank one per-
turbations of quaternion matrices may be significantly different from the analogous
effect observed for complex rank-one perturbations of complex matrices.

The observant reader may suspect at this moment that the different behavior
of the matrices A and C' under a perturbation with B may be caused by the given
symmetry-structure and its preservation or non-preservation, respectively. Indeed, the
matrices A and B are Hermitian while C' is skew-Hermitian, so the perturbation with
B is structure-preserving for A, but not for C'. However, the surprising effect in the
second example remains true even for perturbations preserving the skew-Hermitian
structure as our third example with the matrices

i 0 !
C{O i] and D.{l i ]

will show. Here, D is skew-Hermitian and has rank one. When we consider

i+ -1
C+D_[ j iﬂ.},

then a straightforward computation shows that
1+v2+k 1+v2+k .

C+D = | (1+V2),

crn| 0t =] e o e

—1+v2)i—j ] [ -(1+v2)i—j .
(C+D)[ 1+\/§+kj}{ 1+ﬂ+kj](\/§1)|.

This shows that the geometric multiplicity of the eigenvalue i of C' drops from two to
zero even under a structure-preserving rank-one perturbation.

In this paper we will show that the different behavior observed in the examples
above is due to the nature of the occurring eigenvalues. Indeed, real eigenvalues behave
differently than complex eigenvalues: if a generic rank-k perturbation is applied to a
square quaternion matrix, then the largest & Jordan blocks associated with any real
eigenvalue will disappear from the Jordan canonical form while additional smaller
Jordan blocks will remain. For a given complex eigenvalue, however, it will now be the
corresponding largest 2k Jordan blocks that disappear while again additional smaller
ones will remain. This effect can be observed for both generic rank-one perturbations
of general quaternion matrices as well as for generic structure-preserving rank-one
perturbations of Hermitian or skew-Hermitian quaternion matrices.

The remainder of the paper is organized as follows. In the next section, we present
one of the main tools in our investigations by reviewing the well-known connection
between quaternion matrices and a subclass of complex matrices with a special sym-
metry structure. This class will be denoted by Q,, ,,, where the symbol Q has been
chosen as a reminder of the quaternions. In Section 3, we generalize some results on
low-rank perturbations from the literature so that they can be applied to structure-
preserving low rank perturbations in Q,, ,,. In Section 4, we then discuss the changes in
the Jordan structure under generic structure-preserving rank-k perturbations within
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Qp.n and translate this result in Section 5 to quaternion matrices. In Section 6 and 7,
we investigate structure-preserving quaternion rank-k perturbations of Hermitian and
skew-Hermitian, respectively, and show that the same behavior as under generic per-
turbations that ignore the structure can be observed.

2. Reduction to a structured matrix problem. It is well known that the
map w : H — w(H) C C*? with

. . a1+ ias as + iy

wlon +iaz +jas +kas) — { —ag+iag oy —iog }

for a; € R, i = 1,2,3,4, is a skew-field isomorphism. Its extension (also denoted by
w) to matrices will be an important tool in this paper: given a quaternion matrix
A € H™™, we can write A = A; + Asj, where A; and Ay are complex matrices. Then

A As

A=| __ _~
w(A) v

and by [20, Theorem 5.7.1], the Jordan form of the quaternion matrix A is given by

jml ()\1) @ Tt @ jmp()\p);

if and only if the Jordan form of w(A) is given by

j’ml ()\1> 0 jmp (AP> 0

0 Jmlw}@'”@{ 0 T, @1)

Note that the eigenvalues in (2.1) are allowed to be real. In particular, it follows that
each real eigenvalue has even algebraic and geometric multiplicity, and all partial
multiplicities occur an even number of times. In the following it will be useful to use
a slight variant of (2.1) that is itself in the range of w. Applying a block permutation
the matrix in (2.1) is easily seen to be similar to

J 0 .
|: 0 7 with j:jml()\l)@@jmp(/\p)
The map w mapping quaternion matrices to complex matrices has the properties
that it is linear (with respect to real scalars), multiplicative, and respects the transpose
operation [20, Section 3.4]. In particular, we have

WA+UVT) = w(A) + w(l)w(V)T (2.2)

for A € H™»™ and U,V € H™*. Thus, to study the effect of rank-k perturbations on
the quaternion matrix A we can study the effect of structure-preserving perturbations
of w(A). However, if U = Uy + Usj and V = V] 4+ Vaj with U;, V; € C™* have rank k,
then it follows by [20, Proposition 3.2.5(e)] and the properties of w that

Uy Us

-Uy, U

Vi W,

wlU) = _
(U) T

and w(V) =

have rank 2k. Thus, rank-k perturbations of quaternion matrices lead to rank-2k
perturbations of complex matrices that are structured as in the range of w.
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In the following it will be useful to use an alternative characterization of this par-
ticular class of structured complex matrices. For this, we will introduce the following
notation.

DEFINITION 2.1. Let n,k € N and

JZ:JQn Z|: 0 In:|,

Then we define

ka = {X S CZn’Qk ’ Jon X = YJ2]€}.

It is straightforward to check that a 2n x 2k matrix X is in the range of w if and
only if X € Q,, ;. In the following, we will sometimes switch between the sets H™"
and 9, , and in order to make it easier for the reader to keep track in which set
we currently are, we adopt the convention to use “hatted” symbols for matrices in
Qp.m. Thus, if A € H™™ then we denote A = w(A) and similarly, if B € Q,, y,, then
B =w"Y(B) € H»™.

The next proposition shows that the formula in (2.2) gives a parametrization of
matrices in Q,, ,, that have rank 2k so that we are able to identify and describe generic
sets of such matrices.

PROPOSITION 2.2. Let B € On.n be a matriz of rank 2k. Then there exist two
matrices U,V € Qn ik of full rank 2k such that B=UVT.

Proof. Since B is in the range of w, there exists a quaternion matrix B € H™"
such that B = w(B), and by the properties of w B must have rank k. But then
there exists matrices U,V € H™* of rank k such that B = UV” by [20, Proposition
3.2.5(¢)], and hence we obtain B = UVT with U = w(U),V = w(V) € O, having
rank 2k. O

As a side-note, observe that matrices in the class Q,, ,, can never have odd rank,
so the smallest rank perturbation of matrices in that class is a perturbation of rank
two.

3. Localization results. In this section, we establish a result that allows us
to determine the behavior of a possibly structured complex matrix under generic
structure-preserving low-rank perturbations by studying the effect of perturbations
that locally perturb an arbitrary, but fixed eigenvalue of the matrix. The main theo-
rem is a generalization of [5, Theorem 2.6] and in fact contains that result as a special
case. A key ingredient for its proof is the following lemma which is a generalization
of [17, Lemma 8.1]. We highlight that although the lines of the proofs of the results
in this section follow the lines of the proofs of the previously obtained results, they
are not immediate. Therefore, a careful revision of each single step in the proof is
necessary to obtain the full generality in the main theorem presented here. In this
way, the result will not only be applicable in the remainder of this paper, but also
for any class of structured matrices and corresponding structure-preserving low-rank
perturbations that can be parameterized by polynomial functions.

The next lemma is needed for the proof of the main result and states that newly
created eigenvalues of perturbed matrices will generically have multiplicities that are
as small as possible.



LEMMA 3.1. Let A € C™™ have the pairwise distinct eigenvalues Ay, ..., Ay € C
with algebraic multiplicities aq, . .., am, and let € > 0 be such that the discs

D; = {MEC’|)\j—u|<€2/"}, j=1,....m

are pairwise disjoint. Furthermore, let B : R™ — C™™ be an analytic function with
B(0) = A such that the following conditions are satisfied:
1) For allu € R™, the algebraic multiplicity of any eigenvalue of B(u) is always
a multiple of £ € N\ {0}.
2) There exists a generic set @ C R™ such that for all u € Q the matriz B(u)
has the eigenvalues A1, . .., Ay with algebraic multiplicities ay, .. ., ay, where
a; < a; forj=1,...,m. (Here, we allow a; = 0 in the case that \; no
longer is an eigenvalue of B(u).)
3) Foreachj=1,...,m there exists u; € R™ with ||u;|| < e such that the matric
B(u) has exactly (a; —a;)/l pairwise distinct eigenvalues in D different from
A;j and each with algebraic multiplicity exactly £.
Then there exists a generic set Qg C R™ such that for all u € Qq the eigenvalues of
B(u) that are different from those of A have algebraic multiplicity exactly £.

Proof. First observe that there exists a constant K only depending on A such that
for any v € R™ with |lu|| < K - min{1,e} the matrix B(u) has exactly a; eigenvalues
in the disc D;. Indeed, this follows from the continuity of B and well-known results
on matching distance of eigenvalues of nearby matrices, see, e.g., [23, Section IV.1]
and references therein. In the following, we denote ¢/ = K - min{1,e}.

Next, we fix \; and denote by x(A;,u) the characteristic polynomial (in the
independent variable t) of the restriction of B(u) to the spectral invariant subspace
corresponding to the eigenvalues of B(u) within D;. Then the coefficients of x(\;, u)
are analytic functions of the components of u, see, e.g., [14, Lemma 2.5] for more
details.

Let g(\;,u) be the number of distinct eigenvalues of B(u) in the disk D;. Fur-
thermore, denote by S(p1,p2) the Sylvester resultant matrix of the two polynomials
p1(t), p2(t) and recall that S(p1,p2) is a square matrix of size deg (p1) + deg (p2) and
that the rank deficiency of S(p1, p2) coincides with the degree of the greatest common
divisor of the polynomials p;(t) and po(t). We have

a(\j,u) = % (rank s(X(A],u), W) - aj> +1.

The entries of S (X()\j, u), %) are scalar multiples (which are independent of )

of the coefficients of x(\;, ), and therefore the set Q(A;) of all w € R™, ||u|| < &', for
which ¢(A;, u) is maximal is the complement of the set of zeros of an analytic function
of the entries of u. (In fact, this analytic function can be chosen to be the product
of minors of that order that is equal to the maximal value of ¢(A;,u).) In particular,
Q(};) is open and dense in

{ueR™||ul|l <}

By hypothesis, there exists u; € R™ such that B(u;) has exactly §(a;—a;) eigenvalues

with algebraic multiplicity exactly ¢ in D; different from A;. If u; happens not to

be in €, then we may slightly perturb u; to obtain a new u} € € such that B(u})

has the eigenvalues A1, ..., A\, with algebraic multiplicities aq, ..., d,, and %(aj —a;)
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eigenvalues with algebraic multiplicity exactly £ in D; different from A;. Such choice
of u; is possible because 2 is generic, the property of eigenvalues having algebraic
multiplicity exactly ¢ persists under small perturbations of B(u;) by assumption 1),
and the total number of eigenvalues of B(u) within D;, counted with multiplicities, is
equal to a;, for every u € R™ with [Ju|| < &’. Since 2 is open, clearly there exists § > 0
such that for all uw € R™ with |ju — u;|| < ¢ the matrix B(u;) has the eigenvalues
A1, ..y A with algebraic multiplicities @y, ..., a, and %(aj — a;) eigenvalues with
algebraic multiplicity exactly ¢ in D; different from Aj;. Since the set of all such
vectors u is open in R™, it follows from the properties of the set Q(\;) established
above that in fact we have

1 ~
g(Aj,u) = Z(aj —aj), forall ueR™, |u-—u;||<o.

So for the open set
Q) :=Q(N) N

which is dense in {u € R™||[ju|]| < &'}, we have that all eigenvalues of B(u) within
D; different from A; have algebraic multiplicity exactly £. Now let

w:ﬁmgg
j=1

Note that £ is nonempty as the intersection of finitely many sets that are open dense
in {ueR™ | Jul <€’}

Finally, let x(u) denote the characteristic polynomial (in the independent variable
t) of B(u). Then the number of distinct roots of x(u) is given by

s (00 29) a3

and therefore, the set of all u € © on which the number of distinct roots of x(u)
is maximal, is a generic set. Since Q' constructed above is nonempty, this maximal
number is equal to Z;n:l 7(a; —a;), i.e., generically all eigenvalues of B(u) that are
different from Aq,..., Ay, have algebraic multiplicity exactly £. O

Next, we consider the analogue of Theorem 2.6 of [5] which describes the possible
changes in the Jordan structure of a fixed eigenvalue A of a matrix from 9, ; under
low rank perturbations, and also presents conditions when a generic behavior can be
observed.

THEOREM 3.2. Let A € C™" and let the Jordan canonical form of A be given by

TN @ DT, N DT,

with ny > -+ > ny, and X\ € o(J). Furthermore, let P € R™™[ty,...,t,] be a matriz
whose entries are polynomials in the independent indeterminate variables tq,. .., t,.
Assume that for all u = (uq,...,u,) € R" we have

(i) rank P(u) < k;
(ii) the algebraic multiplicity of any eigenvalue of A+ P(u) is always a multiple

of £ € N\ {0}.
Then the following statements hold:



1. For each (uy,...,u,.) € R" there exist integers ny > -+ > ny such that
(a) the Jordan canonical form of A+ P(uq,...,u,) is given by

‘7771()‘)@"'@\77714()‘)@\7,

where A & o(J),
(b) (n1,...,m¢) dominates (Nyi1,-..,Nm); that is, we have | > m — K and
N > Njtw forj=1,...,m— kK.
2. Assume that for all u = (uq,...,u,) € R the algebraic multiplicity a,, of A as
an eigenvalue of A+ P(u) satisfies a,, > a for some a € N. If there exists
up € R" such that a,, = a, then the set

Q={ueR"|a,=a}

is a generic set.
3. Assume that for any e > 0 there exists ug € R” with |lug|| < & such that the
Jordan form of A+ P(uo) is described by ]
(&) T V)@ ® T, N BT, ANga(T),
(b) all eigenvalues that are not eigenvalues of A have multiplicity € precisely.
Then there exists a generic set  C R" such that the Jordan canonical form
of A+ P(u) is described by (a) and (b) for all u € Q.
Proof. Part (1) is a direct consequence of [9, Lemma 2.1] using the fact that the
rank of P(u) is at most k for any u € R".
For part (2), let Y(u) = (A + P(u) — AI,)". Then the hypothesis tells us that
rank Y (ug) = n — a for some uy € R". Thus we can apply [14, Lemma 2.1] (or [5,
Lemma 2.2]) to see that the set

Q:={ueR"|rankY (u) >n —a}

is a generic set. Note that the condition rank Y (u) > n—a is equivalent to a,, < a, and
since the reverse inequality a, > a holds by assumption it is equivalent to a, = ag.
Hence, 2 is the desired generic set.

Concerning part (3) observe that by part (1) of the theorem, the list of par-
tial multiplicities of A + P(u) corresponding to the eigenvalue A dominates the list
(Nk41,---,Mm). Hence, the algebraic multiplicity a, of A+ P(u) at A is at least
a = Ny+1 + - + n,. By the hypothesis there exists a particular vy € R" such
that ay, = Ngt1 + -+ + nm = a. Then by part (2) the set €y of all v € R” with
a, = a is generic. Since the only list of partial multiplicities that both dominates
(Nk+1y - -, Nm) and has a, = ag is the list (ng41,...,ny,) itself, this shows that the
Jordan form described in part (a) is attained by all matrices in €. Moreover, since
P is analytic and uy can be chosen arbitrarily small with A + P(ug) satisfying the
condition in (b), it follows by Lemma 3.1 that the set Q5 of all u € R” satisfying (b)
is also generic. Then the set 2 = Q1 N Qs is the desired generic set. O

4. Even rank perturbations within 9, ,,. We are now ready to state the first
main result of this paper, which basically says that for each eigenvalue of a matrix A
in 9y, under generic perturbations with matrices of rank 2k in Q,, ,, the largest 2k
partlal _multiplicities disappear while the others remain, and that the eigenvalues of
A+ UVT which are not already eigenvalues of A are all simple and non-real.
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THEOREM 4.1. Let Ae Qnon, and let the Jordan canonical form ofg be given
by A1 & Ay, where

_ (@ Jnm(xl)> @@ (@ Jm,p(A,})>

Tp4+1 Tm
S (@ jm,p+1 ()‘;D+1)> DD (@ Jn7‘m (Am)>
=1 =1

where the eigenvalues A1, ..., \p, are pairwise distinct with A\q,..., A, being real and
Ap+1,- -+, Am having positive imaginary part, and where the partial multiplicities are
ordered in decreasing order: ny; > -+ > mn,. ; forall j=1,...,m.

Then, there exists a generic set Q C Q,, 1, X Q, 1 such that for all (Tj', ‘7) € Q the
Jordan form of A+ UV is given by C, ® C1, where

C) = ( é jﬂi,lo‘l)) 69'“@( é jm;,;;@‘p))

i=k+1 i=k-+1
Tp+1

( & zm,pmpm) : (@ T )ew
i=2k+1 i=2k+1

where J has simple nonreal eigenvalues with positive imaginary part that are different
from any of the eigenvalues of A.

Proof. Without loss of generality we can assume that A is already equal to its
Jordan canonical form A; ® A;. We then aim to apply Theorem 3.2 for the case
k = 2k and ¢ = 1, and for the function P = UVT which is interpreted as a function
of the r = 8nk real and imaginary parts of the entries of Uy, Us, V7 and V5, where

U1 U2 Vl ‘/2
Uy Uy Vo i

~

Hence, it remains to find for each eigenvalue A\; and any € > 0 a particular choice
of matrices Uy, Vo € Qp. i with Toll, Vol < & such that A + UpV{ satisfies parts
3a) and 3b) of Theorem 3.2. Then Theorem 3.2 yields the existence of a generic
set Q; C Q, X Q. (canonically identified with a subset of R®"*) such that for
all (ﬁ ‘7) € Q; the parts Sa) and 3b) of Theorem 3.2 are satisfied. Taking then
the mtersectlon Q=0 N---NQ,, yields the desired generic set. Concerning the
matrix j note that since A —I— UVT is in Qn.n, the set of the new simple eigenvalues
that are not eigenvalues of A does not contain real eigenvalues (as those would have
even multiplicity) and is necessarily symmetric with respect to the real line. We can
thus order the new eigenvalues in the Jordan canonical form in such a way that all
eigenvalues with positive imaginary part are collected in 7. In the following we will
consider two cases.

Case 1: k = 1. We first consider the subcase that \; is real, that is j € {1,...,p}.
Let By € C™™ be the matrix that has zero entries everywhere, except for the position
(a;j+n1 ;,a;+1) where the entry - e!?. Here, ¢ is a sufficiently small positive number,
p satisfies 0 < ¢ < %, and we have

Ts

j—1

a; = E T,s-
s=114
9
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Thus, in A; + B; only a single Jordan block of partial multiplicity n; ; associated
with the eigenvalue \; of A; is perturbed by the rank-one perturbation B as

PR
Aj

1
c-e¥ )\j

The characteristic polynomial x of this block in the independent variable ¢ is given
by (t — Aj)™9 —e- el and thus its roots are the vertices of a regular polygon on
a circle of radius €'/"13 with center Aj. Since 0 < ¢ < ﬁ] the set of roots of x
is conjugate-free. In particular, all roots of x are nonreal. Furthermore, choosing e
small enough guarantees that all roots of x are distinct from each of the eigenvalues
of A. R R

Now let B = B; @ B;. Then B € Q. has rank two, so by Proposition 2.2 there
exist rank two matrices ﬁo, ‘A/o € Qp,1 such that B= ﬁoﬁoT. Then it is easy to check
that the Jordan canonical form of A+ UVl = (A1 +B;)@® (A1 +B;) corresponding to
A; is as desired. In particular, by the choice of € and ¢ above and since the eigenvalues
of A; + B are the conjugates of those of A; + By, all eigenvalues of A + B that are
not eigenvalues of A are simple and nonreal.

Next, consider an eigenvalue \; with j > p. If there is just one Jordan block
associated with A;, then we can proceed as for real eigenvalues, where here we can
choose ¢ = 0. Then \; will not be an eigenvalue of the perturbed matrix. If the
geometric multiplicity of \; is at least 2, then consider the submatrix

Tnr; (A)) 0 0 0

S = 0 anJ()‘7) 07 0

'* 0 0 Tnr; (A7) 0
0 0 0 Tns; (A))

We aim to find a rank two perturbation of S such that all eigenvalues of the perturbed
matrix are simple and nonreal. To achieve this, we use an idea from pole-placement
in control theory. Consider the submatrix

\7711,]' ()‘J> 0

S = —
! 0 an,j()‘j)

of S. Since J; is nonreal, this matrix is nonderogatory and thus similar to the com-
panion form of its characteristic polynomial, i.e., there exists a nonsingular 7" such
that

0 —Bo
Si=1| ! : T,
0 _/Bl/72
1 _Bu—l
where g, ..., 8,1 are the coefficients of the polynomial

X = (=)™ (E=A)"20 =+ Byat” ™ - 4 Bit + fo,
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and where we used the abbreviation v = n; ; + ny ;. Now choose v values p1,..., ity
such that m;; of them are close to A; and the remaining ny; = v — ny; are close
to )\77 and such that the set {u1,...,p,} is conjugate-free and does not intersect the
spectrum of A. Let ~g,...,7,—1 be the coefficients of the polynomial

v

I = ) =t"+ v 1t + -+t + 7.
=1

Then setting

0 Bo =0
é — |: gll glg :l T 0 T,1
21 22 . 0 ﬁu—Q — Yy
0 ﬂu—l - Yv—1

with By € C™iod 4 k € {1,2}, we obtain that Sy + B has exactly the eigenvalues
Uiy, iy € CT. In particular, the eigenvalues of S; + B are conjugate-free (and
nonreal). Thus, setting

By O 0 B
B 0 @ @ 0
0 Bis B;p 0 ’
By 0 0 Bog

we find that B € Q,, has rank two and the eigenvalues of S + B are given by
I1yeees s 81, -+ -5 fiy- In particular, the eigenvalues of S + B are all simple. By

choosing the values fiq, ..., p, sufficiently close to the values \; and )\7, respectively,
we can guarantee that the coefficients ~; can be chosen to be arbltrarlly close to the
coefficients §; for i = 1,...,v, and thus, B can be chosen to be of arbitrarily small
norm.

Case 2: k > 1. By using the result for the already proved case 1, we can find a
sequence of k matrices U;V," with U;, V; € Q™! being of arbitrarily small norm such
that in

A+ UV +- 4+ OV
the change in the Jordan canonical form with respect to the eigenvalue A from the
matrix A+ U1V, 44+ Ui_1V;T, to A+ UiV, +---+U;V, is that the largest two
Jordan block assomated with A disappear from the Jordan canonical form while all
smaller ones remain (or A is no longer an eigenvalue if there were at most two Jordan
blocks left in the previous step), and all newly generated eigenvalues are simple. In

particular, A + (71 \7; + -+ ﬁk‘/}k—r then has the Jordan canonical form as claimed
in the theorem. If

)

:|:Ui1 Ui2:| and ‘7:{’01'1 ”01'2}

—Ui2 Ul —Vi2 Vil

then choosing

—Ui2 - —Ug2 Ul Ukl
11
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Ui Uk1 U2 ... Ug2
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and

i V11 e Vk1 v12 ... Vk2
V = S Qn k
—vi2 —Vg2 Vi1 - Vk1

gives the desired example, because ovT = (71 YA/IT 4+ -+ ﬁkf/k—r as one can easily
check. 0

5. Rank one perturbations of quaternion matrices. As a direct application
of the main theorem in the previous section, we immediately obtain the following the-
orem that describes the generic change in the Jordan structure of a given quaternion
matrix under a generic rank-k perturbation.

THEOREM 5.1. Let A be an n Xn quaternion matriz, and let its Jordan canonical
form be given by

(ED Jm,l(xl)> @ (EB Jni,p@p))
S (éa Tnipin ()\p-&-l)) b D (éé Tnim ()‘m)>

where Ai,...,\p are real, and Api1,..., Ay are non-real and in the open upper half
plane, and where for each j = 1,...,m the partial multiplicities are ordered in de-
creasing order: ny j > -+ > Ny g

Then there exists a generic set @ C H™* x H™* such that for each (U, V) €
the Jordan canonical form of A+ UV is given by

( D Jm,l(M)) & ® ( D Jm,pup))

i=k+1 i=k—+1
Tp+1 T'm, _
S5 ( @ jn,;,,,-u (/\p+1)) DD ( @ jn1'm()\m)> @ ja
i=2k+1 i=2k+1

where J has simple non-real eigenvalues not equal to any of the eigenvalues of A.
Proof. The proof is based on reduction to the complex structured case treated in
the previous section. The matrix w(A) is in the class Q, , and for U,V € H"* we
have w(U),w(V) € Q, k. Moreover, genericity of subsets H™* x H™* with respect to
the four real components of each matrix pair means exactly the same as genericity of
the corresponding subset Q,, , X Q,, , with respect to the real and imaginary parts of
each matrix pair. Also, we have w(A +UVT) = w(A) + w(U)w(V)T by (2.2).
Observe that the Jordan canonical form given in this theorem leads to the Jordan
canonical form of the matrix w(A) as given in Theorem 4.1. Applying the results of
that theorem, and translating back via w™! we see that for a non-real eigenvalue A of
A the partial multiplicities of A+ UV 7T corresponding to A are given by the (2k + 1)st
and following partial multiplicities of A corresponding to A (if any), while for a real
eigenvalue \ of A the partial multiplicities of A+ UVT corresponding to A are given
by the (k + 1)st and following partial multiplicities of A corresponding to A (if any).
So non-real eigenvalues lose the largest 2k partial multiplicities, but real eigenvalues
only the largest k ones. In addition, eigenvalues of A+UV 7 which are not eigenvalues
of A are simple and non-real. O
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6. Rank-k perturbations of Hermitian quaternion matrices. In this sec-
tion, we will focus on Hermitian quaternion matrices, i.e., matrices A € H™" satisfying
A* = A. In that case, the corresponding matrix w(A) € Q, , is a complex Hermitian
matrix, and consequently all its eigenvalues are real, and all its partial multiplicities
are equal to one. Since it is a matrix in Q, ,, the geometric multiplicity of each
eigenvalue of w(A) is even.

While the result on the generic behavior of Hermitian matrices in H, , under
arbitrary perturbations still follows from Theorem 5.1, it is a natural question to ask
whether this remains true under structure-preserving transformations. Observe that
a rank-k Hermitian quaternion perturbation of A takes the form A+ B with B € H™"
being Hermitian and of rank k. Thus, in Q,, ,, we should be considering w(A) +w(B)
with w(B) being Hermitian of rank 2k.

Note that a-priori this is a restriction on the type of rank-2k Hermitian pertur-
bations we are allowed to make to w(A), because our perturbation matrix does not
only have to be Hermitian, but also to be in the range of w. Indeed, for a 2n x 2n
Hermitian matrix of rank 2k it is possible that the number of positive (or the number
of negative) eigenvalues is odd, but a matrix in Q,, ,, always has eigenvalues with even
geometric multiplicities. We therefore start our investigation by characterizing the set
of Hermitian matrices of rank 2k that are in the range of w. We do this by using the
following results that generalize the well-known results on the spectral decomposition
and Sylvester’s Law of Inertia to the case of Hermitian quaternion matrices.

PROPOSITION 6.1 ([20, Theorem 5.3.6.(c) and Theorem 4.1.6.(a)]).

Let A € H™™ be Hermitian. Then the following statements hold.
1. There exists a unitary matriz Q@ € H™"™ such that

Q*AQ = diag(ay, ..., ay),

where aq,...,a, € R.
2. There exists an invertible matriz S € H™"™ and uniquely defined integers m,v
such that
I. 0 O
S*AS=| 0 -1, 0 |. (6.1)
0 0 O

Note that 1) confirms our observation at the beginning of this section that the
eigenvalues of a Hermitian quaternion matrix are all real and semisimple. Part 2)
immediately yields a characterization of Hermitian quaternion matrices of rank k.

COROLLARY 6.2. Let A € H™" be a Hermitian quaternion matriz of rank k.
Then there exists an integer © and a matriz U € H™* of full rank such that

* | I 0
A=UXU", whereE—[ 0 L. } (6.2)

Proof. This follows immediately from part 2) of Proposition 6.1 by noting that A
is of rank k if and only if 7 + v = k in (6.1). The result then follows from letting U
be the part of S* that consists of its first & columns. O
COROLLARY 6.3. Let A € O, ,, be Hermitian and of rank 2k. Then there exists a
matriz U € Qi of full rank 2k and a diagonal matriz Se Qn.n satisfying $2 =1,
such that A = USU*.
13



Proof. The result follows immediately by using Corollary 6.2 on A := w=1(A) to
obtain a decomposition A = UXU* as in (6.2). Then applying w yields the desired
decomposition with U = w(U) and & = w(Z) = L & X. O

We now obtain the following result on generic rank-2k perturbations of Hermitian
matrices in Q,, .

THEOREM 6.4. Let A € Qn.n be Hermitian, and let Ai,..., A, be the pairwise
distinct (necessarily real) eigenvalues of ;1\, with multiplicities 211, . . ., 2r, (where nec-
essarily the algebraic multiplicities coincide with the geometric multiplicities). Fur-
thermore, let Se QO k be diagonal such that $2 = L. Then there exists a generic
set Q C Q,, i such that for all U €Q the following statements hold:

1. Forallj € {1,...,p} the eigenvalue \; of A+USU* has multiplicity 2r; —2k
if ry >k, and if 7j 3 <k, then \; is not an eigenvalue ofA +USU".

2. All eigenvalues ofA—i-UEU* which are not eigenvalues ofA have multiplicity
precisely two.
Proof. We will apply Theorem 3.2 for the case k = 2k and £ = 2, and for the
function P = UXU* which is a polynomial in the 4nk real and imaginary part of the
entries of Uy, Us € C™* when we write

Uy Us
U Uy

Note that we are indeed in the case £ = 2, because each eigenvalue of a Hermitian
matrix in Q,, ; has even multiplicity. Thus, it remains to find for each eigenvalue A;
a particular matrix 170 € Ok such that A+ ﬁoiﬁg satisfies parts 3a) and 3b) of
Theorem 3.2 and such that the norm of ﬁo can be chosen to be arbitrarily small.

To this end we may assume that k = 1, because as in the proof of Theorem 4.1 an
example in the case k > 1 can be constructed via k consecutive rank-2 perturbations
from @, . Furthermore, we may assume without loss of generality that A has the
form

-~

A =diag(aq,...,an, 01, ..., ap),

where aq = Aj. Then choosing the value ¢ € R\ {0} such that a1 + c and oy — ¢
are different from all the other eigenvalues of 2, setting ug := ce; + ceny1 € Qp 1,
and considering A+ uoiug =A+ upug yields the desired example as ¢ can clearly be
chosen such that |lug|| has arbitrarily small norm. O

An immediate consequence is the following result on rank-k perturbations of Her-
mitian quaternion matrices which will be proved completely analogously to Theo-
rem 5.1.

THEOREM 6.5. Let A € H, , be a Hermitian and let Ayi,..., A, its pairwise
distinct (necessarily real) eigenvalues with multiplicities r1,...,7, (where algebraic
and geometric multiplicities coincide). Furthermore, let ¥ = I ® (—Ix—). Then
there exists a generic set Q C H™* such that for all U € Q the following statements
hold:

1. For all j € {1,...,p} the eigenvalue A\; of A+ UXU* has multiplicity r; — k
if rj >k, and if r; <k, then \; is not an eigenvalue of A+ UXU*.
2. All eigenvalues of A+ UXU* which are not eigenvalues ofg are simple.
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7. Rank-k perturbations of skew-Hermitian quaternion matrices. In
this section, we will focus on skew-Hermitian quaternion matrices, i.e., quaternion ma-
trices A € H™" satisfying A* = —A. Again, the corresponding matrix w(A) € Q.
will have the corresponding structure, i.e., it will be skew-Hermitian. It is important to
note that a common trick that is used in complex matrix algebra is no longer available
when dealing with the quaternions: while a complex Hermitian matrix becomes skew-
Hermitian when it is multiplied by the imaginary unit i and vice versa, this need not
be the case for a Hermitian matrix A € H™", because we obtain (i4)* = A*i* = —Ai
and the matrix Ai may be different from iA as the following example shows.

ExampLE 7.1. Consider the matrix

=151

Then A* = A is Hermitian, but iA is not skew-Hermitian as
e [ kA k -i k] _ .
('A)_[—ki]_{—k —i]#{k —i]__'A'

When Theorem 6.1 is adapted to the skew-Hermitian case one should have in
mind that by the previous example the transition from Hermitian matrices to skew-
Hermitian matrices is not a trivial task. Nevertheless, observe that part (a) in the
following theorem looks exactly like the corresponding results on complex matrices
that can be obtained from the corresponding result on Hermitian matrices via the
“multiplying with i”’-trick. On the other hand, comparing the parts (b) we see that
in the skew-Hermitian case “Sylvester’s Law of Inertia” turns out to be substantially
different from the corresponding result in the case of Hermitian quaternion matrices.

PROPOSITION 7.2 ([20, Theorem 5.3.6.(d) and Theorem 4.1.6.(b)]).

Let A € H™™ be skew-Hermitian. Then the following statements hold.
1. There exists a unitary matriz Q € H™" such that

Q*AQ = diag(iay, . .., iay),

where aq, ..., q, € R.
2. There exists an invertible matriz S € H™" and a uniquely defined integer r
such that
o IV S|
SAS—[O O]' (7.1)

As a corollary of Theorem 7.2, we immediately obtain the following characteriza-
tions of skew-Hermitian matrices of rank k in H™" or rank 2k in Q,, ».

COROLLARY 7.3. Let A € H™"™ be a skew-Hermitian quaternion matriz of rank
k. Then there exists a matriz U € H™F of full rank such that A = U(il;,)U*.

COROLLARY 7.4. Let A € Q™" be a skew-Hermitian quaternion matriz of rank
2k. Then there exists a matriz U € Q™F of full rank 2k such that

~ s ST 0 A
A=Uw(il;)U —U[ 0 —iIk]U'

15



It is easily seen that the “multiplying with i”-trick will also not work in the set
On.n as this set is only closed under scalar multiplication with real numbers. We
therefore need an analogue of Theorem 6.4 for the case of skew-Hermitian matrices.

THEOREM 7.5. Let A € Q,, be skew-Hermitian, and let A1,...,\, be the
pairwise distinct (necessarily purely imaginary) eigenvalues of /Al, with multiplicities
r1,...,7p (where necessarily the algebraic multiplicities coincide with the geometric
multiplicities, and r; is even if A\; = 0). Then there exists a generic set Q@ C Qi
such that for all U €Q the following statements hold for all j € {1,...,p}:

1. If \; #0, then A; is an eigenvalue of A+ ﬁ(l[k)ﬁ* with multiplicity r; — 2k
if r; >k, and if r; <k, then X\ is not an eigenvalue ofg—i— fj(l.[k)fj*

2. If \; =0, then \; is an eigenvalue of A+ U(ilp)U* with (necessarily even)
multiplicity r; — 2k if r; > 2k, and if r; < 2k, then \; is not an eigenvalue
of A+ U(ily)U*".

3. All eigenvalues ofg—i— ﬁ(l[k>fj* which are not eigenvalues ofg are nonzero
and simple.

Proof. We will apply Theorem 3.2 for the case k = 2k and £ = 1, and for the
function P = U (i k)U * which is a polynomial in the 4nk real and imaginary part of
the entries of Uy, Uy € C™* when we write

U U,
0> Uy

~

Indeed, note that in contrast to the Hermitian case we have £ = 1 instead of £ = 2.
The remainder of the proof uses the same strategy as the proof of Theorem 6.4. Thus,
we may again assume that £ = 1 and that A is diagonal, i.e.,

A =diag(iay,. .., iay, —iag, ..., —iay,),

whereioy = -+ =lia,; = A\jif \; # 0, oricy = -+ =i, ;2 = 0if \; = 0. It remains to

find one particular matrix Ue Q.1 such that its norm can be chosen to be arbitrarily

small and such that 3a) and 3b) of Theorem 3.2 are satisfied. Constructing such an

example is the part where the proof of this theorem will differ substantially from the

corresponding part of the proof of Theorem 6.4. We will distinguish two cases.
Case 1: A\; = 0. In this case, let

~ ce; iceq
U= |: . :| S Qn,la

1ceq cep

where ¢ € R. Then we obtain

U T L - 0 2c%ejel
P'_U{O —i}U_[Qc%le{ 0 '
and the eigenvalues of A+ P are given by the values tias, ..., +ia, and in addition
by the eigenvalues of
0 2c?
—-2¢2 0

which are +i2¢2. Thus, if the sufficiently small ¢ is chosen such that 2¢? is differ-
ent from tao,...,ta, then we have found our example such that 3a) and 3b) of
Theorem 3.2 are satisfied.

16



Case 2: \; #0. If r; = 1, then choosing the same perturbation as above will pro-
duce a perturbed matrix with the eigenvalues +iao, ..., iq, and +i\/a? + 4¢* which
shows that A; is not an eigenvalue of the perturbed matrix. Furthermore, choosing ¢
appropriately guarantees that the newly generated eigenvalues are all simple. Thus,
let r; > 1 which implies ias = A;. Now choose ¢ > 0 sufficiently small such that in
particular we have o — ¢ > 0 and set

~ ice;  —icey | ces ceq
P | ce2
—ceq  —ceq ‘ —ice; icesg

Then we have P € On.n and in addition P is skew-Hermitian and of rank 2. Note
that in A + P only the 4 x 4 submatrix is perturbed that consists of the rows and
columns with indices 1,2,n 4+ 1,n + 2 and which is given by

i(ag +¢) 0 0 ¢
0 i(ag — ) c 0
0 —c —i(ay +¢) 0
—c 0 0 —i(a; —¢)

Since the eigenvalues of this submatrix are the four pairwise distinct complex numbers
ic £ +/a? —c? and —ic &+ y/a? — ¢? which are clearly also mutually distinct from the
values +iag, ..., ia, if ¢ had been chosen sufficiently small, we have constructed our
desired example that can also be constructed to be of arbitrarily small norm.

Note that the additional statement that the newly generated eigenvalues are
nonzero is implied by their simplicity, since the eigenvalue zero must have even mul-
tiplicity as a real eigenvalue. O

As a direct consequence of Theorem 7.5, we obtain the following analogue of
Theorem 6.5 and its proof is again analogous to the one of Theorem 5.1.
THEOREM 7.6. Let A € H,, be a skew-Hermitian quaternion matriz and let
A, ..., Ap its pairwise distinct (necessarily purely imaginary) eigenvalues with multi-
plicities r1,...,7,. Then there exists a generic set Q@ C H™ such that for all U €
the following statements hold for all j € {1,...,p}:
1. If \; #0, then A; is an eigenvalue of A+ U(il)U* with multiplicity r; — 2k
if ; > 2k, and if rj < 2k, then \; is not an eigenvalue of A+ U (il,)U*.
2. If \; =0, then \; is an eigenvalue of A + U(ily)U* with multiplicity r; — k
ifr; >k, and if r; <k, then \; is not an eigenvalue of A+ U(ily)U*.
3. All eigenvalues of A+ U(iI)U* which are not eigenvalues ofA\ are nonzero
and simple.
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