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Abstract

We discuss the singularity structure of Kahan discretizations of a class of quadratic
vector fields and provide a classification of the parameter values such that the corre-
sponding Kahan map is integrable, in particular, admits an invariant pencil of elliptic
curves.
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1 Introduction

The Kahan discretization scheme was introduced in the unpublished notes [13] as
a method applicable to any system of ordinary differential equations in R" with a
quadratic vector field

fx)=0Kx)+Bx+c¢, xeR"

where each component of Q: R” — R” is a quadratic form, while B € R"*" and
¢ € R". Kahan’s discretization reads as

X —Xx - 1 -
— =0(x,X)+ - Bx+X) +c, (D
2¢e 2
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where
1
0(x,X) = 3 (Qx+X) — 0(x) — (X))

is the symmetric bilinear form corresponding to the quadratic form Q. Equation (1) is
linear with respect to x and therefore defines a rational map X = ¢, (x). Since Eq. (1)
remains invariant under the interchange x <> X with the simultaneous sign inversion
& — —e, one has the reversibility property ¢, '(x) = ¢_.(x). In particular, the map
¢ 1s birational.

In this paper, we consider the class of two-dimensional quadratic differential equa-
tions

G) =07 @0 P, )6 P (G, y) JVH(x, ), )

where
H(x,y) =€ (x, y) €5 (x, ) 3 (x, y),
and
bix,y) =ajx + by

are linear forms, with a;, b; € C, J = ( % ) and y1, 12, y3 € R\ {0}.

Integrability of the Kahan maps ¢: C?> — C? was established for several cases of
parameters (y1, 2, ¥3): If (y1, ¥2, ¥3) = (1, 1, 1), then (2) is a canonical Hamiltonian
system on R? with homogeneous cubic Hamiltonian. For such systems, a rational
integral for the Kahan map ¢ was found in [4,17]. The Kahan maps for the cases
1,72, v3) = (1, 1,2) and (y1, y2, y3) = (1,2, 3) were treated in [6,17,20]. In all
three cases, the level sets of the integral for both the continuous time system and the
Kahan discretization have genus 1. If (y1, 12, y3) = (1, 1, 0), then (2) is a Hamiltonian
vector field on R? with linear Poisson tensor and homogeneous quadratic Hamiltonian.
In this case, a rational integral for the Kahan map ¢ was found in [5]. The level sets
of the integral have genus 0.

In this paper, we study the singularity structure of the Kahan discretization as a
birational quadratic map ¢: CP?> — CP% Based on general classification results by
Diller and Favre [9], we provide the following classification for the Kahan map ¢ of
(2) depending on the values of the parameters (y1, 2, ¥3):

Theorem 1.1 Let ¢p: CP?> — CP? be the Kahan map of (2). The sequence of degrees
d(m) of iterates ¢" grows exponentially, so that the map ¢ is non-integrable, except
for the following cases:

) If(y1, 2, 3) = (1, 1, 1), (1, 1,2), (1, 2, 3), the sequence d (m) of degrees grows
quadratically. The map ¢ admits an invariant pencil of elliptic curves. The degree
of a generic curve of the pencil is 3, 4, 6, respectively.
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1048 R. Zander

) If (7, v2,v3) = (1L, L,0) or (y1, 72, 13) = (a, 1, =1), @ € R\ZU{0}, the
sequence of degrees d(m) grows linearly. The map ¢ admits an invariant pencil
of rational curves.

@Gii) If (y1, v2, y3) = (n, 1, —1), n € N, the sequence of degrees d(m) is bounded.

Here, (y1, y2, v3) are fixed up to permutation and multiplication by A € R\ {0}.

Some of the integrable cases are discussed in further detail in Sects. 4, 5, 6, 7 and 8.

2 Preliminary results
2.1 Birational maps of surfaces

Definition 2.1 Let ¢ be a birational map of a smooth projective surface X. The dynam-
ical degree of the map ¢ is defined as

= Tim [l@")*",
m—0oQ
where (¢™)* denote the induced pullback maps on the Picard group Pic (X).

Diller and Favre provide the following classification for birational maps with A = 1:

Theorem 2.2 (Diller, Favre [9, Theorem 0.2]) Let ¢ : X — X be a birational map of
a smooth projective surface with A1 = 1. Up to birational conjugacy, exactly one of
the following holds:

(i) The sequence ||(¢™)*| is bounded, and ¢™ is an automorphism isotopic to the
identity for some m.
(i1) The sequence ||(¢™)*|| grows linearly, and ¢ preserves a rational fibration. In
this case, ¢ cannot be conjugated to an automorphism.
(iii) The sequence ||(¢™)*|| grows quadratically, and ¢ is an automorphism preserv-
ing an elliptic fibration.

One says that ¢: X — X is analytically stable (AS) if (¢*)™ = (¢™)* on Pic(X).
This relates the dynamical degree X to the spectral radius of the induced pullback
¢*: Pic(X) — Pic(X). Equivalently, analytic stability is characterized by the condi-
tion that there is no curve V. C X such that ¢" (V) € J(¢) for some integer n > 0,
where J(¢) is the indeterminacy set of ¢ (see [9, Theorem 1.14]). Therefore, the notion
of analytic stability is closely related to singularity confinement (see [15]). Indeed, a
singularity confinement pattern for a map ¢: X — X involves a curve V C X such
that ¢ (V) = P is a point (so that P € J(¢~")) and ¢" ' (P) € J(¢), so that ¢"(P)
is a curve again for some positive integer n € N. Such a singularity confinement
pattern can be resolved by blowing up the orbit of P. Upon resolving all singularity
confinement patterns, one lifts ¢ to an AS map 35 X' — X

Diller and Favre showed that for any birational map ¢: X — X of a smooth
projective surface we can construct by a finite number of successive blow-ups a surface
X’ such that ¢ lifts to an analytically stable birational map ¢: X’ — X’ (see [9,
Theorem 0.1]).
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2.2 Birational quadratic maps of C[P2

As shown, e.g., in [7], every quadratic birational map ¢: CP?> — CP? can be repre-
sented as ¢ = Ajog; o Az, where A, A; are linear projective transformations of CP?
and g; is one of the three standard quadratic involutions:

q: [x,y,z] = [yz, xz, xyl,
@ [x,y, 2] = [xz, yz, X7,

g [x, y, 2l =[x xy, y? + xzl.

In these three cases, the indeterminacy set J(¢) consists of three, respectively two, one
(distinct) singularities. The last two cases correspond to a coalescence of singularities.
Therefore, the first case is the generic one.

In the present work, we only consider the first case: ¢ = Ajoq; o A,. In this case,
J) = {B(l), Bf), Bf)} consists of three distinct points. Let Lg) denote the line
through B(z), BS), and similarly for permutations of the indices 1, 2, 3. (We have,
e.g., BS) =1L9n L(_3).) These lines are exceptional in the sense that they are blown
down by ¢ to points: ¢(L@) = B The inverse map is also quadratic with set of
indeterminacy points I = {Bg), B(}), B(})}.

Suppose that the map admits s singularity confinement patterns, 0 < s < 3.
That means there are positive integers ny,...,ns € N and (oq, ..., o) such that
¢”i_l(B(_i)) = Bfi) fori = 1,...,s. We assume that the n; are taken to be mini-
mal and, for simplicity, we also assume that qbk(B(_i)) * ¢>I(B(_j)) for any k,/ > 0
and i # j. As shown by Bedford and Kim [2], one can resolve the singularity con-
finement patterns by blowing up the finite sequences B(_i), d)(B(_i)), N L (B(_i)).
Those sequences are also called singular orbits. In this paper, we only encounter the
situation that the orbits of different B are disjoint. As shown in [2], one can adjust
the procedure to the more general situation.

On the blow-up surface X, the lifted map 5 : X — Xis AS, and is an automorphism
if and only if s = 3. The s-tuples (n1, ..., ny), (o1, ..., 0s) are called orbit data
associated to ¢. We say that the map ¢ realizes the orbitdata (ny, .. ., ny), (o1, ..., 0y).

Let 3 € Pic(X) be the pullback of the divisor class of a generic line in CP? Let
Ein € Pic(X), fori <sand 0 < n < n; — 1, be the divisor class of the exceptional
divisor associated to the blow-up of the point ¢" (Bg)). Then 3 and &; ,, give a basis
for Pic(X), i.e.,

3 n,-—l

Pic(X) = ZH P P Z&,i .

i=1 n=0
that is orthogonal with respect to the intersection product, (-, -): Pic(X) x Pic(X) —
Z, and is normalized by (H{, H) = 1 and (&; ,, €; »n) = —1. The rank of the Picard
groupis > n; + 1.
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1050 R. Zander

The induced pullback 5* : Pic(X) — Pic(X) is determined by (see Bedford, Kim
[2], and Diller [8])

H>2H = Ejnimt.

J<s

Eior> H = Ejn1. i<y, 3)
J<s
oj#i

Ein > Ein-1, i<s, 1<n<n;—1.

The induced pushforward a* : Pic(X) — Pic(X) is determined by

H> 2H = Ejnimt.

J<s
Eiorr H = Ejn1.  i<s, “
J<s
0jF#i
Ein > Ein-1, i<s, 1<n<n;—1.

The maps o, a* are adjoint with respect to the intersection product (see [9, Proposition
1.1]), i.e., (¢*A, B) = (A, ¢, B) for all A, B € Pic(X).

Bedford and Kim computed the characteristic polynomial x (1) = det (5* — Aid)
explicitly for any given orbit data (see [2, Theorem 3.3]).

Let C(m) = (5*)"1((%) € Pic(X) be the class of the mth iterate of a generic line.
Set

d(m) = (C(m), 3), (5

so that d(m) is the algebraic degree of the mth iterate of the map ¢. Set
pi(m+j)=(C(m), & j), i<s, 0<j<n—1L (6)
The expression on the right-hand side indeed depends on i and m + j only: using that

the maps ¢*, by are adjoint with respect to the intersection product and the relations
4), we find

(C(m), & ;) = (C(m), ps&i j—1) = (B*C(m), & j—1) = (C(m + 1), & j_1).

In particular, u;(m) = (C(m), €; o) can be interpreted as the multiplicity of Bﬁ) on
the mth iterate of a generic line.

The sequence of degrees d(m) of iterates of the map ¢ satisfies a system of linear
recurrence relations.

Theorem 2.3 (Recurrence relations) Let ¢ be a birational map of CP? with three dis-
tinct indeterminacy points, and with associated orbit data (ny, . .., ng), (01, ..., 0s).
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The degree of iterates d(m) satisfies the system of recurrence relations

dm + 1) =2d(m) — Y p;(m),

J<s
pim +n;) =d(m) =Y puj(m), i<s, @
J<s
J#0i
with initial conditions d(0) = 1 and puij(m) =0, fori < sandm =0, ...,n; — 1.
Proof With (5), (6) we find that
ni—1
Clm)=dmH =YY uim+j)&,;.
i<s j=0

With relations (3) we compute the pullback

¢*C(m)
= d(m)(ZJ{ -y €,~,n,-_1)
i<s
ni—1
-3 ( D wilm+ 1+ Mi(m)<f}f -3 8j,n,~1))-
i<s ©j=1 Jj<s
O'j;éi
Then we find
(@*Cm), H) = 2d(m) — Y i (m),
JSs
(@*C(m), Ei 1) = d(m) =y juj(m), i <s,
J<s
J#0i
(@*Cm), & j) = pi(m + 1+ j), i<s, 0<j<nm—2

Finally, with C(m + 1) = %*C(m), we obtain recurrence relations (7). The initial
conditions are d(0) = (H,H) = 1 and u;(j) = (H,&; ;) = 0, fori < s and
0 < j < n; — 1. This proves the claim. O

Corollary 2.4 (Generating functions) Consider the generating functions d(z), wu;(z)
for the sequences from Theorem 2.3. They are rational functions which can be defined
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1052 R. Zander

as solutions of functional equations (8) with initial conditions as in Theorem 2.3.

1
~ (@@ = 1) =2d@) = Y u;(),

JSs

1 .
Eﬂi(z)zd(z)— E wj(z), i <s.
J<s
Jj#oi

®)

3 The (Y1, Y2, ¥3)-class

The class of quadratic differential equations we want to consider is a generalization
of the two-dimensional reduced Nahm systems introduced in [11],

. 2 2 . 2 2 . 2 2
X =x°—y° X =2x°—12y% X] = 2x° — y5,
{ y { y {1 y ©)

y= —2xy, y= —06xy— 4y2, X = — 10xy + y2.

Such systems can be explicitly integrated in terms of elliptic functions and they admit
integrals of motion given respectively by

Hix.y) = § (3x2 — y?),
Hy(x,y) = y(2x +3y)(x — y)?
H(x,y) = g Gx — y)2@dx + y)3

Note that the curves {H;(x, y) = XA} are of genus 1. Systems (9) were discussed in
[11] and discretized by means of the Kahan method in [17]. The integrability of the
Kahan discretizations

X—x=2X&x —Yyy),

y—y= —2e(Xy+x3),

X —x =e(@xx —24yy),

y—y= —e(6Xy+6xy +8yy),
X —x =e(@xx —2yy),

Y —y=c¢e(— 10Xy — 10xy + 2yy),

was shown in [17]. They were studied in the context of minimization of rational elliptic
surfaces in [3]. The following generalization of reduced Nahm systems was introduced
in [6,20].
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We use the notation x = (x,y) € CZ Consider the two-dimensional quadratic
differential equations

X =076 ) 0 (%) JVHX),

(10)
= 16 (X)) 3(x) I VL + y2l1(X) £3(X) VL, + y381(X) €2(x) T VL3,

where
H(x) = £} (x) 0> (x) €5 (x), (11)
and
4i(x,y) = aix + by

are linear forms, with a;, b; € C, J = (_01 (1)) and y1, y2, 3 € R\ {0}. System (10)
has the function (11) as an integral of motion and an invariant measure form

dx Ady

N = R H®6E

12)

The Kahan discretization of (10) reads

X —x = ¢ey1(L2(x) €:3(X) + £2(X) £3(x)) IV,
+ ey (01 (x) £3(X) + £1(X) £3(x)) T VL, (13)
+ey3(L1(x) £2(X) + £1(X) £2(x)) T V3.

It was shown in [20] that the Kahan map admits (12) as invariant measure form. Now,
multiplying (13) from the left by the vectors VEiT, i =1, 2,3, we obtain

X)) — £1(x) = ediny2(€1(x) €3(X) + £1(X) £3(x))

_ (14)
—ed31y3(€1(x) LX) + €1 (X) £2(x)),

0 (X) — £2(x) = edazys(£1(x) £2(X) + £1(X) £2(x)) (15)
—ediny1 (€2 (x) 3(X) + 2(X) £3(x)),

03(X) — £3(x) = ed31y1 (£2(%) £3(X) + £2(X) £3(X)) 16)

— edazyr (€1 (%) £3(X) + €1 (X) £3(x)),

where
dij = a,-bj - ajb,-.

From equations (14) to (16) it follows that the Kahan map leaves the lines {¢; (x) = 0},
i =1, 2, 3, invariant.
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1054 R. Zander

Explicitly, the Kahan discretization of (10) as map ¢, : CP? — CP? is as follows:

¢t [x,y, 2l =[x, ¥, 2] A7)
with
x'=zx +eAs(x,y), (18)
y/zzy_gBZ(x’ y)7 (19)
7 =2"+zeCi(x, y) — 267 Ca(x, y), (20)

with homogeneous polynomials of deg < 2

Arx,y) = D viliCx, ) (bl (x, ) + bjl(x, ),
(i) ,k)

By(x,y) = Y vili(x, y)(art;(x,y) + ajli(x, y)),
(i, ,k)

Ci(x,y) = Y vildil(x,y) + dijla(x, y)),
(i) ,k)

Cra(x,y) = Y vivdp G (x, ),
(i) ,k)

where Z(i’ ) denotes the sum over all cyclic permutations of (i, j, k) of (1, 2, 3).
The inverse ¢_ : CP?> — CP? of the Kahan map (17) is obtained by replacing ¢

with —e.

Lemma 3.1 The following identities hold:

Aox(=Abi, hay) = — bidijdyi(vj + vi) A% 1)
By(—Abi, hai) = — aidijdii (v; + i) A% (22)
Ci(=Abi, ha;) = —d;jdii Qyi —vj — Vi) A, (23)
Ca(=Abi, hai) = vid]jdi (v + vi) M (24)

where (i, j, k) is a cyclic permutation of (1, 2, 3).
Proof This is the result of straightforward computations. O

In the following, we assume that d12, d23, d31 # 0, i.e., that the lines {¢; (x, y) = 0}
are pairwise distinct. Also, we consider C? as affine part of CP? consisting of the
points [x, y, z] € CP? with z % 0. We identify the point (x, y) € C? with the point
[x,y,1] € CP%

Proposition 3.2 The singularities Bﬁ), i = 1,2, 3, of the Kahan map ¢+ and Bg),
i =1,2,3, of its inverse ¢_ are given by

b; - i
edijdy; " ' ed;jdy

BY = [i st+J/k:|,
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where (i, j, k) is a cyclic permutation of (1, 2, 3). Let Li) denote the line through the

points Bij ) (ik ) Then we have

@)y _ p)
¢ (L) = BY.

Proof Substituting B into equations (18)~(20) and B into equations (18)—(20)
with ¢ replaced by —e, and using (21)—(24) the first claim follows immediately. The
second claim is the result of a straightforward (symbolic) computation using Maple.O

The map ¢ blows down the lines £ to the points B and blows up the points Bﬁ:)
to the lines LS;).

Theorem 3.3 (i) Suppose that ny; # y; + vk, for 0 < n < N. Then we have

b,' a;
s ———, —2ny; +¥;j +ij|, 0<n<N, (25
8dl’jdki Sdijdki ! J

¢ (BY) = [—
where (i, j, k) is a cyclic permutation of (1, 2, 3). In particular, we have
¢y~ (BY) = BY
if and only if
(ni = Dyi =vj+ vk (26)
for a positive integer n; € N.
(ii) The only orbit data with exactly three singular orbits that can be realized is

(o1, 02,03) = (1, 2, 3) and (up to permutation)

(n1,n2,n3) = 3,3,3) ifandonlyif (y1,y2,y3) =2(1, 1, 1),
(n1,n2,n3) = (4,4,2) ifandonlyif (y1,y2,v3) =i(l,1,2),
(n1,n2,n3) =(6,3,2) ifandonlyif (y1,y2,y3) =A(l,2,3),
for » € R\ {0}.
(iii) The only orbit data with exactly two singular orbits that can be realized is

(01,02) = (1, 2) and

(n1,n2) € Ny = N*\{(3,3),(2,4), (4,2), (4,4,
(2,3),(3,2),(2,6),(6,2), (3,6), (6,3)}

if and only if
(Y1, v2, ¥3) = A2, n1, niny — ny — no),

for & € R\ {0}.
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1056 R. Zander

(iv) The only orbit data with exactly one singular orbit that can be realized is o1 = 1
and n1 € N arbitrary.

Proof (i) We show (25) by induction on n. For n = 0 the claim is true by Proposition
3.2. In the induction step (fromn < N ton + 1) with (18)—(20) and (21)—(24) we find
that

;o 2(=nyi+vi+v)bi
T ed;jdy; '
, 2=nyityityvda
= Sdijdki ’
d=2(=nyi+y; + )20+ Dy +vj + ).

Since ny; # y; + Yk, we find that

bl' a;
Sdijdkl‘ ’ Sdijdki

o1 (@ (BY)) = [— =2+ Dy +y; +yk}.

This proves the claim.

(ii) From conditions (26), for i = 1, 2, 3, we obtain the linear system

ny — 1 -1 -1 Y1 0
-1 np—-1 -1 wl=10
-1 -1 n3—1 V3 0
This system has nontrivial solutions if and only if
1 1 1
—F —+— =1 27

ni nz n3

Equation (27) famously appears in the classification of tessellations of the Euclidean
plane by congruent triangles. Indeed, the triangles of such a tessellation all have interior
angles 7 /ny, w/ny, 7 /n3 satisfying (27), so that the following triples (n1, no, n3) are
admissible:

(3,3,3), 4,2, (6,3,2).
(iii) From conditions (26), for i = 1, 2, we obtain the linear system

ni—1 —1 =1\ (") (o
—1 m—-1-1)"?]=\o)"

V3

Note that we have to exclude those values (ny,n) € N2 for which the solutions
(v1, v2, y3) correspond to orbit data with three singular orbits. This yields the proof.
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(iv) From conditions (26), for i = 1, we obtain the linear equation

4!
(n1 —1-1 —1) v\ = 0. (28)
V3
This yields the proof. O

We arrive at the following classification result (compare Theorem 1.1):

Theorem 3.4 The sequence of degrees d(m) of iterates @'} grows exponentially, so
that the map ¢ is non-integrable, except for the following cases:

Q) Ifyi, v, v3) =, 1, D), (1, 1,2), (1,2, 3), the sequence d(m) of degrees grows
quadratically. The map ¢ admits an invariant pencil of elliptic curves. The
degree of a generic curve of the pencil is 3, 4, 6, respectively.

i) If 1.2, v3) = (1, 1,0) or (y1.v2,73) = (o, 1, 1), « € R\Z U {0}, the
sequence of degrees d(m) grows linearly. The map ¢ admits an invariant pencil
of rational curves.

@Gi) If (y1,v2, v3) = (n, 1, —1), n € N, the sequence of degrees d(m) is bounded.

Here, (y1, v2, y3) are fixed up to permutation and multiplication by ). € R\ {0}.

Proof We distinguish the number of singular orbits s = 0, 1, 2, 3 of the map ¢..

s=3.1If (1,2, y3) = (1,1, 1), (1, 1,2), (1, 2, 3), the generating functions of the
sequences of degrees are given by (39) and (47), respectively. The sequences d(m)
grow quadratically. The invariant pencils of elliptic curves are given by (29), (34) and
(40), respectively. By Theorem 3.3 these are the only cases with three singular orbits.

s =2.1If (y1,y2,y3) = (1,1,0), the sequence of degrees is given by (51). The
sequence d(m) grows linearly. The invariant pencil of rational curves is given by (48).
If (1, y2, v3) = (n, 1, —1),n € N, the generating function of the sequence of degrees
is given by (54). The sequence d(m) is bounded. By Theorem 3.3 all other cases with
two singular orbits have orbit data (o1, 00) = (1, 2), (n1,n2) = 24,2+ j) with
i + j > 2. With [2, Theorem 3.3] and [1, Theorem 5.1] it follows that in those cases
A1 > 1, i.e., the sequence d(m) grows exponentially.

s =1.1If (y1, 12, »3) = (a, 1, —1), ¢ € R\ ZU{0}, by Theorem 3.3 and (28) we have
the orbit data oy = 1, n; = 1. With Theorem 2.3 we find that the sequence d(m)
grows linearly. The claim about the existence of an invariant pencil of rational curves
follows from Theorem 2.2. With (28) we find that all other cases with one singular
orbit have orbit data oy = 1, n; > 1. With [2, Theorem 3.3] and [1, Theorem 5.1] it
follows that in those cases A1 > 1, i.e., the sequence d(m) grows exponentially.

s = 0. We have A1 = 2. The sequence d(m) grows exponentially. O

4 The case (V1,V2, Y3) = (1, 1, 1)

By Theorem 3.3 this case corresponds to the orbit data (ny,nz,n3) = (3,3,3),
(o1,02,03) = (1,2,3). In this case, we consider the Kahan map ¢, : C> — C?
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1058 R. Zander

corresponding to a quadratic vector field of the form
x=JVH(x), H(X)={1(x){2(x)3(x).
The Kahan map ¢ : C> — C? admits an integral of motion (see [4,18]):

_H®

H(x) = ,
®=0r

where

Q(x) = 1 +4>((dids — d3) x* + (dida — dad3) xy + (dads — d3) V),
withdy = 3ajaxa3, dr = ayaxbz +ayasby +azazby, ds = azb1by +axb1bz +a1brbs,
dy = 3b1bybs.

The geometry of the Kahan discretization was studied in [18]. The phase space of
¢4 : C? — C2 is foliated by the one-parameter family (pencil) of invariant curves

& ={(x,y) eC*: H(x,y) — 20(x,y) =0}

We consider C? as an affine part of (C]P’Z_consisting of the points [x, y, z] € CP? with
z # 0. We define the projective curves &, as projective completion of &;:

& = {[x,y,z] € CP?: H(x,y) — *z0(x, y,2) :0}, (29)

where we set

0x,y,2) =220(x/z, y/2).

(We have H(x, y,z) = z°H(x/z, y/z) = H(x, y) since H(x, y) is homogeneous of
degree three.) The pencil has deg = 3 and contains two reducible curves

&0 ={lx,y,21 € CP*: H(x,y) =0}
consisting of the lines {¢; (x,y) =0},i =1, 2, 3, and
Eoo ={[x,y,21 € CP?*: 20(x, y, 2) = 0}

consisting of the conic {Q(x, y,z) = 0} and the line at infinity {z = 0}. All curves
&, pass through the set of base points which is defined as £y N €. According to the
Bézout theorem, there are nine base points, counted with multiplicities.

Proposition 4.1 The nine base points are given by:
e two finite base points of multiplicity 1 on each of the lines £; =0,i =1, 2, 3:

B — (1 bi @ (30)
+ 26d,’jdk," 28d,‘jdk,‘ ’
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Fig. 1 The curves £¢, Eoo, £0.01 in resp. red, blue and green for H (x, y) = Hj(x, y), & = 1 (Color figure
online)

e one base point of multiplicity 1 at infinity on each of the lines ¢; =0,i =1, 2, 3:
F© = b, —a;, 0. (31
The singular orbits of the map are as follows:

L@ — B(_l) —FD Bg_l) — LS),

L? —B® L FO B P, (32)

L(_3) — B<_3) — F® Bf) — LS'),

where Li) denotes the line through the points Bg ), f )

Proof The singular orbits (32) are a consequence of Proposition 3.2 and Theorem 3.3.
It can be verified by straightforward computations that the points (30)-(31) are base
points of the pencil of invariant curves &£;. O

4.1 Lifting the map to a surface automorphism
We blow up the plane CIP? at the nine base points B(_i), FO, Bg ), i =1, 2,3, and denote
the corresponding exceptional divisors by E; o, E; 1, Ei2,i = 1,2,3. The resultillg

blow-up surface is denoted by X. On this surface ¢ is lifted to an automorphism ¢
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1060 R.Zander

acting on the exceptional divisors according to the scheme [compare with (32)]

Eg) —_— EL() —> E1’1 —> E1’2 —_— Z(l),
E(E) — Ero— Ey1 — E2p —> Z(Z)’

E(}) —> E30 — E31 — E3p — Z(S),

where Zi) denotes the proper transform of the line Li).

We compute the induced pullback map on the Picard group ¢~>j : Pic(X) — Pic(X).
Let K e Pic(X) be the pullback of the class of a generic line in CP2 Let Ein € Pic(X),
fori <3 and 0 < n < 2, be the class of E; ,,. Then the Picard group is

3 2
Pic(X) = ZHE@D P Z&i n.

i=1 n=0

The rank of the Picard group is 10. The induced pullback aj_ : Pic(X) — Pic(X) is
determined by (3).

With Theorem 2.3 we arrive at the system of recurrence relations for the degree
d(m):

dim + 1) =2d(m) — pi1(m) — pa(m) — pa(m),
m1(m +3) = d(m) — uz(m) — pu3(m),
m2(m +3) =d(m) — wi(m) — pu3(m),
uz(m +3) = d(m) — pi(m) — pa(m),

with initial conditions d(0) = 1, u;(m) = 0, form = 0,...,2,i = 1,2,3. The
generating functions of the solution to this system of recurrence relations are given by

220 +1
O= " e &)
Z3
wi(z) = i=1,23.

@+ DE-D

The sequence d(m) grows quadratically.

5 The case (V1, Y2, Y3) = (19 19 2)

By Theorem 3.3 this case corresponds to the orbit data (ny,ny,n3) = (4,4,2),
(o1,02,03) = (1,2,3). In this case, we consider the Kahan map ¢, : C> — C?
corresponding to a quadratic vector field of the form

, 1
A= 3 JVH(x), H(x) =£(x)€(x)3(x).
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The Kahan map ¢ : C? — C? admits an integral of motion (see [6,20]):

H (x)

"M = ohxom

where

Pi(x) =1 4+ e(dal1(x) — d31£2(x)),
Py(x) =1 — e(d23l1(x) — d31£2(X)),
O(x) = 1 — £2(9d}03(x) — 4drzdz1£1(x) £2(X)).

The phase space of ¢ : C> — C? is foliated by the one-parameter family (pencil) of
invariant curves

& ={(x,y) € C?: Hx,y) = APi(x, y) Pa(x, ) Q(x, y) = 0}.
We define the projective curves &£, as projective completion of &;:
& =1{lx,y,21 € CP*: H(x,y) — AP1(x,y,2) P2(x,y,2) O(x, y,2) = 0},(34)
where we set
Pi(x,y,2) =zPi(x/z,y/2), i=12, Q2 =2"0(x/z,y/2).
The pencil has deg = 4 and contains two reducible curves
Eo={lx,y.2] € CP*: H(x, y) =0}
consisting of the lines {¢; (x, y) = 0}, = 1, 2, 3, with multiplicities 1, 1, 2, and
Eoo = |[x,y,21 € CP*: Py(x, y,2) P2(x, ¥, 2) O (x, y,2) = 0}

consisting o_fthe two lines {P; (x, v,z) = 0},i = 1, 2, and the conic {@_(x, )ﬁz) = 0}.
All curves &£, pass through the set of base points which is defined as £g N €.

Proposition 5.1 The ten (distinct) base points are given by:

e four base points of multiplicity 1 on each of the lines £; = 0,i =1, 2:

o b; a;
By =+ , , 35
* ( 3ed; jdy; :':38dijdki) )
. b a;
(i) i i
cY =+ ,F ) (36)
- ( edijdri  ed;jdy;
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e two base points of multiplicity 2 on the line £3 = 0:

b
Bf):<j: 3 4 ) (37)

2edndzy’ :F28d23d31

The singular orbits of the map are as follows:

L(_l) — B(_l) — C(_l) — C_(:) — Bg_l) — Lsrl),

® - B? - c? P — P P, (38)
Sy [C N B_(:) — Lf),

where Li) denotes the line through the points BE_Lj ), Bg‘ )

Proof The singular orbits (38) are a consequence of Proposition 3.2 and Theorem 3.3.
It can be verified by straightforward computations that the points (35)—(37) are base
points of the pencil of invariant curves &;. O

According to the Bézout theorem, there are 16 base points, counted with multiplicities.
This number is obtained by

> (mult(P))> =8-1+24,
Pegoﬂgoo

where mult (P) denotes the multiplicity of the base point P.

5.1 Lifting the map to a surface automorphism

We blow up the plane CIP? at the ten base points B(,i), Bﬁ), i=1,2,3,and C 9), Cﬁ),
i = 1,2, and denote the corresponding exceptional divisors by E; o, ..., E; 4,1,
i =1, 2, 3. The resulting blow-up surface is denoted by X. On this surface ¢ is lifted
to an automorphism $+ acting on the exceptional divisors according to the scheme
[compare with (38)]

E(J) —_— El,O — El,l —> El,2 —_— E1’3 —_— Z(l),
E(E) —> Ez’o — E2,l —_— E2,2 —> E2,3 —_— Zf),
EG) —_— E3,0 —> E3’1 —> ZSE),
where Ei) denotes the proper transform of the line Li). _
We compute the induced pullback map on the Picard group ¢ : Pic(X) — Pic(X).

Let K e Pic(X) be the pullback of the class of a generic line in CP2 Let Ein € Pic(X),
fori <3and 0 < n < n; — 1, be the class of E; ,,. Then the Picard group is

3 ni—1

Pic(X) = ZH D P Z&i .

i=1 n=0
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Fig.2 The curves £y, Eoo, £0.001 in resp. red, blue and green for H(x, y) = Ha(x, y), & = 1 (Color figure
online)

The rank of the Picard group is 11. The induced pullback 5?; : Pic(X) — Pic(X) is
determined by (3).

With Theorem 2.3 we arrive at the system of recurrence relations for the degree
d(m):

d(m + 1) = 2d(m) — py(m) — ua(m) — uz(m),
ni(m +4) =d@m) — pp(m) — uz(m),
ua(m +4) = d(m) — py(m) — uz(m),
uz(m +2) = d(m) — pu1(m) — pa(m),
with initial conditions d(0) = 1, u;(m) = 0, forn = 0,...,3,i = 1,2, and

u3(m) = 0, for m = 0, 1. The generating functions of the solution to this system
of recurrence relations are given by:

274+ 2+ 1
diz) = — 3
== 2 iy e 59
o Z4 =12
MO = - ey TP
2@+
n3(z) =

@ Hz+ D -1

The sequence d(m) grows quadratically.
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6 The case (y1,V¥2,¥3) =(1,2,3)

By Theorem 3.3 this case corresponds to the orbit data (ny,ny,n3) = (6,3,2),
(01,02,03) = (1,2, 3). In this case, we consider the Kahan map ¢ : C? —» C?
corresponding to a quadratic vector field of the form

R ) o
T L®e JVH(x), H(x) = £1(x){;(x)€3(x).

The Kahan map ¢ : C> — C? admits an integral of motion (see [6,20]):

H(x)

H(x) = ,
X = B PP P 0

where

Pi(x) = 1 4 3ed31£2(x),

Pr(x) =1 — 3ed31£2(x),

P3(x) = 1 + £(3da3€1(x) — d1243(x)),
Py(x) =1 — e(Bdr301(x) — d12€3(x)),
O(x) =1 —£7(9d5,65(x) + 1641, (3(x)).

The phase space of ¢, : C> — C? is foliated by the one-parameter family (pencil) of
invariant curves

4
&= {(m) €C* i H(x,») =200, M [Pty = 0}.

i=1

We define the projective curves &;, as projective completion of & :

4
& = {[x, y,z] € CP? : H(x,y) — A 0(x, y,Z)l_[Fi(X, V,2) = 0}, (40)

i=1
where we set
Pi(x,y,2) =zPi(x/z,y/2), i=1,...,4 Q2 =2"0(x/z,y/2).
The pencil has deg = 6 and contains two reducible curves
Eo = {[x,y,z1 € CP*: H(x, y) = 0}
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consisting of the lines {¢; (x, y) = 0},i = 1, 2, 3, with multiplicities 1, 2, 3, and
4
oo = {[x, y.21 €CP?: Q(x, y. ) [ [ Pitx. y.2) = 0}
i=1

cglsisting of the four lines_{?,- (x,y,2) = 0}, i = 1,...,4, and the conic
{Q(x,y,2) = 0}. All curves &,. pass through the set of base points which is defined
as &g N €.

Proposition 6.1 The eleven (distinct) base points are given by:

e six finite base points of multiplicity 1 on the line £1 = 0:

Y (L S (41)
£ T\ 5edinds T Sediadsy )

0 ! aj m by aj

e = (+ - ) D =<i T ) “2)
* ( 3edipdz1  3edinpdsy * edipds1  ediadsy

e two finite base points of multiplicity 2 on the line £, = 0:

@) by a
B =+ , , 43
+ < 48d12d23 :F4Sd12d23 ) ( )

e one base point of multiplicity 2 at infinity on the line €, = 0:
F® =[b, —a, 0], (44)

e 1wo finite base points of multiplicity 3 on the line £3 = 0:

BO = (x B L @ (45)
* T\ 3ednds " 3edndy )

The singular orbits of the map are as follows:

LW pg®_c®_, ph_ D_(:) — C_(:) — BS) — Lsrl),
L(_z) — B(_z) —F® B_(E) — Lf), (46)

3) ©) (3) (3)
LY — B — B — L},

where Lg) denotes the line through the points B(ij ), g )

Proof The singular orbits (46) are a consequence of Proposition 3.2 and Theorem 3.3.

It can be verified by straightforward computations that the points (41)—(45) are base
points of the pencil of invariant curves &, . O
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Fig. 3 The curves g, Eoo, £_0.002 in resp. red, blue and green for H(x, y) = H3(x, y), ¢ = 1 (Color

figure online)

According to the Bézout theorem, there are 36 base points, counted with multiplicities.

This number is obtained by

> (mult(P))* =6-1+3-442.9.

PeEoNEws

6.1 Lifting the map to a surface automorphism

We blow up the plane CP? at the eleven base points Bg), B_(i), i = 1,2,3, and
c! ), C g_l ), D(_l), Dg_l) and F® and denote the corresponding exceptional divisors by

Eio,...

,Ein,—1,1 = 1,2,3. The resulting b~low-up surface is denoted by X. On

this surface ¢ is lifted to an automorphism ¢ acting on the exceptional divisors
according to the scheme [compare with (46)]

E(_l) — Ejg0— E11— E1p— E13— E14— E15 — ZE:),

£®

E(f) — E30— E31 —> EG),

— Eyo— Ex1 — Erp — L

(@)
=+

where Ei) denotes the proper transform of the line Li).
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We compute the induced pullback map on the Picard group 5?; : Pic(X) — Pic(X).
Let K € Pic(X) be the pullback of the class of a generic line in CP2 Let Ein € Pic(X),
fori <3and 0 < n < n; — 1, be the class of E; ;. Then the Picard group is

3 ni—1

Pic(X) = ZH D P Z&i .

i=1 n=0

The rank of the Picard group is 12. The induced pullback 51 : Pic(X) — Pic(X) is
determined by (3).

With Theorem 2.3 we arrive at the system of recurrence relations for the degree
d(m):

dim+1) =2d(m) — pi1(m) — pa(m) — pa(m),
u1(m +6) = d(m) — pp(m) — uz(m),
m2(m +3) =d(m) — wi(m) — pu3(m),
na(m +2) =d(m) — wi(m) — pna(m),

with initial conditions d(0) = 1, u1(m) = 0, form = 0,...,5, uy(m) = 0, for
m =0,1,2,and u3z(m) = 0, for m = 0, 1. The generating functions of the solution
to this system of recurrence relations are given by:

204+ + 23 +22+1

&= - F A 24 D=1 “7)
46
m = - @+ +22+z+Dz-D3
@) = — DB+ DEE—z+1)
@+ +22+z+ D -
13 (2) = 24z D -z 41D

@+ P+ 247+ D13

The sequence d(m) grows quadratically.

7 The case (Y1, Y2, Y3) = (19 1’ 0)

By Theorem 3.3 this case corresponds to the orbit data (n1, ny) = (2, 2), (01, 02) =
(1,2). In this case, we consider the Kahan map ¢ : C> — C? corresponding to a
quadratic vector field of the form

X =03(x)JVH(X), H(X)=4£1(x){(x).
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For £1(x) = x 4+ y, £2(X) = x — y, £3(x) = x the vector field reads

X = —2xy,
y = —2x2

and the Kahan discretization (13) reads

X—x= —2e(Xy+xy),
y—y= —4exx.

The Kahan map ¢ : C> — C? admits an integral of motion (see [5,14]):

o = L0 EL®
PLOP(x)’

where

Pi(x) =1+ edipl3(x),
Py(x) =1 — edip€3(x).

The geometry of the Kahan discretization was studied in [19]. The phase space of
¢, C? — C2 is foliated by the one-parameter family (pencil) of invariant curves

&= {0,y € CPt H(x,y) = APi(x, y) P2(x, y) = 0}.
We define the projective curves &;, as projective completion of & :
& ={lx,y,21 € CP*: H(x,y) — AP (x, y, 2) P2(x, y,2) = 0}, (48)

where we set

Pi(x,y,2) =zPi(x/z.y/2), i=12.
The pencil has deg = 2 and contains two reducible curves

Eo ={[x,y,z] € CP*: H(x, y) = 0}
consisting of the lines {¢;(x, y) =0},i = 1,2, and

Exo = {lx,y,21 € CP* : Py(x, y,2) P2(x, y,2) = 0}

consisting of the two lines {P; (x, v, z) = 0}, i = 1,2. All curves &, pass through

the set of base points which is defined as £9 N €. According to the Bézout theorem,
there are four base points, counted with multiplicities.

Proposition 7.1 The four base points are given by:
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e two base points of multiplicity 1 on each of the lines £; = 0,i =1, 2:

o b; a;
B — (+ T ) (49)
- < edijdyi edijdyi

The singular orbits of the map are as follows:

LW p® 5 g g
()] 2 —(;) E;) (50)
LY — BY — B — L,

where Lg) denotes the line through the points B(ij ) ij )

Proof The singular orbits are a consequence of Proposition 3.2 and Theorem 3.3. It
can be verified by straightforward computations that the points (49) are base points of
the pencil of invariant curves &£;. O

With (25) we see that the point B is a fixed point of ¢ while Bf) is a fixed point
of ¢_. Therefore, they participate in patterns

L — B9 o,
o BY — P,

which do not qualify as singularity confinement patterns [15,21] and need not be blown
up.

7.1 Lifting the map to an analytically stable map

We blow up the plane CP? at the four base points B(f), Bﬁ), i = 1,2, and denote
the corresponding exceptional divisors by E; o, E; 1, i = 1, 2. The resulting blow-up
surface is denoted by X. On this surface ¢ is lifted to an analytically stable map ¢7+
acting on the exceptional divisors according to the scheme [compare with (50)]

E(_” — E1 90— E11 — E(l),
ﬁ(_z) — Eyo —> Ey1 — E(Z),

where Z(i') denotes the proper transform of the line Li).

We compute the induced pullback map on the Picard group qNSj; : Pic(X) — Pic(X).
Let K € Pic(X) be the pullback of the class of a generic line in CP2 Let € i.n € Pic(X),
fori = 1,2and n =0, 1, be the class of E; ,,. Then the Picard group is

2 1
Pic(X) = ZHED P Z&i n.

i=1 n=0
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Fig. 4 The curves £y, £co, £0.1 in resp. red, blue and green for £1(x,y) = x + y, o(x,y) = x — y,
£3(x,y) = x and ¢ = 1 (Color figure online)

The rank of the Picard group is 5. The induced pullback 5_’;_ Pic(X) — Pic(X) is
determined by (3).

With Theorem 2.3 we arrive at the system of recurrence relations for the degree
d(m):

dim+1) =2d(m) — py1(m) — uz(m),
n1(m +2) = d(m) — uz(m),
p2(m +2) = d(m) — i (m),

with initial conditions d(0) = 1, wi(m) = 0, form = 0, 1, and ur(m) = 0, for
m = 0, 1. The solution to this system of recurrence relations is given by

d(m) = 2m,
uim)y=m—1, i=1,2. on

The sequence d(m) grows linearly.

8 The case (V1,Y2, Y3) = (n’ 1’ _1)

By Theorem 3.3 this case corresponds to the orbit data (n1, n2) = (1, n), (o1, 02) =
(1,2). In this case, we consider the Kahan map ¢, : C> — C? corresponding to a
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quadratic vector field of the form

2 n
= 8% onm. H = 10EN
I IS

The case n = 1 was studied in [20].
For £1(x) = x, £2(x) = x + y, £3(x) = x — y the vector field reads

X =2x%
y = —nx2+ny? + 2xy,

and the Kahan discretization (13) reads

X — x = 4eXxx,
Y —y =2e(—nXx +nyy + Xy + x7).
Proposition 8.1 The Kahan map ¢ : C> — C? admits an integral of motion

- H
Hx) = P((z))

’

where

P(x) = [ | (edaskty (x) + 1) (edaskt  (x) — 1),
kel

forI ={1,3,5,...,n—1}ifnisevenand I ={2,4,6,...,n — 1} ifnisodd.

Proof Note that the following identity holds:
— di2l3(x) — d31€2(x) = dp3li(X). (52)
Then, using (52), from Eq. (14) it follows that

£1(x)

L® =1
1) = St 0 T 1

(53)
Moreover, multiplying (15) by £3(x) and (16) by £, (x) and then subtracting the second

equation from the first equation and again applying (52), we arrive at

0 (X) _ L (x)(edyz(n + 1) £1(x) + 1)
03(X) 03(x)(edoz(n — 1) €1(x) — 1)

On the other hand, from (53) it follows that

- edyy(k £2)01(x) £ 1
doskt,®) £ 1 = ,
sdaskcbr(¥) 2ed3l(x) + 1
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and therefore, with h’jt(x) = (edr3kl;(x) £ 1), we find

PR h'®h @ " R X))
Px) () -hLx) R x) - kT )L R (x) - R (%)
hr_i_—H(X)

TR

if n is even, and

P® _ RO ()% (%) - B () B (0 RS (x) - - T (%)
Px)  (RZx) 20 Rt X)) R () R (x) - T (%)
hr_i:H(X)

) R )
if n is odd. This proves the claim. O

With Theorem 2.3 we arrive at the system of recurrence relations for the degree d (m):

dm +1) = 2d(m) — p1(m) — pz(m),
ui(m + 1) =d@m) — uz(m),
w2(m +n) =d@m) — puy(m),

with initial conditions d(0) = 1, u1(0) = 0 and uy(m) = 0, form =0,...,n — 1.
The generating functions of the solution to this system of recurrence relations are

given by

_ n+1)z"
n 1+;

dz) =1+4+2z+---+nz T (54
_ nz"
m@ =z+22 4+ 17" 1+1—z’
n
H2(2) = 7
Note that the degrees of ¢ff_ grow linearly for k = 1,...,n — 1 and stabilize ton + 1

for k > n. This seems to be the first example of a birational map of deg = 2 with such
behavior.
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