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Abstract

In this paper formulas are derived for the analytic center of the solution set of lin-
ear matrix inequalities (LMIs) defining passive transfer functions. The algebraic Riccati
equations that are usually associated with such systems are related to boundary points
of the convex set defined by the solution set of the LMI. It is shown that the analytic
center is described by closely related matrix equations, and their properties are analyzed
for continuous- and discrete-time systems. Numerical methods are derived to solve these
equations via steepest ascent and Newton-like methods. It is also shown that the analytic
center has nice robustness properties when it is used to represent passive systems. The
results are illustrated by numerical examples.
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1 Introduction

We consider realizations of linear dynamical systems that are denoted as positive real or
passive and their associated transfer functions. In particular, we study positive transfer
functions which play a fundamental role in systems and control theory: they represent e.g.,
spectral density functions of stochastic processes, show up in spectral factorizations, are the
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Hermitian part of a positive real transfer function, characterize port-Hamiltonian systems,
and are also related to algebraic Riccati equations.

Positive transfer functions form a convex set, and this property has lead to the exten-
sive use of convex optimization techniques in this area (especially for so-called linear matrix
inequalities [5]). In order to optimize a certain scalar function f(X) over a convex set, one
often defines a barrier function b(X) that becomes infinite near the boundary of the set, and
then finds the minimum of ¢ - f(X) + b(X), ¢ = 0, as ¢ — +00. These minima (which are
functions of the parameter c) are called the points of the central path. The starting point of
this path (¢ = 0) is called the analytic center of the set.

In this paper we present an explicit set of equations that define the analytic center of the
solution set of the linear matrix inequality defining a passive transfer function. We also show
how these equations relate to the algebraic Riccati equations that typically arise in the spectral
factorization of transfer functions. We discuss transfer functions both on the imaginary axis
(i. e. the continuous-time case), as well as on the unit circle (i.e. the discrete-time case). In
the continuous-time setting the transfer function arises from the Laplace transform of the
system

& = Ax+ Bu, z(0) =0,

y = Cx+ Du, (1)

where u : R - C™, « : R — C", and y : R — C™ are vector-valued functions denoting,
respectively, the input, state, and output of the system. Denoting real and complex n-vectors
(n x m matrices) by R, C" (R™*™ C"*™), respectively, the coefficient matrices satisfy
AeCvn BeCr™ CeC™" and D € C™*™,

In the discrete-time setting the transfer function arises from the z-transform applied to
the system

Tpy1 = Azp+ Bug, 19 =0,
yr = Cuxp+ Duy,

with state, input, and output sequences {x}, {ux}, {yx}. In both cases, we usually denote
these systems by four-tuples of matrices M := {A, B,C,D} and the associated transfer
functions by

Te(s) :== D + C(sI,, — A)~'B, Ta(z) == D+ C(zI, — A)"'B, (2)

respectively.

We restrict ourselves to systems which are minimal, i.e. the pair (A, B) is controllable
(for all A € C, rank [\ — A B] = n), and the pair (A4, C) is reconstructable (i.e. (A", CH) is
controllable). Here, the conjugate transpose (transpose) of a vector or matrix V is denoted
by VH (V1) and the identity matrix is denoted by I, or I if the dimension is clear. We
furthermore require that input and output port dimensions are equal to m and assume that
rank B = rank C' = m.

Passive systems and their relationships with positive-real transfer functions are well stud-
ied, starting with the works [13, 17, 20, 21, 22, 23] and the topic has recently received a revival
in the work on port-Hamiltonian (pH) systems, [18, 19]. For a summary of the relationships
see [2, 20], where also the characterization of passivity via the solution set of an associated
linear matrixz inequality (LMI) is highlighted.

The paper is organized as follows. After some preliminaries in Section 2, in Section 3 we
study the analytic centers of the solution sets of LMIs associated with the continuous- and
discrete-time case. In Section 4 we discuss numerical methods to compute the analytic centers



using steepest ascent as well as Newton-like methods and show that the analytic centers can be
computed efficiently. In Section 5 lower bounds for the distance to non-passivity (the passivity
radius) are derived using smallest eigenvalues of the Hermitian matrices associated with the
linear matrix inequalities evaluated at the analytic center. The results are illustrated with
some simple examples where the analytic center can be calculated analytically. In Appendix A
we derive formulas for the computation of the gradients and the Hessian of the functions that
we optimize and in Appendix B we clarify some of the differences that arise between the
continuous- and the discrete-time case.

2 Preliminaries

Throughout this article we will use the following notation. We denote the set of Hermitian
matrices in C™*" by H,,. Positive definiteness (semidefiniteness) of A € H,, is denoted by
A >0 (A > 0). The real and imaginary parts of a complex matrix Z are written as R(Z)
and (Z), respectively, and ¢ is the imaginary unit. We consider functions over H,,, which is
a vector space if considered as a real subspace of R™*™ + {R™*". We will identify C"™*" with
R™*7 R™*™ "bhut we note that this has implications when one is carrying out differentiations,
see Appendix A. The Frobenius scalar product for matrices X,Y € R™ ™ +4R"*" ig given by

(X, Y)g = R(tr(A"B)) = tr (Y, X, + VT X)),

where we have partitioned X,Y as X = X, +:1X;, Y =Y, +1Y; with real and imaginary parts
in R™"  As we are mainly concerned with this scalar product, we will drop the subscript R.
We will make frequent use of the following properties of this inner product given by

(X, Y) = (Y, X), | X|[r = (X, X)2, (X,YZ) = <YHX, Z> - <XZH, Y>.

The concepts of positive-realness and passivity are well studied. In the following subsec-
tions we briefly recall some important properties following [10, 20], where we repeat a few
observations from [2]. See also [20] for a more detailed survey.

2.1 Positive-realness and passivity, continuous-time

Consider a continuous-time system M as in (1) and the transfer function 7. as in (2). The
transfer function 7.(s) is called positive real if the matrix-valued rational function

o(s) =T (—s) + Tels)

is positive semidefinite for s on the imaginary axis, i.e. ®.(w) = 0 for all w € R and it is
called strictly positive real if ®.(w) > 0 for all w € R.
We associate with ®. a system pencil

0 A-sI,| B
Se(s):=| AM+s, 0 |CH |, (3)
BH C | R

where R := D + D". Here (3) has a Schur complement which is the transfer function ®.(s)
and the generalized eigenvalues of S.(s) are the zeros of ®.(s).



For X € H,, we introduce the matrix function

- XA-A"Xx cH-XB
WC(X) = C_BHX D+DH 3

If 7.(s) is positive real, then the linear matrix inequality (LMI)
We(X) =0 (4)
has a solution X € H,, and we have the sets
X ={XecH, |W,(X)>=0, X >0},
X, :={X €H, |W.(X) =0, X ~0}.

An important subset of X are those solutions to (4) for which the rank r of W.(X) is minimal
(i.e. for which r = rank ®.(s)). If R is invertible, then the minimum rank solutions in X
are those for which rank W.(X) = rank(R) = m, which in turn is the case if and only if
the Schur complement of R in W, (X) is zero. This Schur complement is associated with the
continuous-time algebraic Riccati equation (ARE)

Ricce(X) := —XA - A"X — (" - XxB)R™}(C - B"X) =o. (6)
Solutions X to (6) produce a spectral factorization of ®.(s), and each solution corresponds
to a Lagrangian invariant subspace spanned by the columns of U, := [ I, —-XT ]T that
remains invariant under the action of the Hamiltonian matrix
24 A-BR™C —BR'B" 7
¢~ | CHrR'C —(A-BR'OM |’

i.e. U, satisfies H U, = U.Af, for a closed loop matriz Ap, = A — BF, with F, := R™1(C —
BHX) (see e.g., [8]). Each solution X of (6) can also be associated with an extended
Lagrangian invariant subspace for the pencil S.(s) (see [4]), spanned by the columns of

ﬁc = [ -XT 1, —FCT }T. In particular, U, satisfies

0 A B _ 0 I, 0] _
AH o0 CcH U =| -1, 0 0 |UAR.
B" C R 0 0 0

The sets X, X, are related to the concepts of passivity and strict passivity see [20]. If for the
system M := {A, B,C, D} of (3) the LMI (4) has a solution X € X then M is (Lyapunov)
stable (i.e. all eigenvalues are in the closed left half plane with any eigenvalues occurring on
the imaginary axis being semisimple), and passive, and if there exists a solution X € X, then
M is asymptocially stable, (i.e. all eigenvalues are the open left half plane) and strictly passive.
Furthermore, if M is passive, then there exist maximal and minimal solutions X_ < X, of
(4) in X[ such that all solutions X of W,.(X) = 0 satisfy

0<X_ <X =X,

which implies that X is bounded. For more details on the different concepts discussed in
this section, see [2].



2.2 Positive-realness and passivity, discrete-time

For each of the results of the previous subsection there are discrete-time versions which we
briefly recall in this section, see [12, 17]. Note, that these results can be obtained by applying
a bilinear transform (see Appendix B) to the continuous-time counterparts.

The transfer function 7g(s) in (2) is called positive real if the matrix-valued rational
function

®q(2) = Tq' (271) + Tal2)

satisfies ®4(e®) = ®H(e™) = 0 for 0 < w < 27, and it is called strictly positive real if
Dy(e) > 0 for 0 <w < 27.
We consider an associated the matrix function

X-AiXx A c" - ARX B
Wa(X) = C-B"XA BUXB+R |’

where again R = D + DM, the sets

X, :={X €H, |WyX) =0, X =0},
X, = {X €H, |Wg(X) =0, X ~0}.

and the system pencil
0 A-zI,| B

2B C ‘ R

whose Schur complement is ®4(z).

If the system is positive real then, see [20], there exists X € H),, such that Wy(X) > 0. If
that is the case, a transfer function Ty(2) := C (21, — A) "' B + D is called passive and strictly
passive if even Wy(X) = 0. We again have an associated discrete-time Riccati equation
defined as

Riccg(X) := —A"XA+ X — (C" - AMXB)(R - B"XB)"}(C - B"Xx4)=0. (9)

from which one directly obtains a spectral factorization of ®4(z). The solutions of the discrete-
time Riccati equation can be obtained by computing a Lagrangian invariant subspace spanned

by the columns of Uy := [ I, —XT ]T of the symplectic matriz

Sq

"~ |0 AH_-—CcHR-'BH cHr-'c 1|’

I BR'B" }‘1 [ A-BR'C 0

satisfying SqUq = U4AF,, where Ap, := A — BFy with Fy := (R — BUXB)~'(C - BHXA).
Each solution X of (9) can also be associated with an extended Lagrangian invariant

subspace for the pencil Sy(z) (see [4]), spanned by the columns of Uy := [ -XxT I, -F] ]T.

In particular, Ud satisfies

0 A B 0 I, 0] _
I, 0 CH | Us=| A% 0 0 | UsAp,
0 C R BH 0 0



Again, if the system is passive, then there exist maximal and minimal solutions X_ < X in
X7, such that all solutions X of Wy(X) = 0 satisfy

0<X_<X=<X.,

which implies that X; is bounded.

3 The analytic center

If the sets X, XZ in (5), respectively (8), are non-empty, then we can define their respective
analytic center. Following the discussion in [10], we first consider the continuous-time case,
the discrete-time case is derived in an analogous way. We choose a scalar barrier function

b(X) := —Indet W,(X),

which is bounded from below but becomes infinitely large when W,.(X) becomes singular. We
define the analytic center of the domain X_, as the minimizer of this barrier function.

3.1 The continuous-time case

The solutions X and X_ of the Riccati equation Ricc.(X) = 0 in (6), are both on the
boundary of X, and hence are not in X,. Since we assume that X is non-empty, the
analytic center is well defined, see, e.g., , Section 4.2 in [16].

To characterize the analytic center, we first need to find a variation of the gradient bx of
the barrier function b at point X along direction Ax, which is equal to

<WC(X)71’ AWC(X)[AXD )

where bx = W.(X)~! and AW,(X)[Ax] is the incremental step in the direction Ay, for
details see Appendix A. It appears that X is an extremal point of the barrier function if and
only if

(We(X)™ AW(X)[Ax]) =0 for all Ay = AK.

The increment of W,(X) corresponding to an incremental direction Ay = A% of X is given
by

AW.(X)[Ax] = — [ AHAx +AxA AxB ] .

BHAx 0

The equation for the extremal point then becomes

H
wx)!, | ATAXEAA AXB AN o p Ay = Al (10)
BHAx 0
Defining
F.:=RY(C-B"X), P..=-A"X - XxA-F"REF,
then

m(x)=[é FIHHI;' g][; H



For a point X € X it is obvious that we also have P. = Ricc.(X) = 0, and hence (10) is
equivalent to

P10 I —F3 ][ AfAx +AxA AxB I o7\ _
0 R'|’|0 I BHAx 0 -F. 11|/ 7

<PC_1, AMAx + AxA— FHBHAy — AXBFC> =0,

or

and this is equivalent to
PUAY + AR Pt =0, (11)

where we have set Ap, = A — BF,.

We emphasize that P, is nothing but the Riccati operator Ricc.(X) defined in (6), and
that Ap is the corresponding closed loop matrix. For the classical Riccati solutions we
have P, = Ricc.(X) = 0 and the corresponding closed loop matrix is well-known to have its
eigenvalues equal to a subset of the eigenvalues of the corresponding Hamiltonian matrix (7).

Since P, = Ricc.(X) = 0, it follows that P. has a Hermitian square root T, satisfying
P. = T?. Transforming (11) with the invertible matrix T,, we obtain

T AR T, + T AR T = 0.

Hence Ap, := T.Ap, T is skew-Hermitian and has all its eigenvalues on the imaginary axis,
and so does Af,.. Therefore, the closed loop matrix Ag, of the analytic center has a spectrum
that is also central.

It is important to also note that

det Wo(X) = det Ricce(X) det R,

which implies that we are also finding a stationary point of det Ricc.(X), since det R is constant
and non-zero.

Since the matrix P. is positive definite and invertible, we can rewrite the equations defining
the analytic center as

RF,=C - B"X,
P.=-A"X — XA - FPRE,,
0= P.(A— BE,) + (A" — F"BYP,,
where X = X" and P. = PH = 0. We can compute the analytic center by solving these three
equations which actually form a cubic equation in X.
Note that even though the eigenvalues of the closed loop matrix F. associated with the

analytic center are all purely imaginary, the eigenvalues of the original system and the poles
of the transfer function stay invariant under the state space transformation 7.

3.2 The discrete-time case

For discrete-time systems, the increment of Wy (X) equals

ARAxA - Ax A"AxB

AWy(X)[Ax] = — BHA)(A BHA)(B )



for all Ay = Al Defining F; := (R—BHXB)"}(C-B"XA), P;:= —A"XA+ X -FY(R-
BHXB)F;, and Ap, := A — BF,, then Wy(X) factorizes as

[ 1 Ff P, 0 I 0
Wd(X)_[o IHO R—BHXBHFd [}’

and the equation for the extremal point becomes

< { Pcé_l (R— BBXB)—l } ’

I —FR [ AfAxA—Ax A"AxB oo\ _,
0 I BHAxA BHAxB —-F; I -

or
(Pt A AxAr, — Ax) +{(R-B"XB)™, B'AxB) =0,
This is equivalent to

Ap, Py A% — P+ B(R—B"XB) 'B" =0, (13)

which is a non-homogenous discrete-time Lyapunov equation. Since (A, B) is controllable (by
assumption), so is (A, B) and it follows then from (13) that the eigenvalues of Ap, are now
strictly inside the unit circle. This is clearly different from the continuous-time case, where
the spectrum of Ap, was on the boundary of the stability region. The equations defining the
discrete-time analytic center then become

(R—BUXB)F;=C - B"XxA,
P,=CHR'Cc+Xx — A"XxA
— F(R-B"XB)F,,
0= (A- BF;) P/ (A" — Fl'BY)
—~P;/'+B(R-B"XxB)"'B".
Remark 3.1. Note that we could have transformed the solution of the corresponding continuous-
time problem via a bilinear transform, which would then yield a feedback F; that puts all

eigenvalues on the unit circle, but the feedback would of course be different. For a more
detailed discussion, see Appendix B.

4 Numerical computation of the analytic center

In this section we present methods for the numerical computation of the analytic center.

Suppose that we are at a point Xo € X, (X)) and want to perform the next step using
an increment Ayx. We discuss a steepest ascent and a Newton-like method to obtain that
increment.



4.1 A steepest ascent method

In order to formulate an optimization scheme to compute the analytic center, we can use the
gradient of the barrier function b(X) with respect to X to obtain a steepest ascent method.

In the continuous-time case, we then need to take a step Ax for which (by (Xo), AW.(X0o)[Ax])
is maximal, which is equivalent to

Ax = arg max <Pc_1(X0)AFC(X0)H + AFC(XQ)Pc_l(Xo), Ax> .
(Ax,Ax)=1

The maximum is obtained by choosing Ay proportional to the gradient
PN (Xo) AR (Xo)" + AR, (Xo) P (Xo)-

The corresponding optimal stepsize « for the increment Ax can be obtained from the deter-
minant of the incremented LMI W,.(Xy + aAx) > 0.
In the discrete-time case, we obtain the increment from

Ax =

208 e <AFd(X0)Pl;1(X0)A2d (Xo) — Py (Xo) + B(R — B"X,B)"'B", AX> .
Ax,Ax)=1

The maximum is obtained by choosing Ax proportional to
Ap,(Xo) Py (Xo) AR (X0) — Py (Xo) + B(R — B"XB)™'B",

and the stepsize « for the increment Ax can again be obtained from the determinant of the
incremented LMI Wy(Xo + aAx) = 0.

Remark 4.1. The detailed explanation how to compute the stepsize a will be done later as
a special case of the derivation of the Newton step, see subsection 4.2. The idea is to find the
second order Taylor expansion of the function f(Xo+ aAx) = —Indet G(Xo + aAx) and
then to maximize this quadratic function in the scalar a.

4.2 A Newton-like method

For the computation of a Newton-like increment Ax we also need the Hessian of the barrier
function b. In order to simplify the derivation we first equivalently reformulate the barrier
function into a more suitable form.

4.2.1 The continuous-time case

In the continuous-time case, we have that

vireso=[ 3 F] [ om0 [ ] 1o o

where

Q G _
[ o 0 ] — Wa(Xo).



Up to the constant (—1)", the determinant of W.(Xo + Ax) is equal to

0 I, |Ax 0 0 I, |Ax 0

L, o|A B| I, 0 |Ar B
det | Ay a7 Qo o | 9 | Ay A% [ B 0 |

0 B"| Cy R 0 B 0 Ro

where Ap, := A — BR; 1Cy and Py := Qo — C’(';'Ra L¢y are associated with the current point
Xp. Carrying out an additional congruence transformation with

_1
P2 0 0 0
1
2 S p—1
Zo—| 0 B0 =BR |
0 0 PB? 0
0 0 0 I
we obtain
0 I, Ax 0 0 I, Ax 0
I, —BRy'B" Ap 0 | In 0 Ar B | oy
Ax AR I, 0 | 7 Ax A%f Py 0 ¢
0 0 0 Ry 0 B" 0 R

. 1 . 1 _1 . _1 _1
where B = B} B, A, :== P ApF, ?,and Ax = B, *Ax P, *. It is clear that the determinant
of the congruence transformation introduces a factor det(Fp). Finally, the determinant of the
transformed matrix is, up to a constant det(Ry), equal to

_pHp-lpH i A
ol 1) T An ]y ]

AR I, I,
= det [In — AXAAFC — A}chAX — AXgREIBHAX .
This is the multiplying factor of the current value of det W.(Xo) and we can make it larger

than 1 if Ag, is not skew-Hermitian yet. Introduce
F(X) 1= — Indet(G(X)),
Qc:= BR;'B",
G(X):=1,—- XAp, — A% X - XQ.X.
In the set of Hermitian matrices (over the reals), the gradient of f(X) then is given by
[x(XA] = (=G(X) 7!, —(Ap, + AR A+ AQeX + XQA))
and the Hessian is given by
Fxx (XA, A] = <—G(X)*1(AAFC + AR A+ AQX + XQA)G(X) ™,
—(Adp, + ALA+AQX + XQ:A))
+(—G(X)7!, —2AQ.A).

10



A second order approximation of f (at X = 0) is given by

F(A) = T(8) = F(0) + fx (O)[A] + 3 Frx(0)[, A
= (I, AAp, + A% A + %mAFc + AR A AAR, + AR A)
+ (In, AQCA),

and we want the gradient of f to be 0. For the Newton step we want to determine A = AH
(2)

such that %T—Z(A) =0, i.e. we require that
(I, YAp, + ARY) + (AAp, + AR A Y AR, + AR Y) +2(1,,YQ.A) =0

for all Y = YH. Using the properties of the scalar product, we obtain that this is equivalent
to

(Y, A% + Ap, + Ap, AAp, + Ap AR A+ AR AAR + AAR AY +Q.A+AQ.) =0
for all Y = YH, or equivalently
Ap AAp, + Ap AR A+ AV AAY + AAR AR 4+ QA+ AQ.=—AY — Af,.

If we fix a direction A and look for a such that f(aA) is maximal, then the Newton step can
be computed in an analogous way. With g(a) = f(aA), we then have

9(0) ~ F(0) + afx(O)A] + 50? Frx ()2, A]

and thus the Newton correction in « is given by

s (In, AAp, + A% A) 15)
(I, AQeA) + L AAR, + AY A2

4.2.2 The discrete-time case

For the discrete-time case, we have that

Wd(XO‘i'AX):[QO CF]—[AH}AX[A B]+[I"}AX[IH 0],

Co Ry B 0
where H
Qo Cy | _
{ Co Ry | = Wy(Xo).

The determinant of Wy(Xo + Ax) is, up to the constant (—1)", equal to
~I, 0 |Ax 0 ~I, 0 Ax 0
0o I, | A B |_ 0 I, |Ap B
det \ 7 AWA [0y CF | ~ 9 | ", A% A [ B 0
0 BHAx | Cy Ro 0o BYAy| 0 R

11



where Ry = R— B"X(B, Co = C — B"X(A, Qo = —A"XoA+ X, Ap, == A— BR;'C}! and
Py := Qo — CoRy 10(')* are associated with the current point Xy. Setting

1
2

_1
P2 0 0 0 P; 0 0 0
1 1
1 N 1
Zo=| O B0 =BRS| z._ |0 P, ? U
0 0 P°? 0 0 0 Py? 0
0 0 0 I, 0 —Ry'BHAy 0 I,

1
transformmg w1th Zg from the left and Z from the right, and substituting B = Py B,

, we obtain the matrix

A —P AFd and Ax—P AXP
~I, 0 Ax 0 I, 0 Ax 0
0 I,-BRy'BHAx Ap, 0 | _ 21 0 I, A B |,
I, AY Ax L, o | 7 I A:iAX P, 0 |
0 0 0 Ry 0 B"Ax 0 R

The determinant of the transformed matrix is equal to
Ar,

In + AX - det R(].

I, — BR-'BHA
det " 0
[ AY Ax

We introduce
f(X) := —InRdet(G(X)),

ARX L+ X

Qq = BRaléH,

and compute the gradient and the Hessian of f(X). The computation of the gradient is not
as straight-forward as in the continuous-time case, since we consider non-Hermitian matrices.

It is given by
OSINE <— e GO0 | ]>

R det G(X) AR A A
see Appendix A for more details. Revisiting the steps for the derivation of G(X), we notice
that det(G(X)) is still real and the solution A is still unique and Hermitian. Thus, the

Hessian is given by

)
fXX<X>[A,A]=<G<X)—“H?;jd§ H G(X)‘“,[}éfdﬁ 2]>

12



and a second order approximation of f (at X = 0) is given by

1
= f(0) + fx (0)[A] + 5 fxx (0)[A, A]
_ I, 0 QY 0
TN\ [-AY ][ Aty v
I 0][ -AQq AAp, I 0 —QuA 0
A% I, 0 A —AR L] | ARA A
In - Qd - AFdAI}—'T') A>
1 o o o ~ o N o N
+5 <QdAQdA — 24, A% AQuA — Ap, A% AAp, AR A + 245, AAR A — A2, In> .

We want the gradient of f to be 0, so for the Newton step we determine A = AH such that

ot
—5(A) =0, or equivalently

0= (I, — Qi — Ar, AR, Y) + (QuAQu + Ar, AF,AQq,Y)
+(QuAAR, A + Ap, AY AAp AY — Ap, AAY — AY AAp, + AY)
for all Y = YH. Using the properties of the scalar product, we obtain that
I, — Qq — Ap, AR,
= QdAQd —+ AFdA?‘dAQd + QdAAFdA?‘d —+ AFdA}HydAAFdA}H:d
— AFdAA?“d — A?“dAAFd + A. (16)

If we fix a direction A and look for « such that f(aA) is maximal, then the Newton
correction in « is given by

2 <In —Qq— Ap, AR, A>
<QdAQdA — 245, AH AQuA — A, A% Adp, AW A 4245, AAR A — A2, In>

So =

Remark 4.2. To carry out the Newton step, we have to solve equation (15) in the continuous-
time case or (16) in the discrete-time case. This can be done via Kronecker products (for the
cost of increasing the system dimension to n?), i.e. via

((In ®Ap + Ap, O L)AL @ L+ T, A% )+ 1,2 Qe+ Q. ® In) vec X
= vec(Ap, + AIH;C)
in the continuous-time case, or
((Ar, @ Ap, — I @ L)(AE, @ AY, - I, @ 1) + Qu® Ap AY,
+TEA}TWC ®Qa+Qq® Qd) vee X = vec(I, — Qa — Ap, AR

in the discrete-time case.
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4.2.3 Convergence

In this subsection, we show that the functions that we consider here actually have a globally
converging Newton method. For this we have to analyze some more properties of our functions
and refer to [6, 16] for more details. Recall that a smooth function f : R" — R is self-
concordant if it is a closed and convex function with open domain and

1 (@) < 2P (2)?

in the case n = 1, and if n > 1, then f is self-concordant if it is self-concordant along every
direction in its domain. In particular, if n = 1 then f(z) = —In(z) is self-concordant and
in general, if f is self-concordant and in addition A € C"*™, b € R™, then f(Az + b) is also
self-concordant. These results can be easily extended to the real space of complex matrices
showing that the function b(X) = — Indet(W (X)) is self-concordant. Let

M) = {(bxx) ™ b, bx)

where (bxx) 'bx = A in the Newton step, i.e. A(X) = (A, Ap, Pt +Pc_1A1':1€> in the
continuous-time case, or A(X) = <A, AFdPglAIH;d —~P;'+ B(R- BHXB)_lBH> in the
discrete-time case respectively. In both cases A\(X) can be easily computed during the Newton
step and gives an estimate of the residual of the current approximation of the solution.

Furthermore, for every X € X (X) the quadratic form of the Hessian in the original
coordinates can be expressed as

(bxxAx, Ax) = tr (W AW[ALW AW (AW ).

Using the Courant-Fischer theorem twice, see e.g. [3], this implies that

tr (W—%AW[AX]W—lAW[AX]W—%) > m tr (AW[Ax]W T AW[A X))
1

> X (W(X) tr (AW[Ax]AW[Ax]).

Note that ||[AW[Ax]||r # 0 for controllable (A, B) and Ax # 0. Minimizing the left-hand
side over all Ay with ||Ax]||% = 1 yields uniform positivity of the Hessian, since the spectrum
of W(X) is bounded.

Hence, it follows, see e. g. [6], that the Newton method is quadratically convergent, when-
ever \(X) < .25 in some intermediate step. Once this level is reached, the methods stays in
the quadratically converging regime. If the condition does not hold, then one has to take a
smaller stepsize (1 + A(X)) Ay in order to obtain convergence.

4.2.4 Initialization

Note that for the reformulations of the Newton step we have to assume that the starting
value Xy is in the interior of the domain. In this section, we show how to compute an initial
point X € X}, which therefore satisfies the LMIs W.(Xo, M) = 0 and W4(Xo, M) = 0 for
the model M = {A, B,C, D}. Since the reasoning for both the continuous-time case and the
discrete-time case are very similar, we first focus on the continuous-time case.
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We start the optimization from a model M that is minimal and strictly passive. It then
follows that the solution set of W,(Xg, M) > 0 has an interior point Xy > 0 such that

Wo(Xo,M) =0, 0=<X_=Xg=X,.

To construct such an Xj, let a := ApinWe(Xo) > 0 and 3 := max(||Xo||2,1) > 0. Then, for
0 < 2§ < a/3, we have the inequality

Wo(Xo, M) = 2¢ [ Xo 0 ] .

0 Iy
In order to compute a solution Xy for this LMI, we rewrite it, up to a scaling factor, as

—(A+eLNX — X(A+€1) cH-XB

Wo(X, M) := C_BHX (D — €L,)" + (D — €1Ly)

= 0.

for the modified model M¢ := {A+¢1,, B,C, D — &1, }. The solution set of this shifted LMI
can be obtained from the extremal solutions X_(£) and X (&) of the Riccati equations for
Me. It therefore follows that

0<X_< X_(g) = X+(€) < X+.

The reasoning for the discrete-time case is very similar. Starting from a strictly passive
and minimal model M, we have the inequality

Xo O

Wi =26 [ )

] , for 0<28<a/f = AinWa(Xo)/ max(|| Xol|2, 1).

In order to compute a solution Xy for this LMI, we rewrite it as an LMI

Xo — AgHXoAg Cg — AgHXOBg -

Wa(Xo, M) := { Ce — Bf'XoA: D+ De — BfXoBe | —

for the modified model M := {A¢, Be, C¢, D¢} := {A//1—2¢,B//1-2¢,C/(1—-2¢), (D —
&l,)/(1 —28)}. The solution set X_(§) = Xo <X X1 (§) of this scaled LMI is again strictly
included in the original solution set.

The procedure to find an inner point is thus to choose one of the Riccati solutions X_ (&)
or X (&) of shifted or scaled problems, respectively, or some kind of average of both, since
they are then guaranteed to be an interior point of the original problem.

Another possibility to compute an initial point is to take the geometric mean of the
minimal and maximal solution of the Riccati equations (6), respectively (9), denoted by X_
and X, which is defined by X = X_ (X:1X+)%, see [15]. However, e.g., if X_ and X are
multiples of the identity matrix, then the geometric mean is a convex combination of X_ and
X+ and will not necessarily be in the interior.

4.3 Numerical results

We have implemented the steepest ascent method of Subsection 4.1 and the Newton method
introduced in Subsection 4.2. The software package is written in python 3.6. The code and
all the examples can be downloaded under [1].

We have performed several experiments to test convergence for the different methods
developed in this paper.
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and the value det(W,.(X.)) at the analytic center

Figure 1: Convergence behavior for the Newton method applied to the example as in Exam-
ple 4.1

Example 4.1. As a prototypical example consider a randomly generated continuous-time
example with n = 30 and m = 10, 1. e. the overall dimension of the matriz W.(X) is 40 x 40
and we have a total of 465 unknowns.

As one would expect, the steepest ascent method shows linear convergence behavior, whereas
the Newton method has quadratic convergence as soon as one is close enough to the analytic
center.

Figure 1 shows the convergence behavior using the Newton method. Note, that the barrier
function det(W (X)) increases monotonously, whereas the distance of the argument X to the
analytic center X. slightly increases in the linearly convergent phase. The number of steps
required in the steepest ascent approach, however, is much higher than in the Newton approach.

Also, the initial point computed by the geometric mean approach turns out to be much
better in all the practical examples, even though one cannot guarantee positivity in some
extreme cases.

Note that one has to be extremely careful with the implementation of the algorithm.
Without explicitly forcing the intermediate solutions X to be Hermitian in finite precision
arithmetic, the intermediate Riccati residuals Py may diverge from the Hermitian subspace.

5 Computation of bounds for the passivity radius

-, respectively X € XZ, we can use this solution to
find an estimate of the passivity radius of our system, i.e. the smallest perturbation A to
the system coefficients M = {A, B,C, D} that puts the system on the boundary of the set
of passive systems, so that an arbitrary small further perturbation makes the system non-
passive. In this section we derive lower bounds for the passivity radius in terms of the smallest
eigenvalue of a scaled version of the matrices W.(X, M) or Wy(X, M), respectively. Since
the analytic center is central to the solution set of the LMI, we choose it for the realization
of the transfer function, since then we expect to maximize a very good lower bound for the
passivity radius.

Once we have found a solution X € X
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5.1 The continuous-time case
As soon as we fix X € X, the matrix

We(X, M) =

—AHX XA CH-XB
C - BHiXx D+ DH

is linear as a function of the coefficients A, B, C, D. When perturbing the coefficients, we thus
preserve strict passivity, as long as

We(X, M+ Apm)

—(A+ANX — X (A+A4) (C+ A - X(B+Ap)) ]
(C+Ac) — (B+Ap)"X (D + Ap) + (D + Ap)H

= 0.

We thus suppose that W.(X, M) = 0 and look for the smallest perturbation A4 to our model
M that makes det W,.(X, M 4+ Apq) = 0. To measure the model perturbation, we propose to
use the norm of the perturbation of the system pencil

0 Aax Ap
Ay A
Al =| | a0 ar ][220 ]
AR Ac Ap+AH b

2

2

We have the following lower bound in terms of the smallest eigenvalue A, of a scaled version
of Wo(X, M).

Lemma 5.1. The X-passivity radius, defined for a given X € X, as

Pa(X) = Inf {][ A | det W(X, M+ Ar) = 0},

satisfies
)\min(YVch(X7M)ch) S pi\/l (X)a (17)
for
1
I,+X? 0] 2
e [ 0
Proof. We first note that
0 I, X 0
I, 0 A+Ay B+ Ap

det | x avpaH 0 cHyaH

0 BU4+Al C+Ac R+AY
0 I,

:det[—rn 0

]det Wo(X, M + Ap), (18)

since W.(X, M + Apq) is just the Schur complement with respect to the leading 2n x 2n
matrix. Here we have set R := D + D" and Ap :== Ap + Ag.
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If we introduce the n x (n 4 m) matrix Z. := [ =X 0 |, then (18) is equivalent to

7 H 0 A+ AA B+ AB 7
[I ¢ } AH 4+ AH 0 cH 4+ Al [I ¢ ]:WC(X,M+AM).
men B+ AR C+Ac R+AR | LT
) Ze . [ Z. .
If we replace the matrix 7 by the matrix U, = I Y, with orthonormal columns,
m—+n m+n

which we can e. g. obtain from a QR decomposition [11], then we obtain
0 A+Ay B+ Ap
Ut | AH Al 0 CcH+Al U
B+ AR C+Ac R+ Ag
=YW (X, M+ Ap)Ye

0 Aj Ap
=Y WX, MY +U8 | A 0 AR | U
AR Ao Ag

Therefore, the smallest perturbation of the matrix YW (X, M)Y, to make Y. W (X, M +
Ar)Ye singular must have a 2-norm which is at least as large as Apin (YeWe(X)Ye), and since
the perturbation is a contraction of the proposed one, the lower bound in (17) follows. 0

5.2 The discrete-time case

In the discrete-time case, for a fixed X the LMI takes the form

—ARX A+ X cH— ARXB
a(X) c_BfxA p+DH_pHxp |Z0

and its perturbed version is

Wd(XaM + AM)

[ A+ ADPX(A+AN+ X (CH+A)T—(A+AN"X(B+ Ap)
T C+Ac—(B+ApHX(A+As) R+Ap—(B+Ap)HX(B+Ap)

=0,

where again R := D+ D" and Ap := Ap + AB.

Note that, in contrast to the continuous-time case, for given X € XZ , Wa(X, M+ Ap) is
not linear in the perturbations. Nevertheless, we have an analogous bound as in Lemma 5.1
also in the discrete-time case.

Lemma 5.2. The X-passivity radius, defined for a given X € XZ as
Pha(X) = fnf {[| A det Wa(X, M+ Ap) = 0},
satisfies
A4+, 17X AT X
Amin (Ya | Wa(X, M) — H [ As Ap]- 41> [A+L, B]|Y
B 2 AL | 2
Pr(X),

(19)

IN
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where

(NI

Yd = [ In—&—m"‘Z;Zd ]7 jIn—l—m: Zd:_[ %(A—I'AA_IH) %(B—’_AB) ]

Proof. We first observe that

0 I, S(A+A4—-1,) F(B+Ap)

det I, 0 A+Ax+1, B+ Ap

A+ A )X AH AR 4T, 0 CH+ AR

(BH + Al BH + Al C+Ac R+ Apg
:det“i %]detwd(X,MJrAM), (20)

since again Wy(X, M+ A ) is just the Schur complement with respect to the leading 2n x 2n
matrix. Note that this matrix (20) is linear in the perturbation parameters, since X is fixed.
Using the definition of the matrix Z;, then from (20), it follows that we can consider

0 A+Axr+1, B+Ap 7
[ Z8 Lpyn || AP+ AR+ T, 0 cH 4+ Al [I d }
BH 4+ Al C+ Ac R+ Ap mn

If we replace the matrix [ IZd } by the matrix with orthonormal columns Uy = [ IZd ] Yy,
m-+n m-+n
then we have
0 A+A +1, B+ Ap
Ut AH Al 0 CH+ AR | Uy = YaWa(X, M+ A )Yy
BH + AR C+ Ac R+ Ap

from which it follows that

0 Ax Ap
YaWa(X,M+AM)Ya=UN | AR 0 Al | Uy
AR Ao Ap
AU 1 X AT X
Py (Waxo My — | 4 DAy Ap - | JA S A+L, B Y.
B 2 AR 2

and the smallest perturbation of the matrix Y;Wy(X, M)Y; needed to make Yy Wy(X, M +
A )Yy singular must have a 2-norm which is at least as large as

0 A+1I, B
Amin (US| AP+ 1, 0 CH | Ug) = Ain (YaWa(X, M)Yy).
BH C R

Again, since the perturbation is a contraction of the proposed one, the (approximate) lower
bound in (19) follows. O
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5.3 Examples with analytic solution

In this subsection, to illustrate the results, we present simple examples of scalar transfer
functions (m = 1) of first degree (n = 1).

Consider first an asymptotically stable continuous-time system and transfer function
T(s) =d+ L i.e. with a < 0. Then

—2ar c¢—bx
We(w) = [c—bx 2d }
and its determinant is det(W.(x)) = —4adx — (c — bx)?, which is maximal at the central point
Tq=7f— Qb%d. We then get
4d%y —2c% 248 1 27 [p 071 0
= b2 b b — b
We(@a) 2d2 2d} [0 1][0 2ng1}’

with p = 2dg—§ — 2c3 which implies that det(W,(z4)) = 2d - p. For the transfer function to
be strictly passive, it must be asymptotically stable and positive on the imaginary axis and
hence also at 0 and oco. Thus, we have the conditions

a<0,d>0, - > 0. (21)

The function ®.(w) = 2d — a§10£2 is a unimodal function, which reaches its minimum either
at 0 (namely ®.(0) = pi—i) or at oo (namely ®.(co) = 2d) and hence the conditions in (21)
are sufficient to check passivity. Thus, for the model M, strict passivity gets lost when either

one of the following happens

d+6,=0, a+6,=0, [c+d. d+5d}[;b+_55"}=0.

Therefore, it follows that

= min ( d a b = @ b
p= y Ay, 02 c d = 02 c d

At the analytic center x, we have
ad
det We(z,) = 2dp = 46—2(ad — be)

and the smallest perturbation of the parameters that makes this determinant go to 0, yields
exactly the same conditions as (21). This illustrates that the X-passivity radius at the analytic
center yields a very good condition for strict passivity of the model.

In the discrete-time case the transfer function is 7'(z) = d—i—z‘%ba and for it be asymptotically
stable we need a? < 1, when we assume the coefficients to be real. Then

x—a’r c¢—abx

Wa(w) = c—abr 2d-— bz
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and the analytic center, where det Wy(z) = (1 — a?)x(2d — b*z) — (c — abz)? is maximal, is
given by z, = W with

a’ — c— (a — c— (a
deth(ma):( 1) (be - ( b21)d)(b (a+1)d)

The function ®4(z) = lb—_ca + b= + 2d will be minimal on the unit circle at z = 1 or z =

—1. Thus positivity will be lost, when either a reaches 1 or —1, or bc — (a — 1)d = 0 or
bc — (a + 1)d = 0. This is exactly the condition also reflected in the determinant of W (x.)
at the analytic center x,. This again illustrates that the X-passivity radius at the analytic
center gives a good bound the passivity radius of the system.

6 Concluding remarks

We have derived conditions for the analytic center of the linear matrix inequalities (LMIs)
associated with the passivity of linear continuous-time or discrete-time systems. We have
presented numerical methods to compute these analytic centers with steepest ascent and
Newton-like methods and we have presented lower bounds for the passivity radii associated
with the LMIs evaluated at the respective analytic center.
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A Derivatives of functions of complex matrices

In this appendix we present a precise derivation of the formulas for the differentiation of a
matrix function with respect to a complex matrix. Here we distinguish between complex
vector spaces C" and the corresponding real vector space R™ + :R"™. Both spaces can be
identified by ¢ : C" — R™ 4+ R", c¢(v) = R(v) + 1S(v). For matrix spaces of dimension
m X n we use the usual identification with the vector spaces C™ and R™ + «R™. The space
C™ is equipped with the standard scalar product (z,y)c := z"y. By % we denote the
differentiation in a real vector space, whereas the differentiation of a holomorphic function
g is denoted by ¢’. Note that if we write c o g(x) = u(z, + 1) + w(z, + 2x;), then by the
Cauchy-Riemann equations, see e. g. [9], we have co ¢/'(z) = %u(:{:r + ;) — za%iu(xr + ;).
Then we have the following result:

Lemma A.1l. Assume that g : C"*"™ — C is holomorphic. Then f : R™™ 4+ R™*" — R
defined by

f( X, +1X;) := Rg(X)

is differentiable over R with

9
87X (Xr + ZXZ) = %(QI(X) ©) C71>
and 5
(Gl +1X0)A) = R{X), e Ao, A=A, +1A,

For the holomorphic function g(X) = det(X) the following fact is well-known, see e. g. [14]
for a proof in the real case, that easily extends to the complex case.

Lemma A.2 (Jacobi’s formula). Let g(X) = det(X) and X € C™". Then ¢'(X) = adj(X7)
and the directional derivative of g in direction A € C™*"™ equals

¢(X) oA =tr(adj(X)A) = (adj(X)", A)c.

Applying the chain-rule we finally obtain the differentiation formula, which is used through-
out this paper.

Corollary A.1. Let f: R™™ 4 R™"™ — R with f(X, +:X;) = InRdet(X) and X € C"*"
with R det(X) > 0. Then

ax

B det(X) _
XT+ZXi) =co <§Rdet(){)X H> .

B Differences between continuous-time and discrete-time sys-
tems

Usually, statements for a continuous linear time-invariant system can be transformed back
and forth to discrete-time systems using some bilinear transform. However, the equations
determining the analytic center in both cases are cubic in X, which suggests that there might
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not be a one-to-one correspondence. We have shown that the eigenvalues of the feedback
system matrix Ap, at the analytic center lie on the imaginary axis in the continuous-time case,
whereas they lie inside the unit disk in the discrete-time setting. In this appendix we show
that it is indeed necessary to consider the continuous-time and discrete-time case separately
by showing that the three equations determining the analytic center are not preserved under
the usual bilinear transformations.

B.1 Bilinear transformations

The bilinear transformation s = (2 —1)/(z+ 1) maps every asymptotically stable continuous-
time system {A., B, C., D.} to a corresponding asymptotically stable discrete-time system
{A4, B4, C4, Dg}. For some Q.,Qq € C™ and R, = D, + D!, Ry = Dy + DY set

L Qc Cg' L Qd Ccll—'
=% F] w29,

Then, starting from a continuous-time system {A., B, C¢, D.} we obtain a transformed
discrete-time system by setting

Ag = (Ac—D)7HI + Ap)
Bg:=V2(A,—1)"'B,

V2(I — At (I—A) !B, (22)
0 I ’

Wy = THW.T,,

T. .=

where Cy, Dy, and ()4 are obtained from W,;. Vice versa, starting from a discrete-time sys-
tem {Ag, By, Cy4, D4} and using the inverse transformation z = (1 + s)/(1 — s) we obtain a
continuous-time system by setting

Ao = (Ag + I)_I(Ad -1
B.:=V2(Aq+1)"'By

V2(I +Ag)™" —(I+Aq) "By
0 I ’

WC = T;‘Wde.

Td =

Note that (I — Ag) = 2(I — A.)~L.

Bilinear transformations preserve asymptotic stability, and they also relate the domains
of the continuous-time and discrete-time linear matrix inequalities. To see this, we express
the two LMIs as

Q. cH AT 0 X.]|[A B
We(X) '_{CC R | !BV o||lx. o |1 o]=%
Q] A} 17[X4 0O Aq By
Wd(X)'_{Cd Ry BY o]l o x| 1 o]="



we can also express W,.(X.) as

Wux)<| @ G| _[A+l B "rX o Ae+1 B,
AT Ce Re A.—1 B 0 -3¢ || A -1 B. |’

Applying the congruence transformation 7, defined in (22), then

H [ Qa Cf ] [ AR 1 Xqg O Aq By
TCWC(XC)TC_[Cd Rd] [Bg' 0JL0 —Xg || T 0]

with Ag, Bg, Cq, Dg and Qg defined as in (22). This shows that maximizing det Wy(Xy)
over X, and maximizing det W.(X,) over X, is equivalent. Thus, the respective solutions at
the continuous-time and discrete-time analytic center coincide, i.e. Xy = X.. The bilinear
transformation also preserves the solution of the Riccati equation as well as the domain of the
linear matrix inequality. For the transformation of the matrices C., D., and Q. we obtain

Qd Cf; _ mH Qc Cy _ mH \/ch(I - Ac)il QC(I - Ac)ich + C'?
|l =1¢ H| Te = 1. -1 -1 H
Cy Dg+ DY C. D.+ D!, V2C,.(I — A,) Ce(I — A.)"'B.+ D, + Df.
(23)
where the (1,1), (1,2), (2,2) blocks are given by

21 — A)HQ (1 — 471,
V2(I = A)™MQu(I — A) 7' B+ V2(I — A)Mch,
(I—A)*B.+BHI—A)MQ.(I — A)'B.+ B (1 - 4.)"HcH + D, + DY,

respectively.

The transfer function also does not change, provided that one rephrases it in terms of the
new variable, i.e. ®4(z) = ®.(s). This can be seen as follows. Let us replace the variable
z of the system matrix Sw,(z) by (1 + s)/(1 — s) and then scale the first block row and
block column by (1 — s) and transform the second block row and block column by the upper
triangular congruence transformation 7T,, which does not change the transfer function, then
we obtain

0 | Aq — 21, By

[ a _Os)In TOH ] ZAY] — I, Qa cH [ 4 _OS)In 79 ]
d ng' Cy Ry d
0 |A.—sl, B,
= | A" 1, | Q. CF
BH Ce R,

B.2 Transformation of the deflating subspaces

Following [7] we consider the pencils

0 —sI + A, B,
$Ec— Ao = | sl + A'C" Q. CE'
B C. D.+ DH
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corresponding to the continuous-time case and
0 zI — Ad —Bd
AN — Ay = 240 T (2 - 1)Qu (z —1)CH
zBY (2 —-1)Cq (2 —1)(Dy+ DY)

corresponding to the discrete-time case.
If X is solution of Riccy(X) = —Qq, then there is a deflating subspace of the form

0 Ag—z1 By —-X (I —Ag+ BdFd)
I—2AY (z-1)Qq (z—1)CH 1
—2BY (z-1)Cy (2 —1)(Dy+ DY) —Fy
I
= |(I - ANX| (Ag — BaFy — 2I).
-BYX

Applying a generalized bilinear transformation to the pencil s&. — A, gives

2Ag— A = (6 — A) — (=& — A

0 2(Ae—1)— (I + Ac) 2B, — B,
= | =21+ AH) — (A" — 1) (2= Qe (z—nC |,
—2BH — pH (z - 1)C. (z = 1)(De + DY)

and then performing the bilinear transform from the previous section on the last two block
columns and rows, we obtain the new pencil

o T o0l . o [ir oo 0 Ag— 2l Ba
sAi=Ad = |V (2Aa - Ad") vl = lr—eAl =i (- ey
c o | =B -1 -1+ DY)
If, conversely, there is a continuous-time solution X of Ricc.(X) = —Q., we have the deflating
subspace
0 —sl+ A, B, -X I
sI 4 AN Q. cH I | = |X| (A.— B.F.—sI).
BH C. D.+D"| |-F, 0

Then, using the same transformation we obtain

-X

(zAd - AdH) [*/5] 0_1} I | (I-A.+ BF)™!
0 T s
a7 o] !
= [¢g o X| (2(~I+A.—B.,F.)— (I +A.— B.F.))(I - A.+ B.F.)™!,
cl]o
which is equivalent to
y —X(I - Ap,) I
(ZAd — Ay ) I = (I = A)NX | (Ap, — 2I),
—V2F.(I — Ac+ B.F,)™! —-BHX
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where Ap, denotes the bilinear transform of the matrix Ap, = A, — B.F.. Thus, the trans-
formed feedback matrix F,; can be defined by

Fy:=+2F,(I — A.+ B.F.)".. (24)

It needs to be analyzed how the Riccati operator P.(X) is transformed for a fixed X.
Clearly, then X fulfills the Riccati equation Ricc.(X) = —Q, with Q. := —P.(X). From the
equations Ricc.(X) = —Q. and Riccy(X) = —Qq one would then expect, that Py(X) = —Qg.
However, we have the relation

5 Syl o[ 2[R L )

Tp:=

(25)

where we compute

T [\/5(1 ~A.+BJF.)! (I-A4)7'B, ]

0 I+ F.(I - A.)"'B.
and used that 2F.(I — A,)™' — Fy — F.(I — A.)"'B.F; = 0. We thus obtain that
Py=2(I—A.+ B.F.) "P,(I - A, + B.F.)™ 1,

which, by considering that P. > 0 and equation (23), only coincides with —Q, if F. = 0.
Thus we have shown, that if we enforce a feedback, that keeps the feedback system matrix
AF, on the unit circle, then the transformed residual of the Riccati operator P, does not
correspond to the discrete-time residual P;. In other words, since relation (25) has to hold,
the transformation of the feedback (24) cannot be true, and thus the discrete-time feedback
system matrix Ag, does not lie on the unit circle. Indeed, as mentioned before, the eigenvalues
lie strictly inside the unit circle.
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