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Zusammenfassung in deutscher Sprache

Die vorliegende Arbeit behandelt einige asymptotische Eigenschaften gewisser stochastischer
Fliisse auf R%, deren Verteilungen meistens invariant gegeniiber Rotationen des Zustandsraumes
sind. Im Detail sind dies zuerst die isotropen Brownschen Fliisse, deren Verteilungen zusétzlich
invariant gegeniiber Translationen des Zustandsraumes sind und deren Studium bis auf Yag-
lom [60] oder Baxendale, Harris [5] und Le Jan [28] zuriick geht. Desweiteren werden isotrope
Ornstein-Uhlenbeck-Fliisse behandelt, die seit Dimitroff [12] untersucht werden sowie repulsi-
ve isotrope Fliisse, die erst in dieser Arbeit eingefithrt werden. Alle diese stochastischen Fliisse
werden durch eine gemeinsame stochastische Differentialgleichung verbunden, die durch Spezifika-
tionen eines reellen Parameters in die Gleichungen fiir die oben genannten Klassen stochastischer
Fliisse iibergeht. Zundchst werden diese definiert und wesentliche Eigenschaften zitiert.

Danach wird in einem ersten Kurzkapitel zum Aufwirmen ein Lemma iiber das rdumliche asym-
ptotische Verhalten isotroper Fliisse bewiesen, das spéter dazu dienen wird, den Nachweis dafiir
zu erbringen, dass die durch stereographische Projektion gewonnene Kugelversion eines Ornstein-
Uhlenbeck Flusses nicht stetig differenzierbar ist und sich daher der Anwendung der bekannten
Ergebnisse von Ledrappier und Young [32], [33] entzicht.

Ein weiteres Kurzkapitel behandelt rudimentér die Frage, wann die n-Punkt Bewegung eines sto-
chastischen Flusses eine stetige oder sogar differenzierbare Dichte besitzt, die zudem abseits der
verallgemeinerten Diagonalen strikt positiv ist. Die Anwendbarkeit des gefundenen Kriteriums
auf eine grofle Teilklasse der hier behandelten Fliisse wird nachgewiesen.

Im darauf folgenden ersten Hauptkapitel wird die asymptotische Form der Menge aller von ei-
ner kompakten Menge besuchten Punkte untersucht und nachgewiesen, dass diese Form im Falle
eines planaren isotropen Brownschen Flussess in Wahrscheinlichkeit in einem gewissen Sinn de-
terministisch ist. Die Beweisfithrung folgt dabei teilweise Dolgopyat, Kaloshin und Koralov, die
ein dhnliches Resultat in einem anders gelagerten Fall untersucht haben ([13]). Der wesentliche
Schritt ist jedoch neu, weil die dort angewandte Argumentationsweise im betrachteten Fall nicht
anwendbar ist. Die in den hier betrachteten Féllen nicht gegebene rdumliche Periodizitat wird
dabei durch die Invarianz-Eigenschaften isotroper Brownscher Fliisse gegeniiber Zeitumkehr er-
setzt.

Die sogenannte Margulis-Ruelle Ungleichung besagt, das die Entropie eines zufilligen dynami-
schen Systems nach oben durch die Summe seiner positiven Lyapunov-Exponenten abgeschitzt
werden kann. Diese Ungleichung wird auf den Fall des zufélligen dynamischen Systems, das auf
kanonische Weise aus einem isotropen Ornstein-Uhlenbeck Fluss erhalten werden kann, erweitert.
In den letzten beiden Hauptkapiteln wird die Frage nach dem asymptotischen Verhalten des Su-
premums der rdumlichen Ableitungen eines stochastischen Flusses behandelt. Es wird nachgewie-
sen, dass dieses Supremum (genommen iiber eine kompakte Startmenge) mit der Zeit hochstens
exponentiell schnell wichst und eine Schranke fiir die Rate wird angegeben. Dieses Resultat ist
eine Vorstufe, die benotigt wird, um aus der Margulis-Ruelle Ungleichung die Pesinsche Formel
machen zu kénnen, d.h. in dieser Gleichheit zu erreichen. Zunéchst werden die ersten Ableitungen
eines isotropen Flusses betrachtet und danach wird das Resultat - allerdings mit i.A. schlechteren
Konstanten - auf eine sehr viel allgemeinere Klasse stochastischer Fliisse sowie Ableitungen be-
liebiger Ordnung verallgemeinert.

Zuletzt werden Moglichkeiten fiir weitere Untersuchungen und offene Fragen aufgezeigt.
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Abstract

The present work treats several asymptotic properties of stochastic flows on R?, whose distribu-
tions are frequently assumed to be invariant under rotations of the state space. These stochastic
flows include the isotropic Brownian flows, which have been studied since Yaglom [60] or Bax-
endale, Harris [5] and Le Jan [28]. Furthermore isotropic Ornstein-Uhlenbeck Flows are treated,
which are considered since Dimitroff [12] as well as repulsive isotropic flows, which are about to
be introduced in this work. All these classes of stochastic flows are linked by a single stochastic
differential equation which passes to one of the named cases by the specification of one real pa-
rameter. First we define the classes of models and cite important facts from the literature.
Afterwards the spatial asymptotic behaviour of isotropic stochastic flows is treated in a short
warm up chapter. A lemma is proved that serves to show that the unit ball based random dy-
namical system coming from an isotropic Ornstein-Uhlenbeck flow is not sufficiently smooth to
apply well known results concerning Pesin’s formula from Ledrappier and Young [32], [33] and
hence to motivate the self contained study of this subject.

Another short chapter is concerned with the following question. When does the finite-point
motion of a given stochastic flow admit a continuous (or even smooth) density which is strictly
positive apart from the generalized diagonal? It is also shown that a large subclass of the isotropic
flows belongs to the scope of the obtained results.

The following first main chapter treats the asymptotic behaviour of the shape of the set of points
in R? that has been visited up to some time. It is shown in the case of a planar isotropic Brownian
flow that this shape is deteministic in probability. Dolgopyat, Kaloshin and Koralov give a similar
result in a different setting ([13]). But since the core of their proof - the spatial periodicity of
their model - fails to hold for all isotropic flows it has to be replaced by a different feature of the
isotropic Brownian flows namely their invariance properties w.r.t. time reversion.

The so-called Margulis-Ruelle inequality asserts that the entropy of a random dynamical system
can be estimated from above through the sum of its positive Lyapunov exponents. This inequal-
ity is extended to the case of a random dynamical system coming from an isotropic Ornstein-
Uhlenbeck flow.

The last two main chapters are devoted to the asymptotic expansion of the spatial derivative of
a stochastic flow taking the supremum over a compact set of initial points in R%. Tt is shown that
this expansion is at most exponentially fast in time and a deterministic bound on the expansion
speed is obtained. This result can be seen as a first step towards Pesin’s formula for isotropic
Ornstein-Uhlenbeck flows. First the case of first order derivatives of an isotropic flow is treated
and afterwards the result is generalized - with worse constants - to a much more general class of
stochastic flows and derivatives of arbitrary order.

Finally some open questions are listed and possible directions of further research are discussed.
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Introduction And Main Results

The name of this work is ,,Some Asymptotic Properties Of Stochastic Flows“. A stochastic flow
is a random variable taking values in the groups of diffeomorphisms of the Euclidean space R%.
It can be motivated by the following physical considerations. Suppose we have an infinite ocean
without any prefered streams. This means that we suppose the local movement in this ocean
to be equally likely to occur in any direction. On this ocean we now consider a set of specially
distinguished points. One may think of an oil spill floating on the surface. This leads to the model
of a so-called isotropic Brownian flow (IBF) which is specified by the invariance of its law unter
rigid motions of the state space. These flows can be rigorously defined by a stochastic differential
equation (SDE) of Kunita-type. These generically include an infinite-dimensional stochastic noise
and generalize the notion of It6 SDEs. Unfortunately the full distribution of say the shape of the
oil spill at some time 7" is too complex to be fully amenable for a detailed study. Hence we will
have to restrict ourselves to the study of some macroscopic properties.

More generally we will not only consider the case of a zero drift environment i.e. of an isotropic
ocean but also allow the motion to evolve in a quadratic potential. This potential may have
a global minimum at the origin leading to the model of an isotropic Ornstein-Uhlenbeck flow
(IOUF) or a maximum which yields the notion of a repulsive isotropic flow (RIF). These three
classes of stochastic flows IBFs, IOUFs and RIFs and their properties are the main subject of the
entire work. They are linked by the following SDE.

¢st(x) =7+ / t M (du, ¢psu(x)) —c / t Gs.u(x)du.

Therein M = M (t,x) is an isotropic Brownian field and describes the infinitesimal random kick
that a particle located at = € R% experiences at time ¢t > 0. The specification of ¢ € R leads to the
different notions of stochastic flow which we already mentioned. The positive values for ¢ yield
the IOUFs, ¢ = 0 corresponds to the IBFs and the ¢ < 0 lead to the RIFs. In all cases ¢ +(x)
denotes the position of the particle at time ¢ which was at position x at time s.

Chapter 1 is devoted to the precise definition of all the models and to the collection of important
results from the literature. We also further develop some of the infrastructure results which are
needed in the later chapters.

Afterwards Chapter 2 treats the question, how M is behaved for large |z|. To be
precise we show that this quantity converges to zero as R — oo if we take the supremum over
R < |z|] < R+ 1. Although the scaling by x seems to be too large we stick to it because this

1
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is precisely the scaling we will need in Chapter 5. The convergence is proved by using the well-
known chaining technique which originates from [10] and which we explain in some detail.

Chapter 3 has a scope that is somewhat different from the one of the rest of the work. We ana-
lyze the question when the solution of a SDE admits a density that is strictly positive on some
predescribed set. To be precise we consider the SDEs for the finite-point motions and ask for
the necessary amount of differentiability of the driving vector fields that guarantees the existence
of a density. Afterwards we apply a criterion from [29] that allows us to show that the density
(provided it exists) is strictly positive apart from the generalized diagonal i.e. the set of points
in (RY)"™ where no two of the n elements coincide. We also give a notion of positivity that can
be obtained with very elementary methods from isotropy properties of the flows we consider.
Nevertheless this notion is not sufficient for the applications we have in mind and so we show
that a large class of the isotropic flows considered here fall into the range of well-known results
concerning strict positivity.

The first main Chapter 4 deals with the diameter problem in the case of a two-dimensional IBF
® with a positive Lyapunov exponent. We show that there is a deterministic set B such that we
have for any deterministic bounded initial set v C R? that consists of at least two different points
the following. If we put v; := ®;(y) and Wi(vy) := Ug<s<¢ s We have for any e > 0 that

Jim P[(1—€e)TBCWr(y) C (1+€6T5] = 1.

It is also shown that the lower bound holds a.s. for sufficiently large T. The chapter is divided
into the proof of the lower bound and the proof of the upper one. The first part i.e. the lower
bound is shown with a combination of methods from [13] and [53]. We reprove the fact that the
diameter of a bounded set under the action of an IBF with a positive exponent grows linearly
in time and define the asymptotic expansion speed in terms of a stable norm. Afterwards it is
shown that a curve that reaches the R-neighbourhood of P € R? will sweep this neighbourhood
within a rather short time with high probability.

The upper bound i.e. the fact that the lower expansion speed and the upper expansion speed
coincide relies on the fact, that the forward distribution of an IBF and its backward distribution
(i.e. the image measure obtained by time reversion) coincide. This fact is shown to imply the
following. Suppose one has two curves with diameter say 17 which have distance say 42 from
each other. Let both of the curves evolve under the action of two independent IBF's for some time
T > 0. Then the probability that the curves intersect each other after time T can be bounded
from below by a strictly positive constant p. This argument is also the main issue that neces-
sitates the restriction to d = 2. This fact surely cannot be expected to be easily proved in the
general d-dimensional case. This is also the point where the techniques from [13] turn out to be
inappropriate to cover the case of IBFs.

The motivating Chapter 5 shows that the random dynamical system (RDS) that can be obtained
by an IOUF via stereographic projection on the unit ball fails to be continuously differentiable.
Nevertheless this is necessary to be able to apply the standard results from the literature ob-
tained by Ledrappier and Young in their papers [32], [33] and [34]. The explicit computations
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performed in Chapter 5 show that it is completely hopeless to expect that these results in their
standard versions apply to the RDSs coming from an IOUF. Here the spatial regularity lemma
from Chaper 2 is used in the central step.

Hence we have to work on these sophisticated results on our own replacing the compactness as-
sumption of Ledrappier and Young by different features of our models. The first part of Pesin’s
formula asserting that the entropy of a C't¢-RDS on a compact manifold equals the sum of
its positive Lyapunov exponents counted with their multiplicities is the subject of Chapter 6.
Therein we prove that the “<“-part of this equality - also called Margulis-Ruelle inequality in the
literature - is true in the case of an IOUF. We prove this via the combination of the method from
Bahnmiiller and Bogenschiitz [3] with an exhaustion argument for the construction of a suitable
partition in the entropy estimation. One might argue that an inequality is not an asymptotic
statement but the Margulis-Ruelle inequality is an inequality between two asymptotic quantities.
The entropy links to the asymptotic number of guesses one needs to find the path of a particle
given the randomness and the Lyapunov exponents give the asymptotic exponential growth rate
of the singular values of the spatial derivative at a previously fixed point.

The main Chapter 7 treats the asymptotic growth of the spatial derivatives of an isotropic stochas-
tic flow. We show that for a compact = C R? we have for () := log || D¢ (x)|| that

1
lim sup ( sup sup T|¢t(x)|> < K a.s.

T—o0 0<t<T z€=

where K depends on the box dimension of = and on d. The proof of this fact relies on the chaining
growth theorem obtained by Scheutzow in [52] which was taylored to the case of the flow itself
but proves to be sufficient to cover the case of the spatial derivatives of an isotropic flow. This
theorem requires to have bounds on the growth of the one-point motion and to have bounds on
the two-point distances. While the first part i.e. the one point estimate can be obtained with
a straightforward computation the two-point estimate turns out to be very technical. It also
involves fourth order Taylor expansions of the covariance tensor b in the present form. This fact
seems to prevent the result from being easily generalized to a wider class of stochastic flows with
the applied method.

Chapter 8 treats the same problem as Chapter 7 in much more general setting. It extends the
result (exponential growth of derivatives) not only to a much more general class of stochastic
flows but also proves it for derivatives of arbitrary order. The proof relies on estimates from
Imkeller and Scheutzow [20] and is much shorter than the one given in Chapter 7. Nevertheless
the result is less explicit concerning the constants appearing and it does not cover the approach
of first-order derivatives to singularity because it uses v;(z) := log(1 + || Di¢¢(2)]]).

The outline in Chapter 9 gives some more steps towards Pesin’s formula for IOUFs along the
lines of Liu and Qian [37]. The local Holder continuity of the Oseledec’ splittings is shown.

In the final Chapter 10 we list some open problems and give some conjectures on their solution.
It indicates directions for further research.
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Chapter 1

Definition Of The Models

In this chapter we introduce the general notion of a stochastic flow and specify the conditions
leading to the models we treat in the sequel. This includes the notions of isotropic covariance
tensors, spatial semimartingales and stochastic differential equations driven by them. We also
review important infrastructural results e.g. diffuse behaviour of finite-dimensional projections,
support theorems and the expansion in terms of the reproducing kernel Hilbert spaces. The
chapter is divided into several sections. First we give a brief review on so called Kunita-integration
and the link between stochastic flows and stochastic differential equations (SDEs) of Kunita-type.
Then we explain how to obtain a random dynamical system (RDS) from a given stochastic flow.
In the later sections we are more specific to provide information on the particular models we use.
We give the definitions of isotropic Brownian flows (IBFs), isotropic Ornstein-Uhlenbeck flows
(IOUFs) and repulsive isotropic flows (RIFs) and note some of their important properties.

1.1 Stochastic Flows And Stochastic Differential Equations

All definitions and statements in this section originate from [27]. We will essentially follow [12]
in the first part of the exposition. As usual we always assume that we have an appropriate
probability space (£2, F,P) on which all the random variables are defined.

1.1.1 The Driving Fields And Their Characteristic

Let d,n € N. For a domain D C R? and a non-negative integer m denote by C™(D : R") the
set of all functions f: D — R™ which are m-times continuously differentiable. If m = 0 then the

superscript may be omitted. As usual for a multi-index of non-negative integers o := (a1, ..., ay)
we put |a] = a1 + -+ + «a, and define the differential operator
Do . Hlal

©T (Qay)™ .. (Dzn)on

Let K C D be a compact set. Define the seminorms

m: + DO f(z)],
Il i=sup 20 5 sup Do)

1<|a]<m ek



6 DEFINITION OF THE MODELS

where | -| denotes the Euclidean distance in the corresponding space. We denote || - ||;n:p by || - ||m-
The family of seminorms {|| - [k : K C D is compact} turns C™(D : R™) into a Fréchet space
(metrizable locally convex topological vector space or equivalently locally convex topological
vector space, whose topology is generated by countably many seminorms). Further the set

CM(D: R™) := {f € C™D : R") : || f|lm < o0}

equipped with the norm || - ||, is a Banach space.
For arbitrary ¢ € [0,1] let C™(D : R™) be the set of all f € C™(D : R*) such that all D2 f for
|a| = m are Hélder continuous with exponent ¢ > 0. The set C™°(D : R®) with the seminorms

s = [t 3 sup D/ @ =D/

L Y€K, 2y ly — z[°

laf=

is again a Fréchet space. | - ||;nas.0 Will be denoted by || - ||m+s-
A continuous function f(z,t): D x R, — R” is said to belong to the class C™9 if

1. f(t) = f(-,t) € C™?° for all t € R, and
2. fOT || f () |lmrs:x dt < oo for all compact K C D and all T' < oo.
Further f(z,t) is said to belong to the class C;n"s if 2. is replaced by
2 [TIF @ lmysn dt = f; [1F(®)]lmss dt < oo for all T < oco.
and f(x,t) is said to belong to the class C’gg’é if 2. is replaced by
2. supier, IfO)llmrsp = subser, [[f(E)[lmrs < 0.

The notations C™, C3" and ()} are abbreviations for cmo, C’gn 0 and C’Zg’o respectively.

Now we consider functions of the type g: D x D — R™. Let C™ be the set of all functions g, which
are m-times continuously differentiable with respect to each variable z and y. For g € C™ define
the seminorms

~ g(z,y
9l == sup 9(z, y)|

+ sup [DyDig(z,y)|
zyek (1+[2[)(1+[yl) 2 !

1<[af<m TYEK
and for 6 € (0,1)

lgllmmsss = lglma + D IDIDSgll5
|a|=m

where

/ / / /
- 9(z,y) —g(@',y) —g(z,y') + 9(=',y
19l5:x rzsup{’( ) ‘(x_az,my(_y,‘l ( )’:w,y,w’,y’ekaw#x’,y#y’}-

Again if K = D then it is omitted from the subscript in the notation of the seminorms. We set
Cm:={geC(DxD:R") :|g| <oo} and C’gn’5 ={g:DxD—R":|g|yis <o0}.

A continuous function g: D x D x [0,T] — R" is said to belong to the class C"™? if
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1. g(t) :==g(-,-,t) € C™? for all t € [0,T] and
2. fOT lg(t)]I 5.1 dt < oo for all compact K C D and 0 < T < oc.

The classes CN'Z" % and C’Zé’(s are defined by replacing 2. in the same manner as above (of course
with ||.||~ instead of ||.||. ). The definitions of the classes C™, Cj* and C™ are also obtained by
putting 0 = 0 as before . Let now (€, (F;)i>0,F,P) be a filtered probability space satisfying the
usual conditions (i.e. right-continuity and completeness). Consider a random field

F(t,z,w): Ry xD xQ — R"

If F' is m-times continuously differentiable with respect to = for any ¢ almost surely, we can
regard it as a C"™-valued stochastic process. If it is continuous we call it a continuous C"™-valued
stochastic process. Analogously we can define C™-valued and continuous C"?-valued stochastic
processes.
Let now

G(t,z,y,w): [0,T] x Dx D x Q — R".

Similarly as above we say G is a C™-valued stochastic process if G is m-times continuously
differentiable with respect to both = and y almost surely for all ¢ € [0,7]. Analogously we can
define continuous C™-valued, C™%-valued and continuous C"™®-valued processes.

Assume now that M (¢, z,w): Ry xDxQ — R?is a family of continuous local martingales, indexed
by z € D with M (0,z) = 0 a.s.. The next theorem gives the connection between the regularity
with respect to the spatial variable of M and the one of (M (-, x), M (-, y))¢.

Theorem 1.1.1 (continuous modifications).

1. Let M (t,x), x € D be a family of continuous local martingales with M (0,x) = 0 P-a.s.. If the
joint quadratic variation (M (-, ), M(-,y)): has a modification of a continuous C"™%-process
for some m > 1 and § € (0,1] then M(x,t) has a modification of a continuous C"™*-process
for any € < §. Furthermore, for a multi-inder o with |o| < m, DYM (t,z) is a family of
continuous local martingales with joint quadratic variation process D3Dy (M (-, ), M (-, y))t.
Such a family of continuous local martingales is called a continuous C"™*<-local martingale.

2. Let M(t,z), = € D and N(t,y), y € D be continuous local martingales with values in
C™° where m > 0 and 6 > 0. Then the joint quadratic variation (M(-,z), N(-,y))¢ has
a modification of a continuous C™-process for any € < 8. Moreover, the modification
satisfies
D2D5<M(-,{L‘), N('ay)>t = <D3M('a l‘), DgN('7y)>t .

Proof: [27, Theorem 3.1.2 and Theorem 3.1.3]. O
Let F(t,x), z € D be a family of continuous semimartingales decomposed as F(t,z) = M (t,z) +
V(t,x) where M (t,z) is a continuous local martingale for any 2 € R and V (¢, ) is a continuous
process of bounded variation for any z € R?. A family of continuous semimartingales F(t,z) is
called a C™?°-semimartingale if M(t,z) is a C™°-local martingale and V(t,z) is a continuous
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C™9-process, such that for any 2 € R? and |a| < m the process t — D2V (t, ), is of bounded
variation. Assume that

<M(-,x),M(-,y)>t:/0 a(x,y,s)ds and V(t,x):/o b(x,s)ds

holds for functions a(x,y, s) = (a¥(x,y, s))1<i j<n and b(x, s) = b*(z, 8)1<i<n. The pair of random
fields (a, b) is called the local characteristic of the semimartingale field F'(¢,xz). [27] allows for a
and b to be densities w.r.t. a different measure but Lebesgue measure, but we do not make use
of that. The pair (a,b) is said to belong to the class (B9 B™9") if

1. a(z,y,t) has a modification that is a predictable process with values in cm9,

2. fOT la(z, y,t)|l; 5.1t < 0o P-almost surely for all compact K C D and all T’ < oo.

3. b(x,t) has a modification that is a predictable process with values in O™ (D : R).

4. fOT |6(x, t)|lm/+s7:xdt < oo P-almost surely for all compact K C D and all T < oo.
Further, the pair (a,b) is said to belong to the class (B;n’é, B;n/’é/) if 2. and 4. are replaced by

2/ fOT a(t)dt = fOT la(z,y, 1) 5.0 dt < oo P-almost surely for all T' < oc.

4/ fOT b(t)dt := fOT 16(z, t) ||l +s.0dt < oo P-almost surely for all T' < oco.

(a,b) is said to belong to the class (BZZ’(S, BZZI’(S/) if 2. and 4. are replaced by the condition that
la(z,y,t)ll5 5.0 and [|b(z, )|l +s.p are uniformly bounded for all ¢ € R* and w € Q. If m = m/

and § = ¢’ we say that (a,b) belongs to the class B™° (respectively B;)n"s and BZ};’&).

A continuous C™%-valued process is called a C™9-valued Brownian motion if for any partition
0<t)<t; <-- <ty the family of C"™-valued random variables (F(t;11,-) — F(t;,"));—o
is independent.

1.1.2 Kunita-Type Integrals And Stochastic Flows

For a domain D C RY, let F(t,z,w): Ry x D x @ — R" be a family of continuous real valued
semimartingales decomposed as F(t,x) = M (t,x) + V (t, x) where M(t,z) is a C"™9%-local martin-
gale and V(t, ) is a continuous C™%-process, such that D2V (¢, z), |a| < m are all processes of
bounded variation. Assume again that the local characteristic (a,b) can be written as

(M(-,x),M(-,y)>t—/O a(x,y,s)ds and V(t,x)—/o b(x,s)ds

(with a(z,y,s) and b(z, s) as before) and belongs to the class B%® for some § > 0.
Let {f; : t > 0} be a predictable process with values in D, satisfying

T T
/ a(fs, fs,s)ds < oo and / |b(fs,s)|ds < oo P-a.s. for all T' < oc. (1.1)
0 0
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The stochastic integral of f based on the semimartingale kernel F' is defined for arbitrary ¢t > 0
by fo (ds, fs) = fo (ds, fs) + fo (fs,s)ds, where the integral fo (ds, fs) (and its Kunita-
Stratonovmh or Kumta—Ito backward counterparts) is defined similarly to the well known classical
stochastic integrals in two steps.

1st Step: For simple predictable processes, i.e. processes of the form

fi = Z foo Wiyt (B) + foll—oy
k=0

satisfying (1.1) the stochastic integral of f based on the kernel M is defined via

t n
/ M (ds, f) == Z M (tgi1 Aty foone) — M(tg Aty fioar) (Kunita-Tto version),
0

/ M OdS fs . ZM tk+1 /\t fthrl/\t) —|—M(tk+1 /\t ftk/\t> M(tk /\t, ftk+1/\t)
- M (tr At, fr,ae) (Kunita-Stratonovich version),

t n
/ M(ds, fs) = Z M(tg1 VO, fropvo) — M(ti VO, ft,,,vo) (Kunita-Itoé backward version).
0 —

2nd Step: For general predictable processes fs satisfying (1.1) one determines an approximating
Cauchy sequence of simple processes f", such that

T
| @ 125) = 2a(f2, 179 + al g S 8)ds 0.
0 n,1Mm— 00
Then it can be shown (see [27, page 82-83]) that the sequence ( [, M(ds, fI' ))n converges in
probability, uniformly in ¢ on compact subsets of Ry. The limiting continuous local martingale is
defined to be the stochastic integral fo M (ds, fs). We omit the second step for the other notions
of stochastic integral indicated in the ﬁrst step because it is perfectly similar to the Kunita-Ito
case (with the difference that the limits are no longer necessarily local martingales). Note that
one has to require the local characteristic to be of class (B??, B10) for some § > 0 to define
the Kunita-Stratonovich version of stochastic integral. The connection between the It6 and the
Stratonovich integrals is given by the following proposition.

Proposition 1.1.2 (Kunita-It6 and Kunita-Stratonovich integrals).

Assume that F(t, ) is a continuous C'-semimartingale with local characteristic belonging to the
class (B*9, BYY) for some § > 0 and that {f; : t > 0} is a continuous semimartingale. Then the
Stratonovich integral is well defined and is related to the Ito integral by

/OtF(ods,fs)Z/O F(ds, fs) + Z</ (ds, fs), 1),

Proof: [27, Theorem 3.2.5] O
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The choice of a certain type of stochastic integral describing a stochastic flow through an SDE
is a matter of taste (if both of them are defined) because both - the Kunita-It6 formulation
and the Kunita-Stratonovich formulation - have advantages and disadvantages: the Kunita-It6
version preserves the ,local martingale-property“ of the inegrator and the Kunita-Stratonovich-
formulation yields better symmetry properties w.r.t. time reversion. A much more detailed
description of the stochastic calculus involving these types of integrals can be found in [27]. Note
that we will mostly use the Kunita-It6 version of Kunita-type stochastic integration. Let now
F(t,z,w): Ry x R x @ — R? be a continuous C(R? : R%)-valued semimartingale. Having the
notion of the Kunita integrals one can consider SDEs involving such integrals

Gsi(r) =2+ /tF(du, bsu(z)) fort>s>0, z€R?, (1.2)

which may be interpreted as the equations describing the movement of a passive tracer in the
random vector field F'(¢, z) starting at time s in the location z. With the help of the well known
Picard-iteration technique one can prove as in the classical case existence and pathwise uniqueness
results for solutions of (1.2).

Theorem 1.1.3 (existence of solution to SDEs).

Assume that F(t,z) is a continuous semimartingale with values in C(RY : R?) and local charac-
teristic belonging to the class Bg’l. Then for each x € R and s > 0 the SDE (1.2) has a pathwise
unique solution.

Proof: [27, Theorem 3.4.1] O
We now give a short introduction to stochastic flows and how they are to be considered as random
variables.

Definition 1.1.4 (stochastic flow, Brownian flow).
A mapping ¢si(z,w): Ry x Ry x R x Q — R? is called a stochastic flow of homeomorphisms if
for P-almost all w € Q the following is true.

1. ¢st(w) is continuous w.r.t. s, t and x.
2. ¢st(w) = dui(w) o Psulw) holds for all s,t,u € Ry.
3. ¢ss(w) = idga for all s € Ry.
4. ¢si(w): R — RY is a homeomorphism for all s,t € Ry
If additionally ¢ satisfies also 4. it is called a stochastic flow of C*-diffeomorphisms.
4. ¢st(w) is k-times continuously differentiable with respect to x for all s,t € Ry.
A stochastic flow of homeomorphisms is called Brownian if it has independent increments, that

is for allm € N and 0 < t; < --- < t, the family of random mappings (gbtl,tg,...,gbtn_htn) i
independent.



1.1 STocHASTIC FLOWS AND STOCHASTIC DIFFERENTIAL EQUATIONS 11

Notation: Omitting an argument in the notation of ¢ means that we refer to ¢ as a function with
respect to this argument, i.e. ¢,; denotes the random homeomorphism w (ac — ¢sﬂt(x,w)).
However, omitting the first time parameter means it is set to 0, i.e. ¢ (z) := ¢o¢(x). Let G be
the set of all homeomorphisms on R?. It has a group structure with respect to the composition
of maps. One can introduce a metric on G via

d(¢,9) = p(d, ) + plo~ w7,

where
e Sup|z1<n [¢(7) — ()]
POV = 2 ST sy 608 — ()

Then (G, d) is a complete separable topological group. A stochastic flow of homeomorphisms can
be viewed as a continuous random field with index set Ry x R4 and values in G. It is called a
continuous stochastic flow with values in G.

Let G* C G be the subgroup of all C*-diffeomorphisms. Define the metric

de(p,9) == > p(D%, D) + > p(D%% ', D).

lal<k lal <k

Then (G¥, d},) is again a complete separable topological group. A stochastic flow of C*-diffeomor-
phisms can be viewed as a continuous random field with index set R, x Ry and values in G*.
It is called a continuous stochastic flow with values in G* or sometimes a continuous flow of
CFk-diffeomorphisms.

The main topic in [27] is the relation between stochastic flows and SDEs of the type (1.2). This
relation is also the main motivation for considering stochastic integrals of Kunita-type.
Assuming some regularity conditions, there is a one to one correspondence between the forward
stochastic semimartingale flows with values in G and the continuous semimartingales with values
in C through SDEs of type (1.2). Especially there are examples of very natural stochastic flows,
which cannot be generated via classical SDEs, driven by finitely many Brownian motions, e.g.
isotropic Brownian and isotropic Ornstein-Uhlenbeck flows (which both are of particular interest
for this work). This one to one correspondence is established in [27, Theorem 4.4.1 and Theorem
4.5.1]. Here we quote another theorem from the same source which maintains one of the directions
in the correspondence and also yields the smoothness of the solution of the SDE depending on
the smoothness of the driving semimartingale field.

Theorem 1.1.5 (flow property of solutions of SDEs, generator of a stochastic flow).

Assume that the local characteristic of the continuous C-semimartingale F(t,x) belongs to the
class Bf’(s for some k > 1 and 6 > 0. Then the solution of the SDE (1.2) has a modi-
fication (¢s4(w) :0< s <t x€D) which is a forward semimartingale stochastic flow of C*-
diffeomorphisms, or a stochastic flow of C*-diffeomorphisms. Further it is a C*€-semimartingale
for any 0 < e < 6. In this case F' is called a forward Ité’s random infinitesimal generator of the
flow (¢ps¢(x) : 0 < s <t,zeD).

Proof: [27, Theorem 4.6.5] O
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Remark 1.1.6. Actually, the original statement of the above theorem is for a finite time horizon
only, i.e. for 0 < s <t < T for some T < +oco. However a standard localizing argument
immediately generalizes the statement to arbitrary s <t € Ry.

Occasionally we will use the notion of a forward and a backward stochastic low meaning the
forward (s < t) or the backward (s > t) restriction of ¢s;: Ry X Ry x © — G. The relation
between the forward flow and the backward flow and their generating fields respectively is given
by the following proposition.

Proposition 1.1.7 (link between forward flows and backward flows - general result).
Let (¢s4,0 < s <t <T) be a forward Brownian flow of homeomorphisms with values in GF for
k > 1 satisfying the following conditions.

1. For each0 <s<t < oo and x,y € R® the random variable ¢s,t(x) is square integrable and

we have
lim E [¢t,t+i;l(37) — ] —b(z, ) and
;lbii% E [(¢t,04n(z) — x}z(¢t,t+h(y) —y)'] A —

wherein (a,b) is the local characteristic of a forward Ito’s random infinitesimal generator of
¢, again denoted by F'.

2. There exists a positive constant K such that we have for any 0 < s <t < T and z,y € R?
that

E[¢s(x) — 2] <K(1+ |z])]t = s,
E [(ds0(x) = 2)(dse(y) — )] K1+ [z]) (1 + [yD]t — sl.

3. We have for the local characteristic (a,b) that a(z,y,t) € C*; b * and b(x,t) € Cﬁjfwhere k>2
and § > 0.

Define the C*~'-valued Brownian motion F(z,t) = fo ] 1 8x (x,y,5)|y=zds. Then
the associated backward flow ¢y s = ((;Sstl,O <s<t< T) is governed by a Kunita-Ito backward
SDE based on F, i.e. it satisfies for x € R and 0 < s <t < T that

brs(x) =2 — / F(¢rr(x),dr).

Proof: [27, Theorem 4.2.10]. Observe that it is sufficient to require the limits in 1. to exist, because
if they exist, they equal the local characteristic of F' (this is the way a and b are originally defined
in [27]). a
Note that the correction to be applied when passing from the Kunita-It6 forward formulation of
the flow equation to the backward equation is just two times the correction that is to be applied
when passing from Kunita-It6 forward formulation to Kunita-Stratonovich forward formulation.
We end this section stating the Markov properties we have to use repeatedly in the following
lemma.
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Lemma 1.1.8 (Markov properties of stochastic flows).

Let ¢si(r,w): Ry x Ry x RT x Q — R? be a forward Brownian flow of homeomorphisms (on
(Q,F,P)) and let Fs; be the least sub-o-field of F containing all the null sets and

Neso 1Puw 1 8 — € <u,v <t 4 €}, Then we have the following.

1. For n € N and 2M,... 2 € R? the n-point-motion (¢ss(xD), ... ¢si(x™)) has a
Markov property with transition probabilities

P (@, 2™, B) = P [(6,4(aD), ..., 6,4(a™)) € B].

Therein the E's are the Borel set of R™.
2. For a {Fs; : t € [s,00)}-stopping-time T we have

L[Pry (Psr():r>7| For] =Lsr [Psspr—r(.) 7 >17].

Proof: [27, Theorem 4.2.1]. Note that the forward flow does not have Ry x Ry as temporal index
set but only {(s,t) € R?: 0 < s < t}. We occasionally ignore this for ease of notation because we
can always add the backward flow to get the full temporal domain if necessary. O

1.2 Stochastic Flows As Random Dynamical Systems

In this section we briefly describe how to get a random dynamical system (RDS) if one already
has a stochastic flow. This is necessary to be able to use concepts like stable manifolds or
characteristic exponents in a precise manner. Proofs adapted to our situation can be found in
some detail in [12] or more general in [1] and the references therein. We review the important
definitions and the central constructions involved (and closely follow [12]). Note that to be able to
view a stochastic flow as a RDS it is necessary for the flow to have stationary increments (which
is perfectly satisfied in the cases we are interested in). We omit most of the proofs because they
can be found in detail in [12] and [1].

1.2.1 Definitions Of The Basic Notions About RDS’
Let again (2, F,P) be a probability space.

Definition 1.2.1 (two-parameter-filtration).
A two-parameter-filtration is a two-parameter-family (Ft : s,t € R, s < t) of sub-o-algebras of the
P-completion F of F such that the following holds.

1. ﬁfcﬁforsﬁugvgt.
2. Ft=Fit =Nyt FY and FL = Fi_ = \yes Fi-
3. For any s < t we have that F! contains all P-null set of F.

S

We also define ]j_oo = \/sgtfﬁ and FJ© = \/tzs fst
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As usual we will omit the index sets for s and ¢ if they are clear from the context. If one wants
to form a precise picture of the object ]-'; one may think of .7-';5 = 0(¢up 1 s <u < v <t) after
augmentation (mod P) and replacement by the appropriate right- (w.r.t. ¢) and left- (w.r.t. s)
continuous versions. (see [21] for details). This means that F. contains all the information about
things taking place between time s and time ¢.

Definition 1.2.2 (measurable DS, MDS).
A triplet (2, F, (0¢)ter) with a measurable space (2, F) and a family of mappings (64 : Q@ — Q :
t € R) is called a measurable dynamical system iff the following holds.

1. The mapping (w,t) — Ot(w) is (F @ B(R), F) measurable.
2. g is the identity mapping of ).
3. 8 has the flow-property i.e. for any s,t € R we have 0544 = 05 0 6;.
(Q,F,P,(01)ter) is called a metric dynamical system (MDS) iff the following holds.
1. (Q,F,(0)ter) is a measurable dynamical system.
2. P is a O-invariant probability on (2, F) i.e. for anyt € R we have P o 9;1 =P.
A MDS with a two-parameter-filtration F¢ in the sense of Definition 1.2.1 is called filtered if for

S
any s,t,u € R with s <t we have 0,1 FL = Frtl.

Definition 1.2.3 (RDS).
Let (0, F,P, (0;)ter) be a MDS. A mapping
0:RxRIxQ—R?

is called measurable random dynamical system (RDS) on (the measurable space) (R, B(R?)) over
the MDS (Q, F,P, (0:)ter) with time R iff the following conditions hold.

1. ¢ is (B(R) ® B(RY) @ F, B(R?))-measurable.

2. ¢ satisfies the (perfect) cocycle property i.e. ©(0,w) is the identity mapping of R? for any
w € Q and for all s,t € R and w € Q we have p(t + s,-,w) = @(t, -, 0sw) o (s, -, w).

The RDS is called continuous if the mapping (t,x) — (t,z,w) is continuous for any w € Q.
It is called a smooth RDS of class C* if the mapping x +— o(t,xz,w) is k times continuously
differentiable for any t € R and w € Q and the derivatives are continuous w.r.t. (t,z). It is called
linear if the mapping x — (t,x,w) is linear for allt € R and w € Q.

Definition and Lemma 1.2.4 (skew-product, invariant measure).
Let ¢ be a RDS on (R B(R?)) over the MDS (0, F,P,(0;)icr) with time R. The family of
mappings (1. : t € R) defined by

7 A x R = QxR (w,2) — (w, p(t, z,w))

defines a measurable DS on (Q x R, F x B(RY)). It is called the skew-product of the metric DS
0 and the cocycle ¢ (omitting the other parts if they are clear from the context). An invariant
measure for the RDS ¢ is a probability measure u on (2 x RY, F @ B(RY)) with
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1. For any t € R we have ,uothl = U,
2. wo 7751 =P where mq : @ x R? — Q, (w, x) — w is the projection on 2.
If u is an invariant measure for ¢ then (1; : t € R) is a MDS on (2 x RY, F @ B, ).

Proof: [12, p. 37]. a
We are now ready to state the multiplicative ergodic theorem in the linear case.

Theorem 1.2.5 (MET for linear RDS).
Let o(t, z,w) be a linear RDS on R* over the MDS (Q, F,P, (8;)icr) such that we have that

sup log® [j(t,-)|| and sup log™ ||e(t, )|
te[0,1] t€[0,1]

belong to LY(P) (wherein ||-|| denotes the operator norm w.r.t. x). Then there exists a 0-invariant
set 0 C Q with full P-measure such that for all w € Q there is a splitting

RY=E1(w) & ... 8 Epy(w)

of R® into random subspaces E;(w) of dimension d;(w) fori € {1,...,p(w)} depending measurably
on w such that

1. o(t, ,w)E;(w) = E;(w) and
2. limy— 4o % log |p(t, z,w)| = \i(w) & z € E;j(w) \ {0}.

Moreover the numbers \j(w), p(w) and d;i(w) for i € {1,...,p(w)} are all Oi-invariant for any
teR.

Proof: [12, Theorem 2.1.1] or [1, Chapters 3, 4 and 5]. O
The numbers \;(w) and d;(w) are called the Lyapunov characteristic numbers of ¢ and their
multiplicities respectively.

Definition 1.2.6 (measurable bundle).

A measurable bundle (Y,Q, ) with typical fibre X consists of a measurable space (Y,)), a mea-
surable space (2, F), whose one-point-sets are measurable, a measurable space (X, B), a measur-
able onto map w :'Y — Q and a global measurable trivialization i.e. a bimeasurable bijection
U:Y — Qx X such that mqg o ¥ = 7 (mq is again the projection (w,x) +— w). In particular for
any w € ) the mapping

P(w) =T ey 7 ({w}) = {wl x X

1s a bimeasurable bijection w.r.t. the corresponding trace-o-algebras.

A measurable bundle is called linear if the typical fibre X and all the fibres 7= '({w}) have the
structure of a d-dimensional (real) vector space and v is linear in the sense that wx o ¥(w) :
7 {w}) — X is linear for all w € Q.
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Definition 1.2.7 (bundle RDS).
Let (2, F,P, (0t)tcr) be a MDS and let (Y,Q, ) be a measurable bundle with typical fibre X. A
measurable bundle RDS over (Q, F,P, (6¢)iecr) is a measurable DS 7 on (Y,Y) which preserves
fibres i.e.

morp =001

The latter is equivalent to the statement that the fibre mappings

ot w) 7 oy 7 ({wh) = 7 ({0w})

form a cocycle over 0 i.e. (0,-,w) is the identity of m~1({w}) and for t,s € R we have p(t +
s, w) = p(t,-, 0sw)op(s,-,w). If the fibre mappings o(t,-,w) are linear for anyt € R and w €
then the bundle RDS is called linear.

Proposition 1.2.8 (differential as bundle RDS).
Let ¢ be a RDS of class C1 on a d-dimensional manifold M over the MDS (2, F,P, (0;)icr) with

time R and invariant measure p. Then

1. The differential Dp(t,-,w) : TM — TM, (z,v) — (o(t, z,w), Do(t,x,w)v) is a continuous
cocycle where of course TM denotes the tangent bundle of M.

2. The family (T'(t) : t € R) defined by T(t) : QxTM — QxTM, (w, (z,v)) — (6w, Dypp(t,-,w)v)
is a linear bundle RDS on Q2 x TM owver the skew-product MDS

T QX TM — Q x TM with 7(w, z) = (Qw, p(t, z,w)).

Proof: [12, Proposition 2.1.1]. Note that the proof does not depend on the fact that p is a prob-
ability so we can use the proposition for o-finite measures as invariant measures pu. O

Theorem 1.2.9 (MET for linearized smooth cocycles).

Let o(t, z,w) be a RDS of class Ct on a d-dimensional manifold M over the MDS (Q, F, P, (6;)ier)
with invariant probability p. Consider the linear bundle RDS T (see Proposition 1.2.8) on QxTM
over the MDS (QUx M, FRQB(M), i, (1¢)tecr) with 1+ as defined in Proposition 1.2.8. Assume further
the following integrability conditions i.e. assume that

sup log™ [[Dy(t,-,w)(-)|| and sup log™ || Dye(t,-,w) ™' ()]
te[0,1] t€0,1]

belong to L' (1) where ||-|| denotes the corresponding operator norms of the differential as a linear
mapping between the tangent spaces at the appropriate points in M. Then there exists a T-
invariant set A C Q x M with full p-measure such that for all (w,x) € A there is a splitting

ToM = E(w,3) @ ... 3 By (w)

of T, M into random subspaces E;(w,x) of dimension d;(w) fori € {1,...,p(w)} depending mea-
surably on w such that for i € {1,...,p(w,z)} we have
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1. Dx@(ta ) W)Ei(wa .SU) = Ei(Tt(wv SU)) = Ei(etw7 90(7; wi))’
2. limy— 40 1 10g | Dypp(t, -, w)v| = Ai(w, ) € v € E;(w,z) \ {0}.

Moreover the numbers \j(w,z), p(w,z) and d;(w,x) for i € {1,...,p(w,z)} are all O;-invariant
for any t € R.

Proof: [1, Theorem 4.2.6]. A similar situation in the discrete time case is treated in [24, Theorem
3.1.1 and Theorem 5.1.1]. O

1.2.2 Construction Of A RDS From A Stochastic Flow

We are now ready to indicate how one obtains a RDS from a stochastic flow. This has been done
in [2]. To be precise, we sketch the solution to the following problem.

Problem 1.2.10 (stochastic flows as RDS).
Given a stochastic flow (¢s(-) : s,t > 0) with stationary increments, find a MDS (2, F, P, (0¢)tcr)
and a RDS ¢ over (Q, F,P, (0;)ier) such that

L (go(t—s,x,Gs-):s,tZO,:EEIRd)} zﬁ[(qbs,t(:v,-):s,tZO,mE[Rd) .

The solution is originally due to L. Arnold and M. Scheutzow (see [2]) with slightly different
assumptions. For their proof is perfectly valid in our setting (which has been noticed e.g. in [12])
we do not go into all the details but we nevertheless state the precise result.

Theorem 1.2.11 (stochastic flows as RDS).

Let (¢syt = s,t > 0) be a stochastic flow of diffeomorphisms defined on a probability space (2, F,P)
such that its forward component (¢s: : 0 < s < t) is generated by the semimartingale field
F(t,r,w): Ry x RY x Q — R? via the Kunita-type Stratonovich SDE

t
si(r) =2 +/ F(odu, ¢, (x)) for all 0 < s <t < oo and z € RY.

Assume that F is a C*9-semimartingale field with local characteristics (a,b) belonging to the class
(B,]f—s_l’(s7 B;f’é) for some k> 1 and § > 0 such that

) 'J( t) | =
z,, -
’ Yy =y

M-

1

J

belongs to the class B{f’é. Assume further that F' has stationary increments. Then there exists

a filtered MDS (Q, F, (f;t~ s <teR), P, (6¢)icr) and for 0 < ¢ < 6 a RDS of class C*< called

¢ : RxRIxQ — R over (Q, F, P, (6;)ier) such that the distribution of (¢s(z,-) : s,t > 0,z € RY)
coincides with the distribution of (p(t — s,x,0s) : s,t > 0,2 € RY).
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Sketch of proof: (a complete proof adapted to our situation can be found in [2] or adapted to the
case of an IOUF in [12]) The construction is as follows.

Let Q := {f : R — C(R%R?) : f is continuous and f(0) = 0} wherein we take on C(R? R%) and
on § the topology of uniform convergence on compacts. Let F := B(€2) and define the probability
measure P by fixing the finite-dimensional distributions as follows. For n € N and t; < ... < t,
and A € B(C(R%,R%))®™ let

P(@&(tn) — @(tn_1), ..., @(t2) — &(t1)) € A]

= [P[F(tn_tla')_F(tnfl _tla')v-'-aF(t2_t17') _F(O7) GA]
After restricting P to Q and defining the mappings 6; : Q@ — Q for t € R by

Oro(s) = w(t +s) — w(t) (1.3)
as well as the two-parameter-filtration

.7:";“::ﬂa{dz(u)—dj(v):s—e§u§v§t+e}
e>0

(and P-augmentation) we end up with a filtered MDS in the sense of Definition 1.2.2. Introducing
the semimartingale field F'(t,z,®) := ©(t,z) one gets a stochastic flows of diffeomorphisms ¢,
as the solution to the SDE

fst F(Odu7 ggs,u(-x)) s <t

Psp(w) —z = {_ J F(odu, ¢su(z)) it <s

Finally letting 3 R
P RXRYx Q=R (t,2,8) — do(w,0)

one shows that this ¢ can be modified to satisfy all the needs (we again do not indicate the
modification in the notation). O
Note that the difference between the Kunita-type [to-SDE and the Kunita-type Stratonovich-
SDE does not play any role at all (since we might rewrite an SDE given in one type into the other
one and vice versa).

Proposition 1.2.12 (ergodicity of the RDS).
In the setting of Theorem 1.2.11 assume further that F has independent increments. Then the
filtered MDS (0, F, (FL: s <t €R),P, (0:)er) is ergodic.

Proof: [12, Proposition 2.2.2]. O

1.2.3 Time Discretization, Markov Chain Representations

The previous constructions have all been carried out for continuous time, but we will need discrete

time versions of them. Restricting Q, F, (Ft s <teR), P, (0:)icr) and ¢ : R x R% x Q — R?

. S

from Theorem 1.2.11 to (Q,F, (Ft:s <t e N),P, (6;)en) and ¢ : N x R? x @ — R? we obtain

S
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the appropriate discretization we will be working with occasionally (especially in Chapter 6).
Note that all the previous results are still valid in discrete time (with the obvious modifications).
The analysis we will be developing applies to the composition of a sequence of i.i.d. random
transformations. To be precise we have the following generic Markov chain version of our setting.
Let 1 be an arbitrary measure on R? and let « € R? be distributed according to p independent
of ¢. Then X; := ¢(t,x) for t € N defines a Markov chain in discrete time with state space R

Remark 1.2.13 (Kifer’s setting).

Having the discrete time RDS ¢ : N x R4 x Q — R% over (Q, F,P, (60;)icn) constructed from a
Brownian flow with stationary increments we get a sequence ¢g. 1, $12, ... of i.i.d. Diff(RY)-valued
random variables defining ¢; i+1(@) == ¢(1,-,0'@) and the Markov chain mentioned above can be
written as Xy = (¢r—1(@)o. . .0¢0,1(@))(x) which (in law) is nothing but the unitstep-discretization
of the one-point-motion of the flow we were starting with.

We are now ready to state the result on invariant measures we already announced.

Lemma 1.2.14 (different notions of invariant measures).

Let ¢ be a stochastic flow with stationary increments and ¢ be the associated RDS with the
notation of Theorem 1.2.11. The probability measure i on R% is invariant for the one-point-
motion of ¢ (in the sense of discrete time Markov chains) iff the measure p & P restricted to
discrete time is invartant for .

Proof: [42] or [24, Lemma 1.2.3]. O
We will identify a stochastic flow with its associated RDS where possible, e.g. we will speak
about the entropy of ¢ or about its characteristic exponents.

1.3 Isotropic Brownian Flows

The transition from a general stochastic flow of homeomorphisms to an isotropic Brownian flow
(IBF) is performed by specifying its It6’s random infinitesimal generator i.e. the semimartingale
field driving the flow which in this case turns out to be a martingale field. We briefly describe
the construction of this field in the sequel. See [28] or [5] for further details. One can obtain an
IBF by letting b(z,t) = 0 and a(x,y,t) = tb(x — y) for a suitable function b : R — R¥*9, This
function ist the so-called isotropic covariance tensor, which we are about to define precisely. Do
not mix the covariance tensor b(x) of an IBF with the drift-part b(x,t) of the local characteristic
of a general stochastic flow (which in the IBF-case vanishes). We do not want to rename one of
the b’s because both notations are very established in the literature. IBFs have been considered
among others by [17], [5], [28], [9], [36], [45], [54], [12] and [56].

1.3.1 Covariance Tensors And Correlation Functions

Definition 1.3.1 (isotropic covariance tensor).
A function b : RT — R¥4 js an isotropic covariance tensor if the following holds true.

1. x = b(z) is C* and all derivatives up to order four are bounded.
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2. b(0) = E4 (the d-dimensional identity matriz).
3. x — b(x) is not constant.
4. b(z) = O*b(0x)O for any x € R? and any orthogonal matriz O € O(d).

The assumptions on the differentiability of the generating tensor b are a bit restrictive, but we
do not want to mess with smoothness problems. Occasionally we may require b to be much more
than C* if this seems to be a reasonable way to overcome technical difficulties, that do not have
anything to do with the ,real“ problem we work on.

Definition and Lemma 1.3.2 (correlation functions and covariance tensors).
Let b be an isotropic covariance tensor. The functions

BL(’P) = bn’(rei),’l" Z 0

and
BN(T‘) = bii(rej),r Z O,i 75]

are the longitudinal (and normal - respectively) correlation functions of b. Their definitions do
not depend on the specific choice of 1 < i,7 < d and we have for arbitrary i,j € {1,...,d} and
x € R? that

b () = { (Br(|a)) — By(|2))a'e? /| + By (j2)67 <z #0
5% = 1 B1(0) = 6% By (0) r=0 "

The following holds (notation as above).

B, := —B7(0) >0,
By = —By(0) >0,

Br(r) =1— %mr? + 00 : (r—0), (1.4)
By (r) =1 — %mr? 00 (r — 0), (1.5)

1BLlls V IBN]ls <1,
| l‘im b(x) =0, (1.6)

Ve>0:3r9 > 0:Vr > 7 |BL(r)| V |By(r)| <1—e

The partial derivatives of b at 0 satisfy OxOb™ (0) = %(ﬂN — Br)(0kid1; + Okj01) — BNORibij and
of course Op0;b"" (0) = (Bn — BL)0ki01i — BN Ok

Proof: [5, (2.5), (2.6), (2.8), (2.9), (2.18) and the discussion after (2.13)]. O
Note that not all functions can be used as candidates for By and By (even if they have the
properties given above). In [60] one can find a parameterization of all isotropic covariance tensors
in terms of two finite measures on (0, 00) as integral transforms involving some Bessel functions.
If one wants to have a complete overview over the possible tensors one should start with these
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measures and obtain the correlation functions from them. Since we do not need this we do not
give more details. However observe that we implicitly made several normalizing assumptions for
the ease of notation which we explain in the sequel: First one can add a constant times the
identity to b without changing any of the properties appearing in the definition of ,isotropic
covariance tensor“. This corresponds to the addition of a rigid translation of the space by a
Brownian motion to the generated IBF. For the properties we are interested in do not depend on
this translation we assume it to be zero (so (1.6) is the normalizing assumption to ensure this).
The fact that Br(0) = By(0) = 1 has to be seen in a similar way. Suppose we have a stochastic
flow written as (¢ : t > 0) which has some kind of invariance property (think of the invariance
properties of an IBF we give later). Then usually for K > 0 we have that (¢x¢ : t > 0) is also a
stochastic flow with the same invariance property. The choice Br(0) = By(0) = 1 ensures that
the one-point-motion of an IBF is a standard Brownian motion (other choices lead to stochastic
processes that are constant multiples of Brownian motions). Basically one can put it this way: if
one wants to have a translation-free IBF on the standard time scale, then the isotropic covariance
tensors to consider are exactly the ones given above. We will always assume this when speaking
of an isotropic covariance tensor.

Remark: We also give the statements (1.4) and (1.5) in the following weaker forms:

1 1
Ve>0:3r9 >0:vr <791 - Bp(r) — iﬂLr2| V|1 — By(r) — §ﬂNT2\ <er (1.7)
30<7F<1,C>0:V|z| <7:]0p0b" (x) — 000 (0) | < Clz)?. (1.8)

1.3.2 Brownian Fields And Generated Flows

Now we can define the semimartingale field F' which in fact coincides with its martingale part
M. More precisely it coincides with its local martingale part and this local martingale part is in
fact a true martingale field.

Definition 1.3.3 (isotropic Brownian field, IBF).
Let b be an isotropic covariance tensor. An R%-valued random vector field (M(t, x):t>0,z€ IRd)
- defined on a probability space (2, F,P) - is an isotropic Brownian field if the following holds.

1. (t,z) — M(t,x) is a centered Gaussian process.
2. cov(M(s,x), M(t,y)) = (s Nt)b(z — ).
3. (t,x) — M(t,z) is continuous for almost all w.

The existence of such a field follows from Kolmogorov’s Existence Theorem and Theorem 1.1.1.
A stochastic flow, generated via (1.2) with F(t,z) = M(t,x) (i.e. V(t,x) = 0) for an isotropic
Brownian field M (t,x) is called an isotropic Brownian flow (IBF).

We state some useful properties of isotropic Brownian fields.

Lemma 1.3.4 (properties of isotropic Brownian fields).
Isotropic Brownian fields fulfil the following.

1. t— M(t,z) is a d-dimensional standard Brownian motion.
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2. (M(.,z), M(.,y)), = b(x —y)t for z,y € R and t € [0,00) as well as
. . t ..
(UM (-, 2.), 06 M (-, 9.)), = —/ QORb"™ (15 — ys)ds. (1.9)
0

Let b be an isotropic covariance tensor. For an R¥-valued Gaussian field U = (U(z) : © € R%)
with covariance cov(U(z +y),U(y)) = b(x) the following holds.

3. U(z) has a differentiable modification.

4. B =L [ggjr and By =E [gg;r fori#£ 7.
Proof: 1., 2. are direct consequences of Definition 1.3.3. 3.: [27, Theorem 1.4.1]. 4.: [5, (2.7)]. O
Remark: The above especially applies to U(z) = M (1, ). In the following we list some proper-
ties of IBFs which follow more or less directly from the definitions and which give the reason why
the IBFs are the flow versions of Brownian motions in some sense. First we state some global
properties of their law (as G-valued random variables).

Lemma 1.3.5 (general properties of IBFs).
Let (Ps;: 0 < s,t <o00) be an IBF. Then it is a Brownian flow that satisfies the following.

1. It is temporally homogenous i.e. for C > 0 the laws of (Ps;: 0 < s,t < 00) and (Psyct4c -
0 < s,t < o0) coincide.

2. It is rotation invariant i.e. for any orthogonal matriz O we have that (OPs(-) : 0 < s,t <
00) and (Ps+(0-) : 0 < s5,t < 00) coincide in law.

3. It is spatially homogenous (or translation invariant) i.e. for any x € R? we have that
(Pst:0<s,t<00) and (Ps+(-+ ) : 0 <s,t < 00) coincide in law.

4. It has independent increments i.e. for 0 < t; < ... < t, < oo we have that the family of
random mappings (Pot,, Pt o, - - Pt,_1 .1, ) @8 independent.

Proof: [12, Section 1.2]. O
The latter means roughly that sitting on a particle which is subject to an IBF one can neither
determine where one is nor the direction one is looking at by observation of the flow. This
property essentially implies quite a lot of structure for the finite-dimensional motions of an IBF
some of which we state in the following theorem. See [5] or [28] for more details.

Theorem 1.3.6 (finite-dimensional diffusions).
Let (®s; : 0 < s,t < 00) be an IBF. The n-point-motion (xil), . ,xgn)) = (P, (x(l)) b, @y (a:(”)))
has the following properties.

1. It is an R™-valued diffusion, with generator L™ given for g € C’g by

Ly (x<1)7 o 7x<n>) _ % zn: Zd: b (x(l) _ x(m>) ({)an(m) (g;U), . ,x(")) . (1.10)
1 X

0]
Im=11i,j= i a%‘
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2. mingzp, Ha:(l) — a:(m)H — 00 = |L(”)g (33(1), e ,:c(”)) — %Ag (z(l), e ,x(”)) | — 0, where %A
is the generator of a nd-dimensional Brownian motion.

3. Y = |lzr — | is a diffusion on (0,00) with generator L given for g € CZ by

Lo = (@1 (“=2) g0+ (0= B ), (111)

4. p¢? solves the SDE

dp? = (d—1) <1_i’vy(pty)) dt +/2(1 = Br(p;"))dWi (1.12)

t

with a standard Brownian motion (We)i>o.

The spatial derivative D, ® solves the SDE
t

D$¢)0’t(-) = idga —|—/ D%’u(,)M(du, @O,u())qu)O,u() (113)
0

Proof: [28, p. 617], [27, p.124], [28, p. 4] and [5, (3.11)]. O
Remark: [28] uses a slightly different definition. Assume « = 1 there to get things into line with
the definitions above (see the discussion after Definition and Lemma 1.3.2). [45] considers the
mean square separation of (p;¥)? and derives precise asymptotics for it. The previous theorem
shows, that for n = 2 we get that (z,y;) coincides in law with the solution of the following SDE.

(3) () [ (o ) o [ aan

Therein (W;)i>0 is a 2d-dimensional standard Brownian motion. The following lemma states
some information about the eigenvalues of b and b respectively.

Lemma 1.3.7 (eigenvalues of b and b).
For z € R we have:

1. z is an eigenvector of b(z) to the eigenvalue By, (|z]).

2. Any vector 0 # 2+ perpendicular to z is an eigenvector of b(z) to the eigenvalue By (|z]).

3. b has the eigenvalues {1 &+ Br(2),1 4+ By(z)} with multiplicities 1 and d — 1 respectively.
Proof: Since 1. and 2. have also been shown in [25] (for general d) we only give their proof in

the two-dimensional case. The general one is perfectly similar. In the following computations we
omit the arguments of By, and By (so B, means By, (|z]).)
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1.: For z = (21, 22) we have (see Lemma 1.3.2) that

_ 2 B
. - (BL”zﬁéV)Zl + By % “
(Z)Z — (BL—”fﬁ\;)Z1ZQ (BL[Zﬁév)Z% +BN 29

1 Brz} + Bnz3 (B — By) 2122 21
HZ”2 (BL — Bn) 2122 BLZ%-FBNZ% 29

1 Bsz’ + BNzlzg + BLzlzg — BNzlzg
= 2 2 3 2
||z||2 Brzizg — Bnzize + Brz; + Byz{22

ZBLZ.

2.: W.lo.g. we let 2+ := (22, —21)7 and conclude

1 1 BLZ% + BNZ% (BL - BN) Z129 29
(2) =7 ) 5
||Z|| (BL_BN) R1%2 BLZQ+BN21 —z1

1 < Brz3z0 + Bnzi — Brzize + By222o >

22 Bpz123 — Byz123 — Brz125 — By 2}
:BNZJ‘.

3. follows from 1. and 2. with the following simple computations (valid for general d).
Ey b(2) z\ z
(o 5 ) (2) =eema (7).
Ey b(2) -2\ _ —z
(ot 5 ) (7)) ( 7).
1
)-eem(2)

(1_BN)<_Z:L >
O

Observe that the previous lemma ensures that b is elliptic apart from the diagonal {z = y}.
The regularity of the finite-dimensional projections given above can also be used in terms of the
running maximum of a geometric Brownian motion.

Lemma 1.3.8 (Two-Point-Control - IBF version).

Let (®54: 0 <s <t <oo) bean IBF. There are constants A > 0 and & > 0 such that for x,y € R4
there is a standard Brownian motion (Wy)i>0 such that we have for (z¢,y:) == (Pt(x), (y)) the
following.

1. We have a.s. for allt > 0 that

|z — yo| < |o — yle?MPoses WAL, (1.15)
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2. We have for each x,y € R, T >0 and ¢ > 1 that

1/q
- [ sup [z —lt| < 2l — yle I, (1.16)
0<t<T
Proof: [52, Condition (H) and Lemma 4.1]. O

Observe that we write E [X]? for (E [X])? which is different from E [X9]. We will use this conven-
tion throughout the whole work.

1.3.3 Lyapunov Exponents

Lyapunov exponents are usually obtained for linear RDS from the multiplicative ergodic theorem
(Theorem 1.2.9) if the RDS has an invariant probability measure. So to define Lyapunov expo-
nents for an IBF we might try to find a RDS that naturally corresponds to the IBF, hope that
this RDS preserves some nice probability measure and apply the standard theory which we briefly
sketched in Section 1.2 and e.g. can be found in detail in [1]. The difficulties arising especially
from null sets in constructing the RDS have been overcome in [2] as already seen (see Theo-
rem 1.2.11) and we do not go into details here. Since RDS’ and stochastic flows with stationary
increments are essentially the same objects one indeed can find such an RDS which unfortunately
has no invariant probability but Lebesgue measure as invariant measure (which one should expect
in the first place according to the spatial invariance properties of IBFs). To overcome also this
issue one might center the flow around some trajectory i.e. pass to ®,(-) — @ (z) + x for some
x € R% In this way one gets a RDS with an invariant probability which essentially makes the
multiplicative ergodic theorem applicable to IBFs. The other possibility is to observe that for
any x € R? the spatial derivative Dy ®g ,(-) coincides in law with the law of the product of n i.i.d.
random variables each having the distribution of D,®q 1(-). This of course can be realised as a
linear RDS which delivers an approach that does not rely on any invariant probabilities. The
Lyapunov spectrum of an IBF has been computed in [5]. For a more detailed account on the
issues arising on the way to the following theorem see [12].

Theorem 1.3.9 (Lyapunov exponents for IBF's).
Let (®s;: 0 < s,t < 00) be an IBF with covariance tensor b. Then for A ® P-almost all (z,w) €
RY x Q there is a measurable (i.e. random) family of linear vectorspaces Vy(x,w) C ... C Vi(z,w)
with dim(V;) =d+1—1i fori=1,...,d such that

1
lim —log|D;®p(w, z)v| = pu; < v € Vi(z,w) \ Viqi(z,w)

n—oo n
wherein (u1 > ... > pugq) are constants (neither depending on x nor on w). The numbers u; are
called the Lyapunov exponents of ® and fulfil (with Bn and B as before)
1 . ,
pi = 5 [(d —9)Bn —ifL].
Proof: [5, (7.2) and (7.3)]. O

Due to the rotational invariance of IBFs the laws of the V;(x,-) (i.e. the laws of suitable or-
thonormed bases) are just the uniform distribution on the unit ball i.e. the Haar measure of the
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topological group of rotations of R%. The top Lyapunov exponent j; i.e. its sign crucially affects
the asymptotic behaviour of the flow, as shown in [9]. It gives the drift of |®;(x) — ®4(y)]| for very
small |z — y|.

1.3.4 Gaussian Measures And Reproducing Kernel Hilbert Spaces

As for any Gaussian measure the law of (M(t,z) : t > 0,z € R?) naturally leads to a Hilbert
space the so-called reproducing kernel Hilbert space (RKHS) or the Cameron-Martin space. We
will give a brief introduction into this topic and quote a theorem that allows for the expansion
of M(t,x) in terms of complete orthonormal systems of this space. We finish with a support
theorem for IBFs and closely follow [12].

Let M(t,x) be the generating field of an isotropic Brownian flow. The random field U(z) :=
M (1, ) can be canonically realized as a Gaussian measure A" on the Borel o-algebra on C'(R% : R%).
The space C(R? : R%) equipped with the topology of the uniform convergence on compacts is a
locally convex topological vector space which is also metrizable via the metric

: =1 pulfi9) '
o) =3 F T an(f g) Vhere Anlfg) i= max, sup |fi(e) = (@)l

Remark:

Note that actually U(x) is smoother than just continuous, but since we are interested in the
RKHS associated with the distribution of U, [8, Lemma 3.2.2] tells us that the RKHS is the same
as long as the space of the "smoother” functions is continuously and linearly embedded in the
bigger space. Consider the space C(R? x {1,...,d} : R) defined as

C(REx {1,...,d} : R):={f:R¢x {1,...,d} = R: fis continuous},

where R? x {1,...,d} is understood with the product topology.
The space C(R? x {1,...,d} : R), equipped with the topology of the uniform convergence on
compact sets is a locally convex set and is also metrizable via the metric

PU0) 1= 3o g Pl s where (f9) 1= e, sup [F(2,0) (o)

o

It is easy to see that C?(R? : R?) and C?(R? x {1,...,d} : R) can be identified through the
isomorphism 7

T: C*R?: RY) — C?*(R* x {1,...,d} : R)

with
(ued sad (fi(x),..., fazx)T € [Rd) £ ([Rd ) {1, d} > (2,0) L T(F) (@, i) == fi(z) € [R’) .

The distribution of U(x), as a C(R? x {1,...,d} : R)-valued random variable is again centered
Gaussian and will be denoted by A. According to [12, Proposition D.3.1] its Cameron-Martin
space H(N) (resp. reproducing kernel Hilbert space) is the range of the covariance operator of N
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(as a bilinear functional on the dual of C(R? : R?) ~ C(R? x {1,...,d} : R)) and hence generated
by the symmetric positive kernel

k(z,i,y, ) (IRdx {1,...,d}) x <[Rd>< {1,...,d}) ~FR
defined via
beind) = [ S (Do (ON) = [ foi)f N @)
c c
= [ @ L@N @) = E[F@ ) .0)] = byl ).
where §(, ;) denotes the evaluation functional on C(R* x {1,...,d} : R). Observe that it is a

continuous linear functional.

Proposition 1.3.10 (elements of the RKHS).
Let p be a finite signed measure on (R*x {1,..., d}, B) having compact support. Then the function

W) = / bij(x — y)uldydy)
Rix{1,...,d}

s an element of the RKHS, associated to the kernel k.
The linear subspace spanned by

(b.yj(x— Yijefl,....d}, ze nad>
is dense in this RKHS.

Proof: [12, D.3.1] or [8]. O
Now we are ready to state the theorems mentioned before.

Theorem 1.3.11 (representation of M in terms of its RKHS).

For an isotropic Brownian field M = M(t,x) let (V; :i € N) be a complete orthonormal system
of its associated RKHS and (I/Vz 11 € D\l) a sequence of independent standard Brownian motions.
Then we have

M(t,x) = Vi(z)W;.
=1

The convergence mode is the a.s. uniform convergence of all derivatives up to order 2 on compacts,
i.e. we especially have for K CC R? that

n
P | sup sup Z%(:C)WZ—M(t,x) T ol =1.
0<t<T zeK ||
Proof: [8, Theorem 3.5.1] and [12, Appendix D]. O

Finally we proceed to the support theorem.
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Theorem 1.3.12 (support theorem for IBF's).

Let M be an isotropic Brownian field. Due to Theorem 1.3.11 this can be written as M(t,z) =
S22 Vi(x)W} (notation as before). Assume that Vi is four times continuously differentiable and
that all derivatives up to order four are bounded. Then for K CC RY, T > 0 and 6 > 0 there are
positive numbers € and C such that

P [ sup SUPHxé —1/Jt(CL‘)H <J| >e

0<t<T zeK

Therein ¢ = Y (x) is the solution of the deterministic control problem

{aﬂ/it(l’) = Vi(¢u(2))
Yo(z) = x

Proof: [12, Theorem 6.2.3]. O

1.3.5 Time Reverse And Markov-Properties

The various spatial invariance properties of IBF's also imply an invariance property w.r.t. time
change. Precisely if one takes T > 0 and considers the forward flow and the backward flow
induced by an IBF on time horizon [0, 7] then their laws coincide. Note that this fails to be true
if one replaces the deterministic 7' by a random time (it is in general even false for F; ;-stopping
times).

Lemma 1.3.13 (time reverse for IBFs).
For arbitrary T > 0 we have:

L[(Pes(.):0<s<t<T)]=L[(Pr—s7-4(.):0<5<t<T)] (1.17)
Let Fs; be as in Lemma 1.1.8. For any (Fsy : s € (—o0,t])-stopping-time T we have
L[Pri (Prr() i < 7| Frt] = Lot [Prar—rse(.) 7 < 7] (1.18)

Proof: Due to Proposition 1.1.7 the infinitesimal generator of the backward flow is the semimartin-
gale field M (¢, m)—fg S W () |y=zds which by Lemma 1.3.2 is nothing but M (¢, ). There-

Jj=1 Ox;
fore the law of the forward flow and the law of the backward flow coincide. This proves (1.17).
The rest follows from this and Lemma 1.1.8. O

1.4 Isotropic Ornstein-Uhlenbeck Flows

As we have already seen the IBF's are the class of stochastic flows that generically links to Lebesgue
measure for the following reasons.

1. Their laws are invariant under rigid motions just as Lebesgue measure itself. Both are
characterized by this property (up to some norming constants).
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2. Lebesgue measure is (modulo a multiplicative constant) the invariant measure for the RDS
associated to an IBF (if one neglects the fact that it is not a probability).

The idea behind the definition of the isotropic Ornstein-Uhlenbeck flows is to put a Gaussian
measure as reference measure instead of Lebesgue measure, because of its importance in proba-
bility theory. One then can hope for the RDS’ to have a nice invariant probability measure (i.e.
the Gaussian) and so to be able to apply the RDS theory in its full strength.

Another motivation for considering the IOUF's is the natural question of letting an isotropic Brow-
nian flow evolve in a localizing potential, i.e. for some field U: R? — R of considering the IBF ®V
enforced by the potential U, that is, ®V is generated via an SDE driven by the semimartingale
field

VU(t,z,w) = M(t,z,w) — VU(2)t.

The IOUFs correspond to a quadratic potential U = §|:L‘|2 However, adding a drift typically will
destroy many of the nice properties of an IBF. Nevertheless the quadratic potential given above
turns out to be sufficiently nice to yield interesting properties without being totally intractable.
As one obtains an Ornstein-Uhlenbeck process from a Brownian motion by subjecting it to a
quadratic potential i.e. by passing from the classical 1t6 SDE

dXt = th, X() = X0
for a Brownian motion (W;):>0 to the classical 1t6 SDE
dX; = —cXydt + dWy, Xg = xg

with the same Brownian motion (W:):>0 and some constant ¢ > 0 one can obtain an isotropic
Ornstein-Uhlenbeck flow by subjecting an IBF to the quadratic potential given above i.e. by
passing from the Kunita-type SDE

@syt(x):/ M(du, @s(x)), Pss(z) =2

to the Kunita-type SDE

bose) = [ Mt bal) ¢ [ bual@iv, b0 =

wherein M = M (t, z) denotes an isotropic Brownian field (in both cases) and ¢ > 0 is a constant.
IOUFs have been defined first in [12] and further studied in [57], [54] and [55].

1.4.1 The Generating Field
As for IBFs we introduce the IOUF's by specifying the generator F(¢,x).

Definition 1.4.1 (IOUF).
Let ¢ > 0 and M(t,x,w) be an isotropic Brownian field with a C*-isotropic covariance tensor
b. We define the semimartingale field F(t,z,w) := M(t,z,w) — cxt which corresponds to the



30 DEFINITION OF THE MODELS

choice V(x,t) = —cxt. An isotropic Ornstein-Uhlenbeck flow (IOUF) is defined to be the solution
¢ = ¢si(z,w) of the Kunita-type (SDE)

bse) =+ [ Fl bua(@) =2+ [ Mldub0ale) —¢ [ bute)in

We call ¢ the drift of ¢ and b the covariance tensor of ¢.

Remark: IOUFs take values in C39 for arbitrary § > 0. We may associate to ¢ an isotropic
Brownian flow ® corresponding to the case ¢ = 0. Note that we do not want IBFs to be special
IOUFs (which we ensured by ¢ > 0). Care has to be taken concerning the name ,isotropic®
because IOUFs (or their laws respectively) are not isotropic at all: the law of an IOUF changes if
one applies a translation on the state space and the origin is distinguished by being the only zero
of the drift in the SDE. We stick to the name because the most important ingredient of an IOUF
is an isotropic covariance tensor. Nevertheless the IOUF's retain quite a lot of the nice properties
of IBF's e.g. the fact that lots of finite-dimensional projections can be given rather explicitly and
turn out to be diffusions. We summarize these kind of properties in the following lemma.

Lemma 1.4.2 (some finite dimensional marginals for IOUFs).
Let ¢ be an IOUF with drift ¢ and covariance tensor b. Then we have the following.

1. ¢ is a Brownian Flow (i.e. it has independent increments) and its law is invariant under
orthogonal transformations.

2. The one-point motion is an Ornstein- Uhlenbeck diffusion with generator

d P 1 d 82 d 9 1
N s T oY a4 A 1.1
£ C;%axﬁ226:p§ Ci:1$zaxi+2 (1.19)

3. The difference process (¢1(x) — ¢e(y) : t € Ry) is a diffusion with generator

9
Lg:= —C;:ﬁiaxz +

4. The spatial derivative Dy¢ solves the SDE

d 5?2
Z (0sj — bz‘j(w))m-

1,j=1

t
Dx¢0,t(') = idga +/0 D¢07u(.)F(du, ¢0,u('))Dm¢0,u(-) (1.20)

which reads in components for 1 <i,j <d
;0% () = 6ij +/ Zajqbs ) O M (ds, x5) — / ;¢ () ds.

5. The distance process (|p¢(x) — ¢e(y)| : t € Ry) is a diffusion with generator

d? 1— By(r) d

A:=(1- BL(r))W + ((d—1) —cr)— o (1.21)

r
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Proof: [12, Proposition 7.1.1] or [57, Proposition 2.2]. [12] also includes a recurrence-transience
classification of the distance process. See also [54]. O
The next lemma will be used to control the moments of the two-point distance in terms of a SDE.

Lemma 1.4.3 (Two-Point-Control IOUF version).

Let (¢ps+: 0 < s <t <o0) be an IOUF. There are constants A > 0 and & > 0 such that for x,y €
R? there is a standard Brownian motion (Wy)i>o such that we have for (x4, y:) := (¢¢(z), ¢r(y))
the following.

1. We have a.s. for allt > 0 that

’xt - yt’ < |x — y|eaSUP0§s§t Wer)\t‘

2. We have for each z,y € R, T >0 and ¢ > 1 that

1/q
E| sup |or—wl?| < 2fa—yleP+zo)T,
0<t<T

Proof: [12, Corollary 7.1.1] or [57, Corollary 2.3] and [52, Condition (H)]. O
Observe that this lemma holds for a very general class of stochastic flows. In addition IOUFs
also retain some of the global properties of IBFs which we summarize in the next lemma.

Lemma 1.4.4 (general properties of IOUF's).
Let (¢s1: 0 < s5,t < 00) be an IOUF. Then it is a Brownian flow that satisfies the following.

1. It is temporally homogenous i.e. for C' > 0 the laws of (¢s¢: 0 < s,t < 00) and (psyct+c -
0 < s,t < o0) coincide.

2. It is rotation invariant i.e. for any orthogonal matrix O we have that (Ops(-) 1 0 < s,t <
00) and (¢s(0-) : 0 < s,t < 00) coincide in law.

3. It has independent increments i.e. for 0 < t; < ... < t, < co we have that the random
mappings (o, i1, Gty tas - - - » Pto_1,tn) are independent.

4. The spatial derivative at x is spatially homogenous, i.e. for x,y € R? the laws of (D¢ ()
t >0) and (D¢ (y) : t > 0) coincide.

Proof: 1.-3. follow directly from the properties of the driving field and 4. follows from (1.20). O

1.4.2 Invariant Measures

For the application of Theorem 1.2.9 requires the existence of an invariant probability we will pay
some attention to the question of existence of invariant measures for IOUFs although the results
are well known.
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Proposition 1.4.5 (invariant measure for the one-point motion).
Let ¢ be an IOUF with covariance tensor b and drift c. Then we have that the measure p =

d
N(0, c)®d with density x = (x1,...,24) — (%) 2 ¢=<l2® is an invariant measure in the sense of
Markov processes for the one-point motion of an IOUF i.e. we have for all t > 0 that

=P
where P, denotes the semigroup of the one-point motion of an IOUF (cf. [12, Remark 9.1]).
Proof: The proof relies on the fact that all the measures under consideration are locally finite
and hence it is sufficient to check that the generator £ of the one-point motion (given by (1.19)
for different values of ¢) and the measure p (suspected to be invariant) satisfy for any function
[ € C§° (cf. [12, Proposition B.2] and the references therein) the equality [rq £f(x)u(dx) = 0.

This can be checked by using integration by parts in the following manner (observe that we write
S, for 324 i.e. we omit the summation set when it is clear from the context).

Rdﬁf(m)u(dw)—(>d/2 / [—chzaf ;;aiaif@)] e=clol gy
)" < /R d ;Zlaa @)z — ¢ /[R d lea f(a:)dx)

fr)d/z ( /[Rd;Z (a1 Oif(:c)dxcAdzi:xie_C|x28if(x)dx>
)" ( % 3 e oy e L, St f(x)da:) 0

O
The above shows that the one-point motion of an IOUF has an invariant measure in the sense
of Markov processes and to be accurate we have to check that the same measure is an invariant
measure in the sense of random dynamical systems (to be precise we have to take pu ® P).

3o

(-
(
(

1.4.3 Lyapunov Exponents

The Lyapunov spectrum for an IOUF can be computed from the Lyapunov spectrum of the IBF
that one gets by neglecting the drift ¢ of the IOUF. This has been carried out in [57] and we only
state the result.

Lemma 1.4.6 (Lyapunov exponents for IOUFs).
Let (¢pst : 0 < s,t < 00) be an IOUF with covariance tensor b and drift c. Then it has d different
Lyapunov exponents in the sense of Theorem 1.2.9, which are given by

PYRES (dfz)ﬁ—Nfzﬂ—Lfc

In particular they all have simple multiplicities.

Proof: [57, Proposition 2.5]. O
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1.5 Repulsive Isotropic Flows

We define the notion of repulsive isotropic flows (RIF) to cover the case of an IOUF SDE with
drift ¢ < 0 where this can be done for free. Although it seems possible to derive quite a lot of
properties of RIFs using standard methods we limit ourselves to the extension of new results on
IOUF's to the case ¢ < 0. Since the RIF are not of central importance for the following we keep
the following as short as possible.

Definition 1.5.1 (repulsive isotropic flow).

Let ¢ < 0 and M(t,x,w) be an isotropic Brownian field with a C*-isotropic covariance tensor b.
We define the semimartingale field F(t, x,w) := M(t, x,w) — cxt which (again) corresponds to the
choice V (t,x) = —cat. A repulsive isotropic flow (RIF) is defined to be the solution ¢ = ¢g+(x,w)
of the Kunita-type (SDE)

buse) =t [ Flauboate) =2+ [ Mlan,uale) ~c [ buatwin

We call ¢ the drift of ¢ and b the covariance tensor of ¢.

Remark: Unifying the notation we introduce a name for IOUFs IBFs and RIFs together and
speak isotropic flows. Since all the argueing about the names above applies we suggest that a
name like , rotation invariant flows* should be prefered. Nevertheless we call IBFs, IOUFs and
RIFs isotropic flows although it is not clear how the invariance under rotation links exactly to
the driving SDEs we consider.

Theorem 1.5.2 (general properties of RIFs).
Let ¢ be an RIF with drift ¢ < 0 and covariance tensor b. Then we have the following.

1. All the assertions of Lemma 1.4.2 (except the claim that the gemerator of the one-point
motion belongs to an asymptotically stationary Ornstein-Uhlenbeck process) hold.

2. For any x € R? we have that ¢i(x) — x is distributed as N(0, 2%(1 — e~ 2ty),
3. The assertions of Lemma 1.4.3 hold.

Proof: For 1. it is enough to observe that the proof in [12] is valid for arbitrary ¢ # 0. Note
that one can solve the SDE for the one-point motion and obtain 2. from this just as in the IOUF
case. The difference is that 2. excludes the possibility that the one-point motion might become
stationary because of the increasing variance. 3. follows from [52, Lemma 4.1]. O
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Chapter 2

Spatial Regularity

In this chapter we prove a result concerning the macroscopic bevahiour of RIFs, IBFs and IOUFs
on a fixed time horizon. We show that their stochasticity is negligible far away from the origin if
compared to the distance to the origin. The asymptotic spatial behavior of stochastic flows and
their derivatives (of any order!) has been studied in [20] in a very general setting but nevertheless
with a slightly different scope. Since we only consider the special cases of IOUFs and IBFs we
can give a more specific result (which in this simplicity cannot be expected to hold in the case
of a general drift). It is somewhat clear that the obtained results are not sharp but since we
need them (for IOUFs) in Chapter 5 precisely in the form given below we do not care about
generalizations.

2.1 Preliminaries

The proof of the main theorem depends crucially on the chaining technique. We will use the
formulation from [10], where also a proof can be found.

Let (X, p) be a compact metric space and ¢: X — Ry be a random continuous function i.e. a
random variable taking values in the set of continuous functions from X to R4. Given a sequence
of positive real numbers (6;),5q, such that Y :° d; < co we determine a sequence (x;);~, of
discretizations (skeletons) of X, with the property that for all € X there is a point z; € y;, such
that p(z,x;) < ;. Assume that xo = {zo}, with p(x,zo) < dg for all x € X.

Proposition 2.1.1 (Chaining).

Let ¢: X — Ry be an almost surely continuous random function with (6;);, and (Xi);ey as
above. For arbitrary positive €,z > 0 and an arbitrary sequence of positive reals (€;);~, such that
e+ > 7€ =1 we have N

P(sup(x) > 2) < P(d(z0) > e2) + ) Ixiral sup  P(lg(z) — d(y)| > iz)

zeX i=0 p(@,y)<d;

Proof: [10, Lemma 4.1]. O
The following lemma simply states some well known facts about the running maximum of a
standard Brownian motion as well as a common estimate for the Gaussian tail. We will use them
frequently and therefore state them explicitly.

35
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Lemma 2.1.2 (Gaussian tails).
Let (Wt),>q be a standard Brownian motion, and let W} := sup,<; W be its running mazimum.

The distribution of W} has density
2 a2
110,00 (7)1 O

with respect to the Lebesgue measure. Moreover for arbitrary K > 0 the following bounds hold.

1 t _ k2 1 /2t _ k2
P(Wt Z K) S E %e 2t and [P(Wt* Z K) S E ?6 2t
Proof: One only has to observe that the running maximum and the modulus of a Brownian
motion have the same one-dimensional distributions. O

2.2 Spatial Regularity Lemma

The one-point motion ¢;(x) of an IOUF is as already stated an Ornstein-Uhlenbeck process and
so if z is far away from the origin |¢;(x)| will decrease roughly as |z|e~“ (which is the expected
decrease) because the variance of |¢:(z)| is rather negligible for large |z|. We may expect the
IOUFs unitstep-discretization ¢ = ¢ 1 to look like e~ times the identity on a large scale. For
a fixed x this is quite obvious but care has to be taken about the fact that we are dealing with
infinitely many random variables. The next lemma states that this is no problem at all. The
same is true for IBFs and RIFs (with the appropriate modifications).

Lemma 2.2.1 (spatial asymptotics for IBFs and IOUFs).
Let (¢st : 0 < s <t < o0) be an IOUF as in Definition 1.4.1 or a RIF as in Definition 1.5.1.
Then we have for any t > 0 a.s. the following (c # 0 denotes the drift in both cases).

1.
_ ,—ct
lim sup [9ulw) = 7] =0. (2.1)
R—00 3> R ||
2.
lim sup M =e .

R—oop>p |7

Let (P54 :0 < s <t <o0) be an IBF as in Definition 1.3.3. Then we have for any t > 0 a.s. the
following.

3.
® _
lim sup [®(2) — 2| = 0. (2.2)
R—oop>r |7
4. o
lim sup [2:(2)] =

R—ooz1>R |z|
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Proof: Observe that in both cases the second formula is an easy consequence of the first one, so
we will only have to prove (2.1) and (2.2). Therefore it is sufficient to show

—ect P —
lim sup M =0and lim sup M =0 a.s..

R—0%0 R<|z|<R+1 || R—o0 pejz|<ri1 |7

Let Agp := {x € R : R < |z| < R+ 1}. We want to apply the chaining technique (see
Proposition 2.1.1) and so we first observe that there is a constant ¢; such that Ar can be covered
by ¢1R?37~! balls of radius 0 = 377 if j > 1. Let X; consist of the centers of these balls and
€; =272 as well as € = % Fixing € > 0 and an arbitrary xg € Ag (with 6y := 2(R+ 1)) we
conclude

sup ————— > € <P [\@(mo) — e xg| > ER}

T€EAR ‘.I'|

. [ [91(x) — e~“'a]
2

<P [sup |pe(2) — e x| > ER
QZEAR

YR sup P [lléua) — e al — |duly) e yl| > 279 %R)]
=0

lz—y| <37
as well as
o — eR
P | sup w >é|l <P |sup [Py(x) —z| >€eR| <P [|<I>t(ac0) — x| > 6]
T€EAR ’.’E‘ T€AR 2
w . .
+> aR™ sup P [||®(x) — x| — |i(y) — yll > 277 2%R] .
§=0 lz—y|<3—J

Using some standard estimates for the normal distribution (as stated in Lemma 2.1.2 for a
Brownian motion) we conclude that

| ER 1 R
P |lonan) = ¢ anl > | < [l aw) — ot > 5

1 eR 2d2 |1 —e—2¢t _1.ery2_ 2c )
=2 (1 — e 2t i < \/7 3(54) =50 < —c3R
aN <0, 20( e )) <( 2d,oo)> <R s < e

as well as

€R
P [|<I>t(a:0) — x| > 2} <dP [|<I>%(x0) —xp| > —

= 2 -
= 2dN(O7 t) <(€2_S7 OO)> S%Cé %eii(%)Q S 626703]:{2
€ s

where ¢y and c3 are constants that only depend on ¢, d, € and ¢t (but not on R). W.l.o.g. we now
assume that R > 16e~“¢~1v 8¢~ !. Using Lemmas 1.3.8, 1.4.3 and 2.1.2 as well as Theorem 1.5.2
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and the reversed triangle inequality we get for |z — y| < 377 that

P [|lpe(z) — e x| — |¢e(y) — e “y|| > 277 2¢R]
<P [|l¢e(x) — e x| — [de(y) — e yl| > 277 %ERY |2 — y]
<P [|ge(z) — ez — ¢y (y) + e "y > 277 23ER|z — y]
<P [|p(z) — de(y)| > 2773 ERz — y|] + P [e |z — y| > 2777 337eR|zx — y]
3 jajrpy _
<P [W: > log(2 ?) €R) )\t]
o

and similarly
P [l|@:(x) — 2] —[®e(y) —yl| > 27/ €R]
<P Ucbt(x) — O,(y)| > 277 33ER|x — y[] +P ng —y| > 277 330eR|z — y‘]
2737I3JER) — A\t
o

1
EIP |:Wt>k 2 Og(

where the Brownian motions and the constants A and & come from Lemmas 1.4.3 and 1.3.8 as
well as Theorem 1.5.2 respectively. Of course assuming R > ez **1) we have that

“3I3e 0 o, —3—J3JeR)— 2
P Wt* Z 10g(2 ]3]€R) - )\t < g \/ﬂea g(2 212; R)—\t)
y— AtV 7w

a ~ log(2737737€R
. . log(2~ 3 J39eR) —2x¢
< C4(2_j_33]€R)_ BT
where the constant ¢4 depends only on &, A and t. Combining all the above estimates we conclude
—ct
that for € > 0 we have that both P [SpreAR [oele)ema] 6} and P [SqueAR [®¢(2)—c]

] B > €| can
be bounded from above by

0o e
P2 . . . _ log(2 J3JER)—2)¢t
coe” e 4 E cle3704(2 J 33J6R) 2t52
=0

which can be summed up over R. Thus we get the desired conclusion via an application of the
first Borel-Cantelli Lemma. a



Chapter 3

Densities For The Finite-Point
Motions

As we have already seen, the one-point motion of an IBF (IOUF) is a standard Brownian motion
(Ornstein-Uhlenbeck process) and so of course possesses a C*°-density. This chapter is devoted
to the question whether this is true for finite-dimensional diffusion of the considered flows. The
question of existence and smoothness of densities (w.r.t. Lebesgue measure) for the solution of
SDEs is usually investigated with techniques coming from Malliavin calculus (this is the target
the Malliavin calculus was originally developed for). Virtually all the literature assumes that the
driving vector fields of some Stratonovich SDE are smooth and that the Lie algebra generated by
them spans R? at every point in R? (Hérmander’s strong hypothesis) or at least at the initial value
of the SDE (H6érmander’s weak hypothesis). Under this assumption it is shown that the solution
possesses a smooth (i.e. C) density with bounded derivatives. This is known as Hérmander’s
theorem. See [18] for the original analytic proof and e.g. [38], [16], [41], [6], [59], [40] and [19]
for proofs using the Malliavin calculus and related works. The reason why it is hard to find
C*-versions of Hérmander’s Theorem in the literature seems to be that Hérmander’s condition is
not well-defined if the vector fields are not smooth (the Lie bracket of two vector fields is a vector
field if their second partial derivatives commute). Nevertheless the contents of this section seems
to be well-known (but unstated in the literature) except for the (trivial) application to IBFs and
IOUFs.

3.1 Existence Of Densities

We start with the following key lemma.

Lemma 3.1.1 (Norris’ Lemma).
Let X be a R%-valued random variable and n > d + 1. Assume that for all multi-indices o with
la| < n and for any test function f € CF(R?) we have

E[D*f(X)] < K| flloo (3.1)

wherein K may depend on n but not on f. Then the distribution of X is absolutely continuous
w.r.t. Lebesque measure on RY and the density is n —d — 1 times continuously differentiable.

Proof: [40, Theorem 0.1]. O

39
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Theorem 3.1.2 (existence result for densities).
Let k > 1 be odd and let Vy, ..., V, denote C**1 vector fields on R? with bounded derivatives up
to order k + 1. Suppose that for x € R? the vectors

{Vi}(:c), [Vﬁ,vig} [V,f[vg[vd } Ll e {1,...,n},1 gjgl,lglgk} (3.2)

i.e. the Lie brackets generated by {Vi,...,Vy,} of order at most k span R? at x (one has to require
the vector field to be C*+1 to ensure that the Lie-brackets up to order k are well-defined). Let X;
be the solution to

t n )
X, =x+ / Vo(X,)ds + Z Vi(X,) o dW(®
0 i=1

for a n-dimensional Brownian motion (Wy)i>0. Then the distribution of X; is absolutely con-
tinuous w.r.t. Lebesque measure on R® and if k +1 > 2d + 2 the density is % —d—1 times
continuously differentiable.

Proof: The case k = 1 also follows directly from [6, Theorem 4.9] so we can focus on the required
smoothness. We limit ourselves to a version of the proof which is somewhat sketchy. Consider
the Malliavin covariance matrix

oy = 7! [ /O t ZSV(XSW*(Xs)ds] [z

wherein V' is the matrix V = (V1,...,V,) and Z; is the solution to the SDE
2=~ [ 2DV(X)du -3 [ Z.DVi(X)do W

Then [6, Theorem 4.9] tells us that we have to verify that o is a.s. invertible for any ¢ > 0. The
proof of [6, Theorem 6.4] shows this by proving that the vector fields apearing in (3.2) lie in the
range of oy for any ¢t > 0. [6, Section 6.2] shows even more namely that o; € (;<,o, L(P).
According to Lemma 3.1.1 we now have to show that (3.1) holds for n = #tL. This is done in
some detail in the proof of [6, Theorem 4.10]. O
At this point we are ready to derive some applications to IBFs and IOUFs as corollaries to

Theorem 3.1.2.

Corollary 3.1.3 (the two-point motion).
Let (x4, y1) be the two-point motion of a two-dimensional IBF or IOUF with a C{ covariance
tensor b. Then (x4,v:) has a continuous density w.r.t. Lebesgue measure on R*.

Proof: This is a trivial combination of Theorem 3.1.2 and Lemma 1.3.7 which in fact yields el-
lipticity and not only hypoellipticity. O
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3.2 A-Little-Positivity Of Densities

This section is devoted to the question what can be said about the positivity of the density of
the 2-point-motion of an IBF or IOUF in R? which exists as we already saw in Theorem 3.1.2.
We will make use of the following lemma.

Lemma 3.2.1 (support theorem for elliptic diffusions).
Thereis p = p (Cy, Cs,Cg, 0,t) > 0, such that for any R*-valued semimartingale Sy with martingale
part My, satisfying for t < 7 :=inf {s: ||Ss|| > 0} the following

1. So =0,

2. The part of locally bounded variation is Lipschitz-continuous with constant Cg,

3. Cyz||* < 2THM < C5 12|12,

we have the estimate
Pr>t]>p.

p can be chosen to be continuous in all variables, decreasing in Cs, Cg and t as well as increasing
md and 0 < Cy < Ch.

Proof: [53, Lemma 2.4]. O
Now we come to the definition of the notion of positivity that allows for the use of rather primitive
methods.

Definition 3.2.2 (a little positive).
We say that a function f on R% is a little positive if there exists no open non-empty U C R® such
that the restriction of f on U wvanishes identically.

Theorem 3.2.3 (little positivity theorem).
Let (x5,ys)s>0 be the two-point motion of a d-dimensional IBF or IOUF such that it admits a
density w.r.t. Lebesque measure on R*?. Then this density is a little positive.

Proof: Assume that this is wrong and let w.l.o.g. U be the interior of K.(0) x K(0) for some
e > 0. Let ps(z,y,2,y") denote the transition density of (zs,ys) at (2',3’) such that ps(z,y,-, ")
vanishes on U.

Step 1: Assume now that =, 2’ and v,y are disjoint and define the 2d-dimensional semimartingale

!
Tt T T
Syi= (") = |ts +(1—1)s < )]
' (yt> [ (z/) (=051,
Then Lemma 3.2.1 tells us that

P [<x5> € U} > P [z — 2| <€ly — | <€ >p(Cy,Cs,5 ,6,1) >0

Ys

(o-7)
y—y
for some constants Cy and Cs depending on mingcpg q7 [tsz’ + (1 —t)sz — tsy’ — (1 — t)sy|. This
contradicts the definition of U.
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Step 2: For the general case z, 2’ Ny, # () one just has to divide the action into two time steps
satisfying the assumptions of Step 1. a
Remark: It is fairly natural to expect that this also holds for any finite-point diffusions of
IBFs and IOUFs. But since the property “a little positive* turns out to be not very satisfying
in applications we will not give more details on that (observe that not even the flow property
prevents the density to be a little positive although the diffusion will never arrive at {z = y}).
The next section gives a sufficient condition for the density to be positive everywhere but on this
diagonal.

3.3 Positivity Of Densities

Let us again focus on the case of the two-point motion (x¢,4;) of an d-dimensional IBF or IOUF
(z # y). The homeomorphic properties of the flow do not allow for x; = y; to hold at any time
except on a null set (remember that we decided to modify the flow in a way such that z; = y; is
impossible). One might expect the process (z,y;) to posesses a density on the set

R24 .= R%\ {(2,y) € R*? : 2 = y}. If b is smooth this is in fact true as we shall see in the
following.

Theorem 3.3.1 (sufficient condition for positive density).
The two-point-motion (xs,1;) interpreted as a diffusion on R2? posseses a strictly positive C>-
density on R2 provided that the covariance tensor b is C™ and all its derivatives are bounded.

Proof: We restrict ourselves to t = 1 by scaling. First observe that our smoothness assumptions
on b now allow for the use of Hormander’s Theorem [18]. See [41] for details and stochastic
interpretations. Since we already observed that the process satisfies the SDE (1.14) and since
Lemma 1.3.7 ensures that Hérmander’s strong condition is satisfied we can conclude that on R2
a (C'°-density exists. We now have to show that it is strictly positive there. We want to apply
the results of [29], so we have to consider the following control problem.

dZt(h) = B(Zt(h))htdt

Therein h is a square-integrable, R?%-valued control function (in fact chosen to be continuously
differentiable). z; is a 2d-dimensional process to be thought of as a deterministic version of the
two-point motion. Fix (z,y) € R2%. In order to show that (x1,%1) has positive transition density
for any (1,3 € R24 it is enough to establish the following Bismut Condition (see [7]).

Condition 3.3.2 (Bismut’s condition).
For any (x,y) = z € R2 (M), y() € R2 there is an h € L? such that

z1(h) = (2, yM) (3.3)

and such that h — (z1(h)) is a submersion in h. (we identify R*® and R? x R? in the obvious
way).

Proof.: Step 1: Let us assume first that z,2(1) and y,y() are disjoint and that each of them
consists at least of two points. (Z;y denoting the convex hull of z and y.) We construct a control
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satistying (3.3) such that the stream lines of z; are exactly x,z(1) Uy, y() . This ensures that
b(z¢(h)) is regular and its determinant is bounded away from zero for all ¢t. The simplest way to

obtain the desired streamlines is to ensure b(z(h))h; = <z(1) - (Zj) > We may hope to achieve

w0 (0= C)

0= 2 [l(h)h]

this by setting

as well as

dhy ¢
dt

d- _
i =1,...,2d: —b; h))| h b; h =
=20 3 Gt >>] 4 Bue(a() L — g

_ dh
eVi=1,...,2d: Z albi7k(zt(h h +Zb”€ zt(h -
k=1

@E(zt(h))% - [<<d22§h) , v> B) (zt(h))] hy (3.4)

(V is the nabla operator). So we see that we can choose h; to be the projection on the first 2d
coordinates of the solution to the following 4d-dimensional initial value problem.

2(h) - (eml{ER o)) o)

b(z(h))h

oy (6D )

Zo(h)

Existence and uniqueness of a solution to this initial value problem can be obtained from the
standard theorems because we ensured that the determinant of b is bounded away from zero and
hence that the right-hand-side of (3.4) is continuously differentiable.

Step 2: For a general positions of z, (1), y and y(!) observe that we can divide the action into
two parts i.e. timesteps of length 0.5 and choose the streamlines of x and y to be piecewise linear
and disjoint.

Step 3: Finally we have to note that by Theorems 1.1 (smoothness) and 1.10 (surjectivity) of [7]
we have a submersion in h. a
We may hope that the n-point-motion of a d-dimensional IBF has a density on the set [Rﬁd where
no two out of the n points coincide. It should be possible to prove this completely in the same
way as Theorem 3.3.1 because R is connected and we can ensure that the streamlines do not
intersect each other in arbitrary dimensions. The only remaining task is the need to establish
the regularity of the diffusion matrix of the n-point motion (and of course to stipulate sufficient
differentiability).
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Remark: In this last part we returned to the assumption that b is smooth. There is no reason
why it should be impossible to relax this assumptions to require a certain number of derivatives
to exist. Nevertheless this would incorporate a lot of technical difficulties (and a lot of checking
in the literature) and hence we restrict ourselves to the smooth case here.

Remark: Nothing in this chapter excludes the possibility to apply the results to RIFs. Since
we did not state the prerequisites in detail for RIFs we just state that ¢ > 0 can be replaced by
¢ < 0 without any changes in the assertions or in the proofs.



Chapter 4

A Weak Limit Shape Theorem For
Planar Isotropic Brownian Flows

It has been shown by various authors under different assumptions that the diameter of a bounded
non-trivial set v under the action of a stochastic flow grows linearly in time. We show that
the asymptotic linear expansion speed if properly defined is deterministic in the case of planar
IBF's. This means that we show for a two-dimensional isotropic Brownian flow ® with a positive
Lyapunov exponent that there exists a non-random set B such that we have for € > 0, arbitrary
connected v CC R? consisting of at least two different points and arbitrarily large times 7" that

1-erBc |J |JQoslx) C (1+6TB.

0<t<T z€v

The latter means precisely that for any ¢ > 0 there is a T' > t such that the inclusions above hold.

4.1 Introduction And Preliminaries

The evolution of the diameter of a bounded set under the action of a stochastic flow has been
investigated by various authors with different assumptions and scopes. See [10], [9], [35] and [36]
for example. The latter show that the diameter grows linearly in time provided the top Lyapunov
exponent is non-negative and also give upper and lower bounds on the expansion speed. Never-
theless these bounds turn out to be far from each other in some examples and there is little hope
to match these bounds with the methods from e.g. [9] or [36]. We will follow a different approach
which first appeared in [13], wherein a class of periodic stochastic flows on R? (or stochastic flows
on the torus) is considered. [13] develops a similar limit theorem (even with a stronger assertion)
using the fact that their model essentially lives on a compact manifold. Although in the first
part we sometimes follow the lines of thought of [13], we will see that to get the assertion we
will have to replace the methods relying on the assumption of periodicity (which means perfect
dependence of particles which are far from each other) on R? by different ones. This is done using
the invariance properties with respect to time reversal of IBFs. These properties are not shared
by the model of [13] and hence are a novelty in the present subject. The chapter is divided into

45
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several sections. First we briefly review the important prerequisites from the literature. After-
wards we give the proper definition of the asymptotic linear expansion speed and state the main
result, from which the fact, that the asymptotic expansion speed is constant, turns out to be a
corollary. We give the proofs of the main results in the last two sections. The first of these is
dedicated to the proof of the lower bound i.e. that the expansion is sufficiently fast. Here we also
identify the set B in terms of a stable norm (which is a concept from [13]). We finally finish the
proof in the last section by showing that the expansion is sufficiently slow, for which it will turn
out to be sufficient to show that the expansion speed is independent of the initial set. We will
work in general dimension d where possible. But since several important features of the proof
obviously fail in dimensions larger than two the reader might assume that d is always equal to 2.

4.1.1 Chasing Ball Property, LDP For Discrete Supermartingales

The first of the following lemmas states that the distance of a non-trivial set under the action
of the flow tends to approach another moving particle (arbitrary non-anticipating movement)
provided that the other particle does not move too fast. Therein we use the following definition.

Definition 4.1.1 (non-trivial set).
A subset of R% is called non-trivial if it is bounded, connected and consists of at least two different
points.

Note that for IBFs the estimates of the local characteristic and the ellipticity bounds of [53]
hold. Therefore we may use the following lemma. For ¢ > 0 denote by F; := Fp; the sigma-field
generated by the flow up to time t.

Lemma 4.1.2 (chasing ball lemma).

Let ® be an IBF with generator M. Then there are functions G' : [0, 00) x [0, 00) X [0, 00) — [0, 00)
and G : [0,00) x [0,00) — [0,00), such that there is 7o > 0 depending only on b such that we
have the following.

1. For all s € [0,00) the function G'(-,s,-) is continuous, non-increasing with
limpg 00 lim, oo G'(K, s,77) = 0.

2. For all s € [0,00) G"(s,-) is continuous and r € (0,r9) = G"(s,r) > 0.

3. Let s > 0 and v < rg. Let 7 be a finite stopping time for the flow and x,y,z Fr-
measurable random points in R* with ||z —y| = r. Define r1 = |z —z|| A [ly — 2],
ro = ||Prrqs(x) — 2|| A||Prr1s(y) — 2||. Then we have

ElroV (i — K)|F ] <r +G(K,s,m1) —G"(s,7).

Proof: [53, Lemma 2.5]. Observe that K does not appear in the original result in [53] but can be
obtained by adding it in the proof of (15) on pages 2055 and 2056 of [53] to obtain instead of (15)
the estimate E [||z,4s]| V (2! + K)] —2' < g(z")+E[N V (—K)] with limg o E[N V (—K)] =0
and by proceeding as in [53] afterwards. O
The next lemma is similar to a large deviation principle (LDP) for supermartingales and will be
used repeatedly during the proof of the lower bound.
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Lemma 4.1.3 (Markov martingale bound).
Let (& : j € N) be a sequence of real-valued random variables with

1. [E[£J+1 ‘€177€]] < 07
2. Vm e N:3K,, e R:Vj e N: E[|§|™] < K.
Then we have
Ve > 0: 3k = k(e (K )nen) >0:Vn e N: P Zéj >en| < kMn™m,
j=1

Proof: [13, Lemma 2]. O

4.1.2 Sub-Gaussian Tails And Sublinear Growth

Lemma 4.1.4. We have for any bounded subset v of R the following.

1. There is a positive constant Cy, such that we have P-a.s.

1
limsup | sup sup — ||®(x)| | < Co.
T—o0 t€[0,T] z&€Y T

2. There is a C3 > 0 such that for any T > 0 we have

1 T
limsup — log P sup sup ||®(z)|| > nT || < ——.
n—oo MN? [(te[O,T] Ty 2C§
Proof: [35, Theorem 2.1 and Theorem 2.2]. O

Remark: Some of the statements of this section are far more general in the literature than stated
here and there might be some checking of assumptions to get the shapes above. For nothing of
this is more than simple computations we do not give any details about it.

4.2 Statement Of The Main Results

Theorem 4.2.1 (limit shape theorem).

Let ® be a planar IBF (i.e. an IBF with state space R?) such that the two-point motion has a
strictly positive density apart from the diagonal i.e. on RY = R\ {z € R* : 21 = 23,20 = 2}
(cf. 3.8.1). Assume further that the largest Lyapunov exponent %[ﬁN — Br] is strictly positive.
For any bounded, connected v C R? consisting of at least two different points we let y; = ®;(7y)
and Wi(7v) := Uy<g<t Vs- Then there exists a deterministic set B such that we get for any e > 0
the following.
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1. There is P-a.s. 0 <T(v,€) < oo, such that for any t > T(v,€) we have

(1 —e)tB C Wi(7).

2. There is P-a.s. a sequence (ty : k € N) C Ry with ty, / oo that fulfils

(1—e)tB C Wy, (v) C (1 +e)tiB.

3. We also have
z}im P(1-e)TBCWrp(y) C(1+€TB]=1.

Proof: The proof will be given in Sections 4.3 and 4.4. a

Corollary 4.2.2 (expansion speed).
If we define for v as above the asymptotic linear expansion speed to be

liminf %diam(WT (7))

T—oo

then it is independent of v and a.s. constant.

Proof: This follows directly from Theorem 4.2.1. O

4.3 The Lower Bound

4.3.1 Hitting Time Of Far Away Balls
Sketch Of Proof

Assume that the original set v C R? is connected, compact and that it consists of at least two
different points (the assumption of compactness is made for simplicity and could be omitted).
Denote by ~; := ®;(y) the set v at time ¢ and by d; := diam(~y;) its diameter. Further denote for
any R > 0 by 78(vy, P) ;= inf {t > 0 : dist(y;, P) < R,d; > 1} the time it takes for v to reach an
R-neighbourhood of P € R? as a large set. In fact it will turn out that liminf; .. d; > 1 a.s..
We call a subset of R? large if it is bounded and has diameter at least 1. Due to the results of
[53] and [9] we may assume that -+ is large (the following will prove that v will become large a.s.
anyway). Note that we make the standing assumption that the top exponent is strictly positive
and that d > 2.

Theorem 4.3.1 (hitting time theorem).

Let P € RY, assume that v C R? is large and define 7 := 1V dist(P,v). There is a constant R > 0

(neither depending on v nor on P) such that for any m € N there is m%)

on vy, P nor on 7) such that for 3 > 1 we have

> 0 (neither depending

P [TR(%P) > lsg,%)ﬁf < ﬁg)ﬁ_mf_m.



4.3 THE LOWER BOUND 49
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Figure 4.1: A" (fat) und A’ (regular) for different values of e: 0.99; 0.5; 0.1 (times 0,5(c11 A —c1p))

0 0
Csg Cgo

Cio C1o Cio

The proof consists of several steps.

1. Construction of a strictly increasing C2-function f : [0,00) — R with lim, .o, f(r) = oo
such that f(p;?) is a submartingale for any =,y € R%. The drift of this submartingale has
to be bounded away from zero.

2. Estimate of the growth of d; on average.

3. Estimate of the probability of finding +; not being large after a long time i.e.
P [inf{s :Vr > s:d, > 1} > t] is to be bounded from above for large t.

4. Establishing a negative upper bound for the ,drift“ of r; := dist(y, P) outside the ball
Kp(P):={z eR?: |z — P| < R}.

5. Estimation of the tails of 7%(y, P).

Construction Of f

The first ingredient needed to construct f is the following lemma.

Lemma 4.3.2 (existence of h).
For any 0 < cg < cg < 00, § >0 and —o0o < c19 < 0 < ¢11 < 0o there is a decreasing C?-function
h: [cs, co] — [h(cg), 0] with

1. h,(Cg) = h/(CQ) = 0,
2. h'(cg) = c19, W' (co) = c11 and h" is increasing,
3. h(cg) =0 and

4' Supcgﬁrﬁcg{‘h/(r)’} < d.
Proof: For 0 < e < 0,5(c11 A —ci9) define h! : [cs, o] — [c10, c11] Via

2 2

" €10 ‘11
=1 —C8e¢)m—F—— + 1, . —Cg¢)————
h’s (T) [c&cs,e](?a)(r 8, )26(69 — CS) + leg,e, 9}(7’)(7’ Cy, )26(09 — CS)

2¢e(cg—cg)
€10

and cg ¢ := co — 2949=) (see Fig. 4.1). Defining

with C8e = C8 — e
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B(r) = / B (s)ds
c8
2 2 C%o
:ﬂ[cs,cg,e}(r) [(T - CS,€> - (Cg - C8,6) ] 46(09 — 08) - 1]0375,09](74)6(69 - 68)
L) (P)— 0 L
leg,ecol\" 0, de(cg — cg)

ensures 1.. We then also have h. < 0. 4. follows from choosing e < —2 Setting h(r) :=

cg—cg
fcg h.(s)ds for such an € makes h decreasing, ensures 3. and finishes the proof of Lemma 4.3.2. O

Lemma 4.3.3 (existence of f).

There is a strictly increasing C*-function f : (0,00) — R with the following properties.
1. lim, o f(r) = 00 and f(p{") is a submartingale for any x # y € RY.
2. f(1)=0.
3. Writing with Ité’s formula, (1.12) and Fubini’s theorem

t+s _ Ty
£z~ £ = [ E | I -+ ) (- B

t+s

+[E[ £ 2<1—BL<pfy>>dWr}

= [eltomiar e ] [ atoman]

we get that § is bounded and that g(-) — £(Bn(d — 1) — 1) >0 on (cg, 00).
4. g:(0,00) — [0,00) (as above) is continuous and positive.
5. There is Cg > 0 and Cy > 0 such that
E[(f(dey1) = f(d)) A Co|Fi] = Cs. (4.1)
Note that F; denotes the o-field generated by the flow up to time t.

Proof: We choose the following ansatz for f which uses a local linearization of (1.12) near the
origin (see Fig. 4.2).

logr + co 0<r<ecg
f(r)—c1:=4 cs/r+h(r) :ecs<r<cy
cyr + cs tcg < T

Put

18— =B, 1 B\
et gD ) o= - ) (-5 )

An(d—1)
A gynta =) - o) (1)

4
3
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Figure 4.2: f (fat), f’ (regular) and f” (dashed)

and choose 7. according to (1.7). Further set

wlro

~ 1\~
cg :=re N1, cg 1= Cg (W)> ,
BL
1 1—By()| ™ .
— —1)— I -1
3 imgyon(a=1) = o) |2 -y
1 d 1
————— an = ——.
i 2c9+/csCg and o 20%

=21 = h =
co og(cs), c4 NG + h'(cg) N

+ h(cy) and ¢1 := —cq — ¢35

% 0<r<ecsg
f'(r) = %—i—h’(r) teg <r<cy

C4 g <T

—%2 0<r<csg
f'(r) = —ﬁ—i—h”(r) teg <r<cy

0 tcg <1

The submartingale property of f(d;) will follow if we can show that g is non-negative and that g
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is bounded. To check this let us give a version of f that only uses cg, ¢g and J.

logr 4+ 2 — log(cg) 0<r<ecsg
f(r)+\/?+h(09)+ L _ F= VTt h(r) reg<r<c
8 Vst \/Cg—cg—i—\/g-kh(cﬂ icg <
% 0<r<ecsg
) = W) tes<r<es
\/ClsTQ g < T
—r% 0<r<ecg
f'(r) = {gr\}csﬁﬂLh"(?‘) tes<r<co .
0 tcg < T

The computation for the boundedness of g is rather simple.

30| =| ) V2= BLi)] = | £ V20 = BLi))| (Lpen) + Liroen))
< |HVa= B

X VT = B Ly
<2 s+ (1 301 30 s + e VT

1—Bp(r)— %ﬁLrQ

r3

rwJ F1tes) | VAT BT

<1
<VBL V24| f(es)| | V2T BL())| | < oo

Now we can turn to the estimation of g(r). For r > ¢g we obviously have g(r) > 0 since f'(r) > 0,
f"(r) =0 and By(r) < 1. For r < ¢g it is sufficient to consider

9(r) = [(1 = Bu(r)(d — 1) — (1~ By(r))
—5n@=1) =)+ | (1 Bt - gowr?) @= 1) - (1= Bulr) - 36ur?) |

1 1—B _ 1 2 1—-RB 1 2
=5 (B (d - )_BL)_Q{T N(Z)g 2N g1y L(:?g 2@“]

> (Bn(d—1) = fr) > 0
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The remaining case cg < 7 < ¢g needs a little more attention.

9(r) = [¢i?r + h’(r)} HfN(r)(d— 1)+ {_27“\/087“

1 ) 1 1—BN(7')—lﬁNr2
— |:\/CETT—|—h(T):| <26Nr(d—1)+ . 2 (d—1)>

+ [h”(r) - 27"\}087} Bﬁm“? + (1 — Br(r) — ;BmQ)]

n h"(r)] (1 - By(r)

_ BNt gy Bt (L 1 (1-By(r) = 36nr%,
_2\/c87(d 1) 5 (2r\/087 h(r)>+\/087< . (d 1))

+ (o) - 2%) (1-Butr) - o)+ 2D

2 1— By(r) — 18yr?
> Bnr (d_l)_ﬂm 1 +L2 1 N(r) — 18nT @—1)
2,/csr 2 2r\/csT  2cg C]T r
=:1 :T?I
" 1 1 2 / 1_BN(T)
- - 1=Br(r)—5 - —1).
() = 5| [1 = Bur) = 580 | = |0 () = = )
=:1IT =1V
-2
For we chose cg := cg (%) ° and cg =1 N1 we get
_ O g gy P11
2, /csT 2 \2rcsr  2c2
_Vr 1 1 3 -3
RN 2(ﬁN(d 1) ﬁL)+2 By(d—1) —r2eg 201
L L/r
ZZ(ﬁN(d—l)—ﬁL)-FZ — |An(d—1) —cieg * BL
cg
1
:Z(ﬁN(d —1) = BL),
— _1 2 _ _ 1 2
IIST rey |1 BN(T)3 QﬂNT (d—l) < C9 1 BN(’I”)3 25]\[7’ (d—l)
C8T r cs r
1
< _1) —
_24(5N(d 1) = BL),
! 1 11 || Bu) - 4B
IIT = |h"(r) — 1-B _ B2 < | 3 2
") = o Ve olr) = 3her _’2c§+27‘\/687 " =
_@ 1= Bulr) — 3Bur?| _ (By(d—1) 3|1 - Brlr) - 36ur”
TG 7 B AL 3
1
<—
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(&3]

-1
Finally since § = 2 (Bn(d — 1) — 1) Hij\’()Hw (d—1)"! we get

1-— BN(T)

IV = |h/(r)

(@-1)| < g (B(d-1) - 50

and

g(r)z<6N<d—1>—ﬁL>[1—1—1—1] (BN 1) = 1) > 0

It remains to show (4.1). This is done in the following subsubsection.

Growth Of f(d;) On Average

There are two cases. If di < %~ it is sufficient to consider the two-point motion. Due to
the Markov-property of the submartmgale f(piY) we get choosing (adaptedly) x; and y; with
|zt — y¢| = d; and some constant Cy > 0 (to be specified later)

£ (o) = 500 A Co) 1, oy |7
>E [(f(Pﬁl)—f( N ACy|F]1 {f(d (A;))}

=0y [(f(017) = f(pp")) A Col L [an<s(20)})

(f (r9) - 1 (“;)) ACy

1
+ (5= 1= B A C) Py | sup 1627 < f<r<€>>] e ()

()
> ([f (T(E)> - f <2>] A %(ﬁN(d 1) - fL) /\C'9> {d <=

In case d; > T ! first consider the growth of d;. We may assume G (1, 7«1(; ) =t & >0 (otherwise

we decrease r(e), see Lemma 4.1.2). There are 7 and Cy > 0 such that for any r > 7 we have
G'(&21,7) < 74-. Choose (adaptedly) xg ),x,§2),yt( ),ZJF) € v with |x£1)—x§2)] =dy, ]:rgz)—yt(z)| =

2¢40 )
r(€)

g t=1,2 and define

>

P siprv) nglf(ﬂiy) > f(rt } {f dt)<f(r<e)>}

1 (@) 2 _ @)
1 ._.@Q) T Ty ) Ty Ty
D iiaf) 2O A 0] =7 i =1,2 and

ré —|:L‘t+1 i)\/\|yt(21—z(i)| 1=1,2

(see Fig. 4.3 for the geometry at time t). Lemma 4.1.2 provides for i = 1,2 that we have
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z(M xSy éJ y®@ %@ g

Figure 4.3: growth of d; on average

E[(eatr? =) A G

.7-}} > G"(1, Tl(g)) -G (Q 1 f) > % > 0 and therefore

Dcq0 0
2D — 2@ =V +dy + 7P and |2V — 2@ <o) +dpyy +10) =

C C
(ca(dipr — di)) A Co >(ea(r) =8N A2 4 (ca(r® =N A 2 =

2 2
C C
E[(ca(disr — di)) A Co | 7] >E [(04(r§1> RS ]—}] +E [(C4(r§2> RS ]—}] > c.
Now we turn this into an estimate for f(d;). Abbreviate p; := pf(l)mm and consider for K > 0
() = 1D A Co) L0y )|
>E — 1 c 4.2
[ (F (o) = T A OO L0 ] 7 (42)
> inf E — — A Col1 c =1 c 0.
7f<%e§r)1§r§K Flpo)=r [(f(p1) = f(p0)) A Cy] (5(=2) < sk {f(#)gf(dt)g{}w >

The last inequality follows from the continuity and positivity (g(r) > 0 for r > 0) of the mapping
7= Epipo)=r [(f(p1) = f(p0)) A Co]. (4.1) is now an easy consequence of the following proposition.

Proposition 4.3.4 (lower drift bound).
There is K € N such that E [((f(dis1) — f(ds)) A Co) L p(de)> K 7] > L () > K-

Proof of Proposition 4.3.4: Consider for F' € F; and K € N that

E [((f(de+1) = f(de)) A C9) Lipa>ky1F]
=E [((f(di1) = £(dr)) A Co) L f(ay>KInFO{f(des1)>0})
+ E [((f(deg1) = f(de)) A C9) L p(dy)> KInFA{F(drsa)<0}]
>E [((ca(dirr — di)) A Co) Ly f(d)> K}nFA{F(desr)>0})
+E[(f (pe41) = £ (P0)) L (pur1)— F(o0)<— K Y L{ £ (d) > K }AFOL £ (drsa) <0} )
>E [((cal(dir1 — di)) A Co) Liy(a)>K3nF)
+E[Efp) [(f (p1) = £ (00)) Lp(o0)— f(p0)<—K}) Lif(d)>KInF)
>E [E [(caldir1 — di)) A Co |F] Ui pan>rinF)

—E | Lisay>rinr Y 7P If (p1) = f (o) < 1 =] (4.3)
n=K

=E [E [(ca(der1 — di)) A Co | Fe) Lipan>iinr) — 1 = cP [f(de) > K; F; f(dy1) > 0] — 1.
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To get an estimatie on I the next lemma is useful.

Lemma 4.3.5 (tails for shrinking).
Forx #y € R* and r € R we have Py evy_, [f(p5") — f(py?) >n] < ”fHﬁ p{—zHgﬁg }

Proof of Lemma 4.3.5: Due to some standard results (|21, Proposition 5.2.18], [21 Theorem 4.6]
and [46, Chapter V, Theorem 1.7] e.g.) and due to df (ps”) = g(p%¥) dWs + g(p%¥) ds we see that
SN—— \V/

<Ilglloo =20

1
P e L) = 7 > 1l <Py | [ ()i < =)

= Pyymr [m sy, < =) <P [Wigpe o, < —n] < P{Iglle W1 <~

n 191 n?
- F < X exp { — . O
MoD <||g|| > nv2r 2315
The conclusion I < E |:]]'{f(dt)>K}ﬂF S K ng)ll\/ﬂ eXP{—(QTlngf }] Koo implies for suffi-

ciently large K (uniformly in F') that I < “2P [{f(d;) > K} NFN{f(di+1) > 0}], because
Pf(dex1) > 0]f(dy) > K] — 1 for K — o0 Which together with (4.3) completes the proof of
Proposition 4.3.4. O
The proof of (4.1) is now straightforward. Choose K > 1 for which Proposition 4.3.4 holds,
¢7 = c7(K) according to (4.2) and consider

E[(f(dev1) — f(de)) A Co|Fi]

=F [((f(dt-H) - f(dt)) A 09 {f dt)<f © ‘]:t]

+E |:((f(dt+1) — f(dr)) A Cy) ]l{f(’"(?—‘))gf(dt)gl(} )ft]
+ E[((f(de1) = f(di)) A Co) Uy pany>rcy 1 Ft ]

r

z([f(r“))—f(;)}A;(ﬁNw D=8 ACo) 1y oy

+C7Jl{ (0) <fd)<K} 1{f(dt)>K}

(r9) = s (f)

The proof of Lemma 4.3.3 is complete. O
The estimate (on average) is about to be transformed into one of the probability of the event
that our original set is not large after a long time.

>

1
/\g(ﬁN(d—l)—ﬁL)/\Cg/\cﬂ\%G::Cg>O.
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Pathwise Growth Of f(d;)

We have E [f(di+1) A (f(de) + Co) | Fi] — f(di) > Cs > 0. So we can verify the assumptions of
Lemma 4.1.3 for &; := f(di—1) —[f(d;) A(f(di—1)+Cy)]+Cs. We only have to prove E[|&|™] < K,
for certain real K,,.

Ef1€:[™) =E [1f(di1) = [£(di) A (f(di1) + Co)] + Cs™]
<2MCY + 2"E (| f(di- 1) [f(di) A (f (dir) + Co)][™]

<2MCE" + 2E [|f(di1) — [f(di) A (f(di1) + Co)|"™ Lya,<a; 1}
+2"E [|f(die1) — [f ( i) A (f(di- )+09)]| Lid y<d;})
<2MCF + 2MCG'P [di > dia] + 2™ [(f(dic1) — £(di)" La, 1 >a,})
<O+ 270y + 2 E [(f(dia) — f(di)"™ ﬂ{dl 1>di}] (4.4)
=1
To estimate I we choose x and y (in an adapted way!) in v such that ||z;—1 — y;—1]| = d;—1. For

shrinking of d; implies decreasing of the distance of ; and y; we can further conclude
I =E [(f(di—1) — f(di))" Lgq, 1>q,3) <E {(f(ﬂfﬂ) - f(Pfy))m]l{pfgl>pfy}]
= [[E [(f(ﬂﬁl) - f(Pimy))m ]l{f(pfgl)>f(pfy)} -7'_1'71”
<E |Epiry) [(F05") = D™ Ly ()51}

<14 (n+1)™ sup Py [f(o6") = f(p1Y) > n]. (4.5)
n—1 flr)eR+

Combining (4.4), (4.5) and Lemma 4.3.5 yields

9]l (n +1)™ n?
E[[&™] < 2™(C8" + Cg* + 1) + 2™ —eXp —— ¢ = K.
Z 2m 24112,

n=1

Concluding with Lemma 4.1.3 we have for m € N the existence of H%) € R, such that for
n > C%g | f(dp)| the following holds.

[y

n—

Pld, <1] =P [f(d,) <0] =P [ ( f(dig1) + Cg) f(do) + Csn
=0

n—1
<P [Z (f(di) — [f(dig1) A (F(ds) + Co)] +08) > f(do) + Cn

=0
Z&z@
(1)

Increasing k,, if necessary ensures that this holds for all n (this is to be assumed).
Remark: The assumption of largeness of v makes this correction uniform in ~.

=P [Z & > f(do) + Csgn| <P < kDn=m, (4.6)

=1
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So we can estimate the probability of F), := {3i € [|/n],00] NN : d; < 1} via

PIF)< Y Pldi<1< Y mgﬂmz'“mg(mgﬂm i2> n" (4.7)
i=|vn] i=|vn] =t
o

A simple Borel-Cantelli argument shows that the flow cannot contract a non-trivial set to a point
i.e. dy a.s. does not converge to zero as t — oo.

Estimates On The Tails Of TR(% P)

First let r; := dist(y:, P) and observe for n € N that we have the estimate

P [r(y,P) >n] <P ﬁ ({ri >R} U{d; <1})| <P[E,]+P |F%, ﬁ {r; > R}
i=| v7] i=|vn]
=1+ 1. (4.8)

I is already treated, so only II is left. For arbitrary 6 > 0 and n > 4V 4(rg — R)§~! we can
estimate

<P ﬁ{ri>R}, ﬁ {d121}
i=[n] i=|vn]

n

n—1 0o
=P ||z —ro)+ Y (ri=ric)> R-ry . [ {n>R}, (| {di=1}
i=|v/n+1] >3 (n—/) i=[n| i=|v/n]

)
<P W(n) + Z [(7"1‘ —7i-1) Vg, >1m >Ry — Od, <13Ufri_ <R} T 5] > 5(” - [\/ﬁJ)
Z’:L\/ﬁ+1J —

on
L ZT

<P [n(”) > ‘ZL]

n

0
+ |P Z [(Tl - ri—l)ﬂ{di,1217T171>R} - 6ﬂ{di,1<1}U{Ti,1§R} + (5] Z Z(n - L\/ﬁj)
i=|v/n+1]
=1+ 1V. (4.9)
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Therein 77(") =T gm0 is used. The term III can be estimated by the growth of a Brownian

motion. Choose z € v with ||z — P|| = 9. Then we have

Ir <p [HZL\/EJ —ZOHZ(ZL] SIP[EIlSiSd: ZZWEJ — 2 _ZZ]
on o0 2 _g o
<dP [n4 |21 — 23] > Sd] = d/(;n% —c 2 dt < x®n (4.10)

for suitable /-@ﬁ,f) € R. The estimation of IV applies Lemma 4.1.3 again. For § > 0 and n >

4V 4(rg — R)~1 observe

IV <P Z (09 > (g Nﬁj)g. (4.11)
i=|v/n+1]

Therein for C79 > 0 and i € N set

900 = [(r V (rim1 — Cio) — 7iz1) Lig, 10 1>R — OLgd,  <130frs 1<R} + 9] -

The sequel aims at showing that (; (C109) . ¢ N) for suitable Cp and § satisfies the assumptions
of Lemma 4.1.3. Afterwards this lemma and a treatment of the fact that there are some terms
(C10.9) missing in the last sum which makes Lemma 4.1.3 not directly suitable for (4.11) will

&
m
complete the proof. Therefore we have to show [E H 5@(010»5)’ } < K, < o for any m and

uniformly in <.

E Hg}cl‘”‘” )m] <O 4+ 2™ [Jry V (11 — Cho) — i1 ™ g, 51y
=2"6" + 2ME [|r; V (ric1 — C10) — ric1]™ Lgy > 1mi<rs 1))
+ 27 [|ri V (ric1 = C1o0) = 71| Lyg,_ 210501}
LA™ 4 2O 4 2™ E [(rs — 1im1) " Ligy > 1mmre 1} -

=V

For 7 cannot get away from P without having its nearest (w.r.t. P) point doing so we can proceed
for the estimation of V as follows. Let z € « such that ||z;—1 — P|| = r;—1 and consider

V = [(TZ — Tz‘_l)m 1{di71217ri>ri71}] S E Hzl — Zi_llm] =L HN(O, 1)®d’m] .

Therefore we can choose Ky, = Kpy(Cho,0) = 2m6™ + 207 + 2™E [|N(0,1 ®d}m] and it only
remains to show that there are C;p > 0 and 6 > 0 such that F [§ (C10,9) §(Cw’ ..§§Clo’6)}

is negative for i € N. E[|A(0,1) ®d‘ | here simply denotes the mth moment of the norm of
a d-dimensional standard normally distributed random variable. Therefore it is sufficient to

show [E [51-(010’6) ‘.7-"-_1] < 0 for suitable Cjp and 6. On {d;—; < 1} and on {r;_; < R} this is
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evident. On {d;—; > 1,71 > R} we use Lemma 4.1.2. Because of 2. there is 0.5 > p > 0
with G”(1,p) =: 26 > 0. 1. yields the existence of Cjp > 0 and # > 0 such that we have for
r > 7 G'(Ci,1,r) < 0. Now choose x,y € v with ||x;—1 — P|| = ri—1 and |lyi—1 — zi—1]] = p-
With 3. we conclude (7 = i — 1 and z = P) that for I} := |zi—1 — P|| A ||yi—1 — P|| and
ly == ||x; — P|| A ||lyi — P]| we have

E[(ri V (ric1 — Ci0) = 7im1) Lgry > Rodsy>13 [ Fic1 ]
£ [(12 Vv (ll —Cro) — 1) | Fi1] gy, SR >1)

<
S 0107 1 > Ti— 1) G”(]"p)) ]]‘{7‘1'_1>R,di_121} S _5]]'{7‘1'_1>R,di_121}7

provided we choose R := 7 (which we do). So we can apply Lemma 4.1.3 to (51(5 C0) . ¢ N) for

these C1p and 0. We will abbreviate 51-(010’6) as &. Fix C1o and 6 such that the 52- C10.9) satisfy the
assumptions of Lemma 4.1.3 and conclude for n > 4V 4(rg — R)6~1 V (16C1 + 1)? 62 that for

m € N there is /17(71‘) € R such that

& § — on
Z:L\/ﬁ+1J i=1
+P Z €1>(n*L\/ﬁJ)ZaZ§z_*T6
z:L\/ﬁ—i-lJ i=1
- N on|

<P > — | +P < —— | <xWpm, 4.12
[@;&‘16 + ;éz_ 6| < (4.12)
Observe that due to n > (16010)2 2= ZZL:\/EJ leﬂ —Cro > — f the last term vanishes.

Combining the equations (4.7), (4.8), (4.9), (4.10) and (4.12) yields for
n>4Vi(rg— R)6~1V (16C1 4+ 1)% 672 that

P [ (v, P) > n] <kOn=m 4 Blp=m 4 Wp=m —. Oy =m

which proves that for m € N the choice

k2 = [( (>\/1)§1>11f1)<m>m] [4v (160%0+1>2v;l] < 00
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is appropriate as the following computations show.

P > o] = o> (2 v (7)) (o (7)) o]
2

4y (16C0+12 1) g5 " 9 -m
0 (av (5Gpes1) v ) <[4v<1ﬁom+1> v4]m>
v%)

B L(4 vV (16010+1 2 IBFJ ) 1)
<(k®) Vv 1)sup (T> (BF)™™ < g gmETm,
r>1 LTJ
The proof of Theorem 4.3.1 is complete. O

4.3.2 Linear Expansion And Stable Norm
Implications Of Theorem 4.3.1

For collecting the following corollaries of Theorem 4.3.1 we need some notation.

WE() == {:p e R : dist (z, Wy (7)) < R} .

Corollary 4.3.6 (slow linear expansion).
There are positive constants C11 and R, such that P-a.s. we have for large t that

Kcyi(0) € Wi ().
K, (x) denotes the closed r-Ball centered at x as before.

Proof: Cover K¢,,+(0) with balls of radius R. Due to Theorem 4.3.1 the probability, that a
prediscribed one of these balls has not been hit by v up to time ¢, decays faster than any power
of t, if we choose C'; small enough and R large enough. For the number of balls needed to cover
Kc,,4(0) only grows like t¢ the probability that any of these balls has not been hit up to time ¢
decays faster than any power of ¢ provided R is sufficiently large and C1; sufficiently small. So
Corollary 4.3.6 follows for ¢ € N from the first Borel-Cantelli Lemma. Decreasing C11 a bit more
proves it for general ¢. i
For the sequel fix R > 0 large enough for Theorem 4.3.1 and Corollary 4.3.6 to hold with this
R. Assuming that v is large makes all the estimates of Theorem 4.3.1 uniform in v € Cr with
Cr = {v:diam(y) > 1,7 C K2r(0)} (w.lo.g. we assume R > 1). The following corollary is
immediate.
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Corollary 4.3.7 (uniform integrability).
TR (v,tv)

; is uniformly integrable for any k € N.

The family of random variables <( )k>t>1 lvll=1,veC
>1,||v||=1,yeCRr

Proof: For t > 1, m € N and %/n > Iﬁ(?%) we have

R k
P [(M) > n] <P [TR(’Y,tU) > k%) 2%4 < kD (/)™ < Pn72k,

which implies Corollary 4.3.7 for large m because k2 does depend neither on ¢ > 1, ||v|| = 1 nor

on vy € Cg. O

The Stable Norm

Set |U|R = SUp,ec, B [TR(’)/, U)] which due to the isotropic properties of the flow does not depend
on the direction of v. We obviously have

E [TZR (v, (t1 + t2)v)] <E [TR (v, t1v)] + vsucp E [TR (¥, t20)] . (4.13)
VE€CR

With Theorem 4.3.1 we get in addition
E[77 (7, (t1 + t2)v)] < E [T (7, (11 + t2)v)] + Crz (4.14)

for some constant C12 > 0. We may choose e.g. Ciz := inf,cc, jj<2r E [TR(’)/,U)]. Combining
(4.13) and (4.14) yields the subadditivity of ¢ — [tv| + Cy5. Using Feketes lemma we conclude
that

_tol®
= lim

t—oo t

R
||UHR — lim [to|™ + C12
T tSoo t

is well-defined i.e. the limit exists and equals infy>q(|tv|™ + Cp2)t 1.
Since |v|f only depends on |[v|| and since it is increasing with respect to this argument we get
(again from the isotropy of the flow) that for 0 < s < 1 we have

lsvr + (1 = s)oa||™ < s fJoa ]| + (1 = ) [|oa]| ™.

Set B := {v € R : ||v|| < 1} and observe that B is a compact convex set (see Lemma 4.1.4).
Corollary 4.3.6 shows H’U”R # 0 provided v # 0. Of course the isotropic properties of the flow
imply that B is a ball centered at the origin. We will show later that its radius does not depend
on R. First we can prove the following lemma.

Lemma 4.3.8 (lower bound - weak version).
For any v € Cg and € > 0 there is P-a.s. T(~y,€) > 0, such that we have for t > T(~,€) that

(1—e)tB c WE(y).
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Figure 4.4: line: direction of v, fat: v, regular: rest of D _r(7)

Proof: We need to show that for v with ||v]|® < 1 and m € N there is k) = n%)(e) > 0, such
that
P [rR(y,tv) > (1 +e)t] <wlDe™ (4.15)

holds uniformly in v € Cr and |Jv]|" < 1. All the estimates we made so far are uniform in
|v]|® = 1 because they do not depend on the direction of v. By definition of ||.|" there is £ > 0
with E [78(v,tv)] < (1+ §)t for any t > ¢ and v € Cg. Define the stopping time 7{* via

=inf {t > 0, N Kg(tv) # 0, diam(y;) > 1}.

Denote by v a large connected subset of VrR which is contained in Ksr(tv) and which has a
non-empty intersection with Kr(tv). We can choose it to be F, r-measurable which we do. Now

define an increasing sequence of stopping times (T(i) 11 € D\I) recursively via
i .= inf {t > 7, diam (<I> Ry (’y(i_l))> >1,®.r (7(i_1)) N Kr(itv) # (Z)} )

() =® r _r <’)/(171)) ﬂKQR(tiU).

Ti—1:Ti

If necessary we choose a subset of v as () to ensure that it is connected and has a non-empty
intersection with Kp(#iv). We have (putting 7 = 0) that

R(~, ntv) Z (4.16)

Jj=1

Due to the strong Markov-property, the isotropy of ® and the definition of £ the following holds.

R __R N7
|E |:TJ — 1 ijR—l:| S (1 + 5) t
Due to Theorem 4.3.1 we can define &; := <TJR — T] —(1+ )t) and obtain that the sequence

(& : j € N) satisfies the assumptions of Lemma 4.1.3. So we conclude

n
P [TR(’}/, ntv) > (1 + e)nt] <P ZTJR - TjR,l > (1+e€)nt
j=1

< kMp=m =gMim (pfy=m = k(1) (nt)™™

I\D\”\

¢ e
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which implies that a.s. for any e > 0 the inclusion (1 — €)ntB C ng(v) fails to hold only a finite
number of times. Consider

t] - t _ _ 1-—
tizth;xthmt:l;»ve>0:3t>0:\ﬁzt:tiz 4.
— 00

Finally we get for t > { V max {n EN:(1-5ntB¢ ng(w)} t that

(1—e)tBc (1 ~ g) B c WE c WE as.

and so the proof of Lemma 4.3.8 is complete. O

4.3.3 Sweeping Lemma And A Sharp Lower Bound - The Two-Dimensional
Case

In this subsection assume d = 2. We can also assume that ~ is a curve (which we could have
assumed before). In this case we have the following.

Theorem 4.3.9 (lower bound - complete version).
For any v € Cr and € > 0 there is P-a.s. T(v,€) > 0, such that for any t > T(~,€) the following
holds.

(1 —e)tB C Wi(y).

This is 1. of Theorem 4.2.1.

Note that we do not distinguish between the T'(v, €) here and the T'(v, €) of Lemma 4.3.8 because
the two times are very close to each other as we will see in the sequel. The proof of Theorem 4.3.9
depends apart from Lemma 4.3.8 on the following sweeping lemma, which will be proved after
Theorem 4.3.9.

Lemma 4.3.10 (sweeping lemma).
Let «y be a curve with dist(vy, P) < R (for an R as defined before). Define

7= #1(3, P) = 7(P) = inf{Kr(P) C ] 7).

0<s<t

Then for m € N there is /@52) € R such that P [T > t] < nﬁi)t*m holds uniformly in ~.

Proof of Theorem 4.3.9: There is a positive integer k, such that for any n € N the set (1—¢)n3 can
be covered with n?k balls {KR (PM):i=1,... ,n2k:} of radius R. By (4.15) the probability, that
one of these balls has not been hit by the (at the hitting time large) curve v up to time (1—0.5¢)n
decays faster than any power of n. Due to Lemma 4.3.10 P [7 (P]*) — 7r (7, P]*) > 0, 5en] decays
faster than any power of n, too. So the probability that there is one among the balls Kp (P/*) for
1€ {1, cees nzkz} that is not completely included in W, at time n decays faster than any power of ¢,
which proves Theorem 4.3.9 because we have for large ¢ that (1—-2¢)tB C (1—¢) |[t] B C W|y) C Wi

O



4.3 THE LOWER BOUND 65

Proof of Lemma 4.3.10: The proof consists of six steps. These are carried out similarly to a proof
in [13]. This means in detail:

1. localizing of Lemma 4.3.10

2. definition of a small square

3. reduction to the problem of sweeping this in a finite time interval w.p.p.
4. approaching the small square

5. reduction to a control problem

6. construction of a sweeping control

Localizing Of Lemma 4.3.10

Assume we can prove the following. For any @@ € Kr(P) there is an open superset Ug of @), such
that for any 7g := infys0 {Ug C Up<s<t7s} the following holds. For m € N there is n,(g) € R, such
that

P [7g > t] < xDt™™ (4.17)

holds uniformly for large curves v which have a non-empty intersection with Kr(P). For the
covering of Kp(P) requires only a finite number of the Ug Lemma 4.3.10 holds because of
{7 >t} C {7g >t for one of these Q}.

Definition Of A Small Square
Set (q1,¢2) := Q € Kr(P) and consider the following elements of the RKHS H of ®.

Vi) :=/b”'<- —y)ddg ® 01(y,§) = b (. — Q)i =1,2;

Va() ::/bij(. —y)dég @ da(y,7) = b (.— Q) i =1,2.

]

We have wy := V4(Q) = b'1(0) = < (1) ) and wy := V5(Q) = b2(0) = (
the following holds for Z := =z — Q.

> . Due to Lemma 1.3.2

(Vi(3), Va(®)) = B> + O (|l#]]*) : ( — 0)

where the last equation is to be understood in components. So there are C13 > 0 and § > 0 such
that we have for ||z — Q|| < ¢ that

IVi(z) = wi]] V [[Va(e) = wa|| < Cuz [lz = Q|
This implies that for n € N there is € > 0 such that for

Ug’e :=|q1 — ne, q1 + nel X |ga — ne, g2 + nef
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we have that
Uy C {y e R : [Vily) —wi| V [[Valy) — wa| < €},

because for € < 2705715 A (2013712)71 and x := (71, 72) € U5’€ we get
[Vi(z) —wi[| V [Va(x) = wal < Cuz [(21 — 1)* + (22 — g2)*] < 2C13n°€* <e.

Note that this still holds if we decrease € (for a fixed n). Define
-1
~ ne ne ne ne ne
Ug = q1——,q1+—[x]qQ——,q2+—[and tn:=— | sup (|Vi(2)| Vv ||[Va(2)]) > 0.
2 2 2 2 2 2eulye

We may assume t? > 37 1ne as well as € < 102! (and otherwise choose a smaller €). Denote by
¢§? (x) for i = 1,2 the deterministic flow defined to be the solution of the control problem

@(@) =z + /t Vi (wgi)(x)) dr...

Proposition 4.3.11 (nice behavior of ).
Fort <tl, z ¢ (,75 and t = 1,2 we have @bgi(z) — z — tw;

u’ s

< et.

Proof of Proposition 4.3.11: For z € (?5 and i = 1,2 we have ||Vi(2)|| < 0,5ne (t?)"!, which
implies for z € Ug and ¢ = 1,2 that

il =] > T2 () ¢ vy 20

which proves Proposition 4.3.11 because we have for z € (75 that
t
< / |
0
O

Now we consider the coordinates Z := (21, Z2) : [7&202 —] — 51,51[ generated by the constant
vector fields (ew; : i = 1,2) and choose Ug := Z~1 (] — 1,1[?).

i) — = - tw,

Vi (w((]zs)(z)) — wzH ds < et.

From Large To Positive Probability

As we will see it suffices to show that there is 0 < # < 1 such that for a large curve with a
non-empty intersection with Kr(P) we have uniformly in Q € Kr(P) that

P [’FQ <1 ’%Q > tj_l] > 0. (4.18)
Therein for a T' > 0 (to be specified later) let tp := 0 and for j € N

ti=inf{t e R:t>t;_1 +1+T:v%NKg(P)#0,diam(y) > 1}.
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Following Theorem 4.3.1 there is C14 > 0 and for m € N a ﬁ,(n ) ¢ R, such that for j € N we have

P[t; > Ciaj] < K,T(n )] which implies

P[%Q>t]gu>h

[ o] M MH F [TQ e |

<Plt,, | >C > ¢ Plig>t |
N [ LCM -t \‘ J:| |:TQ ~ LC14J TQ g {014J_2_ |: @~ {CimJ_%
t (10) VJ ol < @,
<P |:t{c1i4J > Cy \‘014J:| + ... <Ky, O —i—(l 9){014J < k't

for suitable /@'( ) € R. So we have only to prove (4.18). Therefore it is enough to show that for
v (as before) there are 7" > 0 and # > 0 (not depending on the chosen «) such that we have
uniformly in Q € Kg(P) that

PlUgc |J 7| =0

0<s<T

Approaching The Small Square

Let UQ = Z*(]—7,7%). Then we have obviously Uy C UQ. Choose = and y in v with
|t — P|| < R and ||z —y|| > 0.5. Due to the Lemmas 1.3.7 and 1.3.2 the eigenvalues of the
matrix b?(z) := b*(2)b(2) are bounded below by a positive constant Cy on {||z|| > &} for arbitrary
0 > 0. The boundedness of the correlation functions gives an upper bound C5. Therefore the

R*-valued semimartingale
oy — (z+26(Q — 7)) > . [ 1])
<< w—(y+26Q-2) ) 5|3

satisfies the assumptions of Lemma 3.2.1. So this lemma yields for ¢ = 0.5 and § = 0.5¢ (Cy, C5
and Cg can be chosen to be independent of z and y) that

P [a:% GUQ,y% ¢UQ} >p

where p > 0 does not depend on the special choice of v, because € < (56v/2)~! implies that
dlam(UQ) < 0 25. Denote by 4 the subcurve of 7, between o5 and o5 and by 4 a minimal
subcurve of 4, which is contained in UQ and which links 8UQ to 0Ug (minimal means that no
proper subcurve has these properties). Due to minimality of 4 the set 4 N 8UQ consists of a
single point which we will denote by z. GUQ consists of four pieces. Without loss of generality
assume z € Z~ 1 ({=7} x [=7,7]) (the other cases are similar). Let 4 be the minimal subcurve
of 4, linking z with Z='({-1} x [~7,7]) and § := Fo5 N Z~1({—1} x [~7,7]) the intersection
point (see Fig. 4.5). We have to show that there exist 7' > 0 and 6 > 0 such that for any curve
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2L

Figure 4.5: 4 (fat), rest of 4 (regular), the endpoints of 4 are z (left) and 7 (right).

yC Z71([-7,7] x [~7,7]) linking Z~1({~7} x[~7,7]) to Z~1({—1} x[~7,7]) the following holds.

PlUgc | 4| >0 (4.19)

0<s<T

Reduction To A Control Problem

Definition 4.3.12 (H-simple control).
Denote by H the RKHS of ®. An H-simple control V is a mapping from [0,T] to H, which is
piecewise constant.

For an H-simple control V' denote by ngv) (x) the solution of the control problem
1% 1%
{ ot (@) = V(v (@)
wWw = e

Assume we can construct an H-simple control V' with the following property. If ¥(.,.) is a
continuous mapping from [0, T] x R? to R? which satisfies

(4.20)

for x € 4 and s € [0,T], then we have

Uoc ) | ¥(s ).

ey 0<s<1
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Then Theorem 1.3.12 applied to the intervals of constance of V' and the independence properties
of Brownian flows prove (4.19). Let 4 = (5(u) : u € [0,1]) be a parametrization of 4 and set

(s, u) = 1/19/) (3(w)) as well as W(s,u) := W(s,5(u)). (1) and ¥ are defined similarly with 7
replaced by 7, see its definition below.) We want to construct a H-simple control V' that implies
for any W fulfiling (4.20) that Ug C Ut peoer Yogust W(s,u). Set 7 := 0 ([T, 1] x [0,1]). V

is supposed to yield for Q € Ug the following.
ind(¥,Q) = 1. (4.21)

Therein we denote by ind(¥, Q) the curving number of ¥ around Q. To show (4.21) for all ¥
with

HZ(\T/(., ) = 2@ )| <05 (4.22)

we construct V in a way, that provides for Q € Ug the following
ind(1, Q) = 1 and dist (Z (¢) , Z(Ug)) > 1. (4.23)

Note that (4.23) implies that for any U satisfying (4.22) we indeed get (4.21). In fact ¢ sweeps
the entire set 271 ([-2,2]?).

Construction Of A Sweeping Control
Consider the H-simple control V' : [0,T] := [0, 34¢] — H,
—Va(.) :t€[0,10¢]

V(.,t):= Vi(.) 't € [10e, 14¢] .
Va(.) 't € [14e, 34¢]

This control satisfies all our wishes (see Fig. 4.6). Note that 34e = 1—326 < t192 ensures the
suitability of Proposition 4.3.11 for ¢ < 34e. So we get for t < 34e, z € ﬁQ and ¢ = 1,2 that

H‘I/é?(z) — 2 — tw;|| < 34€® < %,
which gives the following estimates for z € 7.
-7< Zi(z) < -1, =7 <Zy(z) <7 it =0,
1 1 1 1
—7T—=< Z < -1+ = — 17— - <Z < - - t=1
7 3 S 1(xy) < + 3 7 3 <Zs(x¢) <-3+ 3 t Oe,
5-2< Zim)< 342 17-2  <Zm) <-3+2 w-—14
3> 1\T) = 3’ 3 >242(Tt > 3 U= lae,
-3-1< Zi(xy) < 3+1; 3—-1 <Zs(x¢) <17+1 it = 3de.

Herein we used that elapsing of time through the intervals of constance of V' changes any coordi-
nate as if Z was generated by €V with an error of at most 37 !.(see Fig. 4.6). A similar arguing
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Figure 4.6: v (curve), dUqg and Z~' ({~1} x [~7,7]) (dashed) , Z~'([~2,2]?) and dUq (fat)

holds for z and .

Zl(z) = _77 Zl(g) - -1 t= 07
7 1< Zi(z) < 7+1 1 1< Z1(g) < 14—1 t=10
—(— — = -1-= — = = 10¢
3> 1(%t) = 3’ 3> 1Y) = 3 ,

2 2 2 2
—_3-—=< VA < -3+ = 3—-< Z1(g) < 34+ = t=14
3 3 S 1(z) < +37 3= 1(7) < +3 €,
-3-1< Zi(z) < -3+ 1; 3—-1< Zi(g) < 3+1 t = 34e.

This means that for ¢ € [14€, 34¢€] 2 is on the left and §; is on the right of U which implies (4.23)
and completes the proof of Lemma 4.3.10. O

4.3.4 Dependence Of ||[v]|" On R

We will now get rid of the unnatural dependence of || - ||® on R.

Lemma 4.3.13 (R does not play any role).
If we define for R>0, R > 1 and v € R? Hv”% via

sup,ec, b [7R(v, tv)]
t

R ._ 1.
o] = lim
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-R 0 R t—Rt R+t

Figure 4.7: Kr(—Rv) (black), K(0) (dashed), Kr(tv) (black), candidate for a slow curve (fat)

then this limit exists and we have for arbitrary Ry > 0, Re > 0 and Rl > 1, RQ > 1 that
1B = ). B2
B = 2,

i.e. especially ||v||" does not depend on R.

Proof: Define for t > 0, R > 0 and R > 1 the function § = g(R, R,t) via

§(R,R,t) :== sup {E [rF(y,tv)]}.
v€Ch

Herein fix v € R? with |lv|| = 1. As already seen there is R > 0 such that

R . 1.
Jollf = lim

g Y (R’tR’ 2 (4.24)

exists (the limit was named ||v||”®). The rest of the proof consists of the application of the following
two propositions.

Proposition 4.3.14 (lower R).

Fiz R > 1 in a way that we have convergence in (4.24). Then we have for arbitrary R > 1 that

R,Rt R
URRL |y &,

Joll = limi—oc
Proof:

1. If R > R then §(R,R,t) > (R, R,t) is obvious. The isotropy of the flow yields that
G(R,R,t) < §(R, R,t+R) (see Fig. 4.7). For we have E [TR (7, (t+ R)v)} < E [rF(y, )]+
Cy5 for a C15 > 0 (uniformly chosen in ) we get g(R, R,t) < g(R, R,t) < §(R, R, t) 4+ Ci5.

2. If R < R we obtain similarly that §(R, R,t) < (R, R,t) < §(R, R,t—R) < §(R, R, t)+Cis.

Sending ¢t — oo proves Proposition 4.3.14 from the last equations. O
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Proposition 4.3.15 (upper R).
||v||? exists for any R > 0 and we have ||||{2 = H||F

Proof: Without loss of generality assume that R > R. Then g(R,1,t) < g(R,1,t) is obvious.
Additionally (in 7%(v,tv) one takes a subcurve if necessary)

E [r%(v,tv)] <E [TR(%W)} + sgg E [TR(’y, Rv)},

<oo for R>0

so Proposition 4.3.15 follows via t — oo from g(R,1,t) < g(f{, 1,t) + Ci for some C16 > 0. O
The proof of Lemma 4.3.13 is complete because of ||Hg; = H||?1 = HHfl = ||Hg; : 0

4.4 The Upper Bound

4.4.1 The Speed Of A Slow Curve Asymptotically Has A Dirac Distribution
On The Proper Time Scale

Let R be as before and v € R? with [|v||® = 1. Choose for any t € 0, 00[ a curve () e Cr/2 such
that |E [TR(W(t),tv)] — |tv]|B|t~! — 0. By the definition of ||v||" we already know that

E [7R(v®, tv) E [7R (D tv)] — |tv|® to|
OBy < (RO 0] LML e
—_—
Stfleft —0

We will investigate the asymptotic law of TR(’}/(t), tv) with the following lemma.

Lemma 4.4.1 (Dirac distribution).
Let (X; :t > 0) be a family of integrable random variables such that we have for any § > 0 that

lim E[X, — E[X,]; X, — E[X] > 3] = 0.

Then we also have for § > 0 that lim;_,o P [X¢ — E [X] < —6] = 0.

Proof: Denote X; —E [X;] by Y; and suppose that we can find § > 0, € > 0 and a sequence (t,)nen
such that for ¢, /" oo and any n we have P [Y;, < —0] > e. This immediately yields

0= E[¥] = EMiiYi, < < +E [Wivi € (8. +E vz G| w20

<—ed

>

—0

< £

|

i.e. a contradiction for large n. O
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Lemma 4.4.2 (expectation if 77 is large).
Let R be as before and fiz v with ||v||® = 1. Then for any § > 0,n,m € N there are KT(,?)(é) €R
and 137 (0) such that we have for all t > 0 that

E (RGO, t0)e ) 7RO, o)t > (140)] < KD @)™
and for t > 57(7711)(5) that
E [(TR(’y(t),tv)t_l)n RO )t S E [TR(’y(t),tv)t_l} + 5} < KW (g™

Proof: The first inequality follows from straightforward estimates using (4.15) and the second
one is implied by the first one and (4.25). O
The previous lemma implies that we can apply Lemma 4.4.1 to X; := TR(*y(t), tv)t~! to conclude
that X; converges to 1 in probability.

4.4.2 Time Reverse - Comparison Of Fast And Slow Curves

We will have to assume d = 2 from now on (unless otherwise stated) for the following arguments
strongly depend on the topology of the plane.

Theorem 4.4.3 (uniform speed for all curves).

Let T := 0KR(0). There are Coy > 0 and Ci7 > 0 and for m € N mfﬁl) € R such that we have for
T >/t and any v € Cry2 that

RUDT™™ 4 P [7B(v, tv) < T + Ci7] > CooP [PH(T, tv) < T

The proof of Theorem 4.4.3 uses the following lemmas. Denote by Cj, the set of all large curves
v with v N OKR(0) # 0.

Lemma 4.4.4 (p1).
There is a constant C1g > 0 with inf,ecy, infi>cy5 P [ve N OKR(0) # 0; diam(vy;) > 1] =: p1 > 0.

Proof: Let for some § > 0 X; := {WJ and define the sequence of stopping times (7, : n € N)

via 79 := 0 and 7, := inf{t > 7, : X; # X,,}. By the continuity of ¢ — w we get that
P [| X7, — Xr,| = 1|Tns1 < 00| = 1. The results of Section 4.3 show that

Tn+1

P [limsupX.rk <1|7, =00 for somen| =1

k—o00

provided that the event {7, = oo for some n} has positive probability. The reasoning leading
to [53, (15)] shows that there exists N € N such that for n > N and £k € N we have for
F := Npen{diam~y, > 1} that

N | —

1-P[X,,, =n+1|X, =nF|]=P[X,,,

=n—-1|X;

k:’I’L,F] Zﬁl>



74 A WEAK LiMIT SHAPE THEOREM FOR PLANAR ISOTROPIC BROWNIAN FLOWS

Hence on F for any constant Cjg € N the distance process (dist(7,_05c,5,0) : n € N) of a
large curve from the origin is stochastically dominated by a stationary process (Y, : n € N)
(unsymmetric random walk on N with finitely many changes in the transition matrix) there is
e > 0 with

inf inf P[yNKg(0)#0] > inf inf P [y,NKR(0)#0|F]|P[F]

’YEC% N3t>Chg ’YECE N3t>Cig
> inf inf [P[Y}gR}F} inf [P[F]Ze.
v€ECH, Not>Chg v€CR

Now choose C1s large enough for inf.ec: infi>cy P [diam(y;) > 3R] > 1 — § to hold (this proba-
bility converges to one cf. (4.6)).

This implies inf,ecy, infy>cyg P [ve N KR(0) # 0;7, N Kg(0) # 0;diam(y;) > 1] > 5. The passage
from C1g <t € N to C1g <t € R is obvious from the Markov Property of the flow and implies
p1 > 0. O

Lemma 4.4.5 (p2).
There is C1g > 0 such that infsec: infyecy, , P [y, Ny # 0] =t p2 > 0.

Proof: First write £ = t1 + to for some non-negative 1, to and observe

Plyeny =0] =P [Q ¢ (Pos, (7)) NY = 0] =P [P0, () N ey, (7) = 0]
=(POP)on! [®on (7) N ety () = 0] = P& P |Bosy (7) N Biy (7) = 0]

=P®P [(I)O,tl () NPyt (3) = @] =P®P [(I)O,tl (7) N @oy, (7) = @} :

Herein we denote by ® an independent copy of ® (for example defined on (2 x Q, F @ F,P @ P)).
So we can (instead of having 4 running t) split ¢ and let y run one part of the time and 7 the rest
of it. We already know that for sufficiently large ¢; ¢, is dense as much as /#; in Kt(l)Ag(O) with
probability say at least 0.5 uniformly in ~ (this probability converges to 1 as t; — oo cf [53]).
In this case rename v, to be a connected subcurve of v, N Kt(lw (0) of diameter 9 that has

distance not more than /f; from the origin. We may asume that the endpoints of the new 7,
have distance t{-® from each other (which we do). Note that 7z, is contained in the intersection of
the t{-8-balls around its endpoints (see Fig. 4.8). If we add two half-lines to v;, then it separates
the plane into two parts - say the black part and the white part (cf. Fig 4.9). Now we fix a ball
K of radius of t{-6 centered on the perpendicular bisector of the endpoints of 74, exactly one half
of which is black (measured with Lebesgue measure). The existence of such a ball follows from
a continuity argument and the fact that there are completely black and completely white balls
centered there. Fix #; large enough for -9 > 198 > 97 > 06 > 95 > 1 to hold. Observe now
that any curve that links the black part and the white part of K without intersecting v, must
have diameter at least tJ-7. Of course all the choices above can be made J,-measurable.

Now it is 4’s turn to do the rest within time ¢y = t341. Choose a point in v, that has distance at
least t%° to the complement of K such that at least one third of its 2R-neighbourhood is black and
white respectively. Fix t3 large enough that the probability of the event that @t?’ (%) has distance
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N

/

Figure 4.8: Definition of 7, via intersection of circles around its endpoints

Figure 4.9: Adding to half lines to ;, divides R? into black and white parts

to this point less or equal to R (and <I>t3( ) is long) is at least € uniformly in 4. So with probability
at least 0.5¢ a point say x in <I>t3( ) has an environment of diameter 3R at least one percent of
which is white and black respectively. Choose another point in i)ts (%) say y with distance 1 of
 such that the subcurve (denoted %) of @, () linking z and y has diameter 1 and observe now
that the lemma follows from Theorem 3.3.1 because we can choose t; large enough for % not to
reach K¢ within the remaining time 1 with sufficiently large probability. With Cig := t; +t3 + 1
the proof is complete. O

Lemma 4.4.6 (p3).

There is p3 > 0 such that P [7R(T,tv) < T| < LP [7#(D,tv) < Tydiam(Tricyg) > 1]

< 1
p3

Proof: This a direct consequence of the fact, that the diameter of long curves uniformly has a
chance to grow to infinity without being smaller than 1 after time Cig. If necessary we increase
C1s (without changing notation). O
Proof of Theorem 4.4.3: First we use Lemma 4.4.4 to estimate

P [L7rrcy NOKR(tv) # 0] > P [77(D,tv) < T] P [[ricys NOKR(tv) # 0 |77, tv) < T >
P [+*(T,tv) < Tydiam(Tricy) > 1] - P [diam(Tricyy) > L T7rro NOKR(tv) # 0|77 (T, tv) < T

>p1
which implies with Lemma 4.4.6 that

1 1
P [+(D, tv) < T gp—[P [77(D, tv) < T;diam(Drycyg) > 1] < H[P [Crio,s NOKR(tv) # 0]
3 1
1 . .
SZTP:} ([P [FT+018 N 8KR(t'U) # ®5 dlam(FT+Cls) > 1] +P [dlam(FT-i—Cls) < 1]) .
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Usage of Lemma 1.3.13 and symmetry yields now that the first term of the latter equals

1
ﬁﬂ:’ [F N 8KR(tv)T+Clg #+ 0 dlam(aKR(tv)T+Clg) > 1]

1
<M[P [7 N BKR(tv)T+Cls+Clg # @ rn aKR(tv)T-i-Cls # (Z)]

/“D ['7 N 8KR(tU)T+C18+C19 # 0 N aKR(tU)T+018 # 0; diam(aKR(tv)T+Cls) = 1]
<H[P [y NOKR(tv)r415+019 7 V]
/Plyn aKR(tU)T-i-C&s-i-Cw # 0 rn aKR(tU)T+Cls # 0; diam<8KR(tv)T+C1s) >1].

Applying Lemma 4.4.5 conditioned on Frc,, we obtain that this is less or equal than

1 1
P1P2P3 P [’Y N 8KR(tU)T+018+C19 7é @] = PLPaP3 P [7T+C18+019 N 8KR(tU) 7é @]
1

< (u: [TR(% tv> <T+Cig+ 019] + P [diam(7T+C1s+C19) < 1])
p1p2ps3

where again we used Lemma 1.3.13. The fact the we are only considering T > v/t now shows
that for m € N there is /-;Sn ) € R such that

P [diam(7T+Cls+C'19) < 1] VP [diam(PT-i-Cm) < 1] < nglzl)Tim

which completes the proof (choosing Cag := p1p2ps and Ci7 := Cig + Chg). O
If we consider now for ¢ > 2%
1 k(D g—m
P [rR(T, tv) < (1— 6)t] <=—P [TR(7<t>,tv) <(1—8)t+ 017} yBm T
Cao Cao
1 ) pDg—m
<_—FP ® ) < (1— )t }er -0
<a P < - g 47t

—0 as t—oo

together with P [77(I',tv) < (1+6)t] > P [TR(’}/(t),tU) < (14 0)t] — 1 we get that 77(I, tv)t~*
converges to 1 in probability. The diffeomorphic property of the flow of course implies that this
convergence holds uniformly in v € Cpr if we replace I' by «. Corollary 4.3.7 also shows that it
also holds in LP for any p > 1. We thus proved the following corollary.

Corollary 4.4.7 (convergence in probability).
We have for € > 0 uniformly in v € Cr that limy_.o P [ ﬁ || ‘ > e] =0

t
Z0) ) #] =0

Proof: There is nothing left to show since we ensured that the assertions above do not depend
on R. O
We proceed by proving the following version of the upper bound which directly implies 3. of
Theorem 4.2.1.

as well as for any p > 0 that lim;_, E [
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Lemma 4.4.8 (convergence of probability).
We have for any € > 0 that limy_.o P [W[(y) C (14 €)tB] = 1.

Proof: We have equivalence with

V6>O:tlimF[EIxGWﬁ(’y)::cgé(l—i—e)tB] =0

<:Ve>0:tlim|P_EIxGIRQ:TR(’y,:n)St;ggé(l+e =
— 00 L

SVe >0 tlim P |3z e R?: 78(y,2) <t;
—00

' 1+€

<:>V6>O:tlim P[3zeR?: 7R (v, (1 + e)tz) < t; ||| ®

[ t
Ve >0 tlim P |3z € R?: 78(y,tz) < T3¢ (B } =

So it is enough to show for € > 0 that lim; o P [Hx c R?: 7R(y,tx) < = lz||® = 1} =0.
Choose 6 < € and a d-net on 9B denoted by {U] j=1 ...,N(;}. Then we can apply Corol-
lary 4.4.7 to obtain lim; ., P [aj €{1,...,Ns}: %“’J) < 1+1;} =: lim_ P [F1(t)] = 0. Due
to Theorem 4.3.1 and Lemma 4.3.10 (simllarly to the proof of Theorem 4.3.9) we have for large
t (because for v € R with |Jv|| = 1 there is j with |jv — vj|| < §) that

. TR (~, tv; TR (~, tv 1
P[Fl(t) ’Fg(t)] =P {3]6{1,...,]\[5}: (f); ]) 1+ Jv e 0B : (Z ) < 1+6:|
2
> inf P |7%(y, tv) < ST
_76C§+tv,v686 v 1 +§ 1+e¢
1 1
= inf P [ ty,0) < ( - )t} >1—g1Dm (4.27)
’yECR 1+ 3 1+e

where ka2 € R exists for m € N, provided § = J(e) is chosen sufficiently small. This implies

lim sup P [Fy(t)] <limsup | P [Fo(t) [F1(8)] P [Fy(t)] +P [Fa(); FO ()]

t—o00 t—o0
—0
<limsup P [FC(t) |Fa(t)] P [Fa(t)] < limsupx(iPt™ =0 (4.28)
t—oo t—o0
and hence Lemma 4.4.8. O

Corollary 4.4.9 (2. of Theorem 4.2.1).
There is P-a.s. for any € > 0 a sequence (tx : k € N) with t, / oo that fulfils

Wtk (’)/) C (1 + E)th.

Proof: With Lemma 4.4.8 this is a direct consequence of the fact, that convergence in probability
implies a.s.-convergence of a subsequence. O
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Chapter 5

Dreaming Of Pesin’s Formula

5.1 Introduction

Pesin’s formula (see [43] and [44]) asserts that the entropy of a (random) dynamical system equals
the sum of its positive Lyapunov characteristic numbers counted with their multiplicities. It has
been extended to cover the case of dynamical systems preserving a Borel probability measure
(see [15], [22] and [50]). The possible occurrence of zero characteristic exponents was finally
captured in the papers [61], [31], [32], [33] and transferred to the random case in [34]. All these
results as well as newer expositions of the topic e.g. [37] or [4] request the state space of the RDS
to be a compact Riemannian manifold which of course guarantees the existence of an invariant
probability (see e.g. [23, Theorem 1.4.3]). This existence is necessary to even define a notion of
entropy so we focus on IOUFs here and postpone the discussion of the problem in the case of an
IBF (or even in the case of an RIF). Since IOUFs possess nice smooth invariant probabilities we
are left with the problem that the state space of an IOUF is R? which is not compact at all. One
straightforward approach is to throw the IOUF in R? on the unit ball in R¢*! via a Lyapunov
cohomology, apply the results given above and transfer them back to the original case. The aim of
this chapter is to indicate why this does not work. Since its purpose is essentially the motivation
of the treatment in Chapter 6 the reader may wish to omit it. We will not use it in the sequel.

5.2 Throwing An IOUF On A Ball - Stereographic Projection

We start with the definition of the Lyapunov cohomology we wish to consider.

Definition 5.2.1 (unit ball version of ¢).
Let 1) be an IOUF with drift ¢ and covariance tensor b. Denote by K, (x) the closed r-ball centered
at z in R and define

— (O,...,O,l)+ﬁ(x1,...,xd,—2)

g:[RdU{OO}HKl(O)y{ (ml"o'(;’xd) s (0,...,0,1)
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with the inverse

(yl’ T ’yd'H) — 2(1*22!/;+1 e 1*%“)

g_l:K1<0)_>IRdU{OO},{ (0,...,0,1) =

1

as well as VU :=go (Lga - ¢y + Lioo) -id{oo}) o g~ which means that if we let

[ godiog @) 2t (0..,0,1)
‘I’t(l‘)—{ (Oj.tﬁ_’o,l) cx=(0,...,0,1

then W = W, is the unit ball version of ¢.

We will focus on the case t = 1 because one can see all the important issues and it simplifies
notation. Since we want to check whether W is a diffeomorphism we have to consider an open
domain U in R? and a smooth diffeomorphism (map) f from U to an open neighbourhood of
(0,...,0,1) and check if = := f~1 o Wo f is differentiable. We make the following choice.

fi{r eR:fal <1} = {y € Ki(0) : yar1 > O}, (w1, ., @a) = (21, ., 22, /1 = |2[?)
which yields
S {y € Ki(0) tyapa > 0} — {z € R s [ < 1}, (1, -, yag1) = (W1s- -5 va)-

For we have E= floWo f=flogo(lga-1 + Tfooy - id{sey) © g lof weget Z(0) =0 and
for = # 0 that

E(x) =f " ogo(Llpi-¢1 4 Liny - idfec}) 09~ " 0 f(2)
:ffl ogo (]]'[Rd -1 + ]l{oo} . ld{oo}) o gil (.%1, e, T,/ 1 — ‘l’|2>

-1 1 21:1 2xd
=f ogo(]le-gﬁl—l—]l{oo}-ld{oo})(lW,...ylm

1, 2\ L (@)
- g(m<1vqhﬁ>>_f <®““”‘”+4+Wﬂﬂmn” @

4 .
:W%(l’(@)

wherein we put #(x) := g~' o f(x). We fix some statements about Z(x).

Proposition 5.2.2 (z and Z(x)).
#(x) = g~ o f(x) satisfies the following.

5, _ 2z A\ 4z
1. &(z) = TViE and x(z) = pERrzel
9 - 205, (1—1/1—]2]2)\/1—|2|2 —2x;2,

& a0 = T e i
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Proof: Since everything but 2. is clear, we only have to observe that
o 20i(1 — /T = [2?) + 24 52 /1 — [2]?
Tp\T) =
2 (1= V1P
2
201 = V1= o)+ 200, 7285 a5, (1 — /T [aP) /T = [of? — 20z

(1= /1 —[zf?)? (1= V1=[2[?)?y/1 -z

We have to check = for smoothness at 0.

Theorem 5.2.3 (smoothness problems).
The following holds.

1. = is differentiable at 0 and we have Dy= = e‘idga.

2. The derivative of = is not continuous at 0.

Proof: We start with the proof of 1. with the following observation for = € R%.

E(x) — 2(0) — e“idga(x) _ 1 ( A1 (2(z) e%)
|| [ \4+ |1 (2(2))?
1 < de‘d(x) . A1 (2(z))  de “d(z) )
] \4+ e[ (z)]? A+ o1 (2(2))? 4+ e 2(x)
_ 1 de"Ci(z) — (4+ e F|i(@)P)e‘r | 1 < Apr(#(x))  de”%i(x)
] 4+ e (z)|? 2] \d+ o1 (2(2))]* 4+ e?|2(x)

\2> = I+1I

Since we have using Proposition 5.2.2 that

I A+ |2 (x))? de~e(z) — (4+ e_zc‘j($)|2)ec4f;((?)\2
- Afa(w)] A+ e2li(x)]? 2
_ 4 [a(@) 4 °HE) ~ s — A mipt (@)
=4 ()] 1+ e %)
_ A fa()]” |2(z)|? |m(x)| <3 (z) + 4e~¢|2(2) %2 () — 16ed(z) — 4e~¢|2(x) >3 (z) 0 as 2| — 0
Al (z)[? (44 e>[2(2)]?) (4 + |2 (2)[?)
as well as
77 A @)1 (16 + de™*|2(2)[*) ¢ (#(2)) — (16 + de™ o1 (#(x))[*)e~*E(x)
Al ()] (44 [01(2(2))[?) (4 + e~2|2(2)[?)
_ A+ E@)]F 16(¢1(2(2) — e"°d(x)) + 4(e”*|3(2)[*¢1(2(2)) — e~ |1 (E(x)) %3 (x))
A+ e li(x)? Al (x)[(4 + |¢1(2(2))[?)
4+ |a(z)? (16(¢1(i($))—6_“($)) + 2 |2@)| (1 (2(x)) — e~“i(w))
T At e @) \4a(2)](4 + |61 (@()]) 4+ |pr(2(x))[?
e i (@)]” — |¢1(2(x)

+ )’2e_crﬁ(a:)>
4\56(96)\(4 + [¢1(2(2))[?)
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4¢] (#(x))  implies

we get 1. by Lemma 2.2.1. To prove 2. we start by observing that Z;(z) = - GGNE

for 1 <14,j <d that

0 _
aTUZHj
i 0 4
Gl@ta)] + 5 {W
_ 42 [lon(@@@)] .
T GG@)R o Catiat e >2‘f’i<x<x”
4 j 207 (& ()
T [ G@)P [axz )] - 4+|;, R 2 e <x<x>>>]
! _ 20{(@(@) .
4_|_|¢1($ |2 [Zal¢1 2y(z) — 4+ 61 @@)) P Z¢1 )Zaﬂﬁl(x(x))

) it o (6(2) 9k 32))
4+|¢1($ |228 [81¢1 () — 201 (2 zk: |¢1 (2))2 ]

_ 4 9
Ti [p1(@(@)] o,
4 0

6?01 fﬁl(w)]

By Proposition 5.2.2 this equals

20;(1 — \/1 — |x|?) \/1 — |x|? — 2z;2y i o gblf@lqb’f
4+|¢1r2z SV R e CR [M L@ renrn:

wherein we write ¢/ for ¢/ (2(z)), Oi¢) for 9¢)(i(x)) ete.. Since we obviously have the Taylor-
expansions (as r — 0)

- VI-r w4 o,
1—V1-r2)V1-r2x %72 - ér{
TRV I PO )

4
1 1
(1-v1-r2)?2x Zr4+ —r0
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we get as x — 0 for the special choice x = (r,0,...,0) and ¢ = 1 that

26u(1 — /1 — [2[?)/1 — |22 = 222, 261(1 — VI —r2)V1— 12 — 2r25y,
(1—+/1—2]2)2y/1 — |z]2 (1—V1—-7r2)2y1— 72
1.4 2
—5r =T
~ 51571731 T3~ —4(5117“72

1 64
4 4 4

THoP ™ T+ e @l ~ i e 2,
4 1
N*GQC?"Q

~ —2¢__ 4r? ~ 4
4+e T Ts

| 2

wherein we used Lemma 2.2.1 and Proposition 5.2.2. This altogether yields

8 2c 1 1 ¢k81¢k
— F.~ e O J _ 247 Rehdne
Ory 10120 2}; 4+ ]2

ko1 k

which means that it is sufficient to show that 9;¢% —¢? > & does not converge to 0 w.p.p. as

4+[¢1]?
2 1k
r — 0. Since we have % ~ 01021 = 0 we thus have to show that algb% does not converge to 0

w.p.p as x — 0. Since we assumed (1.6) we get that spatial derivatives of ¢ become approximately
independent if taken in points far from each other and thus we see that 9147 = 0163 (2(z)) =

alqb%(%) does not converge with probability 1 because lim,_,q % = co.. a

Hence we will have to work on our own to obtain results like Pesin’s formula in the situation of
an IOUF.
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Chapter 6

The Margulis-Ruelle Inequality for
IOUFs

As we saw in Chapter 5 we will have to prove the results indicated there in the case of an IOUF
on our own. We start with the <-part in Pesin’s formula.

6.1 Introduction

Ruelle’s inequality (sometimes also called Margulis-Ruelle inequality) asserts that the entropy of a
(random) dynamical system can be bounded from above by the sum of its positive Lyapunov char-
acteristic numbers counted with their multiplicities. It has been known for measure-preserving
C'-maps since the late 1970’s (see [49]) and was generalized to capture certain singularities in [22].
It was first formulated in the case of a sequence of i.i.d. random transformations in [24]. The fact
that this proof contained a gap lead to the two independent corrections namely [37] and [3]. The
latter generalized the inequality to the case of a RDS on a compact Riemannian manifold. This
compactness assumption makes the standard literature cited above not directly applicable to the
case of an IOUF because its state space R? is not compact and it also fails to satisfy assumptions
on boundedness or uniform continuity. As a compactification via stereographic projection fails
to yield the C'-property, we need to work a bit to get the inequality. It turns out that most of
the ideas of [24] and of [3] can be transferred to the case of an IOUF. This shows that Ruelle’s
inequality can hold even in the non-compact case.

6.2 Basics From Entropy Theory

This section deals with basic entropy theory and its application to the case of an i.i.d. sequence
of random diffeomorphisms obtained from an IOUF. Although the concepts are quite elementary
we will go through the entire construction for completeness. Note that the state space R? is not
compact so special care has to be taken concerning existence of invariant probabilities because the
classical Krylov-Bogoljubov result does not apply (cf. [58, Theorem 5.13] or [24, Lemma 2.2.2]).
This is exactly what we did in Proposition 1.4.5. In this whole chapter we will consider a sequence
®0,1,P1,2, - .. of 1.i.d. smooth random diffeomorphisms with law m := L(¢01(-)) where ¢ is an
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IOUF as constructed in Definition 1.4.1. W.lo.g. we will assume that the ¢;;41’s are defined
n (Q,F,P) := ((Diff(RY))N, B(Diff(R?))N, m*N) by ¢p_1n(w) = w(n). We will also fix the shift
0:Q— Q as

0:Q—Q (¢o,1,91,2,023,--.) = (P12, P23,...) Le. O(w)yn = wnt1

as well as the skew-product shift 7: @ x R — Q x R? as
T(w, 2) == (Bw,w1(2)).

On Diff(R?) we may choose any topology such that the mapping (f,z) — f(z) is B(Diff(R?) ®
B(R?) — B(RY) measurable. For instance we may take a localized C'-topology. Of course the
random variables ¢g 1, ¢1,2,... form an i.i.d. sequence with ¢;_;;(6w) = ¢;41(w) i.e. we have
¢i—1, 00 = ¢;iy1. The concepts we introduce in the sequel are widely known, we follow [24] in
the exposition.

6.2.1 The Definition Of The Metric Entropy Of An IOUF
We start with the definition of the entropy of a partition.

Definition 6.2.1 (entropy of a partition).
Let & be a countable partition of the probability space (2, F,P). Let G C F be a sub-o-algebra of
F. The conditional entropy of & given G is the number

(1) =~ [ SOPLAIG]IogP [4]g)aP

Aeg

The number

Hp (£[{2,0}) := = P [A]logP [4] € [0, 0]

Aegg
is called the entropy of &.

We let 0log0 = 0 and so the sums in the previous definition always make sense. Note that the
function ¢ : x +— xlogx is strictly convex on [0,00). We now state some basic properties of the
entropy. For two partitions £ and n we denote their common refinement by £ V 7. Note also that
o(&) denotes the o-algebra generated by the elements of &.

Lemma 6.2.2 (trivial entropy bound).
The entropy of a partition is at most the logarithm of its cardinality.

Proof: The infinite case is trivial and the finite case is proved to be an easy consequence of
Jensen’s inequality in [24, Corollary 2.1.1]. O

Lemma 6.2.3 (properties of the entropy of a partition).

Let & and n be countable partitions of the probability space (2, F,P). Let further GG CF
be o-algebras and f : (Q,F,P) — (Q,F,P) be an endomorphism i.e. a deterministic measure
preserving measurable map. Then the following holds true.
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1. Hp (€]G) > 0.

Hp (§Vn|G) =Hp (§1G) + Hp (n]o(§) vV G).
Hp (§Vn) = Hp (&) + Hp (n]o(E)).
§=<n=Hp({|G) < Hp(n]|G).

§ <n= Hp(£) < Hp (n).

6. ,C’;CQ:>H[P(£|Q)§HU>(77’Q).

Hp (§) > Hp (£19).

8. Hp (§Vn|G) < Hp (£]G) + He (n]G).

9. Hp (£Vn) < Hp (£) + Hp (n).

10. Hp (f7'€|f7'G) = Hp (€]9).

11. Hp (f~1¢) = Hp ().

Proof: [24, Remark 2.1.1 and Lemma 2.1.2]. Note that the fact that the results are stated only
for finite partitions there does not alter the proof at all. O

SAREER I

Definition and Lemma 6.2.4 (standard definition of entropy).
Let f: (Q, F,P) — (Q,F,P) be an endomorphism and G C F be a o-algebra such that f~'G C G.
Then for any countable partition £ there exists the limit

g> |

This limit is called the entropy of f with respect to & given G. The limit is finite provided one of
the entries of the sequence is finite. Furthermore the numbers

ha(f) = sup WS (&, f) and he(f) = sup WM (¢, 1)

‘ 1 n—1 .
hg & f) = nh_)IgoEH[P <>/()f 3

are called the entropy of f given G and the entropy of f respectively. The suprema can be taken
over all finite partitions, over all countable partitions with finite entropy or over all countable
partitions (all choices lead to the same result).

Proof: [24, Theorem 2.1.1] and [48, Paragraph 9]. O
We state some properties of the entropy that do not depend on compactness assumptions on the
state space.

Lemma 6.2.5 (properties of the entropy of an endomorphism).
Suppose that & and n are countable partitions of 2, that f : Q — Q is an endomorphism and that
G C F is a o-algebra such that f~'G C G. Then the following holds.
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1. WG (f,€) < Hp (€1G) .

hg (£,6V ) < hg (£,€) +hi (f,n).

€ =<n=hi(f.€) <hi(fn).

hg (f,€) < h{ (£,€) + Hp (£lo(n) vV G) < b (£,€) + Hp (]o(n))-
hg (f, F71€) < hE (£,9).

6. For n € N we have hg (f,&) = hﬂ%’ (f, \/?:—11 ﬂ'f).

Gvo o e

7. Forn € N we have hg (f*,€) = nh¥ (f,£).
8. If € is an G-generator i.e. if o (GV \i2y f7'¢) = F mod P then hg (f) = (f €).

9. If & < & < ... is a sequence of partitions such that F = o(GV \/72,&1) mod P then

Wi (f) = lim g (f,6n)

10. hg (f.€) < Hp (f7%€]0(§) vV G).

Proof: [24, Lemmas 2.1.3, 2.1.4, 2.1.5 and 2.1.6 | as well as [3, Lemma 2]. O
Up to now we did not specify how we want to link the concept of entropy of a measure preserv-
ing transformation to an IOUF. The above yields three straightforward (but frequently useless)
choices. We will state them nevertheless because one of them can be rearranged to yield some
meaningful concept.

1. One could consider the space R? x  with the skew-product transformation 7 from Definition
and Lemma 1.2.4 (in the discrete time version) and the trivial o-algebra.

2. We might also think of the state space (2 with the shift 6; as measure-preserving transfor-
mation (cf. (1.3)).

3. The third options is to take (R?)™ and to consider the shift on the set of possible outcomes
of the unit step discretized one-point motion with the associated Markov measure.

Under certain assumptions (which are not satisfied for IOUFs and correspond to a certain fast
delocalization ) [24, Theorem 2.1.2] says that all the choices above yield a notion of entropy that
equals infinity. Though the assumptions of this theorem are not satisfied we strongly conjecture
that its assertion remains true and hence we need a more sophisticated notion of entropy.

Definition and Lemma 6.2.6 (metric entropy).
Let o be an invariant probability for an IOUF (in the sense of Markov processes) and & be a
countable partition of R%. Then there exists

hy (6,€) —hm/H (\/qsm, )d[P()
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The number

hy (¢) == Slgp hy (9,6)

1s called the metric entropy of ¢. The supremum is taken over all finite partitions, all count-
able ones or equivalently over all measurable partitions (see [48] for the definition of measurable
partition).

Proof: [24, Theorem 2.1.3] and [48, Paragraph 9]. O
One might ask why we introduce various types of entropy, when conjecturing them to equal
infinity. We now come to the answer to this question. The following theorem states that the
metric entropy of an IOUF can be viewed as a special case of one of the entropy concepts given
above (with a slight modification).

Theorem 6.2.7 (different versions of metric entropy).

Let 1 be an invariant measure (in the sense of Markov processes) for the one-point motion of an
IOUF ¢. Let further Bq be the o-algebra generated by elements of the form {w € Q : ¢p1(w) €
Aty pno1n(w) € Ay} forn € N and Ay,..., A, € B(Diff(R?)). Let R x B := {R1x A: A€
Bq}. Consider the skew product transform 7 : Q xR? — QxR? from Definition and Lemma 1.2.}.
Then the following holds.

1. If € = {A1,..., A} and n = {By,..., By} are finite measurable partitions of R? and Q
respectively, then
RIxB
Ty (6,€) = hygp (1,6 x 1)
where { x n:={A4; x Bj : 1 <i<n,1<j<m}.
A% B
2. by (¢) = hygp (7).
Proof: [24, Theorem 2.1.4]. O
The short form of the above is: the entropy of an IOUF can be written as the conditional entropy
of the skew-product given the randomness.

Corollary 6.2.8 (properties of metric entropy).
Let u be the invariant measure for the one-point motion of ¢. Then we have the following.

1. For any n € N we have
hlt (¢0,n) = nhu (¢071) :

2. If € is a finite partition of R® such that for P-a.e. w o (\/?io ¢0,i(-,w)*1§) coincides mod [
with B(R?) then
hu (Cf)) = hu (¢,§) .

3. If&1,&a, . . . is a sequence of countable partitions of finite entropy such that lim,, .~ diam(&,) =
0 wherein diam(&,) = supceg, diam(C) then

P (8) = Tim By (6,60).

Proof: This follows from Lemma 6.2.5, [37, Theorem 0.4.7] and Theorem 6.2.7. O
Remark: Since we also have for any ¢t > 0 that h, (¢o,:) = thy (¢0,1) we see that discretizing the
flow in unit steps is no restriction at all.
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6.3 The Margulis-Ruelle Inequality

6.3.1 Statement Of The Result
In this section we want to prove one half of Pesin’s formula i.e. the following theorem.

Theorem 6.3.1 (Margulis-Ruelle inequality).
Let ¢ be an IOUF with Lyapunov exponents A1, ..., \q. Then we have

d

d
B (9) < 3N =D v 0),
=1

=1

First we state a corollary to Lemma 6.2.5 which is taken from [3] where it is proven for the general
case of RDS’.

Corollary 6.3.2 (entropy estimate via special countable partitions).
Let € be a countable partition of R® and p be as above. Then we have

m (0. < [ H, (d510)]€) dP@).

Proof: Since in the case of a product measure the disintegration is (in fact can be chosen to be)
trivial we can simply apply [3, Corollary 1]. O
We shall also need the following purely deterministic result from geometry. Therefore we let
K (X) := {y € R? : dist(y, X) < €} denote the closed e-neighbourhood of X C R%.

Lemma 6.3.3 (geometric estimate).

Let A :RY — R? be a linear mapping and let RY be equipped with the usual Euclidean norm | - |.
Let further 61(A) > ... > d4(A) denote the singular values of A. Then there exists a constant
C(d) which only depends on d such that for any e > 0 the number of disjoint balls with radius §,
which can intersect Ko (AK(0)) does not exceed

d
C(d) [J(6u(4) v 1).
u=1

Proof: [30, Lemma I1.2.3]. O
Now we can turn to the proof of Theorem 6.3.1 which will be carried out in the following two
subsections.

6.3.2 Construction Of The Partitions

Fix n € N. For k,l € N we define {2;; to be the set of w € Q on which we have the following. For
any € < % and z,y € K;(0) the inequality |z — y| < € implies

|¢n({L‘) - (bn(y) - D:L’(bn()(y - x)‘ <e

and for i € {1,...,d} that - < ——————— <
e dy that 5 < S ST
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For k,l € N we have the obvious inclusions €, ;11 C € C Q41 and for I € N that Q = U2 Q.
We choose a maximal t-separated set Ey; = {z1,...,2,,} in K;(0) (wherein of course m depends
on k and [) and extend it to a maximal }-separated set {z1, 2, ...} in R%. Herein a set is said to
be e-separated if no two of its elements have distance less then ¢ and an e-separated set is said
to be maximal if any proper superset fails to be e-separated. Letting further n; := {y € R? : Vi #
JEN:|y—ua < |y— x|} we can finally define the partitions & = {&;,: i € N} of R¢ in the
following way

i
51;1 :magxri-l :m\ U nj for i > 2.
j=1
The dependence of & on k is hidden in the definitions of the z;. We have for arbitrary ¢ € N that
&z, C K% (x;) which means that diam() < %

6.3.3 Entropy Estimates

For &1,&,... is a suitable sequence of countable measurable partitions, we can conclude with
Corollary 6.2.8 and Corollary 6.3.2 that

s (6) = hy (60) = Jim By (6n,€0) < Jim | H, (67160]6:) dP
—00 —oo Jq
For we have that
Hy (67 €r16) = Zu €i) D 1(n n0) log (e )
- =
we can estimate for arbitrary [ = [(n)
nhy (¢) < lim | H, (6 €x l&r) P
k—o0 I e

= — lim /Q ZH 5:01 z;,u ¢nlfx]|fxl 1Ogu(¢n1€x]|£xz)
j=

~ tm / S (6 S (65 6 ) log (076 61, )P

k—oo
i=m-+1 7=1
m o0
~ lim / S ) 3 (671, 00) Vo (07 6o |0, AP
k—oo Q\Qk,l P =
— T+ II+III.

(The following computations will show that the limits on the right hand side of the above exist
separately.) We will estimate the number of elements of £, that can intersect ¢,&;, to estimate
I via Lemma 6.2.2. Since for ¢ < m and w € Q; by (6.1) we have that

buti © 63 (25) € Ky (0n(2i) + Doy 0nK 1 (0)) = (i) + K (D61 0)
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we have for i <m, w € Qg and j € N that &, N s, # 0 implies

Therefore we have for i € {1,...,m} and w € Q4 ; by Lemma 6.3.3 applied to A := D¢y,

d
#{j &y N du(, W), # 0} < K(n,w,3;) := C(d) [ [ (6u(Dadn(-,w)) V1)

u=1

which implies by Lemma 6.2.2

= lim /Q D () 3 6y ) g 0 6 € P

< lim / Z,u &z,) log K(n,w, z;)dP(w)
Q

oo Jaw, o

k—o0

~ Jim /Qm 1/ log K (n, w, 2;)du(y)dP(w).

But since for i € {1,...,m}, y € &, and w € Q; we have

log K(n,w,z;) =log C(d +Zlog uw(Dzn))

<log C(d) + dlog 2 + Z log ™t (6,(Dyén))

u=1
we get that
I< lim / log C(d) + dlog2 + Zlog (Dyobn))dpu(y)dP
IO =1 €y
<log C(d) + dlog2 + / Zlog (Dybn))dpu(y)dP.
le [Rd

To handle the terms II and II1I we will again estimate the number of elements of £, that can
intersect ¢n&y,. To do this we put

L(n,w,i) == sup |[|Dz¢nl|[ = sup |[D.éy|
ZGKL (IZ) 2€&z,
k

and observe that we have by the mean value theorem for z,y € £, and arbitrary w € 2

|6n (2, w) = dn(y, )| < Li(n,w,i)|z -yl
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which implies

¢n§xl - gan% (xz) C KLkULawvi) (d)n(-ru (.d))
By Lemma 6.3.3 applied to A := Li(n,w,?)idga we conclude
#{J + €y N n(,w)er, # 0} < C(d) (L (n,w,4) vV 1)7 (6.2)

which implies

—— Jim [ S ) Y (65 6 60 g (656 | P
7=1

k—o00
i=m+1

< lim/ Z (€,,) log (C( )(Lk(n,w,i)\/l)d> dP(w)

k—o00

i=m-+1
= lim Z (fa:z)/ log C(d) + dlog™ Li(n,w,)dP(w)
k—oo, S Q
— i 3 ) (1o Cla) +a [ 1og" (Lo, 1) aP())
k=oo, S Q
<im 3 ) (tow @) +a [ log* (Lan 1) aP(e) )
koo, Q

(R K1 (0)) <1og C(d) +d [ tog™ (L) dww))

since by the rotation invariance of ¢ and (1.20) the distribution of Lg(n,-, i) does not depend on
i and Lg(n,-,7) is decreasing in k. For the estimate (6.2) is valid for any ¢ and w we may also use
it to treat the term I11.

II] = — lim /Q Z () Zu (6 &, 160,) Log oy, &, €0y ) AP
7j=1

k—o00 \ Q% =1

< Jim Z 1(En) / log C/(d) + dlog™ Ly(n,w, i)dP(w)
— 4 O\Qg

< klim (,u(Kl(O)) (log C(d) + d/ log™ Ly(n,w, 1)d[P(w))> :
e O\ Q1
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Altogether we get that

nhy () <log C(d) + dlog?2 + /Zlog (Dybn))dpu(y)dP

Qg1

+ klirgo u(RE\ K;(0)) <log C(d) + d/Q log™ (L1(n,w, 1)) le(w))

\ Q%1

+ klim (,u(Kl(O)) (log C(d) + d/ log L1(n, w, 1)d|]’(w)>>
00 Q

<2logC(d +dlog2+// Zlog (Dyn))dp(y)dP(w)

+ d/ log™ (Li(n,w, 1)) dP(w) klim w(R\ K;(0))
Q —0Q0

+d lim log Li(n,w, 1)dP(w). (6.3)
k—o0 Q\ Qs

Since [, log™ (L1(n,w,1)) dP(w) is finite which follows from [20, Theorem 2.2] the last term
vanishes. If now we choose [ in a way such that u(R?\ K;(0))d [, log™ L1(n,w, 1)dP(w) < 42 we
may divide (6.3) by n to obtain

by (6) < Jim / /[R dzlog (Dyon))dps(y)dP(w).

n—oo N

An application of Lemmas 6.4.1 and 6.4.2 (which we include in the next section for the convenience
of the reader) now yields

he(@) < Jim = [ [ (Dydldu(oap (e ZA*

since for an IOUF the Lyapunov exponents are constant in space. O

6.4 Exterior Powers, Tensor Algebras And SVDs

This part contains some facts from (multi-)linear algebra concerning the construction of certain
algebras from a given finite-dimensional vector space and the formulation of how this is applied
to prove Ruelle’s inequality. We only give the definitions and statements for ease of reference and
omit the proofs. Let V' be a finite-dimensional real vector space, n := dim(V') and denote by

oo k
Ve =PHRV

k=0 i=1
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the associated (contravariant) tensor algebra. Let further 7 := Z(v ® v : v € V) be the ideal
generated by elements of the form v ® v. The factor algebra

Vhi=V®/T
is the outer algebra of V and it can be easily shown to admitt the following decomposition.

n!

Nk /\k Rk A Nk

k=0

We now take a vector space endomorphism 7': V' — V and seek to define 7""*. One might consider
Hom(V') as a vector space and perform the above for the vector T'. This would immediatly lead
to T"* = 0 and hence is not the right way to do this. For ,going from a vector space to its
tensor algebra® is a covariant functor (as we will see) it has to transform the morphisms of V' into
morphisms of the tensor algebra and hence (mod Z) to morphisms of the exterior algebra. It turns
out that T' can be extended to an algebra endomorphism 7% on V¢ in unique manner. Since
T® preserves V®* we can get T as the restriction of T® to V/*. Exterior powers T\* play an
important role in the multiplicative ergodic theorem since their singular values link generically
to the Lyapunov exponents of the systems. Before stating the main results we introduce the
shorthand
™. VN S VAT =idg @ T T ... T,

Lemma 6.4.1. Let ¢ be an IOUF with corresponding Lyapunov exponents Ay, ..., \q Then we

have .
[TV 6u(Dyon)) <log [ Dyén(y,w)l
u=1
Proof: This is shown in a much more general context in [1, I1.(2.6)]. O

Lemma 6.4.2. Let ¢ be an IOUF with corresponding Lyapunov exponents Aq,...,Aq.. Then we

have
lim — 1 ngn ,w)ld dP(w E A
L n// 0g | Dyon (y, w)|dp(y) /

Proof: This lemma is valid in the context of RDS on manifolds as shown in [1, Proposition 11.3.2].
See also [49]. O
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Chapter 7

Asymptotic Growth Of Spatial
Derivatives Of Isotropic Flows

It is known from the multiplicative ergodic theorem (cf. Theorem 1.2.9) that the norm of the
derivative of certain stochastic flows at a previously fixed point grows exponentially fast in time
as the flows evolve. We prove that this is also true if one takes the supremum over a bounded
set of initial points. We give an explicit bound for the exponential growth rate which is far
different from the lower bound coming from the Multiplicative Ergodic Theorem. We start with
an introduction and recall some preliminary lemmas from the literature in the first section, give
the main result in the second one and devote the remaining part of the chapter to its proof. In
the whole chapter we will use ¢ to denote an IOUF or a RIF with covariance tensor b and drift
c or an IBF with covariance tensor b. Since the cases of IOUFs, RIFs and IBFs can be covered
with completely the same computations we do not need to distinguish between the three cases
here.

7.1 Introduction And Preliminaries

The evolution of the diameter of a bounded set under the evolution of a stochastic flow has been
studied since the 1990’s and we treated the special case of a two-dimensional IBF in Chapter 4.
Of course the considered diameter links to the supremum of |¢;(x)| with z ranging over a subset
of R? and hence this supremum also grows linearly in time. In the following we will consider
the case where the flow is replaced by its spatial derivative. We emphasize that we consider the
asymptotics in time (the spatial asymptotics for a fixed time horizon have been considered in [20)]
in a very general setting and in [57] in the particular case treated here - cf. Chapter 2). If the
flow has a positive top exponent it is known that the growth is at least exponentially fast which
is then true even for a singleton (this follows directly from the multiplicative ergodic theorem).
We will show in the case of an isotropic flow that sup,, |log || D¢; (x)|| | grows at most linearly in
time ¢ where the supremum is taken over z in a bounded subset of R no matter what the top
Lyapunov exponent is. This shows that the growth of the norm of the derivative is indeed at most
exponentially fast but also gives some insight into the distance of D¢, (x) to singularity, which
might be of interest especially if the top exponent is negative. Exponential bounds on the growth

97
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of spatial derivatives play a role in the proof of Pesin’s formula for stochastic flows (see [37]).
We will also give a new proof of the fact that the diameter grows at most linearly in time from
this which is originally due to T. Lyons (but there are much simpler proofs known for this - see
the references given before). Despite the fact that we can come up with an upper bound for
the exponential growth rate we make no claims about its optimality (and we conjecture that our
bound is far from optimal). The first lemmas collect severals estimates we will have to use in the
sequel which are obtained from straightforward calculus and are stated for the ease of reference
and to make later computations more readable.

Lemma 7.1.1 (dirty estimates).
The following assertions hold.

1. Fort > 0 the cumulative distribution function of the normal ® satisfies 1 — ®(t) < e~3t.

1
t

2. Stirlings formula for the Gamma function T yields fort > 1 that T’ (%) < 271'67%\/?5 + 1.

8. Fort >0 we h(wetgeé.

4. FortEOweh(we\/igt—%—%,

5. Fort > 1 we have /logt < tTle.

Proof: One can (lierilve these straightforward from undergraduate calculus. Note that the estimate
I'(x) < V2rz'~2e12: for 2 > 0 which can be found e.g. in [26, page 359] is useful. O

Lemma 7.1.2 (a lemma on real functions).

Let f,g:[0,00) — [0,00) be increasing functions that are differentiable on (0,00). Let further f
be convex and g be concave. If we have for some t > 0 that f(t) > g(t) and f'(t) > ¢'(t) then we
have for all s >t that f(s) > g(s).

Proof: This is an elementary undergraduate exercise. O
The following result is the main tool that allows for the estimation of suprema of the derivatives.

Theorem 7.1.3 (Chaining Growth Theorem).
Assume 1 : [0,00) x R x Q — R? is a continuous random field with the following properties.

1. There exist A > 0 and B > 0 such that for each k > 0 and each bounded set S C R* we
have

(k= B)3

< —
- 2A2?

1
limsup — logsupP | sup |¢¢(x)| > kT
T—o0 zeS  |0<t<T

where ry = rV 0 denotes the positive part of r € R.

2. There exist A > 0,0 > 0,q0 > 1 and & > 0 such that for each x,y € R, T > 0 and even
q > qo we have

1/q
E| sup [¢(x) — wt<y>|q] < da —yleMH3eT,

0<t<T

¢ may depend on q and d but neither on |z —y| nor on T.
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Let Z be a compact subset of R with box (or upper entropy dimension: see [52, page 19] for a
definition; just note that a closed ball in R? has box dimension d) dimension A > 0. Then

1
lim sup ( sup sup T|wt(x)|> < K a.s.

T—oo \0<t<T z€Z
where
| B+ A\/QA (A +02A + VoIAZ ¥ 2AA02> L if A> A
B+ A\/QAﬁ (A + 202d) . otherwise
for

o%d (d
ANi=—|[=—A].

Proof: [52, Theorem 5.1]. Observe that the change of ,,¢ > 1% to ,even g > ¢p“ does not alter
the statement at all, because the assumptions above guarantee the assumptions for ¢ > 1 with
a change only in the value of ¢. The fact that we allow ¢ to depend on g does not play any role
because the proof in [52] is perfectly valid with ¢-depending ¢. O
We finally recall the Burkholder-Davies-Gundy inequality because we will use the precise asymp-
totics for the constants appearing therein.

Lemma 7.1.4 (Burkholder-Davis-Gundy inequality).
For q > 1 there exists a constant Cy such that for every continuous local martingale (My);>o with
My = 0 we have

E [ sup Mf] < CyE [(M>§] .
0<t<T

1
In fact it s known that for even q the optimal C4 is the largest positive zero of the Hermite

1
polynomial of order 2q and can be estimated via Cy < k\/4q + 1 for some constant k > 0. If one
restricts oneself to large values of ¢ one may choose k to be at most /2.

Proof: [11] for the optimality of the constant and [47] for the estimate (and also for a more precise
statement about the asymptotics of the maximal zeros of the Hermite polynomials). O

7.2 The Main Result

We are now ready to state the main result.

Theorem 7.2.1 (exponential growth of spatial derivatives).

Let (¢st:0 < s <t<oo) be an IOUF as in Definition 1.4.1, an IBF as in Definition 1.3.3 or a
RIF as in Definition 1.5.1. In all cases we denote the drift by c and the covariance tensor by b
(notation as before). Let = be a compact subset of R? with box dimension A > 0. Then

1
limsup [ sup sup —|log||D¢; (z)|| | < K as.
T—oo \0<t<Tazez 1
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where
B+ A\/2A (A +02A + VoIAZ ¥ 2AA02> . if A> A
B+ A\/QAd_LA (A + %02(1) . otherwise
for
o?d (d
AO.—T (2—A>, A_ \//8L7
B.—oy @V + 02 fr—(d-Vby+2 P ‘(d_l)ﬁN—2C|’
2 2 2 2
A:=A1 VAV Ag, o:=o01VoyV o

The A; and o; are constants that depend on b and d and will be specified later.

Remark: The formula for the constant K above looks like the upper bound one can have for the
expansion speed of the flow itself (cf. [52]). This is due to the fact that Theorem 7.1.3 is taylored
to give good estimates in that case. The differences enter via different values for A, B, A and o2.

Proof: This follows directly from Theorem 7.1.3 applied to
Y2 [0,00) x R x Q — R; 1y (z, w) := log || Dy ()|

if we can verify the following lemmas. In the entire chapter we will only use ¢ in the meaning given
above from now on. Note that we choose the matrix norm be the Frobenius norm ||(a; j)1<i j<dl| :=

1/2
<ZZ j a? j> for its computational simplicity although the special choice of a norm is irrelevant

because of their equivalence.

Lemma 7.2.2 (condition on the one-point motion).
We have for each bounded S C R? that

(k- B)}

< _
- 2A2

1
limsup — logsup P | sup |¢¢(x)| > kT
T—o0 z€S  |0<t<T

for A and B as given in Theorem 7.2.1.

Lemma 7.2.3 (condition on the two-point motion).

We have for each z,y € R, T > 0 and even q > qq := 4%[2@1_225?_6_2&] V 3 that

1/q
F [ sup wt<w>—wt<y>|1 < & /geli o)t

0<t<T

for A and o as given in Theorem 7.2.1 and ¢ := ¢, + ¢ + ¢¢. The ¢; are constants that depend
on b and d and will be specified later.

The proofs of these lemmas will be given in the next sections. Observe that ¢ does not enter into
the constant K, so we do not need to pay attention to get a small value for it.
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7.3 Proof Of Lemma 7.2.2: The One-Point Condition

Before proving Lemma 7.2.2 we will need to establish some facts on || Dgy ().

Lemma 7.3.1 (SDE for || D¢; (z)||?).
Let x € R% and put

00 () 03¢} ()
M, :=2 oM (ds, zs) ~2 4 .
t / Zk | D5 ()|

Then we have the following.

1. (My)e>0 is a continuous local martingale that a.s. satifies for t > 0 that

t -k bl k i
1,5,k,m s

and hence is a true martingale.

2. | D¢y (x)||* solves the SDE

|Déx ()] —d+2/ S 0uM (ds, ) 056" () 051 ()

1,5,k

+[(d = 1)Bn + Br — 2] /0 D¢ ()| ds

t t
—d+ [ Do @I a.+ ((d = 1) + 61— 2] [ 1D6. (@) s
3. The quadratic variation <HD(;§ (x)H2> satisfies
t

<HD¢. (a:)H2>t =2(L — Bn) /t 1D ()| ds

2By + Br) / S 06" (1) 0,6 () Ot () O () ds

1,5,k,m

4. Y(x) =log|| Dy ()| solves the SDE

i 1 (M),

P(x) = %longr%MtwL [(d_l)ﬁN+ﬁL C:| t— !

Proof: Since we have by Theorem 1.3.6 and Lemma 1.4.2 that

d; ¢t () 5U+/ Zajw YO M (ds, xg) — /aj@
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we also get that Ito’s formula implies for || Déy () = Zm(@jgbi (7))? that
D61 = d+23 [ o6 @ anyei )+ 3 (0,0t @),
1]

By Theorem 1.3.6 and Lemma 1.4.2 this is equal to

d+22/ 9;¢% () O M (ds, ) 9;0F (x —2c2/ 0; 9% (x

1,7,k

+Z/ Zajqz)l ) 8;0F () d (oM (d-,2.) , M (d-, 2.))

t
—dtaY / O (ds,2.) 0,04 () 0% (a) =2 | 1D (o)

7,k

-y / 036 (x) 0;0% () B0 (0) ds. (7.1

i,5,k,1

Since we have by Lemma 1.3.2

> / ;0L (x) 0;0% (x) OROW"" (0) ds

0,5,k,1

/ Z 8J¢l J¢k ) [(5N - ﬁL)ékidli - ﬂN(Skz] ds

i,5,k,l

Z/ > By — BL) (0564 (x))zds—dﬁN/ S (950 (2))%ds
U 0 %
B+ (d— 1)@@/ 1Dés ()] ds
0

we also get from (7.1) that || Dey ()| equals

d+22/ M (ds, x5) 06, () 0y ()

4,5,k
t
_QC/ 1D, (2)|2 ds + [, + (d — 1) ﬁN]/ 1D, (2)] ds
0
9% (x) 0;¢F ()
=d +2 Do, M (ds, xg) = J
3 e

1,7,k

+ (8L + (d— 1)y — 2 /0 1D, ()| ds

t t
=d + 2/0 1Dés ()||* dMs + [Br + (d — 1)y — 20]/0 1Dgs ()] ds.
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This proves assertion 2.. 4. follows from this and It6’s formula since ¢ (z) = 4 log (HD@ (ac)HQ)
To prove 1. and 3. we observe that by (1.9) and Lemma 1.3.2 we have

(M),
:<2/O'i§j;akMi (ds, z5) jQ\S\D(QﬁZ( , /l%:na M (ds, x,) mﬁfgz(@gﬁé (x)>
_ ]; / 005 J¢Z|D(;) E“(fﬁf 7) Onds (2 ){ (B — B) (ridnt + S1adns) — 5N5,m5ﬂ] ds
o .
_ML_[}N/”ZW ]¢s||D¢s<7§ﬁl()) “
20 [ ;m LULLGDLCLR AN
v ) 2 X
=2(BL, — BNt + 2(BL + ) / gm 0;0% (:C)ajd’ﬁg;f(’:j%(x)a’”% () 45
This together with 2. proves 3. and 1. also follows from this and the next proposition. 0

Proposition 7.3.2 (a simple estimate).
0; 9% (2)0; 6% () Om ¢ (2)Im &% (x)
We have |32, ;. = . Do (@) <1

Proof: Applying the triangle inequality and Schwarz’ inequality we get

3 95 () 09 (x) Om s (x) Om ¢ (x)

aj¢]§ (z) 0;¢% (z)
ijiksm | Dés ()" >

Om @k () Omds (v)
1D ()| 2

1D (@)

5>

ik

J

=2 J > (i 8” > (13ocm) JZ (iBesion) JZ (imaron)
2 i)\ 2 2\ 2 g
> (ism) = (een) =3 (o) = (feen ) -

Now we can turn to the proof of Lemma 7.2.2.

ik j
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Since we can write M; = Wi, for a standard Brownian motion (W;):>0 we get with Lemma 7.3.1

1 [(d—1)Bn+6 ], 1 1
Yi(z) zilogd+ _ 2 —C_ t+3 Wiy, —§<M>t
) S :
<=logd+ (d=1)fn + b1 —c t—i—1 sup <W5— 1s>
2 i 2 | 2 0<s<4pt 2
1 [(d—1 ] 1 43y, st
=—logd + ( )ON + B —c|t+ = sup <W4ﬁLst — ﬁLs)
2 L 2 i 0<s<1 2
1 [(d—1)Bn+ 8L ] <W45Lts >
=—logd + —c|t+ /Bt su —\/Orts
2 8 L 2 | b ogslg)l 2v/Brt b
1 [(d—1)8y + |
ii logd + ( )gN Or —c|t++/fBrt sup (Ws — \/ﬂLts) (7.2)
L J 0<s<1

where the latter means equality in distribution. Therefore we get for any & > 0

P | sup ¢u(z) > kT
|0<t<T

<P M-ﬁ- sup {|:<d_1)ﬁN+ﬁL—C:|t+\/@ sup (Ws_\/@s)>}2kT
2 0<t<T 2

0<s<1

(d—l)ﬂN—l—ﬁL—Qc} _ } k B logd} .
<p | o Ao Ve, (- V) | 2 - | =

Here we distinguish between two cases to treat (7.3). If (d — 1)y + B — 2¢ < 0 then we
immediately get

k 10gd] [ k log d ]
I <P (VT sup Wy > T — =P | sup Wy> —VT —
{ ogsgl VBL 2V 01 ogs% VOrL 2v6LT

2 o (log d)?
oy RVE  load < 26_%(%_%Lgd+ LT ) (7.4)
VBL  2vBLT
which gives in this case imsupy_,, 7 10g P [supg<; <7 14(z) > kT| < —ﬁ]ﬁ = —ﬁki Now

let [(d —1)Bn + BL] — 2¢ > 0 and observe

I<P | sup {[(d_l)ﬁN+ﬂL_2c}t+\/Z sup WS}Z i T logd]

0<t<T AV 0<s<1 NN

B k 2c—(d—1)ﬁN—BL] - logd]
| s . > | EA B T
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which leads (as in (7.4)) to

1 1 2c — (d—1)8y — B>
limsuplog[P[sup () > kT §2[ k i c—(d—1)8n 5L]

Tooo T 0<t<T V8L 2v/BL
<_ 1 [k— (d—l)ﬂN-l-ﬁL—?Cr _
- QﬁL 2 +

We now only have to exclude the possibility that the modulus of the logarithm in ;(x) might
become large due to a very small ||[D¢; (x)||. Observe, that (7.2) implies

1 1
t+3 (W(M)t 3 <M>t)

(d—1)Bn — Br —2¢
2

1
() =5 logd +

[(d— BN+ 8L C}

(LT

v

2

1
t+ §W(M>t — fBrt = [

1
] t+ §W<M>t' (7.5)
If (d —1)Bn — Br — 2¢ > 0 we may thus estimate

1
' < —kT| <P |= i < -
P |:0§1?£th($) < kT} <P [2 OgtlgrilfﬁLT W < kT}

1
:P[ sup Wi > kT
0<t<48,T

k
=P | sup W; > \/T]
|:0§t1§)1 b= VAL

which implies (see (7.4)) that limsupp_ . 7 logP [info<i<r 9 (2) < —kT] < —ﬁki In the
remaining case (d — 1)By — B — 2¢ < 0 we observe that (7.5) yields

P [ inf vy (z) < —kT} <P [1 inf W, < [_(d— 1)BN + B +2¢ k} T]
0<t<T

— |2 0<t<4B8,T 2
_ (d=1)BN —Br—2c  k ] }
|z [N T

and so

- 1 : 1 [(d-1By—Br—2c ]
— < — <
lim sup T log P |:0§1I1§1£T¢t($) < k:T} < [ +k

T—o00 _2ﬁL 2
__ 1 [k_ﬁL—(d—l)ﬂNnLch .
- 20 2 n

This completes the proof of Lemma 7.2.2. O
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7.4 Proof Of Lemma 7.2.3: The Two-Point Condition

7.4.1 General Estimates And Preparation

We now turn to the Proof of Lemma 7.2.3. Observe that we have by Lemma 7.3.1

;9% (x) 9;9% (x) : 9;¢% (y) 9;9% ()
aMz S]s Jrs —aMZd,sJS J7s
e / 2. Doc@lE M I s e
L+ﬁN 0; 8% (1) 0,0 (y) Om ek (y) Omdl, ()
/ P D6 ()
0,05 (2) 0% (2) B0k () D (&)
| Doy ()|

:ZMt + At.
To further analyze the latter we first prove the following lemma.

Lemma 7.4.1 (general estimates for A; and My ).
With M, and A; defined as above we have the following.

1. A.s. we have for all t > 0 that Ay < (Bn + OL)t.

2. The quadratic variation satisfies

(),

2
6L+6N () ﬂﬁk( ) 909k W) |,
/Z( = IDé. @) | D6 ()1I” )

J

i k l n . i
2 3 [ er: ()H) rﬁ:gﬁg% ) (90,6 (@ — 1) — 10,6 (0)] .

i,7,k,l,m,mn

3. <M> < &t for ¢ := 201 + 2d° Max; | k.n SUP,cRd OO b (2).
t
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Proof: 1. is clear by definition of A; and Proposition 7.3.2.

(),

;0% (x) 0% (x) : 9,0k (y) 9;¢% (y)
Op M (ds, ) -2 ! — Op M (ds, ys) OS2Y
</ Zk S TS T R T PN

/ S 0,01 (dsy ) I DI @)y O () O <y>>
0

o~ |Dos ()] 165 (9)
J¢k J¢Z z) Omdy (m)améf’ls (f’?)a 9. b (0) d
,;m/ \Dqss( ) Onb () s
+ J % 0pOpb™ (s —ys)d
/;m/ |D¢s >|| ||D¢s<>||2 R e =)
0k (4) 9,01 (1) D2 (@) Imdh (2), o)
- J ! 0Opb® (ys — x5) d
;;m/ ||D¢s >|| ||D¢s< TG
;;m/ ||D¢s< ) KOO s
- > / [ (BN = BL) (0ki0ni + 0ki0ni) — BnOkndit
i,5,k,l,m,n
( 0,k (2) 9,01 () O (2) Ol () 9505 () 9504 () O % () Do <y>> .
ID¢s (x >|| 1D¢s ()]*
¢k (# ) Om % (y )8m¢é (y) il
P j J 0 0nb™ (x5 — ys) d
;;m/ HD¢>5 OF D, @I o e T s
=T + I (7.6)
Using
II
LAY 0,6} (2) 0,0} () Ok (+) Ok () | 06 () D6 (4) Ot (4) D, ()
n d
/ El:m 1Dés (@) 165 (o) i
. ﬂN ;0% (x) 0504 () Dl () Ok () 0505 (y) 90k (y) Dl (y) Il ()
n d
/ % 1D6s (@)]* 1D6s ()]’ ’
+ ] J + J 7 d
o N/ D FENESTE 106, ()] °
=(BL — Bn)t

Bt i 0yt (2) 0364 () Ok () sl () | D0k (4) 0% (1) Oun: (4) Dl (v)
+ d
/ ”;m 1Dgs (@) 1D6s ()] ’
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Proposition 7.3.2 now yields 11 < (8B — Bn)t + (ﬂNi;ﬁL)Qt = 20rt.
Since I11 < 2d° max; | kn SUP,cRd OpOnbP! (2)t is clear 3. follows. For the proof of 2. we only

have to rearrange (7.6) using the symmetry and isotropy of b.

0,605 (2) 0,64 (2) O () Il (), o i o
(), ,;m/ 1Dé @I OO ds

B () 0;8% () Omd™ () OmdL (y) il
+ J J OOpb" (x5 — ys) d
Z / HDczﬁs D)7 1 Dés ()2 b (25 = Yo) o

S (1) ;6 (1) DT (2) Ol (1) . . 144
+ J J s a anbZ7 s s d
Z / Hqus )21 Dés ()2 bOub™ (b = o) i

P> / 0,05 ( mHD;S(;bew %) g 0.5 (0)ds

9 (x J¢k (x)  9;0% (y) 9,95 ()

2,7,k,l,m,n

1D ()| 1D¢s (9)]°

QZ)Z Qbk ) m¢l( )ameQ (y) 0,1 W)
+2 J J OLORb"" (s — ys) — OORb"" (0)| d
2 / \D¢s )2 [Dés (1) [Okont! (s —3n) =040 0)] s

i,7,k,l,m,n

=V +VI
Since (by Lemma 1.3.2) we have 930, b% (0) = %(/BN — BL) (0ki0ns + 0k10ni) — BnIkndis we get

GOy (0610 0010 ((Ondl () Ondh W)
§m<u0¢s< I~ 106: WP ) <HD¢5 @IF 1D, <y>u?>

ﬂL—ﬂN j<z>’€<x> 0,9 (y) 9;0% ()
2 /( HD¢>S D5 ()] )

i,5,k,m
( Om <x) m’; () _ Omd} (y) Omds (y>> ds
| Ds ()" 1Dgs ()]

8,6 (a m’f( ) 0t () 9yt ()
t NZ/ < I\chs 1D6, )| >

i,5,k,m
< m¢’§ () Omdl (x)  Omdk (y) Ol (y)> s

v

|Dgs ()] 1Dos (y)|)?
5L+BN Jcbk( ) 059k () 9505 ()
2 / ( \D¢s 1D (y)]I? >

i,4,k,m
( m¢z <x> Sadh s) _ 3n )00 ),
1Dgs ()] Do ()]




7.4 PROOF OF LEMMA 7.2.3: THE Two-POINT CONDITION 109

2
ﬁL+ﬁN/ Z J<Z>s ) ;0% () 9;¢% (y) 8;¢% (y)
~  |ID¢s ()| IDgs ()|
This completes the proof of Lemma 7.4.1. O
This Lemma shows that it is necessary to control terms of the form 0 Di ((;c))” H%i ((y))”. We

postpone this until we will have derived the following estimate from Lemma 7.4.1.

Lemma 7.4.2 (a priori bounds for the -estimation).

1. We have for each z,y € R%, T >0 and ¢ > 1 that

1/q
E [ sup |y () — T/Jt(y)q] < (Bn +BL)T + 26_%V27T5\/Q+ IVT.

0<t<T

2. We have for each x,y € R, T >0 and q > 1 that

1/q
E [ sup wxx)—wt(y)w] < CrelMitzota)T

0<t<T

with C1 == (By + BL) + %ede ™ \/27r6, A= % and o = %

3. Letr >0 be fived. We have for any x,y € R? with |x —y| >r, T >0 and ¢ > 1 that

1/q
2 [ sup W}t(‘r) - wt(y)q] < 51|l‘ — y|e(A1+%U%)T

0<t<T

for e = % [(ﬂN +0L) + 26~ T3/ 27r6} and A1 and oy as before.
Proof: Once again observe that by the triangle inequality

1/q

E +LE

0<t<T 0<t<T

1/q
sup M
0<t<T

1/q
sup [¢y(z) — ¢t(y)\q] <t [ sup Af

1/q
< (BN +BL)T+LE | sup Mf] =:(BN +BL)T +1V.

0<t<T

Since we can write M; = W<M> and <M> < ¢t a.s. we get using [14, (21.24.a)]
t t

T g+1
~ 2
E [ sup Mf] < [E[ sup Wtq] (cT)g\/>( ? )2(131
m

[\]

0<t<T 0<t<eT
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which implies with Lemma 7.1.1

1 _gt1 1
IV <(2r) %25 T <q—5 ) VeT < 2¢7 V216 /g + 1VT.
This proves 1.. For the proof of 2. it is sufficient to observe with Lemma 7.1.1

VITIVT
(By + B)T + 2¢~2V2mer/q + IWT <(Bx + Br)ec + 2e~ 15V 2mee e

Q+1T

S (/BN +/8L)€€ + 26_% /27Téel/€(1/4+(q+1)T) g |:(ﬁN _|_ﬁL) _|_ Zei_% 27{6 e e

This proofs 2. and 3. follows from this by using @ <1 O
Since we can now control the moments of 1 (x) —¢+(y) provided = and y are not too close to each
other we introduce the following stopping time. Let 7 be chosen according to (1.8) and 7 < 7 to
be specified later. Remember that we assumed 7 < 1. We now define

:= inf — > 7l
T go{lwt yt| > 7}

and will assume r < 7 in the following (which ensures 7 > 0 a.s.). The aim is to estimate
1
(E [supocrcr [1(x) =)l Lrn]) " for [ —y] <.

7.4.2 Derivation Of Formula H

We now proceed to work on ”%zf((;)) T ”%zf((zy/)) 0 by proving the following proposition on II%;?E((;:C)) ik
Proposition 7.4.3 (SDE for the direction of the derivative).
We have the SDE
9;¢% (x)
D5 ()]
8" / 9;¢% () ko AL () 019k (x) 9;¢% (x)
=— + O M (ds, xg) —25 "L / OmM = = =
Vit h 2 I Doetll ~ Jy 2 M ) = T
1 ;4% (x) BN + Br ;0% (x) 98} (x) Dl ()
- == - 54 / J ds — / : ds
[( > 4 o [D¢s ()] 0 ; IDgs ()|
L3 Q9% () NPl () Ol () Ol () 9% ()
~(Bn +BL) : : ——ds
"l 0 ,% | Dés ()]

Proof: Since by It6’s formula

09 (x) _ 07 /t d(0;¢! (x))s 1 [* 9;¢%(z)
d|
0 |

Do. @ vad  Jo Do @] 2y [Dén (@)

, /Otd<aj¢?<x>,uD¢.<x>\ >S+3 o) (Do @) @)

D¢. ()l

2

1D ()| 8.Jo |IDgs ()]
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we only have to note that by Theorem 1.3.6, Lemma 1.4.2 and 7.3.1

(90! (), ID. @),
</0 > 0R M’ (ds, xs) 05¢F ( / > oM™ (ds, x) Omd), (v) m¢g(x)>

Im,n
=-2 ; Z ;0% (x) Ol (x) O () [Q(ﬂN = BL)(6kidin + Okndii) — ﬁN%ﬂm} ds
k,,mmn
(61— Bw) / ZW ) O (2) O, () ds
t .
(8L - f) / Zam’f O (2) Ok () ds + 28y /0 70,68 (2) Ok (@) O, () ds
k,m

t
—(B1 - fiw) /0 8,6 (z) | Ds ()| ds + (B + Bv) /0 70,08 (1) O (2) Ot () ds
k,m

which combined with Theorem 1.3.6, Lemmas 1.4.2 and 7.3.1 and put into (7.7) yields

03¢ (x) 6” /Z@kMZ (ds,xs) 0;0% (2) —c/ 0305 (v) ds
0

D¢y () | Do ()] | Dos ()|
/0 kzl;na A" (da, 2, e ||)1§lﬁfs§(( ))||?jqjé o 1)5N2+ e /ot H%zf ég\\ds
+ ﬁNz . /ot !%zf Eg!ds ﬁNJFﬁL/o ; Bt H[ZZ&)HW =
+ 306 ﬁN)/o e
n k n )
ZﬂN‘f‘ﬂL O k%;n al% ) Q19 (v )||gz:($)”§m¢8 (x)aj% (x)ds

This proves Proposition 7.4.3. o
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; : 9i¢t(x)  9;8L(y)
Of course the latter implies that D@ ~ D)l equals

' i 8]‘9255(35) _ i(ds ajﬁbf(y)
/ 2 (a’“M (. 22) g ay) — M (d5:92) g, <y>||>

aeT (x) Ok () 9,04 (x) A (y) D1t (v) 9;0' (y >>
O MF (ds, 25) 2 — 0, M* (ds, ys
/o g%( (ds,2) 1D, (@) (ds:) 1D (o)

y [(i - ) o= ﬂL} / <||§>j§ Egn wZE in) @

Bth / (m’;@)amé(a:)am’:(x)_ 9,0% (y )amz(y)alqb';(y)) s
0 Tk

|D¢s ()] 1D, ()]
8 0195 (x) 019 () Om s () Om Y (x) 0 ()
g+ B) / klmn( 1D ()]
0% (4) 107 () O (1) O (4) 03, (y)) ds. (18)
[Dés ()7

Letting VII; := fg Dok (akM (ds,zs) ||Djis((x))|| O M (ds, ys) |\D¢> (( ))H> and
VIIL = J0 S g (M (ds,2,) BEEALER0E g pph (4, ) HEWAEDUAD)) e

o ~ 1Des (@)l R 1Dgs (v)]°
have to compute the cross variations since we want to apply Itd’s formula for powers to (7.8).

(VII),

S g D@ 96k
_;</0 M) Dy ~ HM 9 g 1

- 0,6 (2) - 0,6 () >
QM (ds, w,) ~ A2 QM (ds, y,) Ao
/ WM (s, 2) 1o o ~ M 88 1hg 10T/,
0,0k (2 ]¢l 0,0 (4) 9,6 <y>>
+ 0:LOb"" (0) d
HDqﬁs Do, P ) A O

(
< 0;¢% (x gqﬁl (W) 959t ()96 (x)
(

/t

0
/t

0 ki

/t

k1 70

t ¢k (Z)l() N )
2 J J O.O1bY" . — s _8.0b7 (0] d
! /0 o7 1D%s (@ H 1Do. ()] L6025 =) — OxO" (0)] ds

_(a. s () 959k (y) . ids (2) 0,08 (y) \° .
=5 ﬁN)/ (\Dm M~ 1D )] )d H*N/ Z(nD«zss @) \\D¢s<y>u) !

k [ o N
wef 2. Db, 5, (] 000" o =30 = 00 0] (7.9

wM

N

+

OO (x5 — ys) d
1D¢s (= ” 1Dos (W)l 1Dgs () HD%(CIJ)H) kO™ (e — ya) ds

0;0% (= 0;0% () ) < ;0% (x) 9,65 (y)
[1D¢s ()] [|1D¢s (y)]

ks

D¢ (z ! 1 Dos (v)|| ) (BN — BL)0kib1i — BN 6w ds
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and similarly

(VIIT),
| 297 (2) 010% (2) 0,64 (2) 003" (v) Aot (v) 0,64 (v >>
= O M* (ds, 1) = — O M* (ds, s :
/ (ar 2 (ds, ) D@ B @ O @) g Dodh (1) ot () 0164 (y )>>
0 ’ IDgs ()] ’ IDos (y)|° .
- QO (x) gk (2) 008 (2) oY () Dok () 0,01 <y>>
kz;pr/ ( 1D, ()| 1Des ()]°
Oyt () 0,2 (2) Dy6% (x) _ 0yt () Db )38 W)\ [By =Brs s 5 s v gos o ]
< HDQSS( )”3 ||D¢s (y)||3 ) [ 9 ( rkOmn + Orn mk) ﬁN rm kn:|
8l¢m 8l¢k ) J¢i (.Z‘) ap(bg (y) 8P¢Z (y) 8J¢1s (y) k.n k.n
2 O0rO0p " (g — ys) — 0,0, "™ (0)| ds
! MZ/ 1Ds @) [Ds ()] [ (e =) o)
BBy / (fws (2) 010k (2) 0,01 (x)  Dug™ (y) Dok () 9,1 <y)>
2 = 1. ()] 1Do. ()]1°
<6p¢>’; (2) 0,02 (x) 0;04 (x) D0k (v) 0,82 (4) D304 (y )) s
1D, ()| 1Dos (v)]1°
ﬁL—ﬁN 5 / (c’wk z) Ot (x) 9,01 (x) 00k () ugk (y) 9,0 (y))
W ID¢s ()] 1Dos (v)II°
( Oyt (2) Dy (@) 0,04 (x) _ 0,62 (y) 062 (y) 9% <y>> .
1D, ()| 1Do, (v)]°
D07 (x) ok () ;0% (x) D (y) Dok (y) 0,00 (y))
7 Nk%;p/ ( 1Dgs @I 1Dgs )P
( OO () 0tk () 9,04 (v) _ 0u0i" () 0,0% (y) 9y <y>> s
IDgs ()] 1Dos ()]
Q07 () Dok (x) 9,04 () D% (y) Bpd? () 0% (1) o o
2 O0r O™ " (xg — ys) — 0r0, 0" (0)| ds
! Mmz::pr/ 1Dés (2)[* Do ()])° [ (e = ue) o)
_Buthy § 9002 (@) 0L (00,64 0) _ 0165 0) 16k () 0 (y>>2 i
/o Z( IDés (2)]° 1D¢s (v)]°

ﬂL — BN ngl (35) j(bz ( )
2 / <||D¢s GIEAC >||> s
D16 () D1 () 0,0 () By (1) D™ () 30 () 1~ o on
2 0rOp "™ (s — ys) — 0,0,0"™ (0)| ds
¥z 2 / 1Dé: @) | Dés )] : S ©)

k,l,m,n,p,r

(7.10)
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as well as

(VIL,VIIL),
_ i (ds, x ¢k (x) i (ds 9;¢% (y)
_an</ OM s, 22) 1, ] ~ P 45 92) D ]
/(8 M (ds, ) Pm9E @ Ol @ O (&) _ 5\t m¢:<y>am¢g<y>aj¢z<y>>>
’ EXCIE oY 1D (9)II° t
s

ok (z) 90k () \ [By — B
<l;</)s () HDJ% (y)l) { 2 (OikOni + Gindr1) — 5N51'l5kn:|

(amz (2) O 84 (2) 0y6% (2) _ 02 (y) Ol () ;6% <y>> s

k,l,m,n

|Dos ()] Do (v)]*
/ ' (aquf; () Om 2 (y) Omdl (y) 0; 9% () n ;0% (y) Oy (x) Ol () D; 0% (x))
0 IDgs (2)] [ Dgs ()] IDes ()| 1D ()]
[aka b”(xg Ys) — Or0,b"" (0)] ds
BL—ﬁN x) Oy () Ol (2) Dj ok (x) Oy (y) Imdl (y) ;0% (y) 5
Z/ (IIchs (z) IID¢>5 || ( |D¢é )|’ 1D ()II° )d

N ﬂzv 6% () 0,9 () Om®% () O (2) 9; 0% () Oml (y) Omdl (y) 05¢% (y) s
Z/ (|D¢s @] Do, (y)||> ( 1D, ()] IDgs (9)]° )d

m@/ (v~ Torn) ( Do @) 106, I ) !
v/ ( 0,08 (2) 0,2 (1) Ol (1) 0,61 () | 930 (1) 0 (3) D () 0,0, <a:>>
s D6, (@) 1D6, W)I° D64 )] 106, ()P

[0k0,0" (5 — ys) — xORb"" (0)] ds

ﬁL_ﬂN/ <|5fzi<(;|| ||5i<(§||> s

+

k,l,m,n

WALy ( 0,04 (« j¢f:<y>> 010k () 016 () 0,64 () _ D1k () 016 () D564 )
o 42 \TDo. @)~ 106, W 1D, (2 1D, ()P

S / ( 0,6% (1) % (4) O (5) D304 (y) | 030% (5) Dun % (@) O () 0561 <x>>

o 106, 156, WF 1D. ()I[1Dg, (@)

[0k 01" (25 — ys) — OxOnb"! (0)] ds.
(7.11)

The combination of (7.9), (7.10) and (7.11) with (7.8) and It6’s formula now yields for
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ij 9,0t (x 9, ¢ P %
X = HD‘(ﬁt((fc))H HDit(z?j))ll the following (note that X% means (X( 7)) ).

Xt(ij)q
b - 9,0k (x) - 6-¢F<y)>
_ gzj)q 1 ) i(d s J¥'s -9 i d, s J¥'s
o f X Z(’“M (s 2e) Dgu )~ HM 5 9e) g )]
DT (z) ik (x) 9,9 ()
_ X (id)a=1 O M* (ds, x) 2 J
q/ 2 ( ) Do @) P
o gk A0 (y) Ak (y) 9,95 (v) Kl_d) 1 } " i)
O MP” (ds, ys) ||D¢s(y)||3 )-HI 19 BN 451; /0ijqu
BN 8L [ o tij)a <3j¢§ () D5 (x) g (x) 9,65 (y) D (y) Duds (y ))
_ X (e _ d
T / Z D6, () ZROE ’
3 06E () gL (2) D¢t (2) e (x) D30 ()
+—a(By + 8 X(ia=1 ( l - J
0N+ / Py D6, @)
0k (1) D67 (4) D (4) O () 03 <y)> s
1Dé. (v)I°
+q( )(5L—5N /X”qd + ﬁ /X”)q QZXkJ)QdS
ok (@ ¢l< ) y g
— X J)a—2 J J OO (s — yg) — O OB d
o= [ > o o o, ] 00 o =)= 0400 0]
. ) 2
ﬁN+ﬁL (ij)a—2 ( A9y (x) D1l () 0% (2) 6l¢§(y)8l¢’§(y)8j¢g(y)>
+q(g—1) X (i) - d
e / 2\ el 1D6. W)I° ’

5L - 5N (i5)
_ ]_ X J Qd
+q(g—1) 1 /0 sds
" (i) 07 () O19¥ () ;9% () B, 0% (y) Opo™ (y) B; 9% (y)
+(_1 XS(U)(I2 1Ps s i Ps D P i Ps
o= [ N 1D6. (@) [D6: ()]
[87'6mbk’n (1‘5 - ys) - 87'ambk i (O)}

talg— 1) o) o /t X{ds
0
BN +BL [ ez = (k) <al¢’; () 019t () 000 (2) D10k (y) Al () ;0% <y>>
—qlg—1 X X (ki - ds
da=D7 / | Z 1D, (@) 1D, (0)IP
( ) 067 (4) Ol (4) 9,61 (8)
||D¢>g< ) 1D )P
050k (1) O () D6k (2) 956% (2)
D6, ()] [ D5 (@)

e [ xS

k,l,m,n

) [akan,biJ (xs - ys) — akanbi’l (O)] ds.

Rearranging terms we have thus proved the following proposition.
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Proposition 7.4.4 (Formula H).

Xt(”)q
t k k
— X(ij)q—l (a Mi d T aj(bs (SC) -9 Mz d7 < aj¢s (y) )
q/o D\ OM: (o) s~ M s us) g
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Proof: There is nothing left to show. O
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Proposition 7.4.4 will be useful to estimate the expectation in Lemma 7.2.3 on the event {T' < 7}
but since this requires some additional preparations we will first consider the reversed case in the
following intermezzo.

7.4.3 Treating Small |z — y| And Large T
Since we obviously have from Schwarz’ inequality that

E| sup m)—wt(y)m{m]q S[E[sup |wt<x>—wt<y>2q] P>
0<t<T 0<t<T

M‘,_,

z (7.13)

it seems reasonable to compute some useful estimate for the tails of 7. We will also immediately
specify conditions on r and 7. Assume first with Lemma 1.3.2 that 7 < 7 is small enough to ensure
for any r <7 that we have

V2= BL(r)] < 2/Bor and [(d _ 1)#“7’) - cr} < [2(d—1)By — dr. (7.14)

Lemma 7.4.5 (tails of 7).
We have the following estimates for P [T > 7| and q > AVBLR(A— )N —c=201] \/ 1

1286,
log T
1. If2(d—1)By — 28, —c <0 and T < 013'6'5;;‘ then we have P [T > 7] < 37|z — y[.
2 If2(d—1)By — 20, —c > 0 and T < 51 5 o8 I3 = h
: N L—¢=Uant Lt = o5 " T/BL(d-1)Bn—c—2p;] | 128prg EM We have
P[T>71] < Zlz—y|?? A Z |z —y[". Of course the latter estimate is also valid in the other case

i.e. if 2(d — 1)y — 26 —c < 0.

Proof: Let (X;):>0 be the solution to X; = |z —y| —i—fg 2B X sdW —i—fot [2(d —1)Bn — ] Xsds i.e. let
Xy = |z — ylexp {2v/BLW; + [2(d — 1)Bn — ¢ — 23]t} for a BM (W,);>0. Then we may start with
(see (1.12) or (1.21) respectively and (7.14))
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(remember |z —y| <r <7 ). Let now 2(d —1)3y — 28, — ¢ > 0. In this case we can

log 47 log g7
VA R@=1)5n—e=3p;] \ 1280, that

2(d—1)By — 28, — | VT
—92(1-® %
4B T

I

log%
ST O N S OO ) BN T NN e N P
ex — = 0, = .
=2 PY 9168, B e — ] 7 = 2 7a

The proof is complete. O

10gL
|z—y|
IX =P | sup Wy > ——— —
Lq% "= 2B T

<P w, > log 55
su —_—
= o2 = BT

Lemma 7.4.6 (estimate for T after 7).

For |v —y| < r < e ¥ and arbitrary q¢ > 4\/5[2(‘11_215252’_0_25” V1 and T > 0 we have the estimate
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and 7.4.5 with (7.13) to obtain
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which means we only have to consider the case T' > ﬁg;zz‘ . By Lemma 7.4.2 we first observe for
_ sty

Ty == 15052 that
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Since f : T — &o|z—yleP2+299)7T ig a convex function and g : T — (By +8.)T +2e~ 12 2ne/qg + IVT
is concave one we may just check that f/(Ty) > ¢'(Tp). First let us fix
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So we can compute

~ 1
d'(To) =(Bn + Br) + e~ 12/256mB/a(q + 1)10g7’:
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Thus the proof of Lemma 7.4.6 is complete. -

To treat (7.12) we finally need the following proposition.

Proposition 7.4.7 (expectation of zero-mean-martingales on rare events).
Let fori,j € {1,...,d}

.. t L. t ..
M, = M = / xXNa=1qy g, — / X1 qy .
0 0

Then we have the following.

1. M, is a zero-mean-martingale and we have for any t > 0 that <M>
constant ¢ := 4(d* + 2d* + d°) maxy, 1 .5, SUP,cga OpOb™™ (2).

. < ¢ a.s. wherein we define the
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Proof: 1. is clear from the definition of M except for the value of ¢. This value follows from (7.9),
(7.10) and (7.11) since (M), < (VII), + (VIII), +2|(VII,VIII),|. For the proof of 2. first assume
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So now (with Lemma 7.1.2) we only have to establish the inequality ¢'(To) < f/(Tp) to complete
the proof of Proposition 7.4.7.

Ag+Eo2qt+oiq?

1 [1286pq¢ 1 z—yl\* 1 o\ e

g (To) = = # < -V/12881¢¢ < |~y|> As+ =o3q+ 03(12) = f'(Ty).
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The proof is complete. O

7.4.4 Evaluation Of Formula H

Now we are prepared to prove the following key result

Lemma 7.4.8 (first estimate for 7 after T').
We have for even q > qq if we assume 7 < % the following.

1.

For h(t) :=E |(max; ; Xt(ij)q Ve — yt|q)]l{t§7}] the estimate
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holds wherein kq behaves like a polynomial of degree 2 (w.r.t. growths of its modulus) in q and equals
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—{0d® + [2C = 3 (BN + Br)] d* + C&® + 3Pnd} q.

We have
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A5 = (Ag +AV %a:? - {Cd8 + [20 - %(ﬁN +5L>} d° + Cd* _wcﬁ})*_and

o?:=152Vvol+ {Cd8 + [3(8n + BL) +2C] d° + [2(By + BL) + C] d* + EEd® + @cﬂ}.

Proof: 2. follows obviously from 1. so we only have to prove this. First observe that we have by
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Proposition 7.4.4 that
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Taking expectations and applying Fubini’s theorem we get
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Inserting some moduli and using Lemma 1.3.2 we get
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Recall the inequality [Ta; — [Tt < Y, |a; — b;| < dmax; |a; — b;| (that is valid for numbers a;, b; with
la;| V |b;] < 1) and use that the expectation of a positive random variable on an event is growing
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in the event and conclude that the latter is less or equal to
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This enables us to conclude with Proposition 7.4.7 and Lemmas 1.3.8 and 1.4.3 in the following
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way.
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since we assumed 7 < 271/2. This now implies via Gronwall’s inequality (see [51, 1.§2.1] for an
appropriate version)

ESqu e(A3+()\V%ag)q+(%52VUZ)q2+d2raq)t

h(t) <|x —y|?2 :
(t) <l = yI"2=5; As+ (A V 303)g+ (562 V 03)g® + d?r,

The proof is complete. O
The next lemma will be the last ingredient to the proof of Lemma 7.2.3.

Lemma 7.4.9 (second estimate for 7 after T').

4VBL2(d—1)Bn—c=28L] \, 3 ¢t

We have for even q > 385,

1

: { e 1“(93)%@)“1@9}] < Go/glx — yleltoTz7ROT
0<t<T

1 1 1

— 2 3 4

with ¢ = sups; | % V2O VBTN VOO Va2 (B 450) | Ao~ A; 4L and og = v/205. Remark:
- (Asq+02q?)9/q

Observe that by Lemma 7.1.4 ¢4 is indeed finite.
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Proof: By the triangle inequality and Lemmas 7.1.4 and 7.4.1 we have

E [ sup [(x) — t(y)|q]l{T§T}] <Lk { sup Mtq]]'{TST}] +E { sup Agﬂ{Tgf}}
0<t<T 0<t<T

0<t<T
1 1
~ q q
<E [ sup Mtq/\T]l{T<T}} + E [ sup Al .
0<t<T

| <ciefund, )" £y, ]
0<t<T

TNAT
2

B+ By [T ;% () 0,05 (x) ;0% () 050k (y)
<CJE _

’ 2 / Z (Z 1D ()] 1D ()II”

Inr a¢Z (1‘) a¢k (I) amQSl (y) a7rz¢n (y) il il

+2 Pe Ao : S [OkOnb™ (25 — ys) — OkORD™ (0)] d

Zm/ 1D P (Do F e (e ) = RO O)] o

(BL+Bn) [T 0; 0% (y) 0;0% (y) Om " (y) Ol (y)
+E [(L 5 N /O >

Q=

Q=

M)
Q=

i.4,k,m D (y)||4
0,0k (2) 9,64 (2) Ok (2) O (1) ds) ] ’
1D, ()"
2 b a
B + By ¢ TAT Z ;0% () 9505 (x) 00 (y) 9; 0% (y)
~ | Dgs ()| Do ()]
T“ 0; 6% () 0;0% (x) Om ok (y) Ome? (y)
+ O V3E ¥ s s
{,;m 1D¢, @) [Ds (v)I

Q=

(00006 (w, = ) = 500" (0)] ds? |

P+ Br TAT ~ 9508 (9) 9,8 () Ot (y) O (y)
E
T [(/ Zm 106, ()]’

_ 064 (2) 9,6 (2) Ok (2) O () ds) ] ’
1D, (@)
<C’q% Br + BN E

TAT ;- 2 % %
- : (/ Ad* (maxXt(”)V|93t—yt|> ds)
0 b
N TNAT 2 % é
_1_0(141\@[5 (Cdﬁ/ (maXX Vze — yt|> ds)
0 1
1
TNAT .. HE
+ P K“"“/o max Xi Ve - ””‘“) ] |
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By Jensen’s inequality this is less or equal to

2d20§1 /w[

+VCdPPCEVIE

1
q

TAT . q
(TAT)%A/ <mz}xXt(lj) V @y yt|> 1{T§T}ds]
0 s

1
q

2,9

TAT q
@nnt [ (v - 1{T<r}d3]
0

4ﬁN + 5L L TAT (i) q %
+Had ———E |(T A7) / <ma}xth \/|xtyt|> Lir<ryds
0 b

1
1 . T . q q
<V2d2Cy /B + BT 'H E [/ (ma}x XD g - yt|) ]1{t<r}d3]
0o \ &

1
1 _ T q a
+Vad*cy V2T E [/ <maxX Vze — yt|> ll{tST}ds]
0

2¥)

2y

_ T q q
+2d4(6N+ﬂL)Tq1[EU (1 X v o~ ) ﬂ{tg}ds} -
0

Another application of Fubini’s theorem and the Lemmas 7.1.1 and 7.4.8 now yields that the
latter is less or equal to (remember that we chose even ¢ > 3)

(fd“'C VBL + BT + VO CIVAT'E +2d(By + BL)T'7 ) </ e )

1 1 . T 5 3 %
< (\/idQO; VB + By + VCAPCi V2 + 2d* By + &)) ee (/ Cs7 2| — y|Te(Asatosa >t>
0

E% 1 1 e(A5q+U§q2)T —1 %
5 5

e(A5+0'52,Q)T

E% 1 1 z
<l =yl (ﬁd?c; VB + By + VCAPCiV2 + 2d*(By + ﬁL)) e

1
_q As+L4+02g)T
& |x — yleltotetosd)

. 5 o1
(Asq +o02¢?)a

< (\/ﬁdQC’qé /B ¥ By + VO CI VI + 24" (B + ﬁL))

(Asq + 02q?) 77

The proof is complete. O
We fix now # < 7 A 271/2 subject to (7.14), » < e '+ and conclude that since we have that

supg< i< [Ye(z) =i (y)|? is the sum of the two terms supg<i<r [Vt (2) =V (Y)|"Lir<ry and Supg<;< [Vt ()~
Yy (y)|91¢r>-y another application of the triangle inequality together with Lemmas 7.4.2, 7.4.6
and 7.4.9 completes the proof of Lemma 7.2.3. O
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7.5 A New Proof For Linear Expansion

We include a short proof for the fact that exponential growth of the first order derivative of a
stochastic flows implies linear growth of the diameter (with suprema taken over compact sets in
both cases as before). The idea of the proof is originally due to T. Lyons and was communicated
by M. Scheutzow. Nevertheless all remaining mistakes are mine.

Lemma 7.5.1 (exponential growth and linear growth).
Let ¢ be a stochastic flow such that the one-point motions x; = ¢(x) satisfy for R > 0 that

max P | max || > CT —1| < e FOT with  lim f(C) = 0.
l€|<R |0<t<T C=o0

Assume further that there erists a constant K > 0 such that for any R > 0 we have

1
limsup — sup log||D¢; (z)]] < K a.s..
t—oo T ja<R

Then there exists C > 0 such that we have for any R > 0 that

1
limsup = sup |¢p:(z)| < C a.s..
t—oo T |z|<R

rT (N)

Proof: The covering of Kg(x) with balls of radius e="7 centered in z™),... ) can be done
with at most N := ce™T balls for some constant ¢. Hence we may conclude with the mean value
theorem

1 ,
{T sup |¢r(x)| > C} C{|ax§f) > CT —1 for some i€ {1,...,N}}
lz|<R

U {diam (K= (z4?)) > 1 for some i € {1,...,N}}
C{|x¥)| >CT —1forsomei € {l,...,N}}U{ sup log|Dor (z)|| > rT}
lz|<R

= Fl(T) @] FQ(T)
Since

PIFA(T)]="P [|x(73)\ > CT — 1 for some i € {1,..., N}} <cemdT IH‘%)I%[P |zp| > CT — 1] < ce™Te= T
we get for sufficiently large C' that Fy(T) occurs only at finitely many T € N by the first lemma
of Borel and Cantelli. If we increase C' a bit more then this holds also for general T € R. Hence
there is a.s. a T' > 0 such that for ¢ > T have that Q\ N;>rFi(t) occurs. Since by assumption the
same is true for Fy»(t) we get that if we choose r > K the proof is complete. |
Remark: IBFs and IOUFs satisfy the condition on the one-point motion given in the lemma.
RIFs do not.
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Chapter 8

Asymptotic Growth Of Spatial
Derivatives: (General Case

We generalize the results from Chapter 7 to a much more general framework. Again the cen-
tral tool for the proof is Theorem 7.1.3. Nevertheless we need different methods to verify its
assumptions than those used in Chapter 7. This chapter is joint work with M. Scheutzow.

8.1 The Main Result

The main result looks roughly like the one of Chapter 7 except that we have to specify the
conditions on the local characteristics a« and b and the fact that we use log(1 + -) instead of log(-).
Note that we leave the scope of isotropic flows so b will denote the drift part of the general
flow SDE and not an isotropic covariance tensor. Let us recall the setup from Chapter 1. Let
(st : 0 < s <t< oo) be a stochastic flow on R? obtained as the solution of (1.2). We recall that
for some m we have the decomposition F(t,z) = M(t,z) + V(t,z) where M(t,z) is a C™°-local
martingale and V (¢, z) is a continuous C™%-process, such that D2V (¢,z), |a| < m are all processes
of bounded variation. Assume again that the local characteristic (a,b) can be written as

(M(-,:U)7M(~,y)>t:/0 a(z,y,s)ds and V(t,x):/o b(x, s)ds

wherein a(z,y,s) = (a¥(z,y,s))1<i,j<a and b(z, s) = b*(x, s)1<i<q are as in Chapter 1. We will use «,
B3, v and § to denote multi-indices in this chapter. With these notations we can state the following
theorem. Note that IOUFs, IBFs and RIFs are covered by it.

Theorem 8.1.1 (exponential growth of spatial derivatives).

Assume (a,b) € BZl;l, let Z be a compact subset of R® with box dimension A > 0 and let o be a multi-index

with || < n. Then
1
lim sup ( sup Sup - log(1 + |D‘X¢t(m)|)) < K as.

T—oo \0<t<T z€ZE

where we put

2
and Ay := %d(

N

B, +2A,,0,A cif 0> Ag
K = —A)

B, + A,do,/ ﬁ 1 otherwise
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for constants A,,, B, and o, that depend only on n, d, (a,b).

The proof of this theorem relies on two lemmas as before. These allow us to apply Theorem 7.1.3
to ¢i(x) :=log(1 + [D¢; (x) ). O

Lemma 8.1.2 (condition on the one-point motion).
Assume that (a,b) € B, We have for each bounded S C R? that

1 ,
limsup — logsupP | sup Z log(1+ |D%¢] (x)]) > kT | < —
T—oc0 zeS 0§t§Tl§|a\§n7j

Therein A,, and B, are constants that depend only on n, d and (a,b) as in Theorem 8.1.1.

Remark: In fact we will show that we can take the supremum over R? instead of over bounded
S.

Lemma 8.1.3 (condition on the two-point motion).
Assume that (a,b) € BZl’,l. We have for each x,y € R*, T >0 and p > 1 that
. . l/p 1 2
E | sup |log(1+[D%¢] (t)]) —log(1+ D%y () )IP| < éla — ylezPmT
0<t<T

for o, as in Theorem 7.2.1 (i.e. we specify them later).

8.2 Proof Of Lemma 8.1.2: The One-Point Condition

First recall from [20, (18)] that we have for x € R?, arbitrary a with 1 < |a| <n and 1 < j < d that

> /Opﬂ,x,j(S)DﬁFj(ds,xs) (8.1)

2<1B|< e

. t ) .
D1 (@) = Ny + 3 / DG}, (x) B (ds, ) +
i 0

where 7,,; = 1if [a| =1 and o; = 1 and 7,,; = 0 otherwise, and where Ps, ; (s) is a finite sum of
products of the form []/_, DYi¢l.(z) with 1 < |y;| < |a| and Y_;_, |vi| = a. Observe that the last
sum in (8.1) is empty if |o| = 1. (8.1) yields with It6’s formula

(D¢} (x))?

t t
=y +2 3 [ D76 (@) D0 (@) 00 (@s.r) +2 Y [ D6 @) oy () DA ()

2<1B[< e

t
+ Z/ D¢l (x) D*¢% (x) DiD5a/I (x4, x4, 5)ds + Z Pg ;i (8) Py j(s) D?D;a“ (zs,xs,5)ds
ik 70 2161, 7I< el

¢
+2 Z / D¢% (x) Pg o j (5) DliDgajj(mS7 Zs,8)ds
2<|BI<lali "

t t
+ QZ/O DQW; (x) Da(bé (x) D?ibj(q:s,s)ds +2 Z /0 Da(b;' (@) Psaj (3) Dﬁbi(xs7s)ds

2<|B1<] e
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and hence summing over « and j that

M@y = Y (D¢ (2))?

1<|a|<n,j
t
=d+2 ) /Daqsﬂ ) DY@ () ;M7 (ds, ) + > D@1 (2) Pp . ; (s) DP MY (ds, )
1<|a|<n,i,j 2<|8/<]a|<n,j 0
+ Z D”‘qﬁi (z) D*¢* () D} DEa¥? (x4, 24, 5)ds

1<]al<n,igk 70
t
+ > Py (5) Py s j (s) DY DJa¥ (x4, 3, 5)ds
2<|8],|y|<|al<n,j 70

+2 Z / D¢ () Py o ; (s) DiDS a7 (x4, 4, 8)ds

2<|8|<|a|<n,i,5

2 Y /D%{, () D61 (z) D' (s, 5)ds + 2 /Dw 2) Ps.o s () DOV (y, 5)ds.
1<]al<n,ij " 2<|B|<|a\<n3
Note that } 0, 5/<|aj<n,; Mmeans that the sum is taken over j € {1,...,d} and all multi-indices

a and 8 with 1 < |8] < |a|] < n. Applying the shifted logarithm log(1 + -) we get with another
application of It6’s formula that

n Do¢I (x) D¢l (),
log (1+ LZJ( )( )) =log(1+d)+2 — O M’ (ds, xs)
( ) 1<a|<nzj/ 1+w( )

' D¢1 (x) Pgu ()
2<]B|<lal<n,j 7 ° L+
/ D?g! () D% ()

1+

+2 DP M (ds, x)

DiDka (x,, x4, s)ds
1<|a|<n 4,4,k

t
n Z B,x,j (S) 'Z;) 2] (8) leDgaj](xsaxsas)ds
2<18],1yI<lal<n,j L+

D¢ (x) Py, o
+ 2 / 9% ( [:1) (s )DiDga”(xs,xs,s)ds
2<\ﬁ\<\o¢|<n1j 1+¢5

/ D¢} (= D(:)(bz (= )Dibj(:rss7 s)ds + 2 Z " D) (@) P(i)” (S)Dﬁbi(xs, s)ds
1<\a|<mg 14 2<|8|<|o]<n,j *° 1+
L 3 D] (z) D¢} (x) D¢l (x) D% (x)
1<al,[3]<n.ijk,l (14442
—4 Z tD"ng(x)Pﬁ,m,j()D‘;qb’() “/IZ()
218 <o <2<y <18 < 7 O (142
' D2l (x) D¢l (x) D¢ (x) Py ok (5)
116 <n,2<|BI<al<n ik O (1+ )2

= logl+d)+ L+ 1L+ IIL+IVi+ Vi + VL + VIL + VIIL + IX; + X;. (8.2)

DiD’gaﬂ(xs,x‘;,s)ds

DY D] ai (x4, x4, 5)ds

-8 DiDS % (xy, x4, 5)ds
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Hence for n < 2 putting N, := I + II; and using the assumptions on (a,b) we get that there are
constants A, and B,, such that we have the following. We get ITI; + +... + X; < B,t and hence

log (1 4™ (x)) <log(1+d) + Ny + Bt (8.3)

wherein N; is a continuous martingale starting in 0 which satisfies (N); < A,t a.s. for any ¢t > 0.
Thus we get using the Dambis-Dubins-Schwarz’ Theorem that there exists a Brownian motion
(Wi)i>o such that supgc;<r D 1< jaj<n,; |D¥¢J (2) | < (d + 1)eAnswosi<r Wit BuT - Uging estimates for
the geometric Brownian motion as in Chaper 7 shows that for |a| < 2 we have that

(k- Bn)%
2A2

To conclude for |a| > 2 we make the following observations. The only issue is that the appearence
of Pg, ;(s) in (8.2) does not allow for the straight conclusion to (8.3). This is overcome in the
following way. We only explain the argument because it involves a lot of cumbersome notations
and very lengthy formulas that do not make the proof any clearer. Observe that (for some N)
the function f: RN — R, (21,...,2n) — []j_, i, satisfies for [,n € {1,..., N} that 9, f(z1,...,2n5) =
D ohet ijm1 @300, and 00 f (1, .+, ON) = 2 opy Dkt sz,m}ajzl ;,01,i,0n,i,,- Hence if we let
enter any finite product of the form [/_, D¢’ () with 1 < |v,| < n and Y/_, |vi| = o squared
into the sum in the definition of 1pt(")(z) then we may apply log(1 + -) and end up with (8.3) as
before. This completes the proof for general «. O
Remark: In this new approach the dimension d enters into A,, and B,, so we cannot hope to be able
to improve the constants obtained for isotropic flows in Chapter 7 in general. The improvement
is the much wider scope of the result.

1 .
limsupf log P [|DO‘¢§ ()| > kT| < —

T—o00

8.3 Proof Of Lemma 8.1.3: The Two-Point Condition

Let us state a general version of Lemma 1.3.8 and 1.4.3.

Lemma 8.3.1 (two-point control general version).
There are constants X > 0 and o > 0 such that for any x,y € R? there is a Brownian motion (Wi)i>o0 such
that we have a.s. that |x; — ;| < 2e7 S'Poss<e WetAL

Proof: We assumed more than necessary to apply [52, Lemma 4.1]. O

8.3.1 Omne-Point Mean Estimates

We will need the following lemma concerning the means of the one-point motion of the spatial
derivatives.
Lemma 8.3.2 (mean estimate for the one-point motions).
Assume that (a,b) € BZ;}. Then there is k > 0 and k,, > 0 such that we have for 1 < |a| < n,i € {1,...,d},
p>1 and x € R that

E| sup |[D¥@:(x) | < keknTP"

0<t<T

Proof: This follows directly from (8.3). O
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8.3.2 Two-Point Estimates

Now we come the the proof of Lemma 8.1.3. Let us recall from [20, Proposition 2.3] that for any
T > 0 there is a constant C = C(T) > 0 such that for z,y € R, j € {1,...,d} and p > 1 we have

E] sup D767 () - D°0] (v) ﬂ < Pz — gl A1),
0<t<T

Define

Cu(T) := inf {Vo,y R, 1< o] <n,1<j<d:E { sup [D¢] (x) — D¢] (y) || < %" (Jo — yP A1)}
>

0<t<T

and observe for o = 3+ (0,...,0,1,0,...,0) (with the 1 at position number ) and T' < ¢t < 2T as
before

|D¢] (x) = D¢} (y) [? = | D' DP ¢, (wr) — D' D ¢, (yr) [P
=| Z@D%ﬂ (wr) D¢ (x) = > D¢, (yr) D*¢% (y) |P

k
:|Z<‘91D%Tt<m [D*6h (@) — D7 ( }+Z (007 6%, (v1) — AD %, (yr)] D% (y)
k
<)’y sup (D G (er) P swp [D*o} (2) ~ Dol (y) ”

k T<t<2T

+ 24P sup |9 D ¢l (xr) —51D%Tt (yr) \pogltlngD%? (y) 7

W T<t<2T

which yields via integration

£ | swp D6 (a) ~ D6 ()P

0<t<2T

<aP Y E| s [0D%d, (er)|? sup (D] (5)~ D6l ()P
& T<t<2T <t<T

- (M)”Z[E[ sup |0, D° ¢, (vr) — D¢k, (yr) 'poi‘iET‘DW (y) |p]

T<t<2T
=(2d)P Z E [rﬁ ]—'T”

{ sup |04 DP ¢k, (xr) — Dk, (yr) P sup [D*¢] (y) [P
0<t<T

T<t<2T

sup |9 DP¢k., (xr) |p sup \D’w ) — D*¢i (y) P
T<t<2T

d)? [E

7 ||

T<t<2T

—2ar Y [E[E[ sup 0D, (wr) ? fT} sup |D*6i () — D i (y) ﬂ
0<t<T

d)P [E [ sup |0, DP ¢k, (xr) — 0D ¢y (yr) P
T<t<2T

Fr| sup 10461 ]

<t<T
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Applying Lemma 8.3.2 we get that the latter is less or equal to

0<t<T

ey Y[R 1949 (5) - DL )]

+ @0 S [T g~y A1) s 10467 ()]
k 0<t<T

SCAPAEETY eI (P A1) 4 ) 5 TP (o - el A1) sup (D)) (80
k ==

Since we have by Schwarz’ inequality and Lemmas 8.3.1, 8.3.2 that

E|(er —yel? A1) sup D% (9) @ s\/[E [<|xT—yTPA1)2HE[sup Dk <y>|ﬂ
0<t<T 0<t<T
< VETor = yr )] A TV feethaTr?

(| — ylPer PP A 1)y e T

<(jz — yP A 1)ﬁeé(>\p+62p2+4knz)2)f

Inserting this into (8.4) we get

E sup ‘Dad)g (1‘) _ Dad)g (y) ‘p §2pdp+1eC"(T)P2 [EeknTp2 + \/EG%()\p+52p2+4knp2)T (|$ _ y‘p A 1)
0<t<2T

<oPgrt( + \f T)+3 (N p+5°+4kn )]pQT(‘x —ylP A1)

and hence for T > 1 and p > 1 that

Ca(2T) _ ,log(2d) + log(k + Vk k)
2T 2T

Cn(T)

1
§(A+a + 4ky,) + 5T

Assuming w.l.o.g. that C,, (1) > 2log(2d) + 2log(k + Vk) + A+ 52 + 4k, we get by induction that for
Ch

any m € N we have C’ﬁm) < (1) Letting 1 < e <2 we observe for m € N that

Cn(2m€) IOg(Zd) + (]; + f) 1 Cn<2m—1€)
< b R ——
ome gm—Te Ty (ot k) + =0
_log(2d) + (k+ V) 1 Cn(2m)
ST §(>\+a + 4k, + o
log(2d) + (k+Vk) 1, Ca(1)
< ST 5(/\+ &%+ 4k,) + o

Cn(')

[1,00). Inserting the constant ¢ completes the proof because for s,¢ > 0
we have |log(1 +t) —log(1+ s)| < |t — s| which follows from the mean value theorem. O
Remark: The assumption (a,b) € B/;' enters into the proofs via citation of the results of [20].



Chapter 9

Further Steps To Pesin’s Formula

This chapter is devoted to an outlook on further research to be done if one wants to prove Pesin’s
formula for IOUF’s along the lines of [37]. Since assertions concerning uniform continuity cannot
be expected to be true in the case of an IOUF we have to replace them by localized versions. If
these are not sufficient to yield Pesin’s formula, then it is very unlikely that it can be shown in
the intended way. Similar considerations apply to uniform Lipschitz continuity etc..

The next thing to do is to spend some time on stable manifolds because they are essential for
the partitions constructed to prove the reverse inequality to Theorem 6.3.1. We start with the
verification of the following result which is essentially taken from [50]. The continuous-time case
has been treated in [39] which we will also use occasionally. Note that using the identification of
a stochastic flow and its associated RDS we will use ¢;_s(z,0°w) and ¢, +(x,w) to denote the same
object (cf. 1.2.11). In the whole chapter we restrict the attention to the IOUF case since both
the IBFs and the RIFs do not posses invariant probabilities.

9.1 Local Stable Manifolds

Theorem 9.1.1 (local stable manifolds for IOUF's).

Let p be the invariant measure for ¢ and assume that A < 0 is not one of the Lyapunov exponents of p. Put
p := P @ u which is a probability on ((Diff(R?))Z x R, B(Diff(R?))Z @ B(R?)) such that 7 : 2 x R? — Q x R?
defined by T((wn)nez, ) = ((Wn+1)nez, p1(x)) is p-invariant (cf. Definition and Lemma 1.2.4 as well as
Lemma 1.2.14). Then there exists a set T C Q x R? with p(T') = 1 and B(Diff(R?))? ® B(R?)-measurable
real functions B > a > 0 and v > 1 such that we have for (w,z) € T the following.

1. V(A%Z) ={2 € Ko, (0) : Vn >0 : |lon(z + 7,w) — pn(z,w)| < B(w,2)e} is a C*L-submanifold
of Ko(w,2)(0) tangent to ©x, <A Ei(w, 2). Therein E;(w, z) is as in the multiplicative ergodic theorem.

2. If N < X\ is chosen such that [N, \] does not contain any Lyapunov exponents of ¢ then there is
v (w, z) such that we have for x,y € V(/\w 2) that

lon(z +2,0) = @n(z +y,w)l| 7' (w,2) |z —yll ™

Proof: This is Theorem (5.1) of [50] applied to

o F: QxR — C*(RLRY), (w,2) = Fluz) = p1(z + - w) — ¢1(z,w),
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d T(w,z) = Dz(pl('vw%
o M

(w

) = Frnm1(u2) 0 0 Fr sy 0 Fl o) = on(z+w) — pn(z,w) for n € N,

o I

(w,2) *

= T,,.n71(w12) 0...0 T‘r(w,z) o T(w,z) = ngpn(-,w) for n e N,
b Tn(wa Z) = (@n(wa Z)a enw)

The identities for i, 0 T(., .y and 7" (w, z) are obtained via an easy induction (which we postpone
to a more general case in the sequel), so we only have to note that ¢ is in fact C?! and that
from [57, (2.5)] and [20, (17)] that [p., qlog™ ([l¢1(z + -, w) — @1(w, 2)ll51)dp(w, 2) < 0. 0
In fact the proof in [50] also shows the following proposition.

Proposition 9.1.2 (existence of h).

Locally V(Aw,z) can be written as the graph of a C?-function from @&, <\E;(w,z) to (@AK,\Ei(w,z))l. In
detail this means the following. For any (w,z) € T’ there is a function

R,y Kaw,2)(0) C @, <aEi(w,2) — (@x, <rEi(w,2))" with P(w,2)(0) = 0 such that exp;* u(’\w’z) is the
graph of h, z)-

Proof: There is nothing left to show. The construction of V(/\wyz) relies on the Arzéla-Ascoli theorem
yielding directly the assertion of the above proposition. O
We will need the following versions of stable manifolds. Let Ey(w, 2) := ®x, <A Ei(w, 2), Ho(w, z) :=
Eo(w,2)* as well as E,(w,2) == D,p,(-,w)Es(w,2) and H,(w,z) = D.pn(-,w)Hy(w,z). We will
also need the notations T)(w,2) = Dy (zw)fnti(-0"w), Sh(w,2) = TL(w,2)|p, (wz) > UL(w,z) :=
Tl (w, 2)|H, (w,2)- Now we can formulate the following generalization of Theorem 9.1.1.

Theorem 9.1.3 (more local stable manifolds).

Let pu, X and p be as in Theorem 9.1.1. Then there exists a set I C Q x R? with p(I') = 1 and for n € N
there are B(Diff(R?))? @ B(R?)-measurable real functions B, > o, > 0 and 7, > 1 such that we have for
(w,z) €T and n € N the following.

1. v}, = {SC € Kan(w,z)(o) :Vm > 0: ||()Om((,0n(Z,W) + 1‘,9”(.«)) - gom(cpn(z,w),G"w)H < /Bn(waz)e)\m}

(w,2);m

is a C*'-submanifold of K, (., -)(0) tangent to E,(w, z).

2. If N < X\ is chosen such that [N, \] does not contain any Lyapunov exponents of ¢ then there is
v (w, 2) > 1 such that we have for z,y € v}, ., = that

(w,2),
H<P7n(§0n(z,w) + z79nw) - (pm((pn(Z,W) + Y, enw)” < ’Y;’L(w7 Z) ||17 - y” eAlm'

3. For any (w, z) € I there is a function hy .y n: Ka, (0,2)(0) C En(w,2) — Hp(w,2) with h, 2y n(0) =
0 such that exp;l(z ) l/(/\w D is the graph of h(y, z)n. Note that the exponential map is of course

rather trivial in R? but we like to keep the notation close to the manifold case.

4. We have (in fact we may and will choose to have) that

an(T(w, 2)) > an(w, 2)e* as well as B, (7(w, 2)) > Bn(w, 2)e. (9.1)
5. Forx € V(AMZ)’” we have

01(on(2,w) + 2,0"w) — Pni1(2,w) € VX, 2y ni1- (9.2)
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6. For n € N we have

1 m{PnlZ, ,971 — Pm ¥Pnl<, 79n 3

lim sup — log <sup{|90 (Pnlz,w) +2,6"w) = pmlon(z,@) +y w)|:x7éy€l/(>‘zw)n}) <A
m W),

9

(9.3)
wherein A denotes the largest Lyapunov exponent smaller than .
7. If d,, denotes the distance along V(Aw,z),m for m € N then we have for arbitrary x,y € 1/(>‘w D that
dU (@m(wn(zv (.«J) =+ €z, enw)7 Wm(%ﬁn(zv w) + Y, anw)) S 7;("07 Z)dl/(x5 y)e)\m. (94)

Remark: If one decreases 3, (w, z) then one of course obtains the same statement (possibly with
a smaller a,,(w,z) and a smaller 7, (w, 2)) ending up with a subset of v\

(w,z),n"
Definition 9.1.4 (local stable manifolds).

The set V(AMZ)’” from Theorem 9.1.3 will be refered to as the nth local stable manifold at z.

Proof of Theorem 9.1.3: The first three assertions are obtained from [50, Theorem (5.1)] applied
to

e F:OxR— CQ’l(lev [Rd)a (W,Z) = F(w,z) = @1(9071(27“}) + .70nw) - (pl(cpn(sz)aenw)a

T(w,z) = Dz,a"(z,w)cpl('a enw)’

Ft = F o

(w,2) *

©...0 Frn(w,z) o F(w,z) - <pm(cpn(z,w) + o 0nw) - @m(ﬁan(sz)v an) for m € N,

w,z)

o 7" =T m-1
Tn

(UJ,Z)

yO ... 0 T‘rn(w,z) o T(%z) = D¢7l(z7w)§0m(~,9nw) for m € N,

(w,z
o 7w, 2) = (pm(w, 2),0"w).

We will now show the identity for F - The one for TE follows from this as well as the
remainder of Theorem 9.1.1 (put n = 0 and rename m to be n). The formula for m =1 is clear
by definition so it suffices to observe that
F(?Z,z) :FTrn—l(w’Z) (e} F(Z;)l(x)
:F(Gmflw,cpm,ﬂz,w)) (@mfl(@n(za W) + z, enw) - @mfl(spn(za w)a enw))
=1 ((pn(gom,l(z,w), em—lw) + @mfl(gon(za w) + x, enw) - QOmfl(gDn(Z, w)a enw)’ em—lenw)
—¥1 (@n(@m—l(z,w), Hm_1CU), H"Om_lw)
o {ion (200) + 2,07) = P (2,), "),

The fourth assertion is now seen to be [39, (3.29)]. The proof of (9.2) is as follows. Since we
wrote exp;i(z ) V()\w,n),z as the graph of h, ., we get

{(ga h(w,z),n(&)): f € Kan(w,z) (0) N En(w’ Z)}
-1
‘pn(sz) V((.u7n),z

:eXp_l ) {x € Ka(w,z)(‘»on(z,w)): Vm > 0: [|om(en(z,w) +2,0"0) — om(pn(z,w), 0"w)| < ﬁn(w,z)eAm}

on(z,w

={y € Kn(w,2)(0): ¥Ym > 0: [[0n(y,0"w) — om(pn(z,w),0"w)|| < By(w,z)e’™} .

=exp
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This by the way proves that for any £ € K, (4,-)(0) N E,(w, 2) there is a unique 1 € E,(w, z)* such
that for all m € N we have

lom (n(z + € +1),w),0"0) = Pm(@n(z,w), 0"W)]| < Ba(w, 2)e*™.

This is an analogue to [37, II1.(3.3)]. Observe now for = € v/ that

(w,2),m

| m (ns1(z,w) + @1(pn(z,w) + 2,0"w) — oni1(2,w), 0" W) — i (Pny1(z,w), 07 w)||
= |lem (@1(pn(z,w) +2,0"w), 0" W) — o (@nlp1(z,w), w), 0"w) |
= ||em (p1(n(z,w) + 2,0"0), 0" 0) — o (1 (pn(z,w), 0"w), " w) |
=[lem+1 (pn(2;w) + 2,0"0)) — @it (pn(z,w), 0"w)) ||
<Br(w, 2)eN ™) < B, (7(w, 2))eM™

by (9.1). This proofs (9.2). (9.3) is a direct consequence of [39, Theorem 3.1 (b)]. (9.4) now follows
from this and the mean value theorem via integration. O

9.2 Global Stable Manifolds

The local stable manifolds V()\w,z),n consist of points in the neighbourhood of z € R? approaching

the trajectory of z exponentially fast. The set of points with the latter property is seen to be a
manifold which we call the nth global stable manifold of 2. It of course is a random manifold.

Definition 9.2.1 (global stable manifolds).
Let X\ be as in Theorems 9.1.1 and 9.1.3. The set

1
V= e €RY: Tim —log [oun(pu(2,w) +2,0"w) = pm(pn(z,w), 0"w)] < A}

is called the nth global stable manifold of z. The Oth global stable manifold of z will just be refered to as
the global stable manifold of z.

We have the following theorem about the global stable manifolds.
Theorem 9.2.2 (properties of global stable manifolds).

Let Va’)gz) » be as in Definition 9.2.1 and l/()‘w D be as in Theorem 9.1.3. Then the following holds true.
1. For any m € N we have (¢m(on(2,w) + -, 0"w) — @m(on(z,w), 0"w)) V(Au,:?z),n = V()\ofz)m-«-m

2. Suppose we are working in the natural extension of our RDS (which we do without change of notation

by just assuming that (-, -) makes sense for negative k € Z). Then defining the increasing family
A0 A

of random sets (V(/\a;trzl)m)m@\‘ S V() 0 = Vi (u,2),n 010
l/():)?;)’n = (go,m(z + ~,9m+"w)u(>‘9mw’z)m — p_m(z, 0"”%1)) I/()\O"”w,z),n if
u(’\w”;)fi - (@,m(z + 9m+nw)y()\0mw,z),n —p_m(z, 9m+"w)> and 1/()\“’:;)’” = V(’\w";;i otherwise
we have P ® p-a.s. that o
Vistom = U vl (9.5)

m=0
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Proof: Despite the fact that similar proofs can be found in [12] and [39] we give some details.
The first assertion can be shown in the following manner.

(P (#n(2,0) + ,0°w) = P (2,0)) V022,

o .
Om(pn(z,w) + 7,0"w) — Yrnim(z,w): hlIchSUP EIOg llor(pn(z,w) +2,0"w0) — Ppyr(z,w)| < )‘}

_ 1
y: limsup  log lor(P—m (¥ + Cmin(z,w), 0" T™w) ,0"w) — Ppin(z,w)]|| < /\}

1
y: limsup - log[lor—m (y + Pmin(2,w),0"7"w) = nik(z,w)|| < /\}

k—o0

: limsu
Y k:—>oop k+m

{
{
_ {y: tin sup 2108|010t (5 + P (7). 0"0) 670) — sz, )| < A}
{
{
{

log H@k (y + Pmtn (2, W), 9n+mw) - <Pn+m+k(2',w)|| < /\}

1
{y: hinsup % IOg HSDk (y + Som-i-n(sz)ven—i_mw) - <Pn+m+k(Z,W)H < )\}

_, N9
T (w,z),n+m’

The proof of (9.5) is similar to the proof of [39, (3.38)] and we omit the details. See also [12,
Lemma 3.2.2] for the case z =0 is a fixed point. O

9.3 Local Holder Continuity Of Oseledec’ Splittings

We now start to discuss the dependence of Eg(w, z) and Hy(w,z) on z € Re. First we recall some
facts from [37] which are stated in the compact manifold setting but with proofs that perfectly
cover our case. In this whole subsection let A be as before and let [\, A] C (o0,0] be a compact
interval that does not contain any Lyapunov exponents of ¢. We fix 0 < ¢ < (X — \)/200.

Lemma 9.3.1 (definition of I(n,w, x)).
There exists a measurable function I : T x N — (0,00) such that we have for (w,z) € T and n,l € N the
following.
VE € En(w,2): S, (w, 2)€] < Uw, z,n)eT¢],
Vi € Hy(w,2): [Up(w, 2)n] > 1w, z,m) "X Ve],
V(En+l(wa Z)a Hn—i-l(wa Z) > l(wv 2, n)ileid

wherein v denotes the angle between two vector spaces.
Hw,z,n+1) < l(w,z,n)e

Proof: Since an IOUF is ergodic this is just [37, Lemma III.1.1] because the Lyapunov spectrum
is constant. O
Let I’ € R be a number such that the set IV := {(w,2) € I': I(w,2,0) < I'} # 0. We then have the
following lemma concerning the continuity of Ey(w,z) and Hy(w, 2).
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Lemma 9.3.2 (continuity of Ey(w, 2)).
Eo(w,z) and Hy(w, z) depend continuously on (w,z) € T'Y

Proof: Although this is [37, Lemma III1.1.2] we have to comment on its meaning. The topology
on the Grassmanian manifold consisting of k-dimensional subspaces of R? can be assumed to
be canonical (in special cases it is just a suitable projective space) and the topology on R is of
course clear, but it is not really common to have the probability space equipped with a topological
structure to study the continuity of random variables. The topology that is used on € in [37] is
the countable product of the C?-topology which is not suitable for IOUF's since their C2-norms are
a.s. infinite. The assertion of the above lemma may nevertheless be used as the statement that for
almost all w € Q the mapping R? 3 2 — FEy(w,2) or Hy(w, 2) respectively is continuous. A serious
inspection of the proof also shows the following. The above convergence i.e. the proof of [37] also
holds if one replaces the C2-topology on Diff(R?) by the topology of uniform C?-convergence on
compacts. This can be seen in the following way. Let (w,z), — (w,z). Using the compactness
of the Grassmannian manifold we get that Ey((w,x),) contains a convergent subsequence with
a limit E (we pass to the subsequence without changing notation). Since manifolds are metric
spaces it is sufficient to show that E = Ey(w,z)). In view of Lemma 9.3.1 it is sufficient to show
that for any [ € N and £ € E we have

|50 (w, 2)¢| < KX

for a suitable constant K (independent of 7). To see this it is sufficient to observe for any sequence
EO((UJ’ x)n) = fn —&ek that

|86 (w, 2)€] <[Sh(w, 2)(€ = &a)| + [(Sh(w, 2) = Sp((w, 2)n))én] + 1S5 ((w, 2)n)én]
<88 (w, 2)[| 1€ = &l + [| (S (w, z) = S5 (@, 2)n))| én] + Uwn, 2n, 0)eX TV, |
<S8 (w, 2)[| 1€ = &l + [| (S5 (w, z) = So((w, 2)a))| [n] + 1P g .

Since {¢,: n € N} is compact we have that the first two terms vanish as n — oo and the proof is
complete. O
The following proposition will be used to show even a bit more than continuity of Ey(w,z) and
Hoy(w, ). We first have to define the notion of Holder continuity for subspaces of RZ.

Definition 9.3.3 (local Holder continuity).

Let X be a metric space and (E,: x € X) be a family of subspaces of the Hilbert space H. The fam-
ily (Ey: x € X) is said to be Hélder continuous with exponent o > 0 and constant C > 0 if we
have for any x,y € X that d(E,, Ey) := Ap(E,, Ey) V Ap(Ey, E;) < Cd(z,y)*. Therein Ap(E,E) :=

supgep,||e||=1inf, c 5 [ — nl| is the aperture between E and E.

Proposition 9.3.4 (sufficient conditions for Holder continuity).
Let (X, d) be a metric space with diameter at most 1. Let H be a Hilbert space and (T;(x) : x € X,i € N)
be a family of bounded linear operators T;(z): H — H. Write T°(z) = id and T"(z) := T,(x)o...0oTi(x).

For numbers C > 1,a< b let A, ;o the (maybe empty) set of points x € X for which there exist splittings
H = E, ® E+ such that for any n € N the following holds.

17" ()¢l < Cet[[€]],€ € By and [|T™(2)nl] = C~ e ||nl], € € Ej.
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Suppose there are numbers ¢ > a and 3 > 0 such that for x,y € X and n € N we have
1T (x) = T"(y)|| < e™d(,y)”.

Then the family (E, : x € A, ; &) is Holder continuous with exponent ‘:’—JZﬁ and constant 3C3eb—4.

a—c

Proof: [37, Proposition I11.4.1]. ]
The application of Proposition 9.3.4 now yields the following theorem.

Theorem 9.3.5 (local Holder continuity).
Then the family (Eo(w,z) : (w,z) € TY) is a.s. locally Holder continuous w.r.t. x € R®. This means in
detail for (w,x) € T that there exists o > X + € such that the family (Eo(w,y) cy € Ky(x)N (Flﬁ/)w) is

A—A—2¢

Hélder-continuous with constant 312e>=*=2¢ and exponent -5

Proof: The proof follows from Lemma 9.3.1 and Proposition 9.3.4 applied to H = R?, X = K;(x),
E, = Eo(w,2), Tn(z) = Dy, (zwyp1(z,0" 'w) and A, ; o = ' since we have the following. For all
x € R? there is an a.s. finite random number o = a(w) such that for all n € N and |z —y| < 1 we
have

[1D2n(-) = Dyn ()| < ez —y.

This follows from Theorem 8.1.1 since the local characteristics of IOUFs allow for the application
to the second order derivatives. O
Remark: To further proceed with the proof of Pesin’s formula along the lines of [37] one might
wish to start at [37, p. 84, IIL.5 .
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Chapter 10

Some Open Problems

In this chapter we name some questions as possible directions of further research. We order them
by the chapter they arise although there is almost no reference to these questions in the text
before. We conjecture that the difficulty of these problems varies from an advanced graduate
exercise level to a quite difficult level, that cannot be captured without a significant amount of
work.

10.1 Open Problems arising from Chapter 2

In Chapter 2 we gave a spatial regularity lemma which suggests to ask for the following refine-
ments.
Problem 10.1.1 (precise spatial asymptotics).

Given an IBF, IOUF or a RIF with convariance tensor b and drift ¢ (c = 0 for the IBF case) find the
right order of magnitude of sup > g(|¢(x) — e z|) i.e. find a function f such that

_ ,—ct
lim sup |¢f(:r) € I'

exists in a non-trivial way.
R—0o0|z1>R f(l=))
Therein ,non-trivial“ means that the limit is strictly positive and finite w.p.p..

Problem 10.1.2 (precise spatial asymptotics 2).
Find a solution to Problem 10.1.1 that is wvalid for a larger class of stochstic flows or at least prove
Lemma 2.2.1 in this context.

These problems seem to be rather feasible but we confined ourselves to the treatment given in
the text because it is sufficient for the application in Chapter 5.

10.2 Open Problems arising from Chapter 3

The question of positivity of densities for the n-point motion seems to be still not completely
solved. It is possible that quite standard methods lead to a solution to the following problems.

Problem 10.2.1 (positivity of densities).
Find more reasonable conditions on the covariance tensor b such that the two-point motion of the associated
IBF (or IOUF or RIF) possesses a strictly positive density on R .
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Problem 10.2.2 (positivity of densities 2).
Solve Problem 10.2.1 for the n-point motion with the obvious analogue for RL. Observe that it is necessary
to ensure the existence of a density by investigation of the hypoellipticity of the diffusion matriz.

Since both these problems do not play a central role in the later chapters we did not pay attention
to them.

10.3 Open Problems arising from Chapter 4

The following problems seem to be quite hard to tackle.

Problem 10.3.1 (a.s. convergence in the limit shape theorem).
Prove (or disprove) that in the limit shape theorem one has a.s. convergence instead of convergence in
probability yielding that the limit shape property holds for all sufficiently large times T .

Problem 10.3.2 (general limit shape theorem).
Find the limiting behaviour as in the limit shape theorem for IOUFs (with sub-linear scaling) or RIF (with
exponential scaling).

Remark: In both cases we conjecture the limiting behaviour to be random.

Problem 10.3.3 (general limit shape theorem 2).
Find the limiting behavior in higher dimension or for a more general class of stochastic flows. Does the
expansion speed depend on the codimension of the initial set? Is it still well-defined in some sense?

10.4 Open Problems arising from Chapter 5

We indicated that it is not straightforward to find a Lyapunov cohomology between the RDS
coming from an IOUF and a C?-RDS on the d+1-dimensional unit ball and we strongly conjecture
that it is impossible to find one. Nevertheless one might ask the following.

Problem 10.4.1 (Lyapunov cohomology).
Prove that there is no Lyapunov cohomology between the RDS coming from an IOUF and any C*-RDS
living on a compact Riemannian manifold or find one.

10.5 Open Problems arising from Chapter 6 and Chapter 9

The following problems directly arise from the fact that we did not need so much IOUF structure
in Chapter 6.

Problem 10.5.1 (Ruelle’s inequality).
Generalize Theorem 6.3.1 to the case of a general stochastic flow with one-point motions that have invariant
probabilities.

Problem 10.5.2 (Ruelle’s inequality).
Find a reasonable notion of entropy for IBFs (or even RIFs) and generalize Theorem 6.3.1 accordingly.

Problem 10.5.3 (Pesin’s formula).
Prove equality in Theorem 6.3.1 or even in one of the settings of Problems 10.5.1 or 10.5.2.
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10.6 Open Problems arising from Chapter 7 and Chapter 8

Except from the improvement of the constants given as upper bounds there is just one problem
left

Problem 10.6.1 (lower bound).
Find a lower bound for the exponential expansion rate of the derivative in any of the treated cases of

stochastic flows.
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see Theorem 1.1.1

see page 8

generic notation for a constant

continuous functions with bounded derivatives up to order 2



INDEX OF NOTATION

155

a5

C1,C2,y ...
C1,Cs,. ..

C(RYx {1,...,d}
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generic notation for constants - new numbering per chapter
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={f:R¥x {1,...,d} — R: fis continuous}
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confer, see also
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n X n unity matrix
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F=F(t,z,w) generic notation for a semimartingale field
F=F(tw) backward version of F(¢,z,w)

{ft :t >0} predictable process with values in D

Vi approximating sequence to get the stochastic integral
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F 3oo = Vs<t -7:2

F, s = \/t;s Ty

F o-field

{Ft:s,teR,s <t} two-parameter filtration
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g sub-c-algebra of F
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G, G functions in the chasing balls lemma
G(R, R, t) = SUP,ec,, {E[rR (v, tv)] }

h generic notation for a R"-valued function
h(z,1) element of the RKHS

Hp (£16) conditional entropy of ¢ given G

hg (&, f) entropy of f with respect to ¢ given G
he(f) entropy of f given G

he(f) entropy of f

e (6,6) =t 3 [ Hy (VI 90:(,0)7'€) dP(0)
hy (¢) metric entropy of ¢
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Hy(w, z) = Fy(w, 2)*
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K.(X)

K. (x)

Lk:(na w, Z)

I(n,w,x)
l/

M =Mt z,w)
MDS
MET

if and only if

isotropic Brownian flow

isotropic Ornstein-Uhlenbeck flow
isomorphism

independend, identically distributed
this is

symmetric ideal in V®

natural number

compact subset of R”

natural number

generic notation for a constant
expansion speed for the derivatives

generic notation for constants - new numbering per chapter
generic notation for constants - new numbering per chapter
kernel of the covariance operator of A/

= {y € R : dist(y, X) < €} closed e-neighbourhood of X

= {y € R% : dist(y, z) < r} closed r-ball centered at z

fuction from N to N

real constant

natural number

law of a random variable

generator of (@ (z),..., &, (z())
generator of p;¥

= —c 2?21 xia%i + %A.

= —e L wigh + X0 (8 — bij()
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real number
natural number

generic notation for the local martingale part of F(t,z,w)

metric dynamical system
multiplicative ergodic theorem
manifold

= L(¢po1(+)) law of unit step discretization of an IOUF
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SDE
Sfl (w, 2)

T(t)
T, M
™

T/\k:

martingale field

Gaussian measure

normal distribution

Gaussian measure

natural number depending on §

orthogonal matrix

group of orthogonal d x d matrices

adjoint of O

probability measure

Markov semigroup

number of Lyapunov exponents
probability measure

Markov semigroup

reals in (0, 1), strictly positive probabilities
point in R? far away from the origin

finite sum of products of drivatives of ¢;(x)
real number > 1

point in Kr(P) C R?

point in Ug

the real numbers

real number

random dynamical system

positive constant

positive constant

reproducing kernel Hilbert space
=R\ {2 e R¥:z; = 24.,Vi=1,...,d}
random distances in the ball chasing lemma
positive real numbers, radii of certain balls in R?
:= dist(y¢, P)

real number - time

stochastic differential equation

=T (w, 2)| Bu(w,2)

real number - time

real number - time horizon

linear bundle RDS coming from the differential as RDS
tangent space at =z to M

tangent bundle of M

endomorphism of V

kth exteriour power of T'
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T™: VN = VA TA =idg@TOT ... T\
(tk)ken sequence of random times
T(v,e) >0 random time
—1

f =15 (supcuge V@IV IVa()))
t; =inf{teR:t>t;_1 +1+T:vNKgr(P)#0,diam(y) > 1}
£ (5) positive constant
T(w,z) = Dz(pl('7w>
T(?u,z) =drn-1(yz)©... 0 TT(w,z) o T(w,z) = Dzwn(~,w) for n € N
sz(w,z) = Dwn(Z,w)wn+l('79nw)
(T3(z) :z € X,i € N) be a family of bounded linear operators T;(z): H — H
u real number - time
U=U(z) isotropic Brownian field
Ug open superset of {Q}
l{g’e = |q1 — ne, q1 + nel X |ga — ne, g2 + ne|
Us =la - Foa g x]e - Te -ty
Ug =2Z"1(-1777)
U,ll(w,z) = Tvlz(waz)|Hn(w,z)
Urlz(wvz) = Trlz(wvz”Hn(w,Z)
V=V zw) generic notation for the bounded variation part of F(t,z,w)
v vector in R?
Vi(z,w) Oseledec splitting for IBF's
Vi(z) orthonormal Hilbert base for the RKHS
vy isotropic Brownian field with potential U
\% finite-dimensional vector space
Ve tensor algebra over V
1% outer algebra over V
VAR = VekA YA
‘/17() ::fbij('_y)d(SQ@(sl(yvj):bi71('_Q):i:172
Vi) = [ BI(.— y)diq @ Galy, j) = b3(.— Q) i =1,2
v ‘H-simple control
(Wt >0) generic notation for a Brownian motion
(Wi:t>0),i=1,2 Brownian motions
(Wi :t>0) running maximum for Brownian motion
We(v) = Uogsgt Vs
WE(v) = {z € R? : dist (z, Wy(7)) < R}
wy =v@=v'0=|,

0
w =12(Q =b2(0) = | ]
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with respect to, with reference to
without loss of generality

with positive probability

point in R?

points in R?

stochastic process - solution to an SDE
discrete time Markov chain on R?
compact metric space

=g Vo f(x)

point in R?

family of integrable random variables
_ 9i¢i(x)  0;¢i(y)

= 106 @)~ TDo W)l

= (Xt(ij )) !

metric space

point in R?

measurable space

point in R?

point in R?

=X — E[X{]

point in R?

real number

components of z € R?

solution of control problem driven by h
coordinate system

multi-index

real function on Diff(R%)Z x R?
random variable

= ~B}(0)

= —BJ;(0)

real number > 1

real function on Diff(R%)% x R?
Hoélder exponent

multi-index

original set for the limit shape theorem
1= ®¢(7)

large subsets of R¢

boundary of the unit ball in R?
random large subsets at 7/

real functions on Diff(R?)Z x R?
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S>> >R =2 A
8 <. "

.

)

)

set of full measure

angle between two vector spaces

={(w,2) €T: l(w,2,0) <}

multi-index

positive real number - sometimes Holder exponent

a.s. event in the MET for smooth cocycles

Laplacian

Kronecker’s delta

evaluation functional

sumable real sequence

singular values of A

upper entropy dimension of =

set in X

multi-index

positive real number

sequence of positive reals

positive real number

countable partition of Q

element of E, (w,z2)*

shift-mapping in a DS, MDS or RDS

positive constant in (0, 1)

function on [0,00) given by ¢ : z +— zlogz

tail constants

g-depending constant

constant

Lyapunov exponents of an IOUF

constants

largest Lyapunov exponent smaller than .

Lyapunov exponents of an IBF

invariant measure for a RDS

={2 € Ka(u,)(0) : VR > 0: [lon(z + 2,w) — on(z,w)| < B(w,2)e?"}
= {CL‘ S Kan(w,z)(()) .

Vm 2 0: [[om(pn(z,w) +2,0"w) = om(pn(z,w), 0"w)[| < Bulw, 2)eX™}
distance along v, ., ,, for m € N
= {r € R: lim,, oo % log ||em (on(z,w) + ,0"w) — @ (on(z,w), 0"w)|| < A}
countable partition of Q

sequence of measurable partitions of Q

element of the partition £ that contains z

=floWof



162

INDEX OF NOTATION
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5(01075)

A A [1]k7

3

S
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S e
=R
€&
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o \En $
CECEC)
€ EE
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~
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S RSIES &S &
S
O

discrete time supermartingale

special choice for ¢;

bounded subset of R?

generic element of K, (,,.)(0) N Ey,(w,2)
sequence in Ey((w,z)y)

projection

m=3.141...

o Zoo SUpP|z <N [¢(x)—p ()]
N=1 2N (1+sup, <y [6(z) - (2)])

= [lze — el
e
= MaXi=1,...dSUP|y|<n | f(2,1) — g(z,7)|
metric on X
positive constant in the chasing ball lemma
=P®u
positive constant
constants
skew product shift of RDS
=inf {t > 0: dist(y;, P) < R,d; > 1}
sequence of stopping times
= 78(y, P) := 7(P) := inf;~¢ {KR(P) C Up<s<t ’ys} sweeping time
= infy>0 {Uqg C Uo<s<tVs}
stopping time
stochastic flow
IBF
IOUF
IBF or IOUF
random function on X
independent copy of ®
random dynamical system
skeleton in X
global measurable trivialization
solution to a control problem
unit ball version of IOUF
solution to the control problem driven by V'
a continuous mapping from [0,7] x R? to R?
W (5(u))
= (s, 5(u))
= wbv) (y(u))
(s, y(u))
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t(z) =log|[Dey ()]
base set of the generic probability space
element of Q
sure subset of Q
base set of a probability space
element of Q
kil subset of O
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