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Abstract

In this article, we present a new variant of Petri nets with markings called
“Petri nets with individual tokens”, together with rule-based transformation
following the double pushout approach. The most important change to former
Petri net transformation approaches is that the marking of a net is no longer
a “collective” set of tokens, but each each has an own identity leading to the
concept of Petri nets with individual tokens. This allows us to formulate
rules that can change the marking of a net arbitrarily without necessarily
manipulating the structure. As a first main result that depends on nets with
individual markings we show the equivalence of transition firing steps and the
application of firing-simulating rules.

We define categories of low-level and of algebraic high-level nets with indi-
vidual tokens, called PTI nets and AHLI nets, respectively, and relate them
with each other and their collective counterparts by functors.

To be able to use the properties and analysis results of M-adhesive HLR
systems (formerly know as weak adhesive high-level replacement systems) we
show in further main results that both categories of PTT nets and AHLI nets
are M-adhesive categories. By showing how to construct initial pushouts we
also give necessary and sufficient conditions for the applicability of transfor-
mation rules in these categories, known as gluing condition in the literature.
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4 1. INTRODUCTION

1. Introduction

Petri nets are one of the main formalisms to describe and analyze concurrent processes
[Rei85a]. To be able to utilize them in modeling of additional complex aspects, a lot of
work has been done so far to extend the classical Petri nets or to integrate them with
other formal techniques.

One of those challenging extensions is the manipulation of running processes, which
has been formulated under the notion of adaptive workflows [vdABVF99]. In the past,
several approaches have been proposed that tried to deal with this aspect of process
modeling by using Petri nets that can change their firing behavior, e.g. self-modifying
nets [Val78|, mobile nets [ABQ9|, recursive nets [HP0O, [HBO8|, and nets with dynamic
transition refinement [KRO7].

In this article, we concentrate on the approach to combine Petri nets with transforma-
tion rules based on graph transformation [EEPT06], which has been applied to adaptive
workflows in [HMEQS, BDHMOG6]. This exploits the graph-like structure of Petri nets and
allows us to formulate rules to change the structure of a Petri net [EHPF08|. In general,
rule-based Petri net transformation can also be applied to Petri systems, i.e. Petri nets
with a marking, which is especially useful for manipulation of processes at runtime.

Petri nets have been shown in to be define a weak adhesive HLR
category for the class M of all injective net morphisms. This allows us to apply all the
results for adhesive HLR systems shown in also for Petri net transformation
systems. In this paper, we use the short notion “M-adhesive category” for “weak ad-
hesive HLR category”. the concept of Petri systems leads to a category PTSys with
morphisms allowing to increase the number of tokens on corresponding places. Unfortu-
nately, (PTSys, M;y;) with the class M;y; of all injective morphisms is not M-adhesive
in contrast to (PTSys, Mgirict), where Mricr is the class of injective morphisms where
the number of tokens on corresponding places is equal. This, however, is an unpleas-
ant restriction for the usability of the transformation approach, especially the firing of
a transition cannot be simulated in a natural way by the application of a corresponding
“transition rule”.

To overcome this restriction we present a new Petri net formalism, called “Petri nets
with individual tokens”, together with a rule-based transformation approach that is al-
most equivalent to ﬂmﬂ The most important change is that a net’s marking is no
longer a (“collective”) sum of a monoid but a set of individuals. This allows us to formu-
late rules that can change the marking of a net arbitrarily so that, as major advantage,
firing of nets can be modeled by rule applications.

As a main result we will show that Petri nets with individual tokens are M-adhesive
systems with all their nice properties.

With individual tokens, the category of Petri systems is even closer to typed attributed
graphs, which opens an elegant way to simulate Petri net transformations with graph

'The approach in follows the concept “Petri nets are monoids” [MMO90] so that a net and its
marking are represented as sets and monoids over these sets, rather than e.g. with an explicit flow
relation. This makes it easier to handle categories of Petri nets and systems.
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transformation tools [Syl09].

In Sect. 2, we introduce low-level Petri nets with individual tokens and define rule-
based transformation. As a main result we show the equivalence of transition firing steps
and the application of firing-simulating rules.

In Sect. 3, we lift the definitions and results of Sect. 2 to high-level nets that have
data elements of an algebra [EMS85] as tokens rather than low-level “black tokens”. The
first approach of inscripting Petri nets with algebraic terms was developed in [Rei91],
however, we use the approach of [EPR93|, which allows us to use an arbitrary algebra,
as long as it complies to the given signature|

Section 4 relates the Petri net classes of Sect. 2 and 3 with each other and with their
collective counterparts by functors and we show a compatibility result for these functors.

We define M-adhesive systems for both low and high-level Petri nets with individual
tokens in Sect. 5 and discuss the results and some final remarks in the last sections.

1.1. The Notion of Individual Tokens

The term of individual tokens has been used in two senses for Petri nets so far:

1. It was mentioned first in [Rei85bh], where it was used to describe “tokens that can
be identified as individual objects”. The main contribution of this article was to define
markings as multisets of distinguished elements rather than amounts of indistinguishable
black tokens. In the end, individual tokens in this context is a synonym for what by now
is called high-level tokens. This is not our intended meaning of individuality, moreover
we will consider both low-level and high-level Petri nets with individual tokens.

2. The other notion of token individuality has been coined in [vGP95| E|as “individual
token interpretation” of firing steps, which entitles the definition of processes in [GR83].

In [vGO05|, the author investigates the collective-individual dichotomy of firing steps,
where under the individual approach firing sequences consider not only the number and
value of tokens (as in the collective approach) but also the history, i.e. the origin tran-
sition, of tokens. [BMMS99| introduces a category of Petri nets to be interpreted with a
functorial individual semantics.

Individual tokens in this article The Petri net approach we present in this article is
related to 2., but in contrast, we will already introduce individual tokens in the (syntac-
tical) definition of the Petri nets (and their category) themselves, so that we can exploit
the individuality of tokens in the transformation approach, independently of the firing
rule. The individual firing rule of [vGO05| is very close to the one presented in the next
sections, but it is still an interpretation of firing steps of a classic representation of Petri
nets.

“Both articles consider algebraic specifications with equations instead of signatures (which can be
understood as specifications without equations). In this article we take into account signatures only.
3Meanwhile, there is an updated version of this article: [vGP09].
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The main purpose of our notion of nets with individual tokens is the possibility of
formulating marking-changing rules for this kind of nets. We have demonstrated the
practicability of such a transformation approach with modeling case studies on applica-
tions to Communication Spaces [BEE™09, Mod10, MEE™10].

2. Place/Transition Nets with Individual Tokens

In this section we treat low-level Petri nets and equip them with markings of individual
tokens. After describing their firing behavior and introducing rules for the transformation
of marked nets we show how special transformations correspond to transition firing steps.

2.1. Definition and Firing Behavior

With the definition of nets with individual tokens, we follow the concept “Petri nets are
monoids” from [MM90):

Definition 2.1 (Place/Transition Nets with Individual Tokens (PTT)).
We define a marked P/T net with individual tokens, short PTI net, as

NI = (P, T, pre,post,I,m),
where

e N = (P, T, pre,post : T — P%) is a classical P/T net, where P% is the free
commutative monoid over P,

e [ is the (possibly infinite) set of individual tokens of NI, and
e m : I — P is the marking function, assigning the individual tokens to the places.

Further, we introduce some additional notations:

e the environment of a transition ¢t € T as ENV(t) = PRE(t) U POST(t) C P with

PRE(t) = {p € Plpre(t)(p) # 0},
POST(t) = {p € Plpost(t)(p) # 0},

Ezample. Figure [l on the facing page| shows the graphical representation of a PTI net
with I = {z1,y1, 2, 23}, m(z1) = m(y1) = p1, m(x2) = p2, m(x3) = ps.

Now that we have marked Petri nets, also called Petri systems, we have to define
their behavior as firing steps. Because we have individual tokens, we have to consider a
possible firing step in the context of a selection of tokens.

Definition 2.2 (Firing of PTI Nets).
A transition ¢ € T in a PTI net

NI = (P, T, pre,post,I,m)

is enabled under a token selection (M, m, N,n), where
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Figure 1: Example PTI net

e M CI,

e m is the token mapping of NI,

e N isaset with (/\ M)NN =0,
e n: N — P is a function,

if it meets the following token selection condition:

[Z m(i) = pre(t)] A [Z n(i) = post(t)]

ieM iEN
If an enabled ¢ fires, the follower marking (I, m’) is given by

I\M
I'=(I\M)UN, m':I'— P with m/(z) = m(z), wel\
77,([1,’), T € N
leading to NI' = (P, T, pre,post, I',ym’) as the new PTI net in the firing step NI »- NI’
via (M, m, N,n).

Remark (Token Selection). The purpose of the token selection is to specify exactly which
tokens should be consumed and produced in the firing step. Thus, M C [ selects the
individual tokens to be consumed, and N contains the set of individual tokens to be
produced. Clearly, (I \ M) N N = () must hold because it is impossible to add an
individual token to a net that already contains this token. m and n relate the tokens to
their carrying places. It would be sufficient to consider only the restriction m,,; here or
to infer it from the net but as a compromise on symmetry and readability we denote m
in the token selection.

For the next subsection we need a category of Petri systems.

Definition 2.3 (PTI Net Morphisms and Category PTINets).

Given two PTI nets NI; = (P;, T;, pre;, post;, I;,; m;), i € {1,2}, a PTI net morphism is
a triple of functions f = (fp : P — P, fr : Ty — Tb, fr : Iy — I3) : NIy — NI5, such
that the following diagrams commute (componentwise for pre; and post;):
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prex mi

Tn———= P I Py
post1

Ir l = i I fr l = l fp
pre

T “—>pp L™ .p
posta

or, explicitly, that fg opre; = pres o fr, flef o posty = posty o fr, fpomi = mgo f].
The category PTINets consists of all PTI nets as objects with all PTI net morphisms.

Remark. For a general PTT net morphism f we do not require that its token component
f1 is injective in order to have pushouts, pullbacks, and a M-adhesive category. But later
we may require injectivity of fr for rule and match morphisms and to have morphisms
preserving firing behavior.

Fact 2.4 (Construction of Pushouts in PTINets).

Pushouts in PTINets are constructed componentwise in PTNets and Sets. So, (1)
is a PO in PTINets iff (2) is a PO in PTNets and (3) is a PO in Sets with the
components of the PTINets morphisms, where mg : Is — P5 is induced by PO object
I5 in the commuting cube below (whose front is the PO of place sets).

fir
NIp—T" o N1, Iy Ly
mo mi
le (1) lgl \ ; \
NI, NI far Py P P
a1r
fap
No fi N I L) I Iy 97 I3 . gip
mg
féi (2) igi lei 3) lgu "x N
Ny Ny  Lh————13 2 926 P
gé g21

If fix, for X € {P,T,1}, is injective then gox is as well; analogously for components
of f2 and gi.

Ezample. Figure shows two pushouts in PTINets.

Fact 2.5 (Construction of Pullbacks in PTINets).
Pullbacks in PTINets along injective PTINets morphismﬁ are constructed compo-
nentwise in PTNets and Sets.

Consider a commutative square (1) in PTINets with ¢g; having an injective net com-
ponent gj. (1) is a PB in PTINets iff (2) is a PB in PTNets and (3) is a PB in Sets
with the components of the PTINets morphisms, where mg : Ip — Py is induced by PB
object Py in the commuting cube below (whose front is the PB of place sets).

“We require morphisms that are injective in order to obtain componentwise pullbacks in PTINets.
See |[EEPT06] for details.
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fir
NIy i NI, Iy : L
mo m1
f2 (1) o AN \\
D fip
NI, NI Jar Py P
gir
fap
N fi N I fur I I I3 gip
0 1 0o— 11 g2r1
ms3
fél 2) lgi fé[l (3) iglf ;;J\\\ \\\\\

Ezample. The pushouts in Fig. are pullbacks, too.

2.2. Transformation of PTI Nets

This section is about rule-based transformation of PTI nets. We use the double pushout
approach, which has also been used in [EHPT08| and stems from [EEPT06]. We are
going to characterize the applicability of rules at some match by initial pushouts.

Definition 2.6 (PTI Transformation Rules).
A PTI transformation rule is a span of injective PTINets morphisms

o= (LL KL R).

Remark. In contrast to [EHPT08], rule morphisms for PTI rules are not required to be

marking-strict in order to obtain an M-adhesive category (see Sect. |5 on page 41)). This
allows to arbitrarily change the marking of a PTT net by applying rules with correspond-

ing places and individual tokens in L and R.
Definition 2.7 (PTI Transformation).

Given a PTI transformation rule ¢ = (L L KD R) and a PTI net NI; with a PTI net

morphism f : L — NI, called the match, a direct PTT net transformation NI gif> NI,
from NI; to the PTI net N5 is given by the following double-pushout diagram (DPO)
diagram in the category PTINets:

L l K r R
fl (PO1) J{ (PO2) lf*
NI1 Nfg NI2

To be able to decide whether a rule is applicable at a certain match, we formulate a
gluing condition for PTI nets, such that there exists a pushout complement of the left
rule morphisms and the match if (and only if) they fulfill the gluing condition. The
correctness of the gluing condition is shown via a proof on initial pushouts over matches,
according to [EEPT06].
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Definition 2.8 (Gluing Condition in PTINets).
Given PTI nets K, L, and NI and PTI morphisms [ : K — L and f : L — NI. We define
the set of identification points]

IP = IPpUIPrUIP;
with
o [Pp={z € P |3 #x: fp(x) = fp(z')},
o IPr={x €Ty |3 #x: fr(z) = fr(2')},
o IPr={zely| 3" #x: fi(x) = f1(z))},
the set of dangling pointsﬁ
DP = DPr U DP;
with
e DPp={pe P |3t €Ty \ fr(TL): fr(p) € ENV (1)},
e DPr={pePp|Fieln\fi(IL): fr(p) = mni(i)},
and the set of gluing pointﬂ
GP =lp(Pg)Ulp(Tr) Ul (Ik)

We say that [ and f satisfy the gluing condition if IP U DP C GP. Given a PTI rule
o= (L LKk R), we say o and f satisfy the gluing condition iff [ and f satisfy the
gluing condition.

/|

NI

K L R

In order to construct the initial pushout for a match f : L — NI, we define the
boundary over the match f, which is the minimal subnet containing all places, transitions,
and individual tokens that must not be deleted by the application of a rule with left hand
side L such that there exists a pushout complement.

Definition 2.9 (Boundary in PTINets).
Given a morphism f: L — NI in PTINets. The boundary of f is a PTI net

B = (Pp,TB,prep,postg, Ip,mp)

with

5That is, all elements in L that are mapped non-injectively by f.
5That is, all places in L that would leave a dangling arc, if deleted.
"That is, all elements in L that have a preimage in K.
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e Pp=DPprUDP;UIPpU Pip, U Pp,

° P]pT:{pGPL ‘ atGIPT:pEENV(t)}
° P]plz{pGPL|E|iEIP[:p:mL(i)}
e ITp=1Pr

prep(t) = prep(t)

postp(t) = postr(t)

o Ip=1IP;

e mp(i) = mp(i)
together with an inclusion b: B — L.
Well-definedness.

preg,postg : Tg — P;@:
The well-definedness follows from the well-definedness of Definition and the
fact that B has the same set of transitions as the boundary in [A79 and the set of
places in Definition [A.9]is a subset of Pg.

mpg: IB — PB:
Let ¢ € Ig. Then we have ¢ € IP; and hence

mB(Z) = mL(Z) S P]pI C Pgp

b:B— L:
We obtain an inclusion morphism b : B — L from the fact that prepg, postp and
mp are restrictions of the respective functions in L.

O]

The following facts about the gluing condition and initial pushouts hold in all M-
adhesive categories (PTINets, M) whose morphism class M of monomorphisms con-
tains at least inclusions (for concrete instantiations see Sect. . The next
fact completes the construction of initial pushouts for matches and shows that the con-
struction of the boundary in Def. 2.9 on the preceding page| complies to the categorical
notion of boundaries in Def. [A.1 on page 49|

Fact 2.10 (Initial Pushout in PTINets).
Given a morphism f : L — NI in PTINets, the boundary B of f and the PTI net

C= (P07TC7pT607pOStC7ICamC)

with
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Po = (Pnr \ fp(Pr)) U fr(bp(PB))
Te = (Tnr \ fr(T)) U fr(br(Ts))
Ic = (Inr \ frr)) U fr(br(IR))

e prec(t) = preny(t)

e posto(t) = postyr(t)
o mc (i) =mpyy(7)
Then diagram (1) where g := f|p is an initial pushout in PTINets.

b

B——

L
| o

Proof. See section [B.1 on page 63] O

The following two facts show the correspondence between the gluing condition in
PTINets and the categorical gluing condition (see Def. |A.2 on page 49)), which is a
necessary and sufficient condition for the (unique) existence of pushout complements in
all M-adhesive categories.

Fact 2.11 (Characterization of Gluing Condition in PTINets).

Let I : K — L and f: L — NI be morphisms in PTINets with [ € M.

The morphisms [ and f satisfy the gluing condition in PTINets if and only if they
satisfy the categorical gluing condition.

Proof. See section [B.2 on page 67] O

Fact 2.12 (Gluing Condition for PTI Transformation).
Given a PTI rule o = (L L K5 R) and a match f : L — NI into a PTI net
NI = (N,I,m : I — Pyy). The rule p is applicable on match f, i.e. there exists a

(unique) pushout complement NI in the diagram below, iff ¢ and f satisfy the gluing
condition in PTINets.

L ! K r R
|
fl (PO) I
NI<————— NI,

Proof. By Fact o and f satisfy the gluing condition in PTINets if and only if ¢ and
f satisfy the categorical gluing condition, which by Fact is a necessary and sufficient
condition for the (unique) existence of the pushout complement NI. ]
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2.3. Correspondence of Transition Firing and Rules

Now that we can manipulate a net’s marking with rules, we have a look at rules that
simulate firing steps for a certain transition under a token selection. We show that firing
of a transition corresponds to a canonical application of a special rule construction, called
transition rules. With this correspondence we can easily show that token-injective PTI
morphisms preserve firing steps.

Definition 2.13 (PTI Transition Rules).
We define the transition rule for a transition ¢ € T enabled under a token selection
S = (M,m,N,n) in a PTI net NI = (P, T,pre,post, I, m) as the rule

o(t,S) = (L & K, 5 Ry), with

the common fixed net structure PN, = (P, {t}, pres, post;), where P, = ENV (),
preg(t) = pre(t) and post,(t) = post(t),

e Ly =(PNy,M,m;: M — P,), with my(z) = m(x),
° Kt:(PNt,Q), Q)iw_)Pt);
e R, = (PN, N,n;: N — P,), with ny(x) = n(x),

e [ r being the obvious inclusions on the rule nets.

my and n; are well-defined because ¢ is enabled under S: The token selection condition
implies that Yo € M : m(zx) € PRE(t) and due to the construction of PN, we have
PRE(t) C ENV(t) = P;. The argument for n; works analogously.

Note that ¢ is enabled under S in L;.

Ezample. Figure [2[ shows a PTI transition rule o(t,S) = (L L K5 R) for transition ¢
in NI.

Definition 2.14 (Canonical DPO Transformation of PTI Nets).

We call a direct transformation NIq 21, NI by rule o = (L LK R) with [, 7 being
inclusions canonical if

e f7 is injective,

e the morphisms in the span (NI; « NIy — NI3) of the DPO transformation
diagram below are inclusions, and

o I, :I()U(IR\T’(IK)).
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Remark. For each rule p being applied to some PTI net NI at a token-injective match f,
there exists a canonical transformation diagram, which is just the particular equivalent
DPO diagram with “as less isomorphic changes as possible”.

Because of the injectivity of the rule morphisms the lower span in the diagram is
already injective as well. To construct the canonical transformation diagram we first
regard the last condition on I3, which demands that (Ir \ r(Ix)) N Iy = () because of
pushout PO». For this, it is sufficient to replace the set of tokens in R that are created
by the rule, i.e. Ig \ 7(Ix), such that is disjoint to the tokens preserved by the rule, i.e.
(It \ f(I1)) U f(I(Ix))F] With this we now can simply replace arbitrary NI and NI,
being some pushout complement object of PO; and pushout object of PO, with nets
such that the lower span morphisms become inclusions.

Ezample. The diagram in Fig. [2 shows the two pushouts in PTINets resulting from

applying the PTI transition rule o(t,S) = (L Lk R) to the net NI with identical
token morphism component. Moreover, this transformation is canonical.

@@@

®  ® BIC
Q | 2 2
T
—— [ |/

() K (ps (%) R

(PO1) ‘/ (PO2) L

e es  [® ® 5 s
SN N N I

RO R o0r8

Figure 2: Canonical direct DPO-transformation in PTINets simulating a firing step

Theorem 2.1 (Equivalence of Canonical Transformations and Firing of PTT Nets).

1. Fach firing step NI v NI' via a token selection S = (M,m,N,n) corresponds to a

. . . ,S), . ..
canonical direct transformation NI é(% NI' via the transition rule o(t,S), matched

by the inclusion match f: Lyy gy — NI.

8This modification of the rule is passable since changing the tokens in R does not affect the firing
behavior of NIp (up to the token selections) nor the applicability of the rule.
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. . . t,5), . "
2. Fach canonical direct transformation NI i(——)=f> NIy, via some transition rule

o(t,S) = (L L R) with t € Tyy and token selection S = (M,m,N,n), and a
token-injective match f : L — NI, implies that the transition fr(t) is enabled in NI
under (fr(M),(fpomo f;l) N, (ffomyo f}‘fl)) with firing step NI @), NI,.

Proof.

1. Given the firing step NI »% NI' via S = (M, m, N,n), the canonical direct transfor-

mation of the transition rule o(t, ) = (L & K 5 R) is NI 222 NI, as in the DPO

diagram in Fig. [3| The match f, d, and d’ are inclusions.

L= (PNy, M,m)~—— OK = (PN, 0,0)——"—~ R= (PN, N, n;)
fl (PO1) i (PO2) lf*
NI = (PN,I, m) <—d)N[0 = (PN,Io,mO)CT N[l = (PN,Il,ml)

Figure 3: DPO diagram for canonical direct transformation of NI with p(¢,S) in
PTINets

According to Fact [2.4 on page 8 we have Iy = I\ M and I; = [(U(N\0) as in the DPO
diagram of the Sets components in Fig. ] The firing step condition (I \ M) NN = (

grants us the last condition for canonical transformations Iy U (N \ 7(0)) = I;.

M O(C N
ffl (POY) i (PO2) i i &
[l = (I\ M)t d, L=(I\M)UN P,
L > \mo:modl 4 ~ ~ «
™ ~ - m\l ~ fp:fP
BN A
Ppy = Ppy

Figure 4: DPO diagram in Sets for the token components of the transformation in Fig.

For my as induced morphism for the pushout object I; follows that
mo(z) =m(x) forx e I\ M
mi(z) =
ny(z) =n(z) for x € N
hence Iy = I’,my = m/ and NI; = NI', according to Def. 2.2 on page 6|
Remark. fr being injective is not only sufficient for the existence of (PO1), but also
necessary, because Iy = () (see Fact [2.12 on page 12)).

(t.5)

2. Given a canonical direct transformation NI Q—’;i> NI, as in the DPO diagrams in

Figs. |3| and , fr(t) € T'nr is enabled under
(fI(M)a(fPOmofj_l)vNa (f]EOmlof;_l))
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if
L fi(M)C1,
2. (fpomiof;7') 1 N = Ppy,
3. (I\ fr(M))NN =0,

4. Y (fpomo fi (i) = prent(fr(t))

i€ fr(M)
5. 21:\7 (fpomyo fi7'(i)) = postnr(fr(t))
ic
6. leading to the follower marking I’ = (I \ M)UN

with m/(z) = mo(x) =m(x) forz € I\ M
my(z) =n(z) forx € N

By construction of the transition rule o(t,.S) and its application to NI we have 1., 2.,
and for 6. that I’ = I;,m' = my. The canonical transformation property grants us 3.
It remains to show 4. and 5., i.e. that f;(M) and N represent the correct numbers of
tokens in the environment of fr(t) to enable it:

> fromo f(i)

i€ fr(M)
=D _fromli) (fr inj.)
eM
=2 mali) (Vi € M : my(i) = m(i),due to def. o(t,S))
€M
= f? oprepn, (t) (t enabled in L)
= preny o fr(t) (f PTI morph.)

and analogously,

> fpomyo f;(i)

ieEN
=Y fpoml(i) (ff(N) = N)
1EN
- 1*365 Z n (i) (Vi € N : ny(i) = mq(i), due to constr. my)
iEN
= fj*D@ oprepn, (t) (t enabled in L)
= postny o fr(t) (f PTI morph.)
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The second item of the previous theorem covers all possible canonical direct transfor-
mations by any transition rule o(t,.S) in an arbitrary net NI, without aasuming that
t € NI or M C Iy;. For the special case that a transition rule o(t,.S) is applied on an
inclusion match, the second item reduces to the following corollary, which is more similar
to the theorem’s first item.

Corollary 2.2 (Equivalence of Canonical Transformations and Firing of PTT Nets).

7S ’ .
Given a canonical transformation NI i(t;)—& NI; such that the match f: L — NI is an

wnclusion, then t is enabled in NI under S with firing step NI s NI
This follows directly from 2. of Theorem [2.1]

Theorem 2.3 (Token-injective PTI Net Morphisms preserve Firing Steps).
For each PTI net morphism f : NI1 — NIo with injective fr component and each firing

step NI Ly NI there exists a firing step NIo M NIy and a PTI net morphism
f': NI — NI} (depicted in diagram (1) below).

NIp—— NI,

fl 1) lf’
NI——— > NI
fr(t) 2

Proof. Given f : NI; — NIy and NI, »% NI via some S as above, we have by the
first part of Theorem [2.1 on page 14| the canonical direct transformation given by the

pushouts (1) and (2) with o(t,S) = (L L KD R) in Fig. .

L l K r R
ml (1) l (2) imcR
NI, L NIpp —" NI
fl 3) l (4) if’
NI, NIps NI,

Figure 5: DPO diagrams for canonical direct transformation of NI; and NIy with (¢, S)

Note that f : NI; — NI, satisfies the gluing condition w.r.t this rule and f, because
Up = idp, Ul = idTllﬂ and none of the individuals of NI is an identification point
(IP; = 0) due to injectivity of f;. This allows to construct the canonical transformation
with extended rule NI; & NIp; 5 NT) along pushouts (3) and (4). Hence, also (14 3)
and (2 + 4) are pushouts of a canonical direct transformation via o(¢,5). The second

part of Theorem [2.1 on page 14|implies NI 2285 N, O

9This means that all places and transitions of NI, are gluing points.
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Remark (Firing-preserving diagrams for ¢ correspond to an extension diagram for o(¢, .5)).
The diagram in Fig.[5 on the previous page| corresponds to an extension diagram for rule
o(t,S) and f (as depicted below) because (1) — (4) are pushouts.

le o(t,S),inc NI’l

Jf l l
S),foi
NI‘Z ﬁg(t )7f e NI/2

3. Algebraic High-Level Nets with Individual Tokens

In this section, we lift the results of the previous section to high-level nets whose tokens
represent values of an algebra to a signature [EMS85|. The rule-based transformation
of collective algebraic high-level nets from [PER95]| is the foundation for the approach
presented in the following.

3.1. Definition and Firing Behavior

Definition 3.1 (Algebraic High-Level Nets with Individual Tokens).
We define a marked AHL net with individual tokens, short AHLI net, as

ANI = (X, P, T, pre, post, cond, type, A, I, m),
where

e AN = (X, P, T, pre,post, cond, type, A) is a classical AHL net with

— signature ¥ = (5, OP, X) of sorts S, operation symbols OP and variables
X = (Xs)365'7

— sets of places P and transitions 7T,

— pre,post : T — (Top(X) ® P)@m, defining the transitions’ pre- and postdo-
mains,

— cond : T — Prin(Eqns(S, OP, X)) assigning a finite set of ¥-equations (L, R, X)
as firing conditions to each transition,

— type : P — S typing the places of the signature’s sorts,
— a Y-algebra A,

e [ is the (possibly infinite) set of individual tokens of ANI, and

e m: I — A® P is the marking function, assigning the individual tokens to the data
elements on the places. m(I) defines the actual set of data elements on the places
of ANI. m does not have to be injective.

Further, we introduce some additional notations:

YTop(X)®@ P = {(t,p) € Tor(X) X P|t € Top,iypep)(X)}, i.e the pairs where term ¢ is of sort type(p).
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e Var(t) C X is the set of variables occurring in equations and on the environment
arcs of t,

o OP =(A®P)={(a,p) € Ax Pla € Aype(p)} as the set of consistent value/place
pairs,

o CT ={(t,asg) € T x (Var(t) - A)|V(L, R, X) € cond(t) : asg(L) = asg(R)}
as the set of consistent transition assignments, i.e. all firing conditions of ¢ are valid
when evaluated with the variable assignment asg)

e ENV(t) = PRE(t)UPOST(t) C (Top(X)® P) as the environment of a transition
t € T where

PRE(t) = {(term, p) € (Top(X) ® P)|pre(t)(term,p) # 0}
POST(t) = {(term,p) € (Top(X) ® P)|post(t)(term,p) # 0}

e ENVp(t) =np(ENV(t)) C P the place environment of ¢,
o preg,posty : CT — CP?P. defined by

prea(t, asg) = (@sg ® idp)® (pre(t)),
post a(t,asg) = (@sg @ idp)® (post(t))
Similarly, we define the setﬁ

PREA(t,asg) = {(a,p) € (A® P)|prea(t, asg)(a,p) # 0}
POST 4(t,asg) = {(a,p) € (A® P)|posta(t,asg)(a,p) # 0}

We can express e.g. the concrete required number of a token (a,p) for ¢ to fire un-
der assignment asg with pre(t, asg)(a,p) by interpreting the monoid pre4(t, asg)
as a function CP — N. Similarly, we get the produced number of (a,p) with
post4(t,asg)(a,p).

Remark (Individual tokens vs. classical algebraic data tokens). Each AHLI net with
individual token marking (I, m) can be interpreted as an AHL net with marking

M= N ap)ap) = 3 ml)

(a,p)€AQP iel

where |m~!(a,p)| denotes the cardinality of individual tokens in I that m maps to (a,p).

In AHL nets, the tokens are of the form (a,p), s.t. they have already a kind of
identity, depending on their data values. The main difference to AHLI nets is that we
can distinguish tokens of the same algebraic value on the same place. Moreover, the
individuals equip data tokens with identities. When firing a transition, we now can
relate the input and output tokens so that a token’s history can be traced along the
firing steps.

Ywhere @5g : Top(X) — A is the evaluation of ¥-terms over variables in X to values in A. Technically,
asg = weval(asg)a results from a free construction over asg.
120bviously, these sets are the same as (@5g ® idp) o PRE(t) and (@59 ® idp) o POST(t), respectively.
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Ezample. Figure [6] shows the graphical representation of an AHLI net with

(] signature Y= ({51, 82,83}, {tll — 81,t12 — Sl,tQ — 82,t3 — 83}),

algebra carrier sets A, = {a1,b1,c1}, As, = {a2,b2}, Asy, = {as, b3, c1}

e pre(t) = (t11,p1) @ (ti2, p1) ® (t2, p2), post(t) = (I3, p3),

o type(p1) = s1,type(pz) = s2,type(ps) = ss,

o cond(t) =0,

o I ={z1,y1, 32,23}, m(z1) = m(y1) = (a1,p1), m(x2) = (az, p2), m(z3) = (a3, p3),

Note that the algebraic value of an individual token is given next to the dashed arc to
its carrying place. In the following, if a transition has an empty set of conditions we just
denote the transition name without an explicit () below.

[N

®-e,
@ E

ay 11189{1sz a
B @
tzﬂ % ’
a
@t

Figure 6: Example AHLI net

Similar as for low-level PTT nets, we now define firing steps for a transition and a token
selection. In addition, we have to take into account assignments evaluating the variables
on the arcs and in the transition conditions to algebra values.

Definition 3.2 (Firing of AHLI nets).
A consistent transition assignment (¢,asg) € CT for an AHLI net

ANI = (X, P, T, pre, post, cond, type, A, [, m)
is enabled under a token selection (M, m,N,n), where
« MCI,
e m is the token mapping of ANI,
e N isaset with (I'\ M)NN =0,

e n: N — A® P is a function,
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if it meets the following token selection condition:

Z m(i) = prea(t,asg) A Z n(i) = post(t,asg)

ieM iEN
If such an asg-enabled ¢ fires, the follower marking (I’,m’) is given by

m(z), ze€l\M

I'=(I\M)UN, m':I' - A® P with m/(z) =
(I M) () n(x), x €N

leading to ANI' = (AN, I’,m’) as the new AHLI net in the firing step ANI y22%y ANT'
via (M, m, N,n).

Remark (Token Selection). The purpose of the token selection is to specify exactly which
tokens should be consumed and produced in the firing step. Thus, M C I selects the
individual tokens to be consumed, and N contains the set of individual tokens to be
produced. Clearly, (I \ M) N N = () must hold because it is impossible to add an
individual token to a net that already contains this token. m and n relate the tokens to
their place/value pairs. It would be sufficient to consider only the restriction m; here
or to infer it from the net but as a compromise on symmetry and readability we denote
m in the token selection.

As a preparation for the transformation in the next subsection, we define a category
of AHLI nets.

Definition 3.3 (AHLI Net Morphisms and Category AHLINets).
Given two AHLI nets ANI; = (3;, P;, T;, pre;, post;, cond;, type;, A;, Ij,m;), i € {1,2},
an AHLI net morphism f: ANI; — ANI» is a pentuple

f=(s 21 =X fp:PL—= P, fr:T1 =T, fa: A1 = Vi (A2), f1: [T — I)

such that the following diagrams commute (componentwise for pre; and posti)EL

13Vf2 is the forgetful functor induced by signature homomorphism fx, such that fa : A1 — Vi (A2) is
a generalized ¥;-homomorphism. f;ﬁ is the extension of f5; to terms and equations.
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d prei
Prin(Eqns($1)) <———— T} o (Top, (X1) ® P1)®
1
Prin(fE) fr (FEofp)®
prea o
Prin(Eqns(32)) D T - (Top,(X2) ® P»)
P, tores S1 L ™M o A®P
fr fs fr fa®fp
ma
Py T pes Sa I Ay @ Py

For a transition assignment (¢,asg : X1 — A;) we call
asgr = fa©asg o foba  Var(fr(t) = Ao

the translation of asg along f if fy is bijective on the variables in Var(t). Actually, for
all transitions ¢ € T1 all fsjyqp ) : Var(t) — Var(fr(t)) are already surjective because
of the commutativity of the diagrams above. So it is sufficient to demand injectivity for
Isvar(r) such that asgy is well-defined.

The category AHLINets consists of all AHLI nets as objects and all AHLI net mor-
phisms.

Remark (Generalized algebra morphisms). Because Vy,(As) just forgets some carrier
sets of Ag if we considered them as a family of sets, we may use f4 also with As as
codomain omitting the postponed family of identities (t5 : (Vi (A2))s — Az py(s))ses-
Moreover, in the following constructions the algebra parts of the pushout cospan (and
the pullback span resp.) result from general constructions in the Grothendieck construct
with objects (X, A € Alg(X)) and generalized algebra morphisms. See [EBO92, TBG91]
for amalgamation of algebras and limits/colimits in Grothendieck constructs and also
[EMS85, [EOPO6] for details on the usage of free functors.

Fact 3.4 (Construction of Pushouts in AHLINets).

Pushouts in AHLINets are constructed componentwise in AHLNets and Sets. So,
(1) is a PO in AHLINets iff (2) is a PO in AHLNets and (3) is a PO in Sets with the
components of the AHLINets morphisms, where ms : I3 — A3 ® Ps is induced by PO
object I3 in the commutating cube below (whose front’s place components let the front
commutate because of the PO in the net structure).
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fir
AN, — ANT, Io L
mo m1
fQJ« W lgl \ Fa®f \
ANIZ ANIg for AU®PO Amar A1®P1
g2
f2A®f:
f1 f e I g a®g1p
ANO ! AN1 104H>11 12 Y 13\
N ms3
féi (2) lgi f21i 3) \Lg” R > S
ANy —— ANy 13 Ao by — e A8 B
2

If fix, for X € {P,T,I}, is injective then gox is as well and similar for components
of fo and g; and the other diagrams.
For the construction of pushouts in AHLNets we refer to [PER95].

Ezample. Figure shows two pushouts in AHLINets.

Fact 3.5 (Construction of Pullbacks in AHLINets).
Pullbacks in AHLINets along injective AHLNets morphismﬂ are constructed com-
ponentwise in AHLNets and Sets.

Consider a commutative square (1) in AHLINets with g} being injective. (1) is a PB
in AHLINets iff (2) is a PB in AHLNets and (3) is a PB in Sets with the components
of the AHLINets morphisms, where mg : I[p = A ® Py is induced by PB object Py in
the commutating cube below (whose front’s place components let the front commutate
because of the PB in the net structure).

far
ANTy— o AT, Io - I
N \mO m1
fQ\L (1) J{fh DN \
ANI; ANI; far Ao @ P0f1A®f1P A1 ® P
92
p ; f24®f2p 9D g o
ANO ! AN1 IO 4H> 11 I2 gar I3
m3
féi (2) lgi lei 3) \Lgu k‘\ \
ANz 95 AN Iy ——5 I3 A2© Py 924®9g2p Az ® by
2

Ezample. The pushouts in Fig. are pullbacks, too.

3.2. Transformation of AHLI Nets

This section is about rule-based transformation of AHLI nets. For this, we use the
double pushout approach, which has also been used for collective AHL nets in [PER95]

14We require morphisms that are injective on the net structure in order to obtain componentwise pull-
backs in AHLNets. See [EEPT06] for details.
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and which has been investigated in the context of M-adhesive systems in [EEPT06]. We
are going to characterize the applicability of rules at some match by initial pushouts.

Definition 3.6 (AHLI Transformation Rules).
An AHLI transformation rule is a span of injective AHLINets morphisms

o=(LL K5 R).

Remark. AHLI Rule morphisms are not required to be marking-strict in order to obtain

an M-adhesive category (see Sect. |5 on page 41f). This allows to arbitrarily change the
marking of an AHLI net by applying rules with corresponding places and individual

tokens in L and R.

Definition 3.7 (AHLI Transformation).

Given an AHLI transformation rule o = (L LK R) and an AHLI net ANI; with a
AHLI net morphism m : L — ANI4, called the match, a direct AHLI net transformation
ANI4 25, ANIy from ANI; to the AHLI net ANI»s is given by the following double-
pushout diagram (DPO) diagram in the category AHLINets:

L ! K r R
ml (POy) \L (PO2) lm*
ANI, ANI ANIo

To be able to decide whether a rule is applicable at a certain match, we formulate
a gluing condition for AHLI nets, such that there exists a pushout complement of the
left rule morphisms and the match if (and only if) they fulfill the gluing condition. The
correctness of the gluing condition is shown via a proof on initial pushouts over matches,
according to [EEPT06].

Definition 3.8 (Gluing Condition in AHLINets).
Given AHLI nets K, L, and ANI and AHLI morphisms [ : K — L and f: L — ANI.
We define the set of identification pointﬁ

IP =IPpUIPrUIP;
with
o [IPp={xe P |3 #x: fp(x) = fp(z)},
o IPp={zeTy | #x: fr(z) = fr(z)},
o IPr={xcly |3 #x: fi(x)= fi(z')},
the set of dangling pointﬂ
DP = DPr U DP;

with

15That is, all elements in L that are mapped non-injectively by f.
16That is, all places in L that would leave a dangling arc, if deleted.
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e DPp = {p € Py, | dt e Tant \ fT(TL) : fp(p) S ENVp(t)},
o DPr={pe P |3ieclan \ f1(IL): fr(p) = mp(mani(i))},
and the set of gluing pointsiz]
GP = lp(PK) U lT(TK) U l[(IK)

We say that [ and f satisfy the gluing condition if /P U DP C GP. Given an AHLI rule
o= (L P G R), we say that ¢ and f satisfy the gluing condition iff [ and f satisfy
the gluing condition.

L L K r R
/|
ANT

In order to construct the initial pushout for a match f : L — ANI, we define the
boundary over the match f, which is the minimal subnet containing all places, transitions,
and individual tokens that must not be deleted by the application of a rule with left hand
side L such that there exists a pushout complement.

Definition 3.9 (Boundary in AHLINets).
Given two AHLI nets

L = (3, P, Ty, prer, posty, condr,, typer,, A, I, mr),

ANI = (S ant, Pant, Tant, preant, post ant, condang, typeans, Aanr, Tanr, manr)
and an AHLI morphism f: L — ANI. The boundary of f is an AHLI net
B = (¥, Pp,TB,prep,postp, condp,typep, Ap, Ig, mp)

with

Xp =X,

PB:DPTUDP[UIPPUP[PTUP[PI

Prp,={pe P, |3teIPr:pec ENVp(t)}
PIPI :{pGPL | Ellglpjp:ﬂ'P(mL(z))}

e I'p = IPr

e prep(t) = prep(t)

e postp(t) = postr(t)

1"That is, all elements in L that have a preimage in K.
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condp(t) = condr,(t)

e typep(p) = typer(p)
[ ] AB = AL
o Iz = IP;

o mp(i) = mp(i)

together with b : B — L = (bx,bp,br,ba,br) where by, = idy,, ba = ida,, and the
remaining parts are inclusions.

Well-definedness.

prep,postp : Tp — (Top, (XB) ® Pp)®:
Let t € Tp and let (term,p) < prep(t). Then there is (term,p) < prer(t) which
means that term € Tpop, (X1) and p € Pr. Then from Yp = X follows that
term € Top,(Xp). Furthermore there is ¢ € IPp which by the fact that p €
ENVp(t) means that p € Pip, C Pp.
So prep is well-defined. The proof for postp works completely analogously.

condp : Tp — Prin(Eqns(Xp)):
Let ¢t € Tg. Then we have

condp(t) = condr(t) € Prin(Eqns(Xr)) = Prin(Eqns(XB))

typep : Pp — Sp:
Let p € Pg. Then we have

typep(p) = typer(p) € S;, = Sp

mp:Ip — A ® Pg:
Let ¢ € I and let (a,p) = mp(i). Then there is (a,p) = mp(i) which means that
a € Ayper (p) = Atypep(p)- The fact that p € Pp follows from the fact that i € [Py
and hence p € Pip, C Pp.

wnclusion b: B — L:
We obtain an inclusion morphism b : B — L from the fact that prep,postp,condp,typep,
and mp are restrictions of the respective functions in L.

O

The following facts about the gluing condition and initial pushouts hold in all M-
adhesive categories (AHLINets, M) whose morphism class M of monomorphisms con-
tains at least inclusions with identities for signature and algebra parts (for concrete
instantiations see Sect. . The next fact completes the construction of initial
pushouts for matches and shows that the construction of the boundary in Def.
complies to the categorical notion of boundaries in Def. [A.T on page 49|
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Fact 3.10 (Initial Pushout in AHLINets).
Given a morphism f: L — ANI in AHLINets, the boundary B of f and the AHLI net

C = (X¢, Po,Tc, prec, postc, condc, typec, Ac, Ic, m¢)

with

® Yc = XANT

® Po = (Pani \ fp(Pr)) U fp(bp(PB))

o To = (Tant \ fr(T1)) U fr(br(Th))

e prec(t) = preans(t)

e postc(t) = post ani(t)

o condo(t) = condani(t)

e typec(p) = typean:(p)

o Ac = Aani

o Ic=(Tanr \ fi(IL)) U fr(bi(IB))

o mc(i) =mani(i)

Then diagram (1) is an initial pushout in AHLINets, where g := f|p and ¢ is an
inclusion with ¢y = idy,, and cq = id 4.

b

B L
gi (1) fl
Proof. See section [B.3] O

The following two facts show the correspondence between the gluing condition in
AHLINets and the categorical gluing condition (see Def. [A.2 on page 49), which is
a necessary and sufficient condition for the (unique) existence of pushout complements
in M-adhesive categories.

Fact 3.11 (Characterization of Gluing Condition in AHLINets).

Let I : K — L and f: L — ANI be morphisms in AHLINets with [ € M.

The morphisms [ and f satisfy the gluing condition in AHLINets if and only if they
satisfy the categorical gluing condition.

Proof. See section [B.4] O
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Fact 3.12 (Gluing Condition for AHLI Transformation).
Given an AHLI rule p = (L R R) and a match f: L — ANI into an AHLI net
ANI = (AN,I,m : I — P4y). The rule p is applicable on match f, i.e. there exists a

(unique) pushout complement ANI( in the diagram below, iff p and f satisfy the gluing
condition in AHLINets.

L L K r R
|

fi (PO) g

ANI < — — — — — ANI,

Proof. By Fact the rule ¢ and match f satisfy the gluing condition in AHLINets
if and only if ¢ and f satisfy the categorical gluing condition, which by Fact [A.3]is a
sufficient and necessary condition for the existence of a (unique) pushout complement
ANI,. O

3.3. Correspondence of Transition Firing and Rules

Now that we can manipulate a net’s marking with rules, we have a look at rules that
simulate firing steps for a certain transition under a token selection. We show that firing
of a transition corresponds to a canonical application of a special rule construction, called
transition rules. With this correspondence we can easily show that token-injective AHLI
morphisms preserve firing steps.

Definition 3.13 (AHLI Transition Rules).
Given an AHLI net

ANI = (X, P, T, pre, post, cond, type, A, I, m)

we define the transition rule for a consistent transition assignment (¢,asg) € CT gy,
enabled under the token selection S = (M, m, N,n), as the rule

olt, S,asg) = (Ly & Ky 5 Ry)

with

the common fixed AHL net part AN, = (3, P, {t}, pres, post, type;, A), where
Py = ENV p(t), prei(t) = pret), posty(t) = post(t), type:(p) = type(p),

[ Lt = (ANt,M,TTLt : M-)A@Pt), with mt(l') :m(af;),
° Kt: (ANt,w, (b@—} (AXPt)),

e R =(ANy{, N,ny : N - A® P,), with ni(z) = n(z),

[, being the obvious inclusions on the rule nets.
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my and n; are well-defined because t is enabled under S: The token selection condition

implies that Vo € M : m(xz) € PRE s(t,asg) and due to the construction of AN, we have

PRE 4(t,asg) C (A® ENV p(t)) = (A® P;). The argument for n; works analogously.
Note that (¢, asg) is enabled under S in L.

Remark. The structure of a transition rule depends only on the transition and the token
selection, for which there may exist several enabled transition assignments. Therefore
different consistent transition assignments may have the same correspondent transition
rule. Nevertheless, we denote an AHLI transition rule as o(t, S, asg) rather than (¢, S)
to remember the concrete assignment this rule is intended to simulate.

Ezample. Figure [7|shows an AHLI transition rule o(¢, S, asg) = (L LKk R).

Definition 3.14 (Canonical DPO Transformation of AHLI Nets).

We call a direct transformation ANT; 25 ANI, by rule o = (L LKL R) with I,
being inclusions canonical if

e f7 is injective,
e fx is injective on the set of variables of ¥ 4 N11|E|

e the morphisms in the span (ANI; - ANIy — ANI5) of the DPO transformation
diagram below are inclusions, and

o I ZI()U(IR\T(IK))

L ! K r R
fJ( (PO1) \L (PO2) lf*
ANT, ANI, ANT,

Remark. For each rule o being applied to some AHLI net ANT at a token-injective match
f, there exists a canonical transformation diagram, which is just the particular equivalent
DPO diagram with “as less isomorphic changes as possible”.

Because of the injectivity of the rule morphisms the lower span in the diagram is
already injective as well. To construct the canonical transformation diagram we first
regard the last condition on I, which demands that (Ig \ r(Ix)) N Iy = 0 because of
pushout POs. For this, it is sufficient to replace the set of tokens in R that are created
by the rule, i.e. Ir \ r(Ix), such that it is disjoint to the tokens preserved by the rule,
ie. (I1\ f(Ip)) U f(l(IK))E With this we now can simply replace arbitrary ANIg and
ANI,, being some pushout complement object of PO1 and pushout object of POs, with
nets such that the lower span morphisms become inclusions.

'83ee the “Context Condition” in [EP97].
9This modification of the rule is passable since changing the tokens in R does not affect the firing
behavior of NIz (up to the token selections) nor the applicability of the rule.
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Example. The following diagram shows the two pushouts in AHLINets resulting from
applying the AHL transition rule o(¢, S, asg) = (L Ly R) for

asqg = {tll — ay,tig — bl,tQ — ag,t3 — (13}

to the net ANI. All nets in this diagram have the same signature and algebra as the
example net in Fig. Moreover, this transformation is canonical.

@

ti®tiz )/t tu@tli %
t3

Y
L

l (PO1) (PO2)

~
J/ﬁ
H

%0 @@ ® & ®

- b
Y o p‘ 2 e
po P P 2 @
Sy S S1 2
ot t; - udhy, | b - tll@tl NS

v v v
4—9?@ ANI @4—9?@ @3&,@(,}% @

Figure 7: Canonical direct DPO-transformation in AHLINets simulating a firing step

Theorem 3.1 (Equivalence of Canonical Transformations and Firing of AHLI Nets).

1. Each firing step ANI —= 59, ANT' wia token selection S = (M, m, N,n) corresponds to

t’S) )
a canonical direct transformation ANI Q(——M>

ANTI' via the transition rule o(t, S, asg)
matched by the inclusion match f: L — ANI.

. . . t,S, ) . .,
2. Each canonical direct transformation ANI % ANIq, via some transition rule

o(t,S,asg) = (L LKL R) with t € Tanr and token selection S = (M,m,N,n),
and token-injective match f : L — ANI, implies the consistent transition assignment
(fr(t),asgy) being enabled in ANI under

(f1(M), ((fa® fr)omo fi') N, ((FA® fp) omio f;71))
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with firing step ANT Mgi) ANIy. With asgy we denote the translation of asg along
f,i.e. asgy = faoasgo f{]ﬁ/ar(t)'

Proof.

1. Given the firing step ANI Y2895 ANT via (M,m,N,n) = S, the canonical direct

transformation of the transition rule o(t, S, asg) is ANI @—(m;—sg)’f> ANI; as in the DPO

diagram in Fig. |8l The match f, d, and d’ are inclusions.

L:(ANtanmt)<l—)K:(ANt7®7®)( - R:(ANtyNant)
fl (PO1) J{ (PO2) lf*
ANI = (AN,I,T)’L) (—d)ANIO = (AN,I(),T)’L())CT AN[l = (AN,Il,ml)

Figure 8: DPO diagram for canonical direct transformation of ANI with o(¢, S, asg) in
AHLINets

According to Fact [3.4 on page 22, we have [p = I\ M and I} = Ip U (N \ 0) as in the
DPO diagram of the Sets components in Fig.[0] The firing step condition (I\M)NN =

grants us the last condition for canonical transformations Io U (N \ 7(0)) = I;.

M () N
le (POY) l (PO3) lfx
[<———Iy = (I\ M) . L=(I\M)UN A @ P
' ~ T ~
~ = Od ~
\"@\"i ! - if,*;@fj;:ffx@fp
ES Al
Aan ® Pay = AN ® Pay

Figure 9: DPO diagram in Sets for the token components of the transformation in Fig.

For my as induced morphism for the pushout object I; follows that
mo(z) =m(x) forx e I\ M
my(z) =
ne(z) =n(z) for x € N
hence I) = I’,m; = m/ and ANI; = ANI’, according to Def. 3.2 on page 20}
Remark. fr being injective is not only sufficient for the existence of (PO1), but also
necessary, because Iy = () (see Fact [3.12 on page 28|).

A5, ANT, with

2. Consider a canonical direct transformation ANI
ANI = (X, P, T, pre, post, cond, type, A, I, m)

as in the DPO diagrams in Figs. §land [0} (fr(t),asgs) € CT any is enabled under
(fr(M), (fa® fp)omo fi1) N, ((fa® fp)omio f;~'))
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if

- fr1(M) C I,

(fa® fp)omof;': N = A®P,

I\ fr(M)) AN =0,

> ((fa® fp)omo fii(i)) = prea(fr(t), asgy)

iefr(M)

- > ((fa® fp) om0 f;71(0) = posta(fr(t), asgy)

i€EN

. leading to the follower marking I’ = (I '\ M) U N

mo(x) =m(x) forz € I\ M
mi(z) =n(z) forx € N

with m/(z) = {

By construction of the transition rule o(¢, S, asg) and its application to ANI we have 1.,
2., and for 6. that I’ = I1,m’ = m;. The canonical transformation property grants us
3. It remains to show 4. and 5., i.e. that f;(M) and N represent the correct numbers of
value/place pairs in the environment of fr(t) to enable it when evaluated with asgy:

> (fa® fp)omo fi(i)

i€ fr(M)
= (fa® fp) o mfi) (fr inj.)
ieM
= (fa® fp)® Z my(7) (Vi € M :my(i) = m(i),due to def. p(t, S, asg))
€M
= (fa® fp)¥ o (@sg x idp)® o preay, (t) ((t,asg) enabled in L)
= (asgy x idp)® o (féé ® fp)® oprean,(t) (Lemma [3.2))
= (asgy x idp)® opreo fp(t) (f AHLI morph.)

= prea(fr(t),asgy) (def. prea)
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and analogously,

D (fh® fp)omio fi71(i)

1€EN
=D (fa® fp) o ma(i) (fi(N)=N)
1EN
=(fa® fp)? Z ne(7) (Vi € N : ng(i) = my(i),due to constr. my)
ieM
= (fi® f5)% o (asg x idp)® o prean,(t) ((t,asg) enabled in L)
= (asgy x idp)¥ o (f;%é @ fp)® opostay, (1) (Lemma [3.2))
= (asgy x idp)® o post o fp(t) (f AHLI morph.)
= posto(fr(t), ang) (def. post,)

Lemma 3.2 (Translated Assignments).
Given two AHLI nets

ANIZ = (ZZ = (SiaO-Pini)af)h,-ri)prehpo‘Sti)Condi)typeiuAi)I’L7mi)7i € {1)2}

a transition assignment (t,asg : X1 — A1) € CT ani,, and an AHLI net morphism
f={(fs,fp, fr,fa, fr) : ANI1 — ANIs with fs, injective on the variables of Var(t), it
holds for all terms term € Top,(Var(t)) that

@of;#(term) = faocasg(term), where asgy = onasgofz_l%,w(t) :Var(fr(t)) — A

Proof by structural induction over all X1 terms over variables of Var(t). mFirst, note that
because (fs, fa) is a generalized algebra homomorphism we have for all constants ¢ and
operations op in OP;

homomorph. def. Vg
) TR = (fa(€)) a, (1)

def. sz
opvy (a0 fa =" (fu(op))a, o fa (2)

fA (CA1

fa homomorph.
faoopa, =

Case 1: t =2 € Var(t)

faoasg(z) = faoasg(x) = fa0asgo fsygq © /3 (@)
because fsvar) : Var(t) — Var(fr(t)) is surjective due to f being a net morphism and
hence f5, bijective on variables in Var(t).

Case 2: t = (c:— s) € Top,

__ (@ _
faoasg(c) = falea) D (fs(e) s = (FE(e)) s = 7577 0 FE(0)
The last equality holds because a constant ¢ would be evaluated by the extension of just
any variable assignment to c4,.

20A categorical proof using free constructions can be found in [EP97].
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Case 3: t = op(t1,...,tn) € Top,(Var(t)) with ti,...,t, satisfying the property to be
proven.

faoasg(op(ty, ... tn)) = faoopa,(asg(tr),...,asg(tn))

(f(op))vy, (45)(fa0@sg(t1), ..., fa o asg(tn))

ind.asiumpt.(

F5(00))vy, (4) (@395 © S (t1), - a@sgy o fE (1)

=asgy ((fu(on)) (FE (1), FE (1))

—asgy o [ (op(t1, ..., tn))

[

The second item of the previous theorem covers all possible canonical direct transfor-
mations by any transition rule o(¢,S,asg) in an arbitrary net ANI, without aasuming
that t € ANI or M C Iy;. For the special case that a transition rule (¢, S, asg) is
applied on an inclusion match, the second item reduces to the following corollary, which
is more similar to the theorem’s first item.

Corollary 3.3 (Equivalence of Canonical Transformations and Firing of AHLI Nets).

Given a canonical transformation ANI % ANI{ such that the match
f: L — ANI is an inclusion, then the consistent token assignment (t,asg) is enabled in
ANI under S with firing step ANI o959 ANT; .

This follows directly from 2. of Theorem |3.1]

Theorem 3.4 (Token-injective AHLI Net Morphisms preserve Firing Steps).
For each AHLI net morphism f : ANI{ — ANIo, such that fr is injective and fx is

injective on all sets Var(t) for all t € T1 and each firing step ANI, SELLUN ANTI there
exists a firing step ANI, M ANTY, and a AHLI net morphism f': ANI} — ANI,
(depicted in diagram (1) below).

ANI ANI}

fl (1) if’

ANl ANT),
fr(t),asg;

t,asg

Proof. Given f: ANI;1 — ANI and ANI; LU ANI via some S as above, we have
by the first part of Theorem [3.1 on page 30| the canonical direct transformation with
o(t,S,asg) = (L LK R) given by the pushouts (1) and (2) in Fig. |10 on the facing
[Page}

Note that f : ANI; — ANI, satisfies the gluing condition w.r.t ', because
Up =idp,, U = idp, and IP; = () due to injectivity of fr. This allows to construct the

21See the “Context Condition” in [EP97].
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L l K r R
mcLl (1) l (2) lnR
AN, L ANIp —" ANT,
fl (3) l (4) lf’
ANI, ANI ps ANT,

Figure 10: Double pushout diagrams for canonical direct transformation of ANI; and
ANI5 with o(t, S, asg)

canonical transformation with extended rule ANI; L ANI pq Ll> ANIY along pushouts
(3) and (4). Hence, also (1 + 3) and (2 + 4) are pushouts, defining a canonical direct
transformation via o(t, S,asg). The second part of Theorem [3.1 on page 30| implies

ANT, 200598, AN, 0

Remark (Firing-preserving diagrams for (¢,asg) correspond to an extension diagram for
o(t,asg)). The diagram in Fig. [10| corresponds to an extension diagram for rule o(t, asg)
and f (as depicted below) because (1) — (4) are pushouts.

ANT, 2E8Dime

| |

ANI, ANT},

o(t,asg),foinc
>

4. Functors for Individual Net Classes

PTI and AHLI nets are still very close to their collective pendants. In this section, we
express this vicinity with functors. In addition we define a flattening functor from AHLI
to PTI nets, similar to the flattening of AHL nets, that preserves enabling and firing and
finally show a compatibility result for these functors.

Definition and Fact 4.1 (Collpy : PTINets; — PTSys).

The following construction flattens a PTI net to a P/T net with collective marking and
forgets the individual token elements. We can translate nets with a finite number of
tokens on each place, only:

Collpr(P, T, pre,post, I, m) = (P, T, pre,post, M = Zm(z) € P@> ,
i€l
if Vpe P:|m~Y(p)| € N.
Now, we extend the construction to a functor Collpr : PTINets; — PTSys. PTSys
is the category of P/T nets with a marking M € P® where P? is the commutative
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monoid over the set of places. Morphisms in PTSys are pairs
(fp:Pl —)Pz,fT:Tl —)Tg) :N1 —>N2

that are compatible to the nets’ pre and post mappings (just as PTI morphisms) and
preserve markings placewise, i.e. Vp € Py : My, (p) < My, (fp(p)).

Because markings of nets in PTSys can only describe finitely many tokens on each
place of the net, we define as domain of the functor the category PTINets; of PTI
nets with finitely many tokens on each place (such that Vp € P : [m~!(p)| € N) and
token-injective PTT morphisms. For the morphisms, we just have to forget the individual
token component by defining

COHPT(f : NI — N[g) = (fp,fT) : COllPT(Nfl) — CO”PT(NIQ).

Proof. Obviously, Collpp(f) is well-defined on the net structure parts of Collpr(NIy)
and Collpr(NI3). Furthermore, it holds that

¥p € Pr: Mi(p) = [my* (p)] < [m3 ' (fp(p)| = M2(fp(p))-

The inequality is valid because each token z on place p implies a unique image fr(x)
on fp(p) due to the PTT morphism properties and because f; being injective does not
merge token images in Is.

The compositionality follows directly from the componentwise composition of PTI net
morphisms. O

Theorem 4.1 (Collpr preserves Enabling and Firing).
Given a PTI net

NI = (P, T, pre,post,I,m) € PTINetsy,

each wvalid token selection (M, m,N,n) enabling a firing NI Y NI' implies the firing
Collpr(NI) s Collpr(NI').

Proof.
1. t is enabled in Collpr(NI):

t enabled N MET . def. Coll
pre(t) " = Z m(i) < Zm(z) =T Moo (v
ieM iel

2. Firing of ¢ results in Collpp(NI'): Obviously, for the firing step Coll pr(NI) v PN
the net structure parts of PN are the same as of Collpr(NI'). It remains to show the
equality of their markings. We have

m(z), zel\M

Iny =(I\M)WN, m:Iyy — P withm/(z) =
NI (I\ M) NI w (z) {n(a:), reN
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which we use to show that

Mpy

= Mcoiipr(n1) © pre(t) © post(t)

— Zm(z) ) Z m(i) ® Z n(i) (def. Collpr,t enabled)

icl ieM iEN
=Y m@)@> n)
iel\M i€EN
= Z m’ (i) (def. m”)
1e(I\M)yN
= Mcoipr(NT) (defs. Iny,Collpr)

O

Remark. Because the only condition for ¢ to be enabled in Collpr(NI) is that

Vp € P : pre(t)(p) < (Z m(z)) (p), there are possibly many different valid token
el

selections corresponding to the same firing step of ¢ in Collpy(NI), depending only on

isomorphic N and n.

Definition and Fact 4.2 (Coll sy, : AHLINets; — AHLSys).

The following construction flattens a AHLI net to a AHL net with collective marking
and forgets the individual token elements. We can translate nets with a finite number of
each value/place pairs, only:

COllAHL(AN,I,m) = (AN,M = Zm(z) S (A X P)®> R
el
if V(a,p) € A® P : |m~t(a,p)| € N.

Now, we extend the construction to a functor Collsy;, : AHLINets; — AHLSys.
AHLSYys is the category of AHL nets with a marking M € (A® P)®, where (A® P)?® is
the commutative monoid over pairs of values from the net’s algebra and the net’s places
of compatible type. Morphisms in AHLSys are tuples

(fe: X1 =%, fp:PL—= P, fr:T1 = T, fa: A1 = As) : ANy — ANy

that comply to all compatibility properties of AHLI net morphisms (of course, ex-
cept the one regarding the individual token component) and that preserve markings
place/valuewise, i.e.

V(a,p) € A1 @ P1 : Myp,(a,p) < Man,(fa® fp(a,p)).

Because markings of nets in AHLSys can only describe finitely many tokens on each
place of the net, we define as domain of the functor the category AHLINets; of AHLI
nets with finitely many occurrences of each value/place pair, i.e.

V(a,p) € A® P: [m™!(a,p)| €N,
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and AHLI morphisms that are injective on tokens and variable@. For the morphisms,
we just have to forget the individual token component by defining

COllAHL(f : ANIl — ANIQ) = (fz, fp, fT, fA) : COllAHL(ANfl) — CO”AHL(ANIQ).

Proof. Obviously, Coll 4g,(f) is well-defined on the net structure parts of Coll 4 pr,(ANI )
and Coll ggr,(ANI2). All properties for AHL net morphisms are already valid for the cor-
respondent components of AHLI net morphisms.

The compositionality follows directly from the componentwise composition of AHLI
net morphisms. O

Theorem 4.2 (Collspy, preserves Enabling and Firing).
Given an AHLI net

ANI = (X, P, T, pre, post, cond, type, A, I,m) € AHLINetsy,

each valid token selection (M, m,N,n) with firing step ANI HLas9) g N/ implies the
firing Coll g (ANT) Y229 ol (ANT').

Proof.
1. (t,asg) is enabled in Coll g, (ANI) :
(t,asg) enabled L McEl .\ def. Coll
prea(t,asg) = Z m(i) < Zm(l) o Mot gy, (ANT)
ieM icl

2. Firing of (t,asg) results in Collagr(ANI'): Obviously, for the firing step

Coll gr,(ANT) 1959 ANT the net structure parts of ANT are the same as of Collapr(ANT').

It remains to show the equality of their markings. We have
) el\M
Iyyy = (I\NM)WN, m':Ianp — A® P with m'(z) = m(z), @&l
n(z), x€N

which we use to show that

M

= Mcoi s, (ANT) © Prea(t,asg) © posta(t, asg)

= Zm(z) o Z m(i) & Z n() (def. Collapr,t enabled)
iel ieM iEN

= > m@)e ) ni)
ie\M ieN

= Y w0 (def. m')
ie(I\M)YN

= Mcoit y,(ANT) (defs. Tany, Collanr)

22We need injectivity on variables of a signature for the flattening of AHLI morphisms.
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Definition and Fact 4.3 (Flat; : AHLINets; — PTINetsy).
The following construction flattens an AHLI net to a PTI net:

Flat;(AN,I,m) = (CP, CT,prey,posta,l,m)

Note that (CP, CT,prea,posta) = Flat(AN) and m: I - (A® P) = CP.
To extend the construction to a functor Flat; : AHLINets; — PTINetsy, we define
for each

f=fs: fp, fr, fa, fr) - ANI1 — ANI,
the flattening
Flati(f) = (fa® fp, fr x (fA o o fgfm(t)) ,f1) : Flat;(ANI,) — Flat;(ANI).
Proof. To prove that
Flat;(f : ANIy — ANI3) : Flat;(ANI1) — Flat;(ANIs)
is a valid PTI net morphism, we have to show the following equalities:
fromi=mso (fa® fp)
and
(fa® fp)® opreas = preag o (fT X <fA o_o fz_ﬁ/ar(t)» ;

analogously for post 4. The first one follows directly from f being a AHLI morphism.
For the second one we have for all (¢,asg) € CT that

pregs o (fT X (fA o o fz_&/m"(t))) (t,asg)

= pregs (fT(t)a fA casgo fg&/ar(t))

= preas (fr(t),asgy) (abbrev. asgr = faoasgo fi_]ﬁ/ar(t))

= (asgy, idpz)@ o pres o fr(t) (def. preas)

= (asgy, idp,)% o (f;7£ ® fp)® oprei(t) (f AHLI morph.)

=" (@97 0 f (term), fr(v)) for S (termy, pi) = pres (t)
i=1 i=1

= Z (facasg(term;), fr(pi)) (Lemma [3.2))
i=1

= (fa® fp)® o (asg,idp,)® o prei(t)
= (fa® fp)® o preai(t,asg) (def. preas)

and analogously for post 4. The compositionality follows directly from the componentwise
composition of AHLI net morphisms. O
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Theorem 4.3 (Flaty preserves and reflects Enabling and Firing).
Giwen an AHLI net ANI = (AN,I,m) with Flat;(AN,I,m) = (CN,I,m) and a token
selection S = (M, m, N,n), the following holds:

1. (t,asg) € CT is enabled under S in ANI, iff (t,asg) is enabled under S in Flat;(ANI).

2. ANI)M%(AN,I’,m’)m'aS & (C’N,I,m)M(C’N,I’,m’)m’aS

Proof.

1. (t,asg) € CT is enabled under S in (AN,I,m)
< > m(i) = prea(t,asg) A > n(i) = posta(t,asg)
ieM iEN
< (t,asg) € CT is enabled under S in Flat;(AN,I,m) = (CP,CT, prea,posta,I,m)
2. (AN, I,m) "9, (AN, I',m/) via S
& (t,asg) enabled under S in both ANI and Flat;(ANI),
I\ M
and I' = (I\ M)W N, m/(z) = 4" T
n(x), x€N

& Flat(AN,I,m) = (CN,I,m) »"%9 (CN, I',m') = Flat;(AN,I',m') via S O

Theorem 4.4 (Compatibility of Collection and Flattening Functors).
The previously defined functors are compatible, i.e. Collpr o Flat; = Flat o Collgpr.

Flaty

AHLINets; PTINets;
couAHLl = lcozzPT
AHLSys Flat PTSys

Proof. Given an AHLI net ANI = (X, P, T, pre, post, cond, type, A, I,m) € AHLINetsy,
we have

COllpT o Flat[(AN[)

= Collpp(CP, CT,prea,posta, I, m) (def. Flaty)
= (CP, CT,prea,posta, M = Zm(z) €(A® P)®) (def. Collpr)
i€l
= Flat (Z, P, T, pre, post, cond, type, A, M = Zm(z)) (def. Flat)
el
= Flato COllAHL(ANI) (def. COllAHL)

and for some AHL net morphism f = (fs, fp, fr, fa, f1) : ANI; — ANI9 with injective
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fr we have

Collpr o Flaty(f)

= Collpr(fa ® fp, fr X ( fao o fg‘lw(t)) 1) (def. Flat)
= (fa® fpo fr % (a0 0 fohran)) (def. Collpr)
= Flat(fs, fp, fr, fa) (def. Flat)
= Flat o COllAHL(f) (def. COllAHL)

5. Nets with Individual Tokens are M-adhesive Categories

[Pra08| shows how to construct a marking category for collective Petri nets, which can
be used to prove the properties of M-adhesive categories, i.e. weak adhesive high-level
replacement systems in the sense of [EEPT06|, for marked Petri nets. In this section we
present a similar construction for individual markings and show some instantiations of
M-adhesive categories for PTI and AHLI nets.

Definition 5.1 (Individual Petri Systems).
Given a category Nets of nets, an individual system IS = (N,I,m) is given by a net
N € Nets, aset of individuals I, and a function m : I — M (N), where M : Nets — Sets
is a functor assigning a marking set to each net V.

For systems IS1 = (N1, 11, m1) and 1S9 = (N3, I2,m2), an individual system morphism
fis = (fn, f1) : IS1 — IS consists of a net morphisms fy : N3 — Ny and a function on
the individuals fr : Iy — I such that M (fnx) o m; = mg o fr as depicted below.

mi

I M(Ny)
fll = lM(fN)
I 2~ M(Ny)

All individual systems and system morphisms constitute the category ISystems(Nets, M).

Theorem 5.1 (ISystems(Nets, M) is M-adhesive).
Given an M-adhesive category (Nets, M) of nets with a marking set functor
M : Nets — Sets that preserves pullbacks along M-morphisms, then the category

(ISystems(Nets, M), M x M;,;)

of indwidual systems over these nets is M-adhesive as well, where M, ; is the class of
all injective functions.

Proof. Consider the comma category C = ComCat(IDgets, M,{m}), with objects
(I,N,op;, : I — M(N)) and morphisms fc = (fr,fn) € Morgets X MorNets-
Obviously, C is isomorphic to ISystems(Nets, M).
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By applying Thm. 1.4 (Construction of [Weak| Adhesive HLR Categories) from [PELO0S],
we can conclude that (C, M x My, ;) is M-adhesive because

e (Nets, M) and (Sets, M;y;) are M-adhesive categories,
e the functor I Dgets preserves pushouts along injective functions, and

e the functor M : Nets — Sets preserves pullbacks along M-morphisms.

Hence, (ISystems(INets, M), M x M;y;) is M-adhesive as well. O

Theorem 5.2 (PTINets is M-adhesive).
The category (PTINets, My, ;) is an M-adhesive category where

Min; ={f € MorpriNets|fp, 1, fI injective}

Proof. We already know from [Pra08|] that (PTNets, M’) is M-adhesive with M’ being
the class of all injective Petri net morphisms. Given the functor M : PTNets — Sets
with M (P, T, pre,post) = P, we have PTINets ~ ISystems(PTNets, M).

M preserves pullbacks along M’-morphisms because pullbacks along injective mor-

phisms are constructed componentwise in PTNets, hence Thm. states that
(PTINets, M;,;) is M-adhesive. O

For PTI net transformation systems we require rules with rule morphisms in M and
one of the following alternatives for matches:

1. general matches by PTI morphisms,
2. injective matches by M,

3. token-injective matches by M’ = {f € PTINets|f; inj.}

For all three cases we have a suitable theory by DPO transformations with general,
M-matching resp. M’-matching in M-adhesive categories.

Theorem 5.3 (AHLINets(X) is M-adhesive).
For a fized signature 3 the category (AHLINets(X), M) is an M-adhesive category
where

e AHLINets(X) is the full subcategory of AHLINets containing all AHLI nets
with the signature X,

o M;={f € MoranuriNets(x)|fs = ids, fa isomorphic, and fp, fr, f injective}.

Proof. As shown in [Pra08§|, we already know that the category (AHLNets(SP), M) of
AHL nets over a specification SP is M-adhesive with

M' = {f € MorsurNets(sp)|f4 isomorphic, and fp, fr injective}.
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Given the functor M : AHLNets(X,)) — Sets with
M(P,T,pre,post, cond, type, A) = A® P,

we have AHLINets(X) ~ ISystems(AHLNets(X, (), M). M preserves pullbacks
along M’-morphisms because pullbacks along injective morphisms are constructed com-

ponentwise in AHLNets(X, ()) and we have only algebra isomorphisms in M’. Hence,
Thm. [5.1| states that (AHLINets(X), M) is M-adhesive. O

Theorem 5.4 (AHLINets is M-adhesive).
The category (AHLINets, M) is a M-adhesive category where

M ={f € MorauviNets| s injective , fo isomorphic, and fp, fr, fr injective}

Proof. As shown in [Pra08§|, we already know that the category of generalized AHL nets
(AHLNets, M’) is M-adhesive with

M = {f € MorauLNets|fsp strict injective, f4 isomorphic, and fp, f7 injective}.

We consider its full subcategory (AHLNets@),M’| AHLNetsw) of generalized AHL nets
with empty sets of specification equations, which by Thm. 2.3(i) from |[Pra08§| is itself
M-adhesive. Note that all injective morphisms between specifications without equations
are strict.

Given the functor M : AHLNets; — Sets with

M(SP, P, T, pre, post,cond, type, A) = A® P,

we have AHLINets ~ ISystems(AHLNetsy, M). M preserves pullbacks along
M |AHLNets,-orphisms because pullbacks along injective morphisms are constructed
componentwise in AHLNetsy and we have only algebra isomorphisms in M’. Hence,
Thm. states that (AHLINets, M) is M-adhesive. O

6. Conclusion

In this article, we have introduced low- and high-level Petri nets with markings of indi-
vidual tokens. The Petri net approach we presented is related to [vGP95, BMMS99] but
in contrast the individual tokens in our framework are part of the syntactical definition
of the Petri nets.

With the individuals being part of a net’s syntax, we can consider Petri nets with an
individual marking as objects of a category. Based on the double pushout transformation
approach, we are able to define the rule based transformation for low- and high-level Petri
nets with individual tokens. Important results are a necessary and sufficient condition
that we give for the applicability of rules and other results that follow from the properties
of M-adhesive categories, because we are able to show that our Petri net categories are
M-adhesive, which is a short notion for weak adhesive HLR categories in [EEPT06].
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The main advantage of the presented Petri net transformation approach over previous
existing double pushout approaches (with “collective” markings) is that the marking of
a net with individual tokens can be manipulated with rules, which is not possible in an
adequate way with the “collective token approach”. So, firing steps of Petri nets with
individual tokens can be simulated with rules. Moreover, we proved a correspondence
between such transition productions and firing steps.

We related the newly presented and existing net classes with functors and showed that
they preserve enabling and firing.

7. Future Work

Although we have given some M-adhesive categories of Petri nets with individual tokens,
which allows us to use many interesting results for analysis of transformations, there
are several useful additional properties and recent developments that are worthwhile to
consider to examine if the presented categories comply to them.

Application Conditions In [EHLI0], the results of concerning parallel and
concurrent rules have been lifted to transformation systems with rules with nested ap-
plication conditions (see also [HP(09]). The only additional property for M-adhesive
categories that is needed for these results is an £-M factorization (and binary coprod-
ucts which we already have by cocompleteness).

Morphism pair factorization There are several useful theorems as the Concurrency
Theorem and the Local Confluence Theorem, for which we need an &'-M’ pair factor-
ization. Unfortunately, for the M-adhesive categories in this article we can not simply
apply the construction Thm. 4 from because for the individual marking functor
M (cf. Def. 5.1 on page 41| establishing the constructed comma category does not in
general yield an isomorphism M (f) for a Petri net morphism f.

So for all these results, for transformation systems with or without application condi-
tions, it may be convenient to directly prove an epi- M factorization, which (with binary
coproducts) would directly constitute a £'-M’ pair factorization with & as the class of
jointly epimorphic morphisms.

Another possibility is to consider only nets with a finite structure, i.e. the nets with
finite sets of places, transitions, and individuals, which is the kind of nets mostly used in
practical cases. In an M-adhesive category as given above, finite objects are the objects
with a finite number of M-subobjects, which in the case of nets are exactly the nets with
finite structure. As shown in [BEGGI0|, the restriction of an M-adhesive category to
all its finite objects allows already to give a general construction for £- M factorizations
and for initial pushouts.

Rule amalgamation Another powerful concept is the amalgamation of rules (with ap-
plication conditions) over a bundle of matches, which has been elaborated in [Gol10]. In



References

45

order to instantiate the results in this article to our Petri net categories we need to show
that they have so-called effective pushouts.
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A. Appendix

A.1. Categorical Gluing Condition with Initial Pushouts

The following definitions, that can also be found in [EEPT06], provide notions to formu-
late an abstract categorical condition, the so-called gluing condition, which is necessary
and sufficient for the (unique) existence of pushout complements in M-adhesive cate-
gories. The gluing condition is used to show that the corresponding set-theoretical glu-

ing conditions in the categories PTNets (see Def. and AHLINets (see
Def. are necessary and sufficient conditions for the application of trans-
formation rules o = (L L K5 R) in suitable M-adhesive categories (PTINets, M)
(see Fact[2.11 on page 12) and (AHLINets, M) (see Fact [3.11 on page 27)), respectively.

Definition A.1 (Boundary, Initial Pushout).

Given a morphism f : L — G in an M-adhesive category, a morphism b : B — L with
b € M is called the boundary over f if there is a pushout complement of f and b such
that (1) is a pushout which is initial over f. Initiality of (1) over f means, that for every
pushout (2) with ¥’ € M there exist unique morphisms b* : B — D and ¢* : C' — E with
b*,¢* € M such that ¥/ o b* = b, o ¢* = ¢ and (3) is a pushout. B is then called the
boundary object and c the context with respect to f.

b

B_Y.p B p>D =1
l (1) lf i (3) l 2) lf
C

——=G C—c>E—o=G
\_/

C

Definition A.2 (Categorical Gluing Condition).

Let l: K - L e M and f: L — G be morphisms in a given M-adhesive category C
with initial pushouts.

We say that [ and f satisfy the categorical gluing condition if for the initial pushout (1)
over f there exists a morphism b* : B — K such that [ o b* = b.

b*
— ;5 T
B

L
b l
gl (1) lf
C

—G

K R

r

Given a production ¢ = (L Lo R), we say p and f satisfy the categorical gluing
condition, iff [ and f satisfy the categorical gluing condition.

Fact A.3 (Categorical Gluing Condition).
Given an adhesive HLR category C with initial pushouts, a match f : L — G satisfies
the categorical gluing condition with respect to [ : K — L € M (or a production
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= (L LKk R), respectively) if and only if the context object D exists, i.e. there is
a pushout complement (2) of [ and m:

B L K R
g if (2) |k

C—°>G<%_Dp

\_/

c*

If it exists, the context object D is unique up to isomorphism.
Proof. See Theorem 6.4 in [EEPT06]. O

In order to show initiality of a pushout (1) over a morphism f : L — G with cor-
responding opposite morphism B — C' in an M-adhesive category C (cf. Def.
fthe preceding page)), one has to show for every pushout (2) over f with correspond-
ing opposite morphism D — F, that there exist unique morphisms b* : B — D and
¢* : C' — F forming a pushout (cf. Def. . The following Lemma states the fact, that
the existence of the required morphism ¢* induces the remaining requirements.

Lemma A.1 (Morphism-Pushout-Lemma).

Given pushouts (1) and (2) in an M-adhesive category C where b,d € M.

If there is a morphism ¢* : C' — E with ¢ = eoc* then this ¢* is unique and c* € M and
there exists a unique b* : B — D € M with b = d o b* such that (3) is pushout in C.

b
b d
/\
B—>L<—"0D B=——=D—=1
W fl . b d
I gl ) hl 2) lf
o \_/

Proof. We use in the following that also ¢,e € M due to pushouts (1) and (2) and the
fact that M-morphisms are closed under pushouts.

uniqueness of c*:
Let ¢: ' - E with ¢ = eo¢. Then there is

eoc=c=¢eoc"
which by the fact that e is a monomorphism implies that ¢ = ¢*.

unique morphism b*:
Since d € M the pushout (2) is also a pullback and since (1) is a pushout there is

fob=cog=eoc'oyg
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from the pullback property follows that there is a unique morphism b* : B — D
with

cfog=hob*and b=dob"

leading to commuting diagram (3).

b*, ¢ e M:
The morphisms b and ¢ are M-morphisms. So the fact that

b=dob*andc=ceoc*

together with the fact that M-morphisms are closed under decomposition implies
that b*,c¢* € M.

(8) is pushout:
Since ¢ is an M-morphism and M-morphisms are closed under decomposition due
to the fact that coidc = ¢ € M there is ido € M. Consider the following cube:

C E dr E
/ /
D
l idp lZdE d
idg C = E =

A

e The left face is a pullback,
e the right face is pullback (2),
e the front left and back left faces are pullbacks,

e the front right and back right faces are pullbacks because d,e € M,
e the bottom is the pushout (1),

e and the morphisms id¢,d and e are M-morphisms.

So the cube is a weak Van Kampen cube implying that the top face (3) of the cube
is a pushout in C.
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O

In the following two lemmas we show, that the constructions (_*® )@ and P (_*),
which are used in the pre and post conditions, and conditions of AHLI nets, respectively,
are compositional. We need these properties for the proofs of Fact [3.10 on page 27| and
Fact [3.11 on page 27|

Lemma A.2 (Compositionality of (_*® )®).
Given three AHLI nets

AN; = (%;, P, T;, pre;, post;, cond;, type;, I;, A;) where (i € {1,2,3})

together with signature morphisms fy : 31 — Yo, gx @ Yo — X3 and functions
fp P — PQ, gp Py — P3 with

types o fp = fs o typer

Then for all

n

Z (termg, pi) € (Top, (X1) ® P1)®

=1
there is
(66 @ 9p) (4 @ £)®(S (termi,pi))) = (950 f5) @ (gp o fo)) (3 (termi, py)
i=1 i=1
Proof. Let

n

Z (term;, pi) € (Top, (X1) ® Pp)®
i=1

Due to the freeness of Tpp, (X1) there is

Vi (g%) o f& = (fs o gn)*
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So we have

n

(9 ® 9p)°((Fe @ £)°(D (termi, pi)))
=1

= (65 @9P)°0_ (&) typer (o) (terma), fr(pi))

=1

(9% types (i) ((FE)types (o) (terma) ), gp (£ (pi)))

Il
AM:

N
Il
—

((gﬁz)fs(typm(m)) ((fg)typm(pi) (termi)), QP(fP(pi)))

I
.M:

N
I
—

(Vi (95 typer (o) (FE) typer (o) (Eerma)), g (P (03)))

I
&M:

@
Il
—

(Vi (98) © F&)types (o) (terma), gp(Fp(pi))

I
NE

1

-
Il

I
.M:

(95 © £)} ey (o) (terma), gp © o (pi))
1

7
n

= ((gzof)t @ (gpo )P (termi, pi))

i=1

Lemma A.3 (Compositionality of Pp;,(_*)).
Given three AHLI nets

AN; = (%, P, T;, pre;, post;, cond;, type;, I;, A;) where (i € {1,2,3})

together with signature morphisms fx : X1 — Yo and gy : Yo — 3.
Then for all E € Prin(Eqns(X1)) there is

Prin(95) Prin(FE)(E)) = Prin((gs 0 f2))(E)

Proof. Let E € Prin(Eqns(X1)). For e = (t;,t,) € Eqns(X:1) the extension f% of a
signature morphism fy : 31 — Yo to equations of ¥; is defined by

Fae) = ((FL)s(t), (FL)s(tr))

where s is the sort of terms ¢; and ¢,, i.e. t;,t, € Top,(X1)s. The function (f%)s on the
right hand side of the equation is the extension of fs, to terms of type s, i.e.

(f&)s : Top (X1)s = Vi (Top, (X2))s
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Due to the definition of the forgetful functor Vi, there is

Vi (Top,(X2))s = Tor,(X2) g4 (s)

and hence there is

(f5)s = Tor,(X1)s = Tor,(X2) ro(s)

So we have

Prin(95) Prin(fE)(E)) = Prin(98) (Prin(fe)({e | e € E}))
= Pm(gé)({(( FL)s(t0), (f2)s(t >>|<tl,tr> E})
= {((d} >fs<s ((F2)s(t0), (95 £o (o) (F2)s(t0))) | (11, 12) € E}
= {(Vs(g8)s((F2)s (1)), E<g§>s« F2)s(t) | (i ty) € B}
= {(Vio(gE) o F)s(tr), (Vi (6§) 0 ££)s(tr)) | (t1,t:) € B}
= {((gzo f)i(t), (g o f2)i(t) | (ti,t,) € E}
= Prin((gs o f£))(E

O]

In the following two lemmas we show, that the constructions ®  and ¥ preserve
monomorphisms, which is used in the proofs of Fact [3.10 on page 27| and Fact

Lemma A.4 (_ ®  preserves Monomorphisms).
Given two AHLI nets

AN; = (%, P, T;, pre;, post;, cond;, type;, I;, A;) where (i € {1,2})

and a monomorphism f = (fp, fr, fs, fa, f1) : ANy — ANs in AHLINets.
Then fa® fp: A1 @ P = Ay ® Py is a monomorphism in Sets.

Proof. Let (a1,p1), (a2,p2) € Ay ® P with

(fa® fp)(a1,p1) = (a,p) = (fa ® fp)(az,p2)

Then there is

fa® fp)(a1,p1)

(fa,typer (pr) (01), FP(P1)) (

= (a,p)
(
(

fa® fp)(az,p2)
fa type1(p2)(a2) fP(pl))

which means that

fA,type1 (p1)(a1) =a= fA,typel(pz) (a2)
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and

fp(p1) =p= fr(p2)
Since f is a monomorphism in AHLINets the function fp is injective implying that
p1 = p2. This means that

fAvtypel(m)(al) = fA,typq(pl)(al) =a= fA,typel(pz)(az)

and since f is a monomorphism in AHLINets there is f4 ype, (p,) injective implying
that a; = ay. Hence there is (a1, p1) = (a2, p2) implying that f4 ® fp is injective, i.e. it
is a monomorphism in Sets. O

Lemma A.5 (_* preserves Monomorphisms).

Given a signature morphism f: 31 — 3.

If f is a monomorphism in Sig then f* : Top, (X1) = Vi(Top,(X2)) is a monomorphism
in Alg(Xy).

Proof. Since monomorphisms in Alg(X) are exactly the injective homomorphisms it is
sufficient to show that f¥ is injective. Let t1,ts € Top, (X1)s with

Fi(tr) =t = fi(ta)

The recursive definition of terms allows us to prove this property by a structural induction
overt € Vf(Top2 (XQ))S =Top, (XQ)fS(S).

Basis.

o t=x€ Xy r(s)
This means that there are z1, 22 € X1 ¢ with

fiar) =z = fi(z2)
& fx(r1) =z = fx(22)

and since fx is injective this means t; = 1 = z9 = to.

o t =cwith ¢:— fg(s) € OP,
This means that for ¢ = 1,2 there are ¢; :— s € OP; with

fier) = c = fi(c2)

& for(c1) =c= fop(c2)
and since fop is injective this means 1 = ¢; = ¢ = to.

Hypothesis. For t' € Vi(Top,(X2))s; = Topr,(X2) f4(s;) (i =1,...,n) there is

gi(tl) =t'= fgi(b) =1t =t
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Step. Let t = op(t!,...,t") with op : fs(s1)...fs(sn) — fs(s) € OPy and
t e TOP2(X2)fS(Si) (’L =1,... ,n).
Then from fg(tl) =t = fg(tg) follows that there are op; : s1...8, — s € OP;
(1 =1,2) such that

Fitr) =t = fi(ta)
& flopitt, ... 1) = op(t!, ..., t") = fi(opa(ty,. ... 13))
& fopr(opy)(fE(t), - fL. (1) = op(t', ... .t") = fop(op2)(fE (£3),- -, 2. (15))
& fop(opr) =op = foplop2) AVi € {1,....n}: fL(th) =t" = fE(th)

Due to the injectivity of fop there is op; = ops and by the induction hypothesis
there is t} =t} for all ¢ € {1,...,n}. Hence we have t; = ¢.

O]

A.2. Initial Pushouts in Sets

In this section we define a gluing condition in the category Sets and show, that the
satisfaction of the condition for a suitable M-adhesive category (Sets, M) is equivalent to
the categorical gluing condition. This provides a necessary and sufficient condition for the
existence of (unique) pushout complements in Sets, which is used in the corresponding
facts of the set-based categories PTINets and AHLINets.

Definition A.4 (Gluing Condition in Sets).
Let [: K — L and f: L — G be morphisms in Sets with [ € M.
We define the set of identification points

IP={zecL|3 £z f(z)=f(2)}

and the set of gluing points
GP =(K)

We say that [ and f satisfy the gluing condition if IP C GP.
The following lemma provides a set-theoretical construction of pushout complements

in Sets, whereas the category-theoretical construction of pushout complements is defined
via a pushout over the boundary (see Theorem 6.4 in [EEPT06]).

Lemma A.6 (Pushout Complement in Sets).

Letl: K — L and f: L — G be morphisms in Sets.

There is a pushout complement C' of | and f, if l and f satisfy the gluing condition.
If a pushout complement exists it can be computed by

C=(G\f(L) U fI(K))

together with inclusion ¢ : C' — G and a morphism g : K — C with g(x) = f(l(x)) for
every x € K.
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l

~—K

L
fi L |9

Proof. We define C|, ¢ and g as above. We have to show that (1) is pushout in Sets.

commutativity of (1):
Let x € L.

fl(x)) = g(x) = c(g(x))

universal property:
Let H be a set together with morphisms ¢ : C' — H and [’ : L — H with

dog=fol

We define a morphism h : G — H with

h(z) = {c’(az) ,if z e C; |
fi(z") , for f(a’) = z otherwise.

For the well-definedness of h we have to check if for every z € G with x ¢ C' there
is a unique 2’ € L such that f(2') = x.

C

¢ C “BY ¢ (G\ (L) U FUK))
e sz e(G\ f(L)UFUK))
& S(@eq\f(I)Vre fUK))
& 2¢ G\ f(L)Ax¢ fUK))

From the fact that z € G and = ¢ G\ f(L) we have x € f(L) which means that
there is 2’ € L with f(2') = x.

Let us assume that 2’ is not unique, i.e. thereis z” € L with 2’ # 2" and f(2”) = x.
Then 2’ is an identification point which implies that 2’ € GP = f(I(K)) because [
and f satisfy the gluing condition. This is a contradiction and hence z’ is unique.

L<l K

@ e

/
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Let z € C. Then there is
hoc(z) = h(z) = (x)

which means that diagram (2) commutes.
Let x € L. Then we distinguish the following cases:

e Case 1: z € [(K)
Then there is k € K with (k) = z and

e Case 2: z ¢ [(K)
Then there is f(z) ¢ C and therefore

Hence diagram (3) commutes.
For the uniqueness of h let A’ : G — H with W oc = and b/ o f = f’.
Let x € G.

e Casel: z € (C

W(x) =1 (c(x)) = ' (z) = h(z)

e Case 2: v ¢ C
As we have shown above in this case there is a unique 2’ € L with f(2/) =z
and we obtain

() = h'(f(@') = f'(2') = h()

So we have for all x € G that h'(z) = h(z) and hence b/ = h.

O

In the following definition and facts we define the boundary and initial pushout over
a morphism f : L — G in Sets and show that the satisfaction of the gluing condition
in Sets is equivalent to the satisfaction of the categorical gluing condition in an M-
adhesive category (Sets, M) where the class of monomorphisms M contains inclusions.
A suitable class M is the class containing all monomorphisms in Sets, because Sets is
an adhesive category (see Theorem 4.6 in [EEPT06]).

Definition A.5 (Boundary in Sets).
Given a morphism f : L. = G in Sets. The boundary B of f is the set B = IP of
identification points together with an inclusion b : B — L.
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Fact A.6 (Initial Pushout in Sets).
Given a morphism f : L. — G in Sets, the boundary B of f and the pushout complement
C of f and b, defined as

C=(G\f(L) U fUK))

together with inclusion ¢ : €' — G and a morphism g : K — C with g(z) = f(I(z)) for
every ¢ € K.

Then diagram (1) is initial pushout in Sets.

B

L
gl (1) fl
C——G
Proof.
(1) is pushout:
The fact that (1) is pushout follows from Lemma by the fact that b and f

satisfy the gluing condition. It remains to show that (1) is initial.
Let (2) be a pushout in Sets with d € M.

b

B ——

-4 p

g W) f| (2 |k

-~

@

~—F

C C €

function c*:
We define a function ¢* : C — E with

c*(z) =y with e(y) = ¢(z)

well-definedness of c*:
For the well-definedness of ¢* we have to show that for every x € C there is a
unique y € E with e(y) = c¢(x).
We distinguish the following cases for z € C:
e Case 1: = ¢ f(L)
There is ¢(z) = = € G. Since (2) is pushout in Sets the functions f and e
are jointly surjective which by the fact that there is no y € L with f(y) =z
implies that there is y € E with e(y) = z = c(z).
e Case 2: z € f(b(B))
Then there is z € B with f(b(z)) = z. From z € B = IP and the fact that F
is a pushout complement of d and f follows that z € d(D), i.e. thereis 2’ € D
with d(z') = z. Let y = h(2'). Then we have

e(y) = e(h(2") = f(d(2)) = f(2) = f(b(2)) =z = c(x)



60 A. APPENDIX

So for every = € C there is a suitable element y € E with e(y) = ¢(x). Since d € M
and pushouts in Sets are closed under M-morphisms there is also e € M, i.e. eis
injective which implies the uniqueness of y.

So ¢* is well-defined. The fact that e o ¢* = ¢ follows directly from the definition of
c*.

uniqueness of c*, existence of b* and pushout:

By Lemma the morphism c¢* is the unique morphism with ¢ = e o ¢* and there
is a unique morphism b* : B — D with b = d o b* such that (3) is a pushout in

Sets.
b
/\
B—=D—=1L
d
9 3) hi if
C—“~F—=G
\_/
(&
Hence diagram (1) is an initial pushout in Sets. O

Fact A.7 (Characterization of Gluing Condition in Sets).

Let I : K — L and f: L — G be morphisms in Sets with [ € M.

The morphisms [ and f satisfy the gluing condition in Sets if and only if they satisfy
the categorical gluing condition.

Proof.

If. Let [ and f satisfy the categorical gluing condition, i.e. for initial pushout (1) there
is a function b* : B — K with [ o b* =b.

B——L<—K

S
~

Let = € IP. Then there is x € B and y = b*(z) € K with

I(y) = (4" (2)) = b() =

which means that « € [(K) = GP. Hence [ and f satisfy the gluing condition in
Sets.

Only If. Let [ and f satisfy the gluing condition in Sets, i.e. there is IP C GP = [(K).
We define a function b* : B — K with
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For every x € B there is x € IP which by the fact that [ and f satisfy the gluing
condition implies that z € GP = [(K), i.e. there is a preimage of = with respect to
l. The preimage is unique since [ is injective because [ € M. Hence b is well-defined
and there is

[(b*(2)) = 17 (x)) = = = b(x)

which means that [ and f satisfy the categorical gluing condition.

A.3. Initial Pushouts in PTNets

The construction and proof of the gluing condition for PTI nets (see Fact[2.12 on page 12)
allows to derive the corresponding result for P/T nets as a special case where the set of
individual tokens is empty.

Definition A.8 (Gluing Condition in PTNets).
Given P/T nets K, L and G and P/T morphisms [ : K — L and f: L — G. We define
the set of identification points

IP =IPp U IPT
with
o [Pp={xe Py |3 #x: fp(x) = fp(a)},
o IPp={zeTy |3 #x: fr(z) = fr(a')},
the set of dangling points
DP ={pe P, |3t €T\ fr(TL): fr(p) € ENV(t)}

and the set of gluing points
GP = lp(PK) U lT(TK)

We say that [ and f satisfy the gluing condition if IP U DP C GP.

Definition A.9 (Boundary in PTNets).
Given a morphism f : L — G in PTNets. The boundary of f is a P/T net

B = (Pp,Tp,preg,postp)
with
e Py =DPrUIPpUPp,
o Pip,={pePr|3teclIPr:pec ENV(t)}
e Tp=1Pr
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e prep(t) = prer(t)

e postp(t) = postr(t)
together with an inclusion b: B — L.
Well-definedness.

preg,postp : Tp — Pg:
Let t € T and let p < prep(t). Then there is p < prer(t) which means that
p € Pr. Then there is t € IPp which, by the fact that p € ENV (t), means that
p € Prp,. C Pp.
So prep is well-defined. The proof for postp works completely analogously.

wnclusion b: B — L:
We obtain an inclusion morphism b : B — L from the fact that prep and postp
are restrictions of the respective functions in L.

O

Fact A.10 (Initial Pushout in PTNets).
Given a morphism f : L — G in PTNets, the boundary B of f and the P/T net
C = (Po,Tc, prec, postc) with

e Po=(Pe\ fp(PL)) U fr(bp(PB))
o Tc = (Te \ fr(T1)) U fr(br(Tr))
e prec(t) = preg(t)
o posto(t) = posta(t)
Then diagram (1) where g := f|p is initial pushout in PTNets.

b

B,

< h

g @) f
Proof. Analogously to Fact with T = . O

Fact A.11 (Characterization of Gluing Condition in PTNets).

Let [: K — L and f: L — G be morphisms in PTNets with [ € M.

The morphisms [ and f satisfy the gluing condition in PTNets if and only if they satisfy
the categorical gluing condition.

Proof. Analogously to Fact with I = ). O
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B. Proofs

B.1. Proof of Fact [2.10l

In this section we prove the well-definedness of the PTI net C' defined in Fact 2.10] and
that the construction leads to an initial pushout in the category PTINets.

Proof.

well-definedness of C:

prec,postc : To — Pé‘?:
Follows from the well-definedness of C' in Fact [A. 10l and the fact that we have
the same set of transitions, and the set of places in Fact [A.10]is a subset of
Pe.
mg : IC — PC:
Let i € I. Then there is i € (IN[ \ f[(IL)) U f[(b[(IB)).
Case 1: i ¢ fr(I1)

Case 1.1: Ip € Pr: fp(p) = mni(7)
This means that p € DP and therefore p € Pg and fp(p) € Pc. So
we have

mo(i) = my1(i) = fp(p) € Po
Case 1.2: ﬂp € Pr: fp(p) = mN[(i)

This means that my;(i) ¢ fp(Pr) and hence mea(i) = myy(i) € Peo.

Case 2: i € f1(br(Ip))
Then there exists j € Ip with fr(bs(j)) = i and we have for
mc(l) = mN[(i) that

myi(t) = mr(f1(b1(5))) = fr(mr(b1(5))) = fr(br(mp(j)))
and since fp(bp(Ppg)) C Pc there is m¢ (i) € Pe.

well-definedness of c:
We obtain an inclusion morphism ¢ : C' — NI from the fact that prec, postc and
m¢ are restrictions of the respective functions in NVI.

well-definedness of g:
For J = {P,T, I} we obtain well-defined functions g; : Jg — J¢ because for j € Jp
there is

91(5) = 1) = f1(bs(4)) € Jo

The morphism g preserves pre and post domains and markings because it is a
restriction of f which is a well-defined PTT morphism.
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1) is pushout:

(1) is p
Due to Lemma the diagrams (2)-(4) are pushouts in Sets which implies that
(1) is pushout in PTINets because the pushout in PTINets can be constructed

componentwise.
Ps-ep, Ty g1
QPJ/ (2) fpl ng (3) le gll (4) fli
Po——> Pnr Te —=Tnr Io —=Inr

initiality of (1):
Given pushout (5) in PTINets with d € M.

b

Bt

L
g @) fl (5) lh
E

CT>NI<6—

d

~—D

The sets Tp and I are exactly the boundaries of fr and fr, respectively, in Sets.
So pushouts (3) and (4) are initial and since pushouts in PTINets can be con-
structed componentwise in Sets there are pushouts (6) and (7) in Sets leading to
unique suitable functions b%., cT., b, ¢j € Mgets such that (8) and (9) are pushouts

in Sets.
bT bI
/\ /\
T m Tp - 17, IBT;>IDTI>IL
HTJ/ (8) hTi (6) ifT gzi (9) hzi (7) lfz
cr T ¢y er
To ——= T —— Nl Ic ——= I ——= NI;
— - T~ -
cr cr

We define a function c¢p : Po — Pg with
cp(z) =y with ep(y) = cp(x)

well-definedness of cp:
For the well-definedness of ¢ we have to show that for every x € Pc there is
a unique y € Py with ep(y) = cp(z).
Let x € Po. We use in the following the fact, that from pushout (5) in
PTINets follows that (10) is a pushout in Sets.

pDL)pL

hpl (10) fpi

PCTP>PN1
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Case 1: = ¢ fp(Pr)
Since (10) is pushout in Sets the functions fp and ep are jointly surjec-
tive. So x ¢ fp(Pr) implies € ep(Pg) and hence there exists y € Pg
with ep(y) = .
Case 2: z € fp(bp(PB))
Then there exists z € Pg with fp(bp(2)) = =.
Case 2.1: z € IPp
Then from the fact that (10) is pushout in Sets together with Fact
follows that dp and fp satisfy the gluing condition which means
that z € dp(Pp), i.e. there exists 2/ € Pp with dp(z’) = z. Let
y = hp(z'). Then we have

ep(y) = ep(hp(?)) = fp(dp()) = fr(z) =
which means that y is a suitable element.

Case 2.2: z € DPp
This means that thereis t € Tg\ fr(Tr) with fp(z) € ENVp(t). Since
(6) is pushout in Sets the functions fr and er are jointly surjective
which by the fact that ¢ ¢ fp(77) implies that t € ep(Tg), i.e. there
exists t' € Ty with ep(t') = t.
Then there is y € P with y € ENVp(t') and ep(y) = fp(z) = =
because P/T morphisms preserve pre and post conditions.

Case 2.3: z € DP;y
Then there exists ¢ € Iy \ fr(I1) with fp(z) = mpys(i). Since (7) is
pushout in Sets the functions f; and e; are jointly surjective which
due to the fact that ¢ ¢ f;(I1) implies that there is i € Ig with
er(i') = i. Hence we have

x = fp(z) = mni(i) = myr(es(i')) = ep(mp(i'))
which means that y = mpg(i’) is a suitable place.

Case 2.4: z € Pip,
This means that there is t € IPy with z € ENVp(t). By Fact
there is t € dp(Tp) because Tg is a pushout complement of dp and
fr. So there is t' € Tp with t = dp(t'). Then we have

ep(prep(hr(t’))) = prea(er(hr(t)))
prec(fr(dr(t)))

prec(fr(t))

= f(pre(t))

)
)
and analogously

ep(postp(hr(t')) = f (postL(t))
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which means that there is y € ENVp(hp(t')) C Pg with
ep(y) = fp(z) =

Case 2.5: z € Pp,
Then there exists ¢ € IP; with z = mp (i) which by Fact implies
that there is i’ € Ip with d;(i’) = i because I is a pushout comple-
ment of d; and f7.
Then we have

ep(mp(hr(i'))) = ep(hp(mp(i'))) = fr(dp(mp(i')))
= fp(mp(di(i")) = fr(mp(i)) = fr(z) =

and hence y = mg(hs(i')) is a suitable place.

So for every x € Pc there is a suitable y € Py with ep(y) = cp(z). Let us

assume that y is not unique, i.e. there is ¢y’ € Pg with ep(y') = e¢p(z). Since

d € M and pushouts preserve M-morphisms we also have that e € M which

means that ep is injective implying that y = y/. Hence cp is well-defined.
morphism c*:

We define a PTI morphism ¢* = (¢p, ¢}, ¢j) : C = E. In order to show that

c* is a well-defined PTI morphism we have to show that it preserves pre and

post domains and markings.

Let t € To and let ¢/ € T with ep(t') = ep(t), i.e. ¢ = i(2).

Then we have

cp(prec(t)) = preni(er(t)) = preni(er(t')) = ep(prep(t’))
which means that for
prec(t) = Zpi and preg(t') = Zp;
i=1 i=1

there is n = m because cp and ep are injective and therefore also cj‘i and e%
are injective.
So we have

Zcp pi) = cplprec(t)) = ep(prep(t Zep )

which by the definition of ¢} means that

3

¢y’ (prec(t) = 7 (Y _pi) =) cp(pi)
i=1

=1

Zpé = prep(t') = preg(cp(t))
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The proof that ¢* preserves post domains works analogously.
Let i € Ic and let ¢/ € Ip with e;(i") = ¢;(7), i.e. ¢ = c}(3).
Then we have

cp(me(i)) = mai(er(i)) = mai(er(i')) = ep(me(i'))

which by definition of ¢ means that
cp(me(i)) = mp(i') = mp(cj(i))

Hence ¢* is a well-defined PTT morphism.
The fact that e o ¢* = c follows directly from the definition of ¢} and the
initiality of (3) and (4).

uniqueness of c*, existence of b* and pushout:
By Lemma the morphism c¢* is the unique morphism with ¢ = e o ¢* and
there is a unique morphism b* : B — D with b = d o b* such that (11) is a
pushout in PTINets.

B.2. Proof of [2.11]

In this section we prove the equivalence of the fact that PTI morphisms [ and f satisfy
the gluing condition, and the fact that [ and f satisfy the categorical gluing condition.
Proof.
If. Let [ and f satisfy the categorical gluing condition, i.e. for initial pushout (1) there
is a morphism b* : B — K with [ o b* = b.
b*
— ;5 T

B——L<~—"K

b
QJ/ (1) if

Let z € IP U DP. We have to show that z € GP = Ip(Px) Ulr(Tk) Ul(Ik).

Case 1: x € IPpUIP;UDP
Then there is € P and y € Pk with b*(z) = y and

I(y) = 1(0*(2)) = b(x) =
which means that « € Ip(Pg) C GP.
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Case 2: ¢ € [Py
Then there is z € Tp and y € Tk with b*(z) = y and

l(y) = 1(b"(2)) = b(x) =
which means that x € I7(Tx) C GP.

Case 3: z € IP;
Analogously to Case 2.

Hence [ and f satisfy the gluing condition in PTINets.

Only If. Let [ and f satisfy the gluing condition in PTINets, i.e. there is
IPUDP C GP.

This means that there is IPp C lp(Pk), IPr C lp(Tk) and IP; C l;(Ix) implying
that Ip, fp and Ip, fr and I, f7 satisfy the gluing condition in Sets.

From Fact follows that there are functions by : Pg — Pk with [p o b = bp,
by : Tp — Tk with Iy o b} = by, and Iy : Ip — I with I7 o b7 = by.

We define a PTI morphism b* = (bp, b}, b}). For the well-definedness we have to
show that b* preserves pre and post domains as well as markings.

Let t € Tg. Then there is

[p(bp" (prep(t) = (lP o bp)¥(pres(t))
= bp(prep(t))
= prec(br(t))
= pre(lr(byp(t)))
= Ip(prex(bp(1)))
and since @ preserves monomorphisms in Sets because monomorphisms in Sets

are exactly the coequalizers in Sets and 9 is a free functor, the morphism I p is
a monomorphism implying that

bp” (prep(t)) = prex (V7 (1))
The proof that b* preserves post domains works analogously.
Let ¢ € Ig. Then there is

lp(bp(mp(i))) = bp(mp(i))
mp(br(7))
m(l1(b7(2)))
= Ip(mg(b7(i)))
which by the fact that {p is a monomorphism implies that
bp(mp(i)) = m (b7 (7))

Hence b* is a well-defined PTI morphism which means that [ and f satisfy the
categorical gluing condition.

O]
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B.3. Proof of Fact [3.10

In this section we prove the well-definedness of the AHLI net C' defined in Fact [3:10] and
that the construction leads to an initial pushout in the category AHLINets.

Proof.

well-definedness of C:
prec,postc : Te — (Top, (Xco) @ Po)®:
Let t € Tc and let (term,p) < prec(t). Then there is

term € Top, (XANI)typeANI(p) =Tor, (XC)typec(p)‘

It remains to show that p € Pe.
Due to the fact that t € (Tans \ fr(T1)) U fr(br(Tg)) we can distinguish the
following cases:

Case 1: t ¢ fr(11)

Case 1.1: Ip' e P : fp(p') =p
Then due to the fact that there is (term,p) < preans(t) there is
p' € DPp C P which means that p = fp(bp(p’)) € Pc.

Case 1.2: #p' € P : fp(p) =p
This means that p € Pans \ fp(Pr) C Pc.

Case 2: t € fT(bT(TB))
Then there exists t' € Tp with fp(br(t')) = t and since AHL morphisms
preserve pre conditions there is

preani(t) = preant(fr(br(t)))
= (fL @ fp)®(pres(br(t)))
= (£ ® [p)2((0k @ bp)®(pres(t))))

By Lemma [A-2] there is
preant(t) = ((fz o bs)* @ (fp o bp))® (preg(t'))
which for (term,p) < preans(t) means that
(term,p) < ((fz 0 bs)* @ (fp o bp))® (pres(t'))

and hence p € fp(bp(Pp)) C Pc.
The proof for postc works analogously.
me : Io — Ac ® Po:
Let i € Ic and let (a,p) = mc(i). Then there is

a € AUNT typeans () = AC typec (p)-
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It remains to show that p € Po. Due to the fact that

i€ (Ianr \ f1(IL)) U f1(br(IB))

we can distinguish the following cases:
Case 1: i ¢ fr(I)
Case 1.1: Ip' e P, : fp(p)) =p
This means that p’ € DP and thus p’ € Pg and p = fp(bp(p’)) € Pc.
Case 1.2: #p' € P : fr(p) =p
This means that p ¢ fp(Pr),i.e. p € ANI\ fp(Pr) and hence p € Pc.

Case 2: i € f1(bi(IB))
Then there exists j € Ip with fr(br(j)) = ¢ and we have

mc(t) = manr(t)

mant (fr(br(4)))

(fa® fp)(mr(br(5)))

= (fa® fp)((ba ®@bp)(mp(j)))

which means that p € fp(bp(Pp)) and hence p € Pc.

well-definedness of c:
We obtain an inclusion morphism ¢ : C' — ANI from the fact that prec, postc,
condo, typec and me are restrictions of the respective functions in ANI. Fur-
thermore there is ¢y, = ids,, and c4 = id4, which are well-defined signature and
algebra morphisms, respectively.

well-definedness of g:
For J = {P,T, I} we obtain well-defined functions g : Jg — J¢ because for j € Jp
there is

95() = f10) = f,(bs(5)) € Jc

The morphism g preserves pre and post domains, conditions, types and markings
because it is a restriction of f which is a well-defined AHLI morphism.
Furthermore there is g» = fx and g4 = fa.

1) is pushout:
( p
Due to Lemma the diagrams (2)—(4) are pllShOlltS in Sets.

pBL)pL TBL)TL [BL)[L

gPl (2) fpl ng (3) le gll (4) fli

Po—Pant  To——=Tant Ioc —Iant
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Moreover diagram (5) is pushout in Sig and (6) is pushout in Algs.

ids; id(sp,Ap)

Sp——=%,  (31,Ar) = (31, ApL)
le (5) le (fz,fA)l (6) (fz,fA)l
XANT ;> 2ANI (YSant, Aanr) (Xan1, Aant)

ANI (S 4N1AANT)

The pushouts (2)-(6) imply that (1) is pushout in AHLINets because the pushout
in AHLINets can be constructed componentwise.

initiality of (1):
Given pushout (7) in AHLINets with d € M.

b d

B L D
gl (1) fl (M lh
C——> ANl <—E

The sets Tp and I are exactly the boundaries of fr and f;, respectively, in Sets.
So pushouts (3) and (4) are initial and since pushouts in AHLINets can be con-
structed componentwise in Sets there are pushouts (8) and (9) in Sets leading
to unique suitable functions b}, ch, b7, ¢; € Magets such that (10) and (11) are
pushouts in Sets.

bT bI
_— T . T
T o Tp = 17 Ip 0 Ip Y 1y,
ng (10)hTJ/ (8) lfT gzl (11)h,l (9) J{fj
cr er cq er
To —— T —— ANIp Ioc ——= I —— ANI;
— = T~ - >
cr Cr

function cp:
We define a function ¢p : Po — Pg with

cp(x) =y with ep(y) = cp(x)

For the well-definedness of ¢, we have to show that for every x € Pc there is
a unique y € Py with ep(y) = cp(z).

Let x € Po. We need in the following that pushout (7) in AHLINets implies
pushout (12) in Sets.

PDLPL

hpl (12)fpl

Pp —— Pan1



72 B. PROOFS

Case 1: = ¢ fp(Pp)
Since (12) is pushout in Sets the functions fp and ep are jointly surjec-
tive. So x ¢ fp(Pr) implies x € ep(Pg) and hence there exists y € Pg
with ep(y) = =.

Case 2: z € fp(bp(PB))
Then there exists z € Pg with fp(bp(2)) = x.

Case 2.1: z € IPp
Then from the fact that (12) is pushout in Sets together with Fact
[A77 follows that d and f satisfy the gluing condition which means
that z € dp(Pp), i.e. there exists 2/ € Pp with dp(2’) = 2. Let
y = hp(2’'). Then we have

ep(y) =ep(hp(2)) = fp(dp(2) = fr(z) ==
which means that y is a suitable element.

Case 2.2: z € DPp
This means that there is ¢t € Tans \ fr(Tr) with fp(z) € ENVp(t).
Since (8) is pushout in Sets the functions fr and er are jointly sur-
jective which by the fact that ¢ ¢ fr(Tr) implies that ¢ € ep(Tg), i.e.
there exists t' € Ty with ep(t') = t.
Then there is y € Pg with y € ENVp(t') and ep(y) = fp(z) =z
because AHLI morphisms preserve pre and post conditions.

Case 2.3: z € DPy
Then there exists i € Tany \ f1(I1) with fp(z) = mp(mapn;(i)). Since
(9) is pushout in Sets the functions f; and e; are jointly surjective
which due to the fact that ¢ ¢ f;(I) implies that there is i’ € Iy with
er(i") = i. Hence we have

xr = fp(Z) = TFP(mANI(i))
mp(mani(er(i')))
(

Il
3
B
o
b
®
o
Z
3
&)
~

= ep(mp(i)
which means that y = mpg(i’) is a suitable place.

Case 2.4: z € Prp,
This means that there is ¢ € I[Py with 2 € ENVp(t). By Fact
there is t € dp(Tp) because Tg is a pushout complement of dp and
fr. So there is t' € Tp with t = dp(t'). Then we have

(ek @ep)®(prep(hr(t)) = preant(er(hr(t)))
= prean(fr(dr(t')))
= preant(fr(t))
= (fL® fp)®(prec(t))
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and analogously

(eh ® ep)® (postp(hr(t')) = (f ® fp)®(postL(t))

which means that there is y € ENVp(hr(t')) C Pp with
ep(y) = fr(z) ==

Case 2.5: z € Pp,
Then there exists ¢ € IP; with z = wp(myz(i)) which by Fact
implies that there is i’ € Ip with d;(i") = i because Ig is a pushout
complement of d; and f7.
Then we have

(ea®ep)(mp(hr(i) = mani(er(hr(i')))
= mani(fr(ds(i')))
(fa® fp)(mL(i))

which means that there is y = mp(mpg(h;(i'))) C Pg with
ep(y) = fr(z) ==

So for every x € Pc there is a suitable y € Pr with ep(y) = cp(z). Let us
assume that y is not unique, i.e. there is ¢’ € Py with ep(y’) = cp(z). Since
d € M and pushouts preserve M-morphisms there is also e € M which means
that ep is injective implying that y = v/. Hence cp is well-defined.

signature morphism cs;:
Due to the fact that e € M the signature morphism ey, is an isomorphism.
We define

Cy, = eil
Since ¥¢ = X 4n7 the morphism c5, is well-defined.
algebra morphism c’y:
Also the algebra morphism e 4 is an isomorphism because e € M. So we define

= e;ll

leading to a well-defined algebra morphism because Ac = Aany.

morphism c*:
We define an AHLI morphism ¢* = (¢35, ¢p, ¢, ¢y, ¢;) : C — E. In order
to show that ¢* is a well-defined AHLI morphism we have to show that it
preserves pre and post conditions, conditions, types and markings.
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types:
" Let p € Pc and let p’ € Py with cp(p) = ep(p'), ie. cp(p) =p'.
Furthermore let ¢, = (c§, cyp) and ey = (es,eop). Then we have
cs(typec(p)) = eg' (typec(p))
es' (typeant (p))
(
(

es' (typeani(cp(p)))
651 typeant(ep(p')))
es (es(types(p')))
typep(p’)

= typep(cp(p))

pre and post conditions:
Let t € Te.
Due to the definition of ¢} there is cp = ep o ¢j. So we have

& @ ep>@<<c2 ® cp> )
& @ ep) (5 @ cp)® )
(es 0 c5)f @ (ep o cp))® (prec(t))
(es o ex')f @ cp)®(prec(t))
(ids: 1)* @ cp)® (prec(t))
&, @ cp)? (prec(t))

= preani(cr(t))

= preany(er o cp(t))

= (h@ep)®(pres(er(t)
Since e € M is a monomorphism and _ ® _, ®and _® preserve monomor-

phisms, there is also (eﬁZ ® ep)® a monomorphism. So the above equation

implies

prec(t)

(
(prec(t)
“(

)
= )

Lemma

(
)

~ o~ o~ o~ o~ o~

(¢ @ cp)®(prec(t)) = prep(cr(t))

The proof that ¢* preserves post conditions works analogously.

conditions:
Let t € T and let t' € Ty with ep(t') = ep(t), i.e. ' = ch(t).
Due to the fact that ¢y = idy,, there is

condco(t) = me(cz)(condc( )
= condans(cr(t))
= condanr(er(t'))
= Ppin(ek)(condp(t'))
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which by the definition of c5, implies that

Prin(6D) (condo(t))

markings:
Let i € I and me(i) =
Then we have

(ea®ep)((ca @ cp)(me(i)))

and since e € M is a monomorphism and &

(a,p).

Lemma [A3

&) (Pin(ek) (condp(t'))
ct o es))(condg(t))
ex;! o ex)?)(condp(t'))
i, )(condp('))
Prin(idryp, (x))(condp(t’))
condp(t)

condg(cp(t))

ea®ep)((ch ®cp)(a,p))
ea ® ep)(Ch yypec(p) (@): €p(P))
CAtypes(ch(p ))( Atypec (p)\@

(
€A cs(typec(p)) (¢4 typﬁc(p) (a

(Ver (ea) © €4 ) typec (v (@), cp(P))
a,cp(p))
ca(a),cp(p))
ca @ cp)(a,p)
ca @ cp)(me(i))
mani(cr(2))
mani(er o cp(i))
(ea ®@ep)(mp(c(i)))

(
(
(
(
( (a)
(Vc (eA)typec(p)( A,typec(p)(a)
(
(
(
(
(

preserves monomorphisms,

there is also (e4 ® ep) a monomorphism. So the equation above implies

(¢4 @ cp)(me (i)

= mp(c;(i)

Hence ¢* is a well-defined AHLI morphism.
The fact that e o ¢* = c follows directly from the definitions of ¢}, 5, and ¢’
and the initiality of (3) and (4).

; *
uniqueness of c*,

existence of b* and pushout:

By Lemma the morphism c¢* is the unique morphism with ¢ = e o ¢* and
: B — D with b = dob* such that (13) is a

there is a unique morphism b*

pushout in AHLINets.
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B.4. Proof of Fact 3.11]

In this section we prove that the fact that AHLI morphisms f and [ satisfy the gluing
condition in AHLINets is equivalent to the fact that f and [ satisfy the categorical
gluing condition.

Proof.

If. Let [ and f satisfy the categorical gluing condition, i.e. for initial pushout (1) there
is a morphism b* : B — K with [ o b* = b.

B L K

b !
gl 1) lf
C C

— ANI
Let € IP U DP. We have to show that + € GP = Ip(Pg) Ulr(Tk) U lr(Ik).
The proof works completely analogously to the proof in Fact 2.11} Hence [ and f
satisfy the gluing condition in AHLINets.

Only If. Let [ and f satisfy the gluing condition in AHLINets, i.e. there is
IPUDP C GP.

This means that there is IPp C lp(Pk), IPr C lp(Tk) and IP; C l;(Ix) implying
that Ip, fp and I7, fr and I, f7 satisfy the gluing condition in Sets.

From Fact follows that there are functions bp : Pg — Pk with [p o b = bp,
by : Tp — Tk with lp o b = by, and I : Ip — I with I; o bT = by.

We define an AHLI morphism b* = (b%, bk, b%, b, b%) with b% = I and b = 11,
The signature morphism lgl and algebra morphism l;l exist because | € M and
hence Iy, and [4 are isomorphisms.

For the well-definedness of b* it remains to show that b* preserves pre and post
conditions, conditions, types, and markings.

types:
Let p € Pp and let p’ € Pk with bp(p) = lp(p'), i.e. bp(p) =7’
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Then we have

bs(typec(p)) = bg(typeani(p))

= bs(typeani(cp(p)))
= bs(typeani(ep(p')))
bs(es(typer(p’)))

e (es(typer(p')))
typep(p')

= typep(cp(p))

pre and post conditions:
Let ¢ € Tg. Then there is

(15 @ Lp)®((byf @ bp)® (prep (1))
( )®(prep(t))
( ) (1))
((Is o 151 @ (Ip 0 bp))® (pres(t))
= (idy, ®bp)®(pres(t))
(
(
(
(1

Lemma [A.2)
= (pres

(Is o bz) (lpobp)
(I 0 b5)* @ (Ip o %)) ® (preg
(

b, ® bp)® (prep (1))
preant(br(t)))
preans(lr o by (t)))

15 @ 1p)® (prex (b3:(1)))

Since I € M is a monomorphism and _ ® _, f and _® preserve monomor-
phisms, there is also (lﬁE ® Ip)® a monomorphism. So the above equation
implies

(b @ bp)® (prep(t) = prex (b (t))

The proof for the post conditions works analogously.

conditions:
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Let t € Tg and let ¢’ € T with bp(t) = Ip(t'), i.e. t' = bk(t). Then we have

Prin(bs: ) (condp(t)) = Pfin(b*zﬁ)(condL(t))
= Prin(b¥)(condp (br(1)))
= Pran(05)(condp (I (t')))
= PrinlbE)(Pin(i5) (condc(t')))
Prin((b% 0 Is))*) (cond (t'))
= Prin((i5" 0 1n)?)(condi ()
= Pfin(idgK)ﬁ)(condK(t’))
= cond (')
= cond g (by(t))
markings:

Let ¢ € Ip and mp(i) = (a,p).
Then we have

(la®1p)((by ®bp)(mp(1)) = (la®lp)((by ®bp)(a,p))
(La @ 1P) (0 type s () (@): bR (P))
(ZA typek (b p))( A typer (p) (a)),lp(b}}(p)))
(Lap; 5 (typen( ))( A types( p)(a)) ! )
(Vog, (L) types (0) (B4 type s () (@) lP(b?(p)))
= (Vi (1) typer ) Uatype sy (@) DP(P)))
(Vi (1) © 3 apen 0y (@): b (0))
(a,bp
(ba(a
(ba ® bp
(ba®bp
= mani(br(i))
= mans(ly o b7(7))
= (la®lp)(mg(b7(i)))
and since [ € M is a monomorphism and ® _ preserves monomorphisms,
there is also ({4 ® [p) a monomorphism. So the equation above implies

(b2 @ bp)(mp(i)) = mi (b7(i))

Hence b* is a well-defined AHLI morphism. The required commutativity follows
from the commutativity of its components. So [ and f satisfy the categorical gluing
condition.

O
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