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1. Introduction. In this paper, we investigate an optimal control problem that
arises from the sublimation growth of semiconductor single crystals by the physical
vapor transport (PVT) method. Possible semiconductor materials, produced with
this method, are silicon carbide (SiC) or aluminum nitrite (AIN). They are used in
numerous industrial applications, e.g. the production of optoelectronic devices such
as blue and green LEDs and lasers. For the PVT method, polycrystalline powder is
placed under a low-pressure inert gas atmosphere at the bottom of a cavity inside
a crucible. The crucible is heated up to 2000 till 3000 K by induction. Due to the
high temperatures and the low pressure, the powder sublimates and crystallizes at a
single-crystalline seed located at the cooled top of the cavity, such that the desired
single crystal grows into the reaction chamber. See [6] for more details.

Here, we focus on the conductive-radiative heat transfer in the growth apparatus.
Therefore, we consider a simplified setup of the growth apparatus, shown in Fig. 1.1,
where ()5 denotes the domain of the solid graphite crucible, whereas €}, is the domain
of gas phase inside.

No

Qs Io

Fic. 1.1. Ezemplary domain for nonlocal radiative heat transfer.

A very important determining factor for the crystal’s quality and growth rate is the
temperature gradient inside the gas phase [9]. Since we do not consider the electro-
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2 C. MEYER

magnetic induction, we will optimize the temperature gradient in the gas phase Qg
by directly controlling the heat source u in €.

The temperature y inside the growth apparatus arises as the solution of the con-
ductive-radiative heat transfer problem in the growth apparatus. Accounting for
radiative contributions is essential owing to the high temperatures. Thus, the problem
is described by the stationary heat equation with radiation interface and boundary
conditions on I'; and I'y, respectively. We take {25 to be entirely opaque, whereas ()
represents a transparent medium which does not interact with radiation. Furthermore,
the radiative surfaces I'g := 9Q and T, := Qs N ﬁg are presumed to be diffuse-gray,
i.e. the emissivity € is independent of both the direction and the wavelength of the
radiation. In particular, the local radiative heat exchange on I'y can be modeled by
the Boltzmann radiation condition with an external temperature yo. Due to the heat
exchange between points on I';, we obtain an additional radiative heat flux on T},
denoted by ¢,.

In addition to the stationary semilinear heat equation with radiation interface and
boundary conditions, we consider box constraints for the control function u. Thus,
the optimal control problem, considered here, reads as follows:

1
minimize  J(y,u) := 5/ |Vy — 2> dz + g/ u? dx
Q Qs

subject to —div(ks Vy) = u in Qg
—div(kg Vy) =0 in Qg
*) K ﬁ - K Oy = onT
&\ on, o *\ on, S—Qr '
Hsﬁ +eolyPy =coys onTy

87?,0

and  u, <wulx) <wup aee. in Q,

where ng is the outward unit normal on I'g, and n, is the unit normal on T', facing
outward with respect to Qs (cf. Fig. 1.1). Furthermore, z denotes the desired tem-
perature gradient and v > 0 is a Tikhonov regularization parameter. In the state
equation, o represents the Boltzmann radiation constant, and ks, kg denote the ther-
mal conductivities in ), {25, respectively.

In contrast to the boundary condition on I'y, the radiative heat transfer on T, is
nonlocal. The corresponding mathematical model used here is described in detail in
[10]. It provides the additional radiative heat flux ¢, on I'; given by

= —K)I—(1—-e)K) 'ealyl’y := Goly|*y, (1.1)

where K is an integral operator representing the irradiation on I';. The nonlocal
operators K and G will be specified in Section 3. The nonlocal radiation on T,
represents the main characteristic of the problem, since the nonlinearity in the state
equation in (P) is in general not monotone due to nonpositivity of G (see [10]).

Problem (P) has already been investigated by Meyer, Philip, and Tréltzsch in [8],
where first-order necessary conditions are proved. Based on these results, we establish
second-order sufficient optimality conditions for (P). Due to the nonlinear interface
and boundary conditions on I'; and T'g, (P) belongs to the class of semilinear elliptic
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optimal control problems. There are numerous publications which address second-
order conditions for problems of such type. We only mention Casas, Troltzsch, and
Unger [4], Bonnans [1], and Casas and Mateos [3]. Here, we consider conditions
that are sufficient for local optimality of a reference function in a L®-neighborhood,
where s is not necessarily equal to co. To that end, we use a technique, introduced
for the Navier-Stokes equations by Troltzsch and Wachsmuth [12]. In case of the
Navier-Stokes equations, the situation is, in some sense, easier, since the nonlinearity
in the state equation is only of quadratic type. Hence, under certain assumptions on
the objective functional, it is possible to avoid the well-known two-norm discrepancy
(see [12] for details). This is even valid, if one allows for strongly active sets as
introduced by Dontchev, Hager, Poore, and Yang [5]. However, in our case, one has
to deal with a two-norm discrepancy when using strongly active control constraints.
Therefore, we modify the proof of Troltzsch and Wachsmuth and follow an approach
by Casas, Troltzsch, and Unger [4], who consider a more general setting. This covers
a class of optimal control problems with a semilinear elliptic state equation whose
nonlinearity is monotone. However, although this is not the case here, main parts of
the corresponding theory for second-order conditions can also be applied to (P).

The paper is organized as follows: After stating the mathematical setting in Section
2, we recall some results of [10], [7], and [8], concerning the semilinear state equation
and first-order conditions for (P), see Sections 3 and 4. Then, in Section 5, our main
result, i.e. the second-order sufficient conditions, are stated. Section 6 is devoted to
some auxiliary results that are needed for the proof of the second order-conditions,
that is presented in Section 7.

2. The mathematical setting. Throughout this paper, we assume the follow-
ing conditions on the domain € and on the quantities and functions occurring in
(P):

ASSUMPTION 1. We assume that Q C R? is a bounded simply connected domain with
Lipschitz boundary I'yg. The boundary of the simply connected subdomain ﬁg C Q,
denoted by Ty, is assumed to be a closed Lipschitz surface that is piecewise C'1°.
Notice that the distance of T'y to T'g is positive. Then, Qg is defined by Qs = Q\Qq.
The Boltzmann radiation constant is assumed to be positive, i.e. o € R*. For the
thermal conductivity, we assume k € L () with

() = {ns(z) in Qg

ke () in Qg

and K(x) > Emin > 0 a.e. on Q. Furthermore, the emissivity e € L>°(Ty UT,) is
bounded by 1 > € > epmin > 0 a.e. on ToUT,.

ASSUMPTION 2. The desired temperature gradient z is given in L?(Qg) and v is
a positive constant. For the box constraints, we assume ugq,up € L(Qs) and 0 <
uq(z) < up(w) a.e. in Qs. The external temperature yo is a function in LY5(Tg) and
fulfills yo > ¥ a.e. on T'y with a positive constant 9.

Moreover, we use the following notations:

NOTATION. We introduce the set of admissible controls by

Ugd = {u € L= (Qs) | ua(z) < ulx) < up(z) a.e. in Qg}.
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The identity operator in the respective function spaces is denoted by I. Moreover,
Ty is the trace operator on I';, whereas 7y denotes the trace on I'y. Throughout this
paper, c is a generic constant and ¢ denotes a generic function. Let W be a Banach
space with its dual space W*. Then, for f € W and g € W*, (f, g) denotes the
associated pairing.

3. The semilinear state equations. In this section, we recall some results
of Laitinen and Tiihonen [7], Tiihonen [10], [11], and Meyer, Philip, and Troltzsch
[8]. First, we present some properties of the nonlocal radiation operator G and the
integral operator K.

DEFINITION 3.1. The integral operator K, representing the irradiation on 'y, is given
by

(K y)(z) = / w(z,2) y(2) dss. (3.1)

r:

where the kernel w is defined by

[n:(2) - (& = 2)|[na(2) - (2 — 2)]

. E(x, 2) 2z —aff , form =2
o e )

In this definition, x,z denote two points on Ty, and n.(x) is the unit normal at x
facing outward with respect to Q5. Here, Z represents the visibility factor which is
given by

—_
—

0 if TzN Qe # 0,

with Tz denotes the line between x and z.

In [11], it is proven that w(z,z) has a singularity at 2 of type |z — z|~(1=% in the
two-dimensional and |z — z|72(1=%) in the three-dimensional case, which is, in both
cases, integrable. This is the key point to the following lemma derived in [11].

LEMMA 3.2.

(i) K maps LP(T;) to LP(Ty) for all 1 <p < 0.

(i) The operator I — (1 —e)K : LP(Ty) — LP(T}) is continuously invertible.

With the help of Lemma 3.2, Tiihonen and Laitinen proved the following property of
G=(-K)I—-(1-¢)K) e (cf. [10, Lemma 6] and [7, Lemma 8]).

LEMMA 3.3. G is a bounded linear operator from LP(T;) to itself for all 1 < p < co.

Notice that the kernel w is symmetric and hence, K is formally self-adjoint. Therefore,
we obtain that G* = ¢(I — (1 —¢)K)~1(I — K) is also linear and bounded from LP(T,)
to LP(T;) for all 1 < p < co.

With these results at hand, Laitinen and Tiihonen derived the existence of solutions
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to the state equation in (P) that is given by

—div(ks Vy) = u in €
—div(kg Vy) =0 in Qg
dy 9y 3
- Ivs = Fr 3.2
() (@) oot o
msﬁ +eolylPy =eoy on I'y.
8710 0

Notice that, due to the non-positivity of G, the nonlinearity in (3.2) is not monotone.
Therefore, Laitinen and Tiihonen used Brezis’ existence theorem on the solution of
equations with pseudomonotone operators to show the existence of solutions (see [7]
for details). In the following, we consider y in the state space V' that is defined by

Vi={ve H(Q) | rve L’Iy), ove L° ()}

where 7, denotes the trace operator on I';, whereas 7y is the trace on I'yg. The space
V' is equipped with the norm

[ollv = vl @) + [ollzsey + lvllzs -

THEOREM 3.4. [7, Theorem 2] Under Assumption 1, the semilinear equation (3.2)
admits a unique solution in V for every u € HY(Qs)* and yo € L5(To).

In [8], it is shown that, if the right-hand side is sufficiently regular, solutions to (3.2)
belong to the following function space

Ve = HY Q)N L®(Q), (3.3)
equipped with the norm

llvllve = vl a1 () + [Vl L)

Notice that y € V*° implies 1,y € L>=(T;) and 1oy € L>(Ty) (see [8, Remark 3.5]).

THEOREM 3.5. [8, Theorem 4.2] Suppose that Assumption 1 is fulfilled and u € L*(£y)
and yo € L'S(Tg). Then, there exists a constant ¢ only depending on 2 such that the
solution of (3.2) fulfills

Iyl @y + Iyl r.ore) < e+ llullzi) + 9ol Liecry) ) (3-4)

For a fixed yg € L'%(T), we introduce the control-to-state operator S : L2(§)5) — V°
that assigns y to u. The positivity of S is covered by the following maximum principle.

THEOREM 3.6. [8, Theorem 4.3] Suppose that Assumption 1 is fulfilled and u(x) >0
a.e. in Qs and yo(z) > 9 > 0 a.e. on Ty. If y is the solution of (3.2), then y(z) >
holds a.e. on Q2 and a.e. on I'y UT.

The next theorem states the existence of an optimal solution for (P). It is also proven
in [8] by rather standard arguments.

THEOREM 3.7. [8, Theorem 5.2] Under the Assumptions 1 and 2, there exists an
optimal control @ € L™ (Qs) with associated state §j € V>°.
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4. First-order necessary optimality conditions. The key point in the proof
of first-order necessary optimality conditions is to show the differentiability of the
control-to-state operator S : u — y. In preparation of a corresponding theorem, we
consider the following linear equation

—div(k Vy) = fa in Q

oy oy \
“<6n><6n)f on by (4.1)
o L dcolgy=fo  onT,
3n0

with arbitrary functions (fq, fr, fo) in L2(2) x L*(T;) x L?(Ty) and § € V> with
g > 0 a.e. in Q. It is easy to verify that the bilinear form associated to the left-hand
side in (4.1) is bounded and coercive in H*(Q). Therefore, the Lax-Milgram lemma
implies that (4.1) admits solutions in H!(f2) for every right-hand side in H*()*.
Embedding theorems give that, for n < 3, fo can be identified with an element of
HY(Q)*, if fo € LY(Q) with ¢ > 6/5. Thus there exists a linear continuous operator
Bq : LY(Q)) — H*(2), ¢ > 6/5, mapping fq to y, if f = fo = 0. Analogously, we have
the existence of linear continuous operators B, : L*(T';) — H'(Q) and By : L?*(Ty) —
H'(€) such that the solution of (4.1) can be expressed as

y = Bq fa + B: f: + Bo fo. (4.2)

Notice that the operators Bq, B:, and By depend on y. However, to improve the
readability, we simply write Bq instead of B (g) (B, and By analogously). Next, we
consider a slightly different PDE:

—div(k Vy) = fo in Q

9y 9y Z13.) —
Ks <anr>sng <anr)g+4G(o|y y)=fr on I, (4.3)
0
Ks A +4deolglPy = fo on I'y.
8n0

Since G is not positive, the bilinear form associated to this equation is in general
not coercive. Thus, the Lax-Milgram lemma cannot be applied. However, (4.3) is
equivalent to

y = Bq fo + B: (f: —4G(aljly)) + Bo fo. (4.4)

Notice that it would be more appropriate to write G(o|m,3|> 7y) instead of G(o|y|3y)
in this context. However, for the purpose of readability, in all what follows, we supress
the trace in arguments of operators with domain in L?(T';) and L?(T'g), respectively.
Applying the trace operator, (4.4) is transformed into

7y + 47 Bo(Goly]* y) = 7(Bq fo + By fr + Bo fo)- (4.5)

To show the existence of solutions of this equation and hence (4.3), we rely on the
following assumption.

ASSUMPTION 3. A =1 is neither an eigenvalue of

B(y)(-) =47 B:(G(aly]® -), (4.6)
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nor an eigenvalue of
B@)(+) =47 B(oly G* -), (4.7)

with B(g) : L2(T;) — L*(T';) and B(7) : L*(T;) — L2(T}), respectively.

Since B, : L*(T',) — H'(Q), we have that 7, B, : L*(T';) — H'Y?(T,). Therefore, due
to the compact embedding of L2(T',) in H'/2(T';), B(3) : L*(T';) — L*(I';) is a compact
operator. Thus, thanks to Assumption 3, the theory of Fredholm operators ensures
that (I + B(g)) has a continuous inverse operator. Therefore, (4.5) admits a solution
in L(T;), giving the existence of solutions to (4.3). An immediate consequence of
this result is the following theorem (cf. [8]).

THEOREM 4.1. Under Assumptions 1-3, S : L*() — V™ is twice continuously
Fréchet-differenntiable at (g,u). Its first derivative, denoted by y = S'(a)h, h €
L2(Qy), is given by

—div(ks Vy) = h in Qs
—div(kg Vy) =0 in Qg

Oy dy -
" (am)s_”g (anr)g“G("'y'gy) =0 onl, (48)
“5ﬁ+450|§|3y:0 on Iy.
8n0

Moreover, the second derivative w = S”(u)[h1, he] solves the equation

—div(ks Vw) =0 in Qg
—div(kg Vw) =0 in Qg
me (22 — kg (22) 4 4Glolglte) = —12G(olglgpy)  onTe  (49)
*\ on, s &\ on, « 192 r
ow _13 -
ks—=—— +deo|gl’w = —12e0|§|F y1y2 on Ty
87?,0

with Yi = S/(’l_l,)h“ 1= 1,2

Proof: We follow the lines of [8, Theorem 7.1], where the Fréchet-differentiability of
S is shown in detail. However, here we also need the second derivative of .S, hence we
shortly sketch the proof for convenience of the reader.

We reformulate (3.2) as

—div(ks V§) =4 in Qg
—div(kg V7)) =0 in Qg
() - (Z) = ol onl, (410
on, « on, )
o7
R - + A7 = eo(yi — [°5) + A7 on Lo,
no

with some A > 0 such that the bilinear form associated to the left-hand side in (4.10)
is bounded an coercive in H'(Q). Thus, the Lax-Milgram lemma yields that (4.10)
admits a solution in H!(2) for every right-hand side in H'(2)*. Moreover, in [8] it
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is shown that, if the right-hand side is sufficiently regular, i.e. in L?(Qs) x L*(T;) x
L*(T'g), the solution is bounded in € and on I',UTy. Thus, linear continuous operators

B : L*(Q) — V>, B, : LY(T;) — V>, and By : L*(I'g) — V™ exist such that (4.10)
is equivalent to

0 =9 — Bo, i+ B: (G(o|7>9)) — Bo (\§ +coyg — o |°g) =: T(g,q),  (4.11)

with T : V° x L?(Qs) — V. Since ®(y) = |y|3y is twice Fréchet-differentiable in
L>(T',UTy) and EQ, Br, and By are linear continuous operators, the chain rule gives
that T is twice continously differentiable from V°° x L?(€)) to V*°. Moreover, in [8]
it is shown that, the equation g—g(gj,ﬁ)y = f with some f € V° corresponds to a
linear PDE with the same differential operator as in (4.3). Hence, under Assumption
3, %—Z(Q, @) is continuously invertible in V°°. Therefore, the implicit function theorem
gives that S is as smooth as T and hence, y = S(u) is twice continuously differentiable
at u.

It remains to derive the particular form of S’(#) and S”(@). Substituting § = S(@) in
(4.11) and differentiating in direction h yield

S'(@)h = Bq, h — B, (G(40|S(a)|*S’(@)h))

. (4.12)
+ By (A S’ (@)h — 4ea |S(a)|>S' (w)h).

Now we replace y = S'(#)h and § = S(u). Then, with the definitions of Bq, B, and
By, (4.12) is equivalent to the linearized equation (4.8). For the second derivative, we
rename h; = h in (4.12) and differentiate both sides in direction hq

S"(@)[h1, ha] = — By (G(120]S(@)[S(@) [S' (@)h1 , S'(@)ha]))

— B, (G(4o|S(@)* 8" (w)[h1 , ha]))

+ By (AS"(@)[hy , ho] — 12e0 |S(@)|S(a) [S"(@)hy , S'(@)hs])

— By (4e0 |S(@)[> 8" (@) [hy , ha)).

By setting g = S(u), y; = S'(u)h;, i = 1,2, and w = S”(u)[h1, ho], the definitions of
Bg, B, and By imply (4.9). ]

Next we derive first-order necessary optimaliy consditions to (P). To that end, we
introduce the reduced objective functional by

. 1 v
Ju) = J(S(u),u) = 5 [V S(u) - 2|72, + 3 ull72 (- (4.13)

Furthermore, we define the set of admissible controls by

Uad := {u € L*(Q) | ua(z) < u(z) < up(z) ae. in Q).

Due to Theorem 4.1 and the chain rule, we know that j is twice continuously Fréchet-
differentiable from L?(Q) to R. Thus, by standard arguments, an optimal solution %
of (P) must satisfy the following variational inequality

J'(@)(u—1u)>0 Yu € Ug. (4.14)
For the derivative of j, one obtains

J(@h = (Vy -z, Vy)r2q,) + (@, h)r2q,), (4.15)
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with § = S(@) and y = S’(@)h. In [8], it is shown that
(Vi — 2, Vy)r2(q,) = (P, M2 (4.16)

holds true, where p solves the adjoint equation associated to (P) that is given by

div(kg Vp) = Ay —divz  in Qg

diV(,‘is Vp) =0 in 0
ap 8p _ N ag
Ks <5nr) — Rg (anr)g + 4o |y|3G p= o —z-n, onl, (4.17)
0
ns—p+4ea|y\3p:0 on Ty.
Gno

Notice that the right-hand site in (4.17) is well defined, since Ay € H*(Q)*. Similar
to the discussion of (4.3), the Fredholm alternative implies the existence of solutions
to (4.17), provided that Assumption 3 holds true.

THEOREM 4.2. [8, Theorem 7.2] Under Assumptions 1-3, there exists a unique solu-
tion of (4.17) in H'(Q).

With (4.16) at hand, (4.14) is equivalent to
(p+1/ﬂ, U7’L_L)L2(QS) >0 Vué€ Uy. (418)

A pointwise discussion of this inequality yields

() = Pad {%p(x)}, (4.19)

where P,q(z) denotes the pointwise projection operator on [ug(z), up(x)].
In this way, we have derived the following theorem:

THEOREM 4.3. Suppose that Assumptions 1-3 are fulfilled and @ is a locally optimal
solution of (P) with associated state §j. Then there exists an adjoint state p € H'(Q)
such that the adjoint equation (4.17) and the condition (4.19) are satisfied.

5. Second-order sufficient conditions. This section is devoted to our main
result, second-order sufficient optimality conditions for (P). First, we establish second-
order conditions that require a rather large subspace where the second derivative of
j must be positive definit. These conditions are very easy to prove. Then, we shrink
this subspace and formulate another sufficient condition that is less restrictive than
the first one. The associated proof is performed in Section 7.

In the following, the subspace, where j” (@) is assumed to be positive definit, is called
critical cone. The "large” critical cone is defined by

u(z) > 0, where a(z) =

o , ua ()
C(a) = {“ €LY | y2) <0, where a(z) = u () } |

and hence does not account for strongly active sets.

THEOREM 5.1. Suppose that Assumptions 1-8 are fulfilled and that (y,u) satisfy the
first-order necessary optimality conditions. Assume further that a constant § > 0
exists such that

3" (wyu? > SHUH%Z(QS) (5.1)
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is satisfied for all u € C‘(a) Then positive constants € > 0 and 6 > 0 exist, such that
the quadratic growth condition

g(u) > 5(@) + 6 [lu = all 72, (5.2)

holds true for all u € Uaq with ||u — |20,y < €.

Proof: The proof follows standard arguments. A Taylor expansion of j at @ yields for
an arbitrary u € Uyqg

) = 3(0) 45" (8) o — ) - 5 57 @) (s — )2 (5.3)

) _ 2
> (@) + 5 llu— ) — I} (5.4)

where we used the variational inequality (4.14). Moreover, u € Uyq implies (u — @) €
C(u), hence (5.1) applies to j”(@)(u — @)?. Since j is twice continuously Fréchet-
differentiable from L2(€)) to R, we have that

5

0 u— ] g2 — O. 5.5

Thus a constant € exists with |r§-2)| < 6/4||lu— QH%Z(QS) for all ||u — |20, < &
Therefore, with & = 6/4, (5.4) implies (5.2). "
Next, we formulate less restrictive second-order sufficient conditions that consider
strongly active sets. As mentioned in Section 1, in this case, we have to deal with
a two-norm discrepancy. We establish a condition that gives local optimality in a
L#-neighborhood, where s is not necessarily equal to co, but can be chosen smaller.
This gives some flexibility in the choice of the neighborhood where local optimality
of a reference function is obtained. However, a ”larger” neighborhood corresponds to
a "weaker” growth condition (see Theorem 5.4).

We introduce the strongly active set as follows:

DEFINITION 5.2. Let 7 > 0 be given. Then the strongly active set A, is defined by

A ={x e Q] |p(z) +vau(z)| > 7}.

Moreover, the corresponding ”small” 7-critical cone is defined in a standard way (cf.
Dontchev et al. [5]).

DEFINITION 5.3. The critical cone belonging to (P) is given by

u(z) =0, a.e in A,
Cr(a) == ue L*Q) | u(x) >0, where u(r) = us(z) and z ¢ A, . (5.6)
u(z) <0, where u(z) = up(x) and x ¢ A,

Now, we are in the position to state second order sufficient conditions for (P) with
respect to the reduced critical cone C(@).

Let § > 0 exist such that
(SSC = 2 2 —
Jl@)u” =6 |ul[feq, for all u € Cr(a).
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In Section 7, we show that (SSC) is indeed sufficient for local optimality of @.
THEOREM 5.4. Suppose that Assumptions 1-3 are fulfilled. Let 4/3 < q < 2 be given.

Define s by

_Ja/(2—q), forqg<2
5= {oo , for g = 2. (5.7)

Moreover, let (y,u) satisfy the first-order necessary optimality conditions for problem
(P) and assume that condition (SSC) is fulfilled with some § > 0, 7 > 0. Then there
exist € > 0 and 6 > 0 such that

() > j(@) + 0 lu—llfuq,) (5.8)

for all u € Usqg with ||u — @l|psq,) <&

REMARK 5.5. Setting ¢ = 4/3, we obtain s = 2, and hence Theorem 5.4 gives a
L*3_quadratic growth condition in a L?-neighborhood of . Choosing q =2 and thus
s = 00, we obtain L?-quadratic growth of j in a L™ -neighborhood of .

6. Auxiliary results. Before we are in the position to prove Theorem 5.4, we
show some properties of the linear PDEs (4.8), (4.9), and (4.17). In Section 6.2, we
derive some results concerning the second derivative of j, that are also needed for
the proof of Theorem 5.4. Throughout this section, we assume that (g, @) is a fixed
stationary point of problem (P). Therefore, we have that @ € Uyq and (7, ) satisfy
the state equation (3.2). This implies that ||7||y~ is bounded by a constant because
of Theorem 3.5 and [8, Lemma 5.1]. This property is used several times in the proofs
presented above. Notice that Lemma 3.3 implies the boundedness of G and G* from
LP(T,) to LP(T;) for all 1 < p < oo, what is also used in the subsequent proofs.

6.1. The linearized equations. We already know that (4.8), (4.9), and (4.17)
admit solutions in H*(f2). Here, some estimates are derived that concern the H!(£2)-
norms of the solutions are derived.

LEMMA 6.1. Let Assumptions 1-8 be fulfilled and q > 6/5 be given. Then the solution
of (4.8) satisfies

IYlla @) < cllbllLaq), (6.1)

with a positive constant c.

Proof: The differential operator in (4.8) has the same structure as the one in (4.3).
Hence, analogously to (4.4), y can be expressed by

y = Bah—4B: (G(olg’y)) (6.2)
with hlo, = h and h|g, = 0. The operator Bg is continuous from L9(Q) to H'(€)
as described in Section 4. Together with the continuity of Bg : L(Q) — H(Q) and
B, : L3(T'y) — H(Q), this implies

1yl i) < 1Ballzra),m @y 1Bl Lao)

+ 40 |Bell cz2n.mr @) |Gl ez 1817 ooyl 22
< c(l|Pllrae.) + 1YllL2r,)) (6.3)
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because of Lemma 3.3. Similar to (4.5), we apply the trace operator 7, to (6.2) and
obtain

vy = (I + B(§)) 'nBq h, (6.4)

where B(7) is as defined in (4.6). This yields

)
lyllz2r,y < 1+ B@)  leewo I Ballecragy,ram 17l La)
<cllI+B@) ey bl Lso,),

where Assumption 3 ensures that ||(I + B(7)) | z(z2(r,)) < co. Together with (6.3),
this implies (6.1). n

LEMMA 6.2. Suppose that Assumptions 1-3 are fulfilled and ¢ > 6/5 is given. Then
the solution of (4.9) satisfies

ol ) < cllhllLaqy) 1P2lLa@.); (6.5)

with a positive constant c.

Proof: Since the differential operator in (4.9) is the same as in (4.3) and (4.8), we
have analogously to (6.2)

w = —4 B, (G(o|g*w)) — 12 B: (G(ol§ly y1 y2)) — 12 Bo(eo|yl7 y1 y2)
and similarly to (6.4)
mw=—(I + B(§) "' (12 B: (G(o]g]7y1 y2)) + 12 Bo(e0g|g y1 v2)),

where Assumption 3 again ensures the continuity of (I + B(¢))~!. Therefore, we can
argue as in the proof before and obtain

lwll g ) < c(|G(a|glgyry2)llz2r,) + llea 197 y1 yallL2(ry))- (6.6)

The first addend on the right-hand side is estimated by

1G (o 517y y2)llL2 ) < ellGlleeez@m Tl 1y v2llz2(r,)-

Due to dim 2 < 3, the embedding theorems imply for two arbitrary functions vy, vy €
HY(Q):

lo1valz2r,) < (||Uf||L2(Fr) \USHLZ(H) )1/2 = llvrllzacry) lvalloar, (6.7)
< cllvillar @) vl @)-
Thus, with v; = y; and vy = y9, Lemma 6.1 yields
1G(o 71Ty y2) 2y < ellhillpaa.) 1h2llLacy)- (6.8)
Analogously, we obtain for the second addend in (6.6)
lea 917 y1 y2llL2(ro) < cllballraca,) 1Rl Lo(a,)- (6.9)

Inserting (6.8) and (6.9) in (6.6) finally gives the assertion. ]
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LEMMA 6.3. Suppose that Assumptions 1-8 are fulfilled. Let p denote the solution of
the adjoint equation (4.17). Then, there exists a positive constant ¢ such that
[pllLar,) <c

holds true for all 1 < q < 4.

Proof: Formal integration by parts, also on the right-hand side, yields the weak
formulation associated to (4.17):

/an~Vvd:L'+4/U|gj|3G*(p)vd5+4/{—:U|gj|3pvds
Q I, To

:/(Vg—z)~Vvdx:: (g,v) VveH'(Q)

Qg

(6.10)

with g € HY(Q)*, since § € V°° and z € L?(€),) by Assumption 2. If we consider the
operator Bgq, introduced in Section 4, with domain in H1(Q)*, it is easy to see that
(4.17) is equivalent to

p=Bag—4B: (alyl> G*p). (6.11)
Applying the trace operator to this equation gives
np=(I-B(y) 'nBag,
with B(f) as defined in (4.7). Therefore, we obtain
Pl z2ryy < I = B@)~ e 7 Baller @ 2 lglla @y, (6:12)

and Assumption 3 again ensures that ||(I — B('l_l,))_lHﬁ(LZ(Fr)) < 00. The definition of
g in (6.10) implies

9l 1) < 19l @) + I2ll2@,) <6

where the boundedness of ||g| 71 () follows from [8, Lemma 5.1]. Hence, (6.12) yields
pllz2r,) < ¢, and with the embedding theorems for dim 2 < 3, (6.11) finally implies

Ipllzocr.) < ellpllm) < ellglla@- + Ipllzar,)) < e "

6.2. The second derivative of j. As mentioned above, the reduced objective
functional j is twice continuously Fréchet-differentiable from L?(€s) to R. Due to the
chain rule, its second derivative is given by

7"@)[h1, ho] = (Vyr, V)20, + (VI — 2, Vw)r2(q,) + v(h1, ha) 2.,
with y; = S'(@)h;, ¢ = 1,2, and w = S”(a)[hy, ha] defined by (4.9). The weak
formulation of (4.9) is given by

/ kVw - Vodz + 4/ G(J|g|3w)vds+4/ eo |glPwods =
Q Iy Lo

—12/G(J|y|gy1y2)vds—12/€o|gj|yy1y2vds Yove HY(Q).

T, o
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Now, we insert p € H({) as test function in this equation and choose w as test
function in the weak formulation of the adjoint equation (6.10). Subtracting both
equations yields

(Vg — 2z, Vw)r2(q,) = — 12/ G(o |glgy1y2)pds — 12 / o gy y1 y2 p ds,
T, To
and hence
3" @)[h1, he] = (Vy1, Vya)r200,) + v(hi, h2)r2 )

_12(/G(U|ﬂ|ﬂy1y2)pds+/gg|g|gy1y2pds)_ (6.13)
T, o

LEMMA 6.4. Under Assumptions 1-3,

< cllhllzacen) Ih2llzea,)

+ ’/ eo y|yy1 y2pds
To

| [ clollon s
Ty

holds true with a positive constant ¢ and y; = S'(@)h;, i = 1,2.

Proof: The I';-integral is estimated as follows

’/G(U|l7|§y1 y2)pds| < |Ipllz2on) IG ez @ 19l 2= oy lvr v2ll L2,
r,

< cllhllLaga) [h2llLaa.)s (6.14)

where we used (6.8), Lemma 6.1, and Lemma 6.3 for the last inequality. Analogously,
we obtain for the integral over I'y:

| [ eolalgmvepds| <l s,
To

Together with (6.14), this yields the assertion. n

The Taylor expansion of j is given by

: N g NN R _

i) = @) + 3 @) —a) + 3 5" @) —a)* + 77, (6.15)
where the remainder term fulfills (5.5), since j is twice Fréchet-differentiable from
L?(9%) to R. Using the previous results, we show the following lemma that includes
(5.5) as a special case.

LEMMA 6.5. Let Assumptions 1-8 be fulfilled and q > 6/5 be given. Then, the

. 2 .
remainder term r§- ) satisfies

ﬂ =0 (6.16)
1211 Z0 00,y

for all h with @+ h € Uaq and ||h]| 120, — 0.
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Proof: First we prove the assertion for 6/5 < ¢ < 2. Later we show, that (6.16) holds
for every ¢ > 6/5.

(i) Taylor expansions

With (6.15) at hand, one obtains for 7’](2)
v N gy 1.,
r? =g h) = (@) — ' (@h - 55" (@h?

1
= [ @+ snhds - i @h - 55 @
0
1

B 1B
://3 (@w+6h)h '(a)thHdB://pj do dp. (6.17)
00 00
with p; := j"(@+ 0 h)h? — j”(u)h?. Inserting (6.13) in the definition of p; yields

pj = ||V77h|\%2(9g) - ||V77||%2(Qg)

—12 / G (s (lynlynn2 — |5lgn?))pds — 12 / eo (Jynlyn n2 — [glgn?)pds (6-18)

I: To

with § = S(a@), y, = S(a+ 0h), n = S'(w)h, and n, = S’(@ + Oh)h. Straightforward
computation shows that the first addend in (6.18) can be expressed as

Vol 20y = IV 7200y = I (s @+ 0 1) (1, h)? = J" (g, @) (0, h)* =: py.
For yp, = S(+60 h), one obtains
yn = S(u) + 05 @h+ry =g+6n+ry). (6.19)
This first-order remainder term satisfies
1 1
I @) < v < (Bl z2@n) IRl 220, (6.20)

where ¢ : Rt — R* denotes a generic function with ¢(z) — 0 for every z | 0.
Furthermore, since S is twice Fréchet-differentiable from L?(Q) to V°°, we have

S'(t + 6h) = S' (@) + 0 8" (@W)h + r) (6.21)
with
1S eza @ v<) < ellbllz2,) 18] 22,
We apply both sides of (6.21) to h and obtain
mh = S' (w4 0h)h = S’ (W)h + 0 8" (@)h* +r$h = n+ 0w + 72, (6.22)

where w = S”(@)h? solves equation (4.9) with the inhomogenities —12 G(o ||y n?)

=(2)

and —12¢0 |y|yn?, respectively. Moreover, g’ is given by F(;) = rfgl/)h and thus
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fulfills

17 i1 () < Ir§ Bllvee < 17§12z v [l 22
< o(1b]l 22 @) 1PN 7200y
< (1Pl z2(0.))
< co(lhllz20n) IR Loy, (6.23)

since |h(z)| < up(x) — uq(x) a.e. in Qg because of (@ + h) € Uyg.
(i) Estimation of p;
With (6.22) and 6 < 1, we find for p;
ol = HIVanlZaa,) = IVAllZ2 gyl
< iz @) = Il @)
_(2)
= [+ 0w+ 730 = Il )| (6.24)
(2 (2
<2 wllm oy Inllar @ + 21757 e Il @) + 2wl s o 1767 e o
(2
+ 175 1 @) + 1wl o).
where (6.23) holds for ||F(52)||H1(Q). Moreover, Lemma 6.1 and 6.2 give
Il @) < cllbllza,) and  [wlla ) < cllhlliog,)-

Therefore, by inserting these estimates together with (6.23), (6.24) results in

Pl < e(lhllL2@.) 17l Zace,)- (6.25)

Notice that the assumption ¢ < 2 implies ||h||La,) < cl|hllz2(q,)- This is used for
instance in the estimate [|w||g1(q) < @(|hllz2.)) 1Pl La.)-

(iii) Estimation of the boundary integrals

Next, we estimate the integral over I'y in (6.18). Using (6.22), one obtains

’/ o (lynlyn i — glyn*))p ds

= \/ o (fynlyn (n+ 0w +7)" ~ [glg®)]pds| < I + I

with

1= | [ o Qunlon — lolg)? 67 pds

Iy

and

I = ‘/ lynlyn G*p (20w + 2750 + 20w + (F$)? + 0%w?) ds|.
Iy
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We continue with

|(lynlyn — 19l9) G*pllL2(r,)
lynlyn — 1917 | L2,y

I <o|n?
s U FZT0s: (6.26)

<oz 16" | ezaqny el aery)

where we used (6.7) for the last inequality. Thanks to @, @+ h € Ugq, the maximum
principle in Theorem 3.6 implies 7, y, > ¢ > 0. Thus, together with (6.19), we have

lnlyn — 1915 = v2 — 7° = (un + 5) (n — ) = (yn + 7) (0 + ).

Hence, (6.20) and Lemma 6.1 yield
o _ 1
ynlyn — 1915 e < I@n + D= Ul + 175 i)
< c(1+ p(lhll 2@l 220 = (IRl 2(6,))-

Therefore, by applying Lemma 6.1 to ”77”%2(11) and Lemma 6.3 to ||p||z+(r,), (6.26)
results in

I < (bl 2@ 17l Fago.)- (6.27)
Using again (6.7) and Lemma 6.3, the integral I is estimated as follows:
I, <llolynlyn G* pllL2(r,)

~(2 ~(2 ~(2
(2llmwl 2y + 2075 0l L2y + 21w | 2 + 1FE)2 2,y + 1wl L2,y )

< ollynllie,)

plra,)

~(2
iy + 21172 Lar,)

G|l L2y

~(2
7 Ly

(2||w||L4(Fr) nllzar,) + 2 lwllLar,)
17N sy + 1wl agr,))
< e (2|l m oyl @) + 2117 @ 1l @) + 2wl @ IFE e o)
17 13 0y + lwl3r )

The expression on the right-hand side in the last inequality is the same as in (6.24).
Hence, we argue as before and obtain

Iy < o(||hll2@.) 17l Faco.)-

Together with (6.27), this implies

‘/ G(o (lynlyn miy — 5lgn*))pds

Iy

< e([[hllz2(0.)) ||h||%q((zs)- (6.28)

An analogous discussion for the integral over I'y in (6.18) gives
| [ o unlon = g Phpds| < ellbllogon)) el e,
To

Hence by inserting this estimate together with (6.28) and (6.25) in (6.18), we end up
with

0j1 < @(lhll L2 @) 1711 7aq,)-
()
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(2

For the remainder term r;”’, we finally obtain

1B

1B
< [ [1edods < ol oo 0120, [ [ dods
0 0

00

o122 @) 1PN 70600y
with some 6/5 < ¢ < 2. Due to ||h||Lq(Q) < c||h||Lq ()
clearly holds for every ¢ > 6/5. ]

for every ¢’ > ¢, (6.16)

7. Proof of Theorem 5.4. As in the proof of Theorem 5.1, we start with the
Taylor expansion of the reduced objective functional

. Ny 1
3u) = @) + 5 (@) (u = 1) + 5 " (@) (w — ) +r” (7.1)
with u € Ugyg.
(i) Estimation of the first derivative j'(@)(u — @)
A pointwise evaluation of the necessary conditions in (4.18) yields
i'(@)(z) (u(z) — u(z)) = (p(z) + vi(z)) (u(z) —a(z)) >0 ae. inQ, Vu€ Uy
This implies (p(z) + va(x))(u(x) — a(z)) = |p(x) + va(z)||u(x) — a(z)|. Hence, with
Definition 5.2, we obtain for the first derivative of j
j'(u)(u—a) = /’p + va(z Hu —a(z ‘dz+/’p + va(z Hu —a(z ‘dz
Q\A,
> /T|u(x)—ﬂ(:z:)\dx:'rHufﬂHp(AT). (7.2)
AT
(ii) Estimation of the second derivative j"(u)(u — @)
Let @ be defined by
v Ju(z), forxze A,

() = {u(x) ,forx ¢ A,

and thus (@ — @) € C;(u), thanks to Definition 5.3. We continue with
(u—

7" (@) (u—a)* = j"(u — G+ @ — a)

=" (@)(u—9)* +25"(@)[u - a5 —a + " (@@ -u)?  (7.3)
In the following, we estimate the three addends on the right-hand side of (7.3) sep-
arately. To that end, define y = S’(@)u and § = S’(@)a. Then, with (6.13), one
obtains

3" (@) (u—@)* = |V(y — D2, + vlv— @l L2,
12 / Glolgly -7 pds —12 [ o lglg(y—3)* s
To
> 12 ]/ ololg (v~ 9*)pds + [ =olil (v - 92 pds)
o
> _CHU’_UHLG(QS)a (7.4)
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where Lemma 6.4 is used for the last inequality. The second addend is transformed
into

") u—a,a—-ua=(Vy-7), V(G- ﬁ))Lzmg) +v(u—1a,a-— ﬂ)wszg)
~12 [ Glolalglv—9) G- n)pds

r,
~12 [ calsly (v - 5) G- ) pds,

To
where y and § are defined as above and 7 is given by n = S’(@)a. By the definition
of 4, we have (& — a)(z) =0,if z € A;, and (v — a)(z) =0, if € Qs\ A,, and hence
(u—1, @ —1u)r2(,) = 0. Moreover, Lemma 6.1 implies

—|(Vy—9), V(i - 7]))L2(Qg)| >~y = gllzr @ 19—l @
2 —c|lu =l g, |2 — @l La(q,)-

The boundary integrals are again estimated with Lemma 6.4, and hence it follows
that

(@) —a,% —a] > —cllu— il Lo(q,)

@ — @l La(0s)-
With
@ -l paa,) < lu—allLoq,) + v — 1l Laca,) (7.5)

this results in

7@ — % — ) > —c([lu =1l Loq, + lu = @l Lo,

lu—llLa,).  (7-6)
Due to (@ — @) € Cr(u), condition (SSC) yields for the last addend in (7.3)

7" @)@ —a)* > 6 |la - allfqq,)-
Using

lu =@l Faq,) = lu— @+ @ —a|7aaq,

<l = @l o) + 2 llu =@l Lo 1@ = @l oy + 17 — @l 7o,
and again (7.5), this is estimated by

3" (@) (a—1)* = 8 ||u—1l Lo, =38 lu—alLo(q,) =20 lu—il Loq,) llu—al Ls(q.)- (7.7)

Now we insert (7.4), (7.6), and (7.7) in (7.3) and obtain
7" (@) (= a)* > 8 |lu—allfeq,)
— (80 +0) Jlu— W2y — (26 4+ ) lu — il Lagar = @l ogen)-
Then Young’s inequality implies
" (@)(u —a)* >

20 +c (7.8)

K

Mm—uﬁﬂm>—ﬁw+c+ )nu—uﬁqm>—@&+@wm—uﬁﬂmw
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with an arbitrary & > 0. Notice that the definition of @ yields [ju — |/ fe(q,) =
l[w = l[Laca,)-

(iii) The quadratic growth condition

Next, we insert (7.2) and (7.8) in the Taylor expansion (7.1) and obtain

. L _ 20 +¢ B
) 2 3@+ 7=l = (304 ¢+ 25 fu-alg,
(2) (7.9)
RSN RPN P .25 B T
2 lu— a2, o, L)
The well-known interpolation inequality (cf. Brezis [2]) implies
lu—allfaca,) < llu=allpan e = allpeca,)
<lu—allpranllu =l Ls (o,
with s as defined in (5.7). Then (7.9) results in
) o _ 1 _
J(u) > (@) + ar[lu = @l L ar) + 5 a2 lu = AllLao,), (7.10)
with
20+c
a1 =T — (35+c+ - ) lu — @l s )
and

2
5

az=0—(204+c)k —2 —=5—.
”U - U‘HL(I(QS)

To derive the quadratic growth condition (5.8), we show that a; and as are non
negative, if [|u — | 1+ (q,) is sufficiently small. We start with ap: Due to Lemma 6.5,
for every e, > 0, there exists a constant €; > 0 with [|u — [/ ;2(q,) < €1, such that

el
T < &)
||U_u||2Lq(QS) '

Moreover, Lemma 6.5 implies that €, tends to zero if €1 is chosen sufficiently small.
Therefore, if we also set x sufficiently small, there exists a constant & such that

ag >0 — (20 +c)k—2e, 225> 0. (7.11)

Furthermore, a; is non negative, if £3 := |lu — @ s (q,) is sufficiently small, i.e.

.
< .
2= 30+c+ (204 ¢)/k

By assumption, we have ¢ > 4/3 and hence s > 2. Therefore,

Hu — L_LHL2(QS) < cg Hu — ﬂHLs(QS) < cs€2
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holds true for every ¢ > 4/3. Thus, if we set £ = min{ea; €1/¢s}, then (7.11) is
satisfied and a; is positive. Therefore, for every u € Uqq with ||u — || s(o,) <&,

. Loy 1 _ Ny = _
i) > (@) + 5 (6 = (20 + ) = 2¢) lu = Al Laa,) > 3(@) + 7 Ju— allLuo,

holds true. n
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