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Abstract

In this thesis we present degree bounds for the circumference ¢(G) of k-
connected graphs G with 3 < k < 5. Let C be a longest cycle in a graph G
and let L(G — C) be the length of a longest path in G—V(C). Let 2 < k <5
and L(G—C) > k—1. It is known that ¢(G) = |C] > (k+1)0 — (k—1)(k+1),
if G is (k+1)-connected and n = |G| > (k+1)d—k(k—1), if G is k-connected .
The exceptional classes for these estimates when the connectivity is reduced
by 1 are essentially determined. Moreover, for 3-connected graphs G, the
exceptional classes for the estimates ¢(G) > 46 — ¢ with ¢ € {5,6,7,8} are

essentially characterized.
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Gradabschitzungen fiir den Kreisumfang von Graphen

Zusammenfassung

In dieser Dissertation werden neue Gradabschéitzungen fiir den Kreisum-
fang ¢(G) von k-zusammenhédngenden Graphen G mit 3 < k < 5 angegeben.
Sei C' ein lidngester Kreis in G und L(G — (') die Lénge der langesten Wege in
G—C :=G-V(C). Esist bekannt, daB ¢(G) = |C| > (k+1)0—(k+1)(k—1)
gilt, wenn L(G—C') > k—1 und G ein (k+1)-zusammenhéngende Graph ist.
Die Ausnahmeklassen bzgl. dieser Abschitzungen fiir k-zusammenhéngende
Graphen werden im wesentlichen bestimmt. Fiir 3-zusammenhéngende
Graphen G werden die Ausnahmeklassen bzgl. der Abschétzung |C| > 40 —c¢

bei L(G — C) > 2 fiir 5 < ¢ < 8 im wesentlichen bestimmt.
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Chapter 1

Introduction

This thesis is the result of more than three years research in the field of graph
theory. Except the first two introductory chapters, the other three chapters
are based on papers written during these years. Chapters 3 and 4 are joint
work with Jung. Chapter 3 is published in “Results in Mathematics 41(2002)
118-127"(see [13]).

In this introductory chapter we give a short survey of our results and
indicate some connections with other known results. We use Bondy and
Murty [1] as our main source for terminology and notation. Some additional
terminology and the definitions of several classes of graphs-so called "exep-
tional classes”are given in chapter 2. In this chapter, whenever undefined
classes of graphs are involved, we will indicate the section where they are
first introduced.

All graphs considered in this thesis are finite, undirected and without
loops or multiple edges. For a graph G, let V(G) and E(G) denote respec-
tively, the vertex set and the edge set of G. n will denote the number of
vertices, and o and k(G) the independence number of G and the connectiv-
ity of G, respectively. For a > k > 1 let o = min{d(uy) + -+ + d(uy) :
{uy,...,ux} is an independent set in G}. For the minimum degree in G,
instead of o1 we use the more common notation 9.

The length of a longest cycle in G is called the circumference of G and
denoted by ¢(G). A graph G is called hamiltonian if ¢(G) equals the number
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of vertices of G. A cycle in G is called a Dy-cycle, if all components of G —
V(C) have fewer than X vertices. A hamiltonian cycle (path)is a cycle (path)
which contains all vertices of G. A graph G is called hamilton-connected, if
there exists a hamiltonian path between every pair of distinct vertices of G.
For a subgraph H of G let N(H) denote the set of all vertices in G — V(H)
which are adjacent to some vertex in H. A connected subgraph H of G is
called normally linked in G, if |H| := |V(H)|=1or |[(N(x)UN(y))NH| > 2
for any distinct elements x,y of N(H). We call H strongly linked in G, if
moreover H is hamilton-connected.

Let G and H be two vertex-disjoint graphs. The join of G and H, denoted
by GV H, is a graph with vertex set V(G'V H) = V(G)UV(H) and edge set
E(GVH)=EGYUEH)U{w : :ueV(G),veV(H)}.

The literature on longest cycles in graphs is extensive. The following two
classic results of G.A.Dirac (see [5]) in 1952 were the first degree bounds for

longest cycles and led to an intensive research in this area of graph theory.

Theorem 1.1 [5] A graph G on n > 3 vertices with minimum degree § > &5

has a hamiltonian cycle.

Theorem 1.1 is best possible as can be seen from the graphs K n_1 Vv "THK 1,
which are non-hamiltonian graphs on n vertices with § = 271 (n odd).
Clearly the condition 6 > § > 3 implies that G is 2-connected. Therefore

the following result generalizes Theorem 1.1.

Theorem 1.2 [5] Let G be a 2-connected graph with minimum degree 0.
Then G has a hamiltonian cycle or ¢(G) > 24.

Also Theorem 1.2 is best possible as can be seen from the graphs K V
qKs-1 (g9 = 3,6 >2) and K5 VpK (p>6 > 2).

While Theorem 1.1 and 1.2 are best possible, many results have been
obtained in terms of variations of the degree bounds. Better bounds are

known for certain classes of graphs, for example in bipartite graphs and



regular graphs, also in line graphs and more generally in claw-free (K 3-free)
graphs. For 3 > k(G) < 6, a nutral extension ( namely Theorem 1.3 below)
of the results of Dirac was given by Jung in 1990 (see [9]). Some parts of
Theorem 1.3 have also been obtained by other authors (see [9]). A tree H
is called a doublestar, if all vertices but exactly two of H have degree 1. A
quasistar is a star or doublestar, or a graph obtained from a star H; with
|Hy| > 4 by adding an edge. Let Hs and Hg denote the set of all stars and
quasistars, respectively. For k < 5 set H;, = 0.

Theorem 1.3 [9] Let C be a longest cycle in the graph G and H a component
of G —V(C) such that |H| > k—1 (k= 2,3,4,5,6). There exists a vertex v
in H such that

(a) |C|> kd(v) —k(k —2), if G is k-connected and H ¢ Hy;

(b) |CUH| > kd(v)—(k—1)(k—2), if G is (k—1)-connected and H & Hy.

In particular, if G is k-connected with k € {2,3,4}, then each longest
cycle is a Dy_y-cycle or |C| > kd — k(k — 1). For k = 3 this was first proved
by Voss ([20]). See also [10].

The graphs G = Ky V mKsi1—, (m > k), which have connectivity k
and ¢(G) =k + k(0 +1—k) = ké — k(k — 2), show that small connectivity
is one of the obstructions standing against better degree bounds. As the
exceptional classes Hy, (k = 5,6) indicate, small L(G — C') is another barrier
against getting better degree bounds for ¢(G). In fact, the graph G = K} V
mK;, (m >k > 4,r > 2) have connectivity k and ¢(G) = 4k = 46 — 4 and
the longest cycles C' in G split off components isomorphic to K ,, and hence
L(G—C) = L(K,,) = 2. Therefore L(G—C) is an appropriate parameter for
the investigation of better degree bounds. As a matter of fact, Bondy in 1980
(see [1]) conjectured that if G is a k-connected graph on n < o4 — k(k+ 1)
vertices, then L(G — C') < k — 1 for every longest cycle C' of G. A variation
of Bondy’s conjecture is settled in Theorem 1.3 (b) for £ < 6. In terms of
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L(G — C) Theorem 1.3 can be written in the following way.

Theorem 1.3 Let C' be a longest cycle in a graph G such that L(G —C) >
k—1(2<k<D5). There exists a vertex v in G — C such that

(1) IC| > (k+1)6 — (k—1)(k+1), if G is (k+ 1)-connected;

(1) n>(k+1)0—k(k—1), if G is k-connected.

In chapters 3 and 4 we work on the characterization of the exceptional classes
for 3-connected graphs G to have ¢(G) > 46 — ¢ (4 < ¢ < 8). Actually
our estimates have the form ¢(G) > 209 — ¢ (4 < ¢ < 8). Moreover all
exceptional classes for the estimates ¢(G) > 205—c¢ (4 < ¢ < 8) are essentially
characterized. In chapter 5, we study the exceptional classes for the estimates

in Theorem 1.3" where the connectivity condition is relaxed by 1.

Our main result in chapter 3 is the following Theorem 1.4. For the definition

of the class &£ see Section 3.1.

Theorem 1.4 Let C' be a longest cycle in the 3-connected graph G and let
H be a component of G — C such that |H| > 3. There exist non-adjacent
vertices u € V(G) and v € V(G) — V(C) such that

(1) [Cl = 2d(u) + 2d(v) =8, if IN(H)| = 4,

(i7) |C| > 2d(u) +2d(v) — 4, if IN(H)| > 4 and H is not complete,

(1ii) |C| > 2d(u) + 2d(v) — 5, if H is not strongly linked in G, with strict
inequality unless G € £.

~— ~—

Theorem 1.4 is a refinement of the following Theorem 1.5 of Jung. More-

over the present approach simplifies the proof of Theorem 1.5 considerably.

Theorem 1.5 [10] Let C be a longest cycle of the 3-connected graph G and
H a component of G — C'. If H is not hamilton-connected, then there exists
a vertex v in H such that |C| > 4d(v) — 5.

In Chapter 4, based on the results of Chapter 3, we pursue the classification
of exceptions concerning the estimate ¢(G) > 209 — 8 for C' in 3-connected

graphs GG. We essentially characterize the exceptional classes for the estimates



c(G) > 209 — ¢ for ¢ € {5,6,7,8}. The main result of Chapter 4 is the

following Theorem 1.6. The definition of & is given in Section 4.1.

Theorem 1.6 Let G be a 3-connected graph such that some longest cycle in
G is not a Ds-cycle. If G &€ &, then ¢(G) > 209 — 8.

In Chapter 4 we also obtain the following result.

Corollary 1.1 Let G be a 3-connected graph and let C be a longest cycle of
G which is not a D3-cycle.

(1) If Hy, Hy are two components of G—C' such that N(H,) # N(H3), then
|C| > 209 — 6;

(17) If Hy, Hy and Hj are components of G —C' such that N(Hy), N(Hz) and
N(Hj3) are distinct, then |C| > 209 — 5.

In Chapter 5, we turn to estimates of the form ¢(G) > (k + 1)§ — ¢ for
k-connected graphs allowing 3 < k < 5. Also the corresponding "splitting-
structure” for (k — 1)-connected graphs with n < (k4 1)§ — ¢ is essentially
determined. The definitions of G, G' and G, are given in Chapter 2.

Theorem 1.7 Let C' be a longest cycle in a connected graph G such that
L(G—-C)>k—1(k=3,4,5).Then

(1) IC| > (k+1)0—(k—1)(k+1)+2, if G is k-connected and G ¢ G ;
(i) n>(k+1)6—k(k+1)+1, if G is (k—1)-connected and G ¢ G UG,.

In the process of proving Theorem 1.7 we get the following Corollary 1.2.

Corollary 1.2 If G is a 2-connected graph with n < 20 — 6 and G & g; ,
then every longest cycle of G is a Ds-cycle .

Part (#i) with k£ = 3 of Theorem 1.7 was announced by Jung in the workshop
on hamiltonian graph theory at the University of Twente in 1992. In 1995
a proof was given by Brandt (see [3]). Corollary 1.2 is a slight refinement
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of that result. For some related results obtained by Veldman ([19]) and
Trommel ([17]) see Section 5.1.

Since G, is a subclass of all non-3-cyclable graphs we obtain the following

Corollary 1.3 If G is a 3-cyclable graph on n < 209 — 6 vertices, then every

longest cycle is a D3-cycle.



Chapter 2

Preliminaries

In this chapter we present some definitions and preliminary results, which
will be used in this thesis.

The graphs G in this thesis are finite and have neither multiple edges nor
loops. We take Bondy & Murty [1] as our main source of terminology and
notation. For a graph G, let V(G) and E(G) denote respectively, the vertex
set and the edge set of G. n will denote the number of vertices, and a and
k(G) the cardinality of maximum set of independent vertices in G and the
connectivity of G, respectively.

For a subgraph H of G let N(H) denote the set of all vertices in V(G) —
V' (H) which are adjacent to some vertex in H. We write |H| short for |V (H)],
and G — H short for G — V(H). For H K C G we use the abbreviation
Nik(H) = N(H)N K. In particular Ng(v) = N(v)N K and dg(v) = | Ng(v)]
for v € V(G). For edge-disjoint subgraphs H, K of G let e(H; K') denote the
number of edges between H and K.

Let G be a connected graph and a,b € V(G). We denote by D¢(a,b) the
length of a longest (a,b)-path in G. If G has no cut vertex and |G| > 2, we
set D(G) = min{D¢(a,b),a,b € V(G),a # b}. For |G| =1 we set D(G) = 0.
Furthermore let L(G) denote the length of longest paths in G.

Let C be a cycle in G with a fixed cyclic orientation. For vertices x,y €
V(C), we use C[z,y], C(z,y] and C(z,y) for the corresponding subpaths of
C . A path @, which has its end vertices on C' and is openly disjoint with
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C, is called a C-chord. For x € V(C) let 2 and x~ denote respectively the
successor and predecessor of x according to the given orientation of C'. We
abbreviate " = (z7)T and 27~ = (27)” etc. Foraset N = {x1,---, 25} C
V(C)let Nt = {xf,--- 2f} and N~ = {x7,---,2;}. A subgraph H of G
is called normally linked in G, if |H| = 1 or |[Ny(z) N Ng(y)| > 2 for any
distinct vertices a,b € N(H). We call H strongly linked in G, if in addition
H is hamilton-connected.

In the following we define the classes of graphs G and G u g; which are
involved in our main results in Chapter 5.

Let C be a cycle in a 2-connected graph G and S C V(C). We say that
S splits C, if C'— S has |S| components Cy, - - -, C|g) and each V(C;) spans a
component of G — S. If Sy, S5 split C' and |S1| = k(G), then clearly S; C S,.
By definition a graph G belongs to the class G, if there exists a (then unique)
set S C V(@) of the cardinality x(G) which splits every longest cycle in G and
all components of G — S := G —V/(S) are strongly linked in G. Let G denote
the class of all G € G such that in addition w(G — 5) = |S| + 1 = k(G) + 1,
where w(G — S) is the number of components of G — S.
A graph G is called 3-cyclable, if any three vertices of GG lie on a common
cycle. Let G, denote the class of all 2-connected graphs which are not 3-
cyclable. This class G, was characterized by Watkins and Mesner (see [21]).
They showed Gy = G111 U G13 U Gs3. By definition Gy, is the class of all
2-connected graphs G such that w(G — S) > 3 for some 2-element set S of
V(G). Let Gy ; be the class of all graphs G € G with x(G) = 2. By definition
G is in G 3 (respectively 9173), if there exist vertex-disjoint connected graphs
G1,Gy, Gy and 4-element set S = {x,y1,¥92,y3} in G such that G — § =
G1 U Gy U Gy, furthermore N(G;) = {z,y;} (i = 1,2,3) and {y1,92,¥3}
spans a triangle (respectively in addition G7,Gs, G are strongly linked in
(). By definition G is in G35 (respectively Q;73), if there exist vertex-disjoint
connected graphs Gy, Gy, G3 and 6-element set S = {z1, x2, 3, y1,Y2,y3} in G
such that G—S = G1UG,UG3, furthermore N (G;) = {x;,y;} (i = 1,2,3) and
{1, 29,23} and {y1, y2, y3} span triangles (respectively in addition Gy, Go, G5



Figure 2.1: The graphs in G,

are strongly linked in G). Let G, = G, ; UG ;U Gy 4. It is easy to see that
the set S in the definition of "G’ € G,” is uniquely determined.

The following two estimates are standard and easily follow from the fact that

C'is a longest cycle.

Lemma 2.1 Let C' be a longest cycle in a graph G and let H be a com-
ponent of G — C. Furthermore, let x1,x9 be distinct vertices on C. If
V1 € NH(Zﬁl),’Ug € NH({L'Q), then |C($1,l’2)| > DH(Ul,’UQ) + 1.

Lemma 2.2 Let C' be a longest cycle in a graph G and let H be a component
of G — C. Let x1,y1,22,92 € V(C) and v; € Ny(x1),v9 € Ny(xs). If
C(z1,11) and C(xa,y2) are disjoint and some C-chord Q[z1, za] through G—H
joins C(x1,y1) and C(xq,ys), then |C(x1,21) UC(22, 29)| > Dy(vy,ve) + 1+
(1Q —2).

The following three lemmas are due to H.A.Jung.
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Lemma 2.3 [9] Let a,b be distinct vertices in the 2-connected graph G and
let P be a longest (a,b)-path in G. Each component H of G — P contains a
vertex v such that |P| > dg(v) + 1.

Lemma 2.4 [9] Let H be a 2-connected graph. There exsist distinct vertices

v1, V9 and vy in H such that

(1) D(H)>dy(v;) fori=1,2 and Dg(v1,v2) > dg(vs);

(i)  D(H) > dg(vs) — 1 with strict inequality unless H = K .

Lemma 2.5 [9] Let C be a longest cycle in a 3-connected graph G. Each
separable component H of G — C' contains non-adjacent vertices vi and vs

such that

We also use the following result of Enomoto.

Proposition 2.1 [6] Let H be a 3-connected graph which is not Hamilton-

conneted. There ezist non-adjacent vertices vy,vy in H such that D(H) >
dH(Ul) + dH(Ug) — 2.



Chapter 3

On the Circumference of
3-connceted Graphs

3.1 Introduction

In this chapter we supply degree bounds for the circumference ¢(G) of 3-
connected graphs GG. Let C' be a longest cycle in GG and let H be a component
of G — C. As noted above, it is known that |C| > 3d(v) — 3 for some
veV(H), If |H > 2 and G is 3-connected. Moreover, if G is 4-connected
and |H| > 3, then |C| > 4d(v) — 8 for some v € V/(H) (see [9]). We present
extensions for 3-connected graphs. Our estimates actually have the form
|C| > 2d(u) 4+ 2d(v) — ¢ (4 < ¢ < 8) for some non-adjacent vertices u, v in G.

In [10] Jung proved the following result

Theorem 3.1 Let C' be a longest cycle in a 3-connected graph G and H a
component of G—C'. If H is not hamilton-connected, there exists some vertex
v in H such that

|C| > 4d(v) — 5.

Let C' be a longest cycle in the 3-connected graph G and let H be a
component of G — V(C) such that |H| > 3. We will show that |C| >
2d(u) + 2d(v) — 8 for some non-adjacent vertices u € V(G) and v € V(H),
if IN(H)| > 4. If H is not strongly linked in G, we can drop the condition
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IN(H)| > 4 and still obtain |C| > 2d(u) + 2d(v) — 5. In this event in fact
|C| > 2d(u) + 2d(v) — 4 unless G belongs to the following exceptional class
& of graphs.

Definition 3.1 G s in &, if G is 3-connected and there exist xq,xs, 13 €
V(G) such that all components of G —{x1,xa, x5} have three or four vertices,

at least four of them have four vertices and at least one is K; or Cy.

Remark 3.1 If G € &, then ¢(G) = 15 and the set {x1,xa, x5} in the above
definition is uniquely determined. Furthermore, N(G — C) = {x1, x9, 23} for

all longest cycles C' in G.

Proof. Let C be a longest cycle in G and let S = {z1,22,23} be a set
according to the definition. First assume that z3 is in a component K of
G — C. As |C] > 6 necessarily xy, 29 € C and C(z1,22), C(x2, 1) belong to
different components Hy, H of G —S. In particular |C| < 10. Let Hy, Ho, H
and H, be distinct components of G — S. Then Hs, Hy € K. Since x3
and z;, have distinct neighbors in Hj,o (h = 1,2) it readily follows that
|C'(x1,22)] > 7 and |C(xq,21)| > 7, a contradiction. Hence indeed S C C.
Using a similar argument one obtains N(G — C') = {z1, 25, x3} and that each

component of C' — S is a spanning subgraph of a component of G —S. O

Our main result in this chapter is

Theorem 3.2 Let C' be a longest cycle in the 3-connected graph G and let
H be a component of G — C' such that |H| > 3. There exist non-adjacent
vertices u € V(G) and v € V(G) — V(C) such that

(1) 10| = 2d(u) + 2d(v) =8, if [N(H)[ = 4,

(i7) |C| > 2d(u) +2d(v) — 4, if IN(H)| > 4 and H is not complete,

(731) |C| > 2d(u) + 2d(v) — 5, if H is not strongly linked in G, with strict
inequality unless G € &.

< —

The estimate in (7i¢) is a refinement of the result of Theorem 3.1, namely
the estimate |C| > 49 — 5, if H is not hamilton-connected. In the present
approach the proof of that result is considerably simplified.
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3.2 Proof of Theorem 3.2

In the following let C' be a longest cycle in the 3-connected graph G. We fix

one of the two cyclic orientations of C.

Lemma 3.1 Let C be a longest cycle in a 3-connected graph G, and let H
and K be non-separable components of G — C' such that |H| + |K| > 3. If
there exists a verter xo on C such that xo € N(H) and z§ € N(K), then

|C] > 2d(v) + 2d(w) — 4
for some v € V(H) and w € V(K).

Proof. If |H| > 2 and Ny (o) = {vo}, we set X = N¢(H —vp) and determine
v e V(H —vg) such that D(H) > dy(v). If |[H| =1 or [Ny (z¢)| > 2, we set
X = N(H) and determine v = vy € V(H) such that D(H) > dg(v).
Analogously we define Y, wy and w such that D(K) > dg(w), further-
more, w # wy and Ng(zg) = {we}, if ¥ # N(K). To emphasize the
symmetry we set yo = zg. Note that {vo} U X is a cut set of G. Also
|X — Ne(v)| > 2, if X # N(H). Since Neo(v) € X and Ne(w) C Y it

suffices to show
|IC| >2|X|+2|Y|+2D(H)+2D(K) — 4 (3.1)

Let x,y be distinct elements of N(H). We call Clz,y] a useful segment for
H, or just useful segment, if [Ny (x) U Ny (y)| > 2.

We call a segment C|x,y] of C a crossing segment, if x € X and y €
Y N C(x,xp). If Clx,y| is a crossing segment, then

|C(z,y)| = D(H) + D(K) + 2 (3-2)

To show (3.2) we determine a longest (xg, z)-path @ and a longest (yo,y)-
path R with inner vertices in respectively H and K. Then |Q| > D(H) + 1
and |R| > D(K) + 1. As C is a longest cycle and Q U R U C|[yo, x] U Cly, x|

is a cycle we obtain (3.2).
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If Clx,y| is a minimal (w.r.t. subpath relation) crossing segment, then
Clx,y) N (X UY) = 0. Let Clz1,11],...,Clxs,ys] be all minimal crossing

segments listed according to the given orientation on C'.

Case 1. s=0.

Let x and 2’ be the first and last vertex on C(yo, zo) in X. Obviously,
|C(2',x0)] > D(H) + 1.
If C[z, 2] contains another useful segment for H, then |C(z, zo)| > 2|X| —
2+2D(H).
If Clz,2'] contains no useful segment for H, then X # N¢(H) since G is
3-connected. Moreover, there exists a vertex v; € H — vy such that Ny (z) =
{v1} for all z € No(H) — Neo(vg), consequently V(H) = {vg,v1}. In this
event |C(z,zo)| > 2|X|+ D(H) =2|X| -1+ 2D(H).
Similarly, |Clyo, y)| > 2|Y|—24+2D(K), where y is the last vertex on C(yo, o)
inY. As s = 0implies y € C(yo, ] we obtain |C| > 2|X|+2|Y|—3+2D(H)+
2D(K). This settles Case 1.

In the following we assume s > 0. We set 5,1 = ¢ and determine for
0 <4 < s the last element y; of Y U {yo} and the first element z; of X U {zy}
in Cly;, xit1]-
We abbreviate Py = C(x1,ys), P = Clys, xo] and Py = Clyo, z1]. For 0 <
i < s we have x; € Cly;, 7;,1] since Cly;, ;1] contains no crossing segments
and hence |P| > 2|Y N P|+2|X NP|—3 for P = Cly;, z;i41]. Using (3.2) we

infer
|Po| > 2| X NP +2)YNBR|+s(DH)+ D(K)—1)+ 3. (3.3)

If x, # xy, then |C(2),z0)| > D(H) + 1, where 2 is the last element of X

on Clys, o). In this event
|P| >2]YNP|+2XNP|+ D(H)-3. (3.4)
If x, = g, then |C(y,,40)| > D(K) + 1 and hence

P > 2lY NP +2|X NP+ D(K) — 2. (3.5)
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For P, we have symmetric estimates
|Py| > 2]Y NPy +2|X NPy + D(K) =3, if yy # o (3.6)

and
[Py > 2|Y N Py| 4 2|X N Py + D(H) = 2, if Yo = vo- (3.7)

Case 2. Clys,x0) N X # 0 and C(yo, 1] NY # 0.
In this event we have (3.4) and (3.6). By combination with (3.3) we
obtain |C| > 2|X| +2[Y| -2+ (s + 1)(D(H) + D(K) — 1) hence (3.1).

Case 3. Clys,19) N X =0 and C(yo,z1]NY = 0.

In this event we have (3.5) and (3.7), and hence |C| > 2| X|+2|Y | + (s +
1)(D(H)+ D(K) — 1), again (3.1).

Case 4. Clys,z0) N X # 0 and C(yp, z1] NY = 0 or vice versa.

In view of the symmetry we may assume C|ys, x9) N X = (). Then |P;| >
2)Y NP |+2|XNP|+D(K)—2and |Py| > 2]YNP|+2|X NP+ D(K)—3.
If s > 2, then |C] > 2|X| +2|Y| -2+ s(D(H)+ D(K) — 1) + 2D(K) and
hence (3.1).

If s =1 and Clyo, z1] contains useful segment for H, then |Py| > 2|Y N P| +
21X NP+ D(K)+D(H)—3and |C| > 2| X|+2|Y|+2(D(H)+3D(K)—3.

It remains the subcase when s = 1 and C(yo, 21| contains no useful
segment for H. As in the Case 1 we deduce X # N(H) and |H| = 2.
Hence in fact |[Pi| > 2|]Y NP |+ 2| X NP+ D(K)+ D(H)—1 and |C] >
2| X|+2Y|+2D(H)+3D(K) — 1. O

Using Lemma 3.1 we first settle the case when H is not normally linked

in G.
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Lemma 3.2 Let H be a 2-connected component of G — C'. There exist non-
adjacent vertices u € V(G) — V(H) and v € V(H) such that

(a) |C] = 2d(u) + 2d(v) =8, if [IN(H)[ > 4,

(b) |C| > 2d(u) + 2d(v) — 4, if H is not normally linked in G.

Proof. If H is not normally linked in G, then there exist distinct elements
21,29 of N(H) such that Ny (z1) U Ng(22) = {y}. In this event we label
No(H —y)U{z1, 20} = {x1,..., 25} according to the given orientation on C'
and let {z1, 20} = {z;, 2 }. If IN(H)| > 4 and H is normally linked in G, let
N(H) = {xy,---,xs} and choose any distinct z;,x, € N(H). Observe that
s > 4 in either case. We define § = 0, if H is not normally linked in G, and
3 = 1 otherwise. We will show that |C| > d¢(z]) 4+ de(2) 4+ 2d(v) — 4 — 408
for some vertex v € V(H). Then (a) and (b) follow by Lemma 3.1.

For 1 < i < s let u; denote the first vertex on C(x;,x;41] in N(xj) U
N(zf)U{zi1}, (vss1 = x1). Using Lemma 2.4 we can determine a vertex
v € V(H)—{y} such that D := D(H) > dy(v). We define ~; = 1, if
zit1 € N(v), and v; = 0, if 2,41 € N(v).

For 1 < i < s we use the representation

Clai zia]l = [N(@]) 0 Cl@g, wial| + [N (2)) N O, 2] +
+ 2|N(’U) N O(l’“ ZEZ'+1]| + «;

Since D > dg(v) it suffices to show
S a; > 2D — 443 (3.8)
i=1

First we supply the estimate
|Clui, ]| = [N (2]) 0 C(zi, zin]| + [N (@) N Clai, ] =1 (3.9)

Let z; € Claj,a1). For any u € N(x) U C(x;, xi41] we have u™ & N(z])
since C' is a longest cycle. Hence (3.9).

If |C(x4,u;)] > D+ 1, then oy > D+ 2v; — 2. If H is normally linked in G,
then clearly |C(x;,u;)| > D+1 for all z; € N(H) — {z;, x;} and hence (3.8).
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Now let H be not normally linked in G. If |C(z;,u;)] < D+ 1 and
z; & {xj, ), then w; = x4 & N(x])UN(xy), furthermore |Ny(z;) U
Ny(xipr)| =1 and o > 27, If ;-1 # xp and x,_1 # ;, then v &€ N(2;41)
and hence oy > D for i@ = j — 1,k — 1. Finally let ;.1 = o} or 231 =
zj, say ;1 = x. Then |Ny(z;41)U---UNy(z;_2)] > 2 since otherwise
Np(xjp) U UNg(xj_o) = {y'} and {y,y'} would be a cut set of G. Hence
we can pick z; € C[z 41, x;-2) such that |Ngy(x;) U Ng(x;41)] > 2. Since H
is not normally linked in G we have z,;_1,z; ¢ N(v), and hence a;_o > D

and a;_; > 0. Furthermore, oy > D + 27, — 2 and hence again (3.8). O

Now we turn to the case when H is not hamilton-connected. In the rest

of the proof we assume that H is normally linked in G.

Lemma 3.3 If H is 3-connected but not hamilton-connected, then there exist
non-adjacent vertices u,v in H such that |C| > 2d(u) 4+ 2d(v) — 4.

Proof. By Proposition 2.1 there exist two non-adjacent vertices v; and vy in
H such that D := D(H) > dy(vy) + dg(ve) — 2. Since H is 3-connected we
have D > 4. We label N(H) = {z1, -, x}.

As |C] > s(D+2) >25s+2s+2D — 4+ (s — 2)(D — 2) it remains the
subcase when |N¢(v1) N Ne(ve)] =3 = sand 4 < D < 5. Let P be a longest
(vi,v9)-path in H. If |P| > D+ 1, then |C(x;,x;11)| > |P] > D + 2 for
1 =1,2,3 and hence the claim.

Now suppose |P| = D + 1. By assumption |P| < |H|. Let H be a
component of H — P. Since |P| < 6 necessarily |[Np(H')| < 4, say Np(H') =
{21, 29,23} and |P(z1,29)| < |P(29,23)] < 2. As |P(z1,22)| = 1 we obtain
Ny (21) U Ny (29) = {w} and Np(H — w) C {23}. Since H is 3-connected
necessarily H' = {w}. As |P| < 6 we may assume z; = v; and |C(21, 25)| = 1.
Let z be the vertex on P(zy, 2). If 2 € Ny(w') for some w' € V/(H) -V (P),
then N,(w') C {z,v;} because P is a longest (v;,v;)-path. Hence in fact
dy(z) = dp(z). Also no successor or predecessor of 29, z3 is adjacent to z.
Hence N(z) = {z1, 22, 2z3}. If |P| = 6, then |C| > 21 > 2d(2) + 2d(w) — 3.

Finally let | P| = 5, and hence also D = dp(2)+dy(w)—2. If No(2)NNe(w) #
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{1, 29,23}, then |C| > 2d(2)+2d(w) —4 by the preceding argument ({vy, v, }
replaced with {z,w}). If No(2) N Ne(w) = {z1, 29, 23}, then |C(x;, xi11)| >
14+ Dy(vy,2) =6 for 1 <i <3 and again |C| > 21 = 2d(z) + 2d(w) —3. O

Lemma 3.4 Let H be not hamilton-connected and not separable. If H &
{Cy, K; '}, then |C| > 2d(vi) + 2d(ve) — 4 for some non-adjacent vertices

v1, V9 in H.

Proof. By the preceding lemmas it remains the case when H has connectivity
2 and hence has a 2-element cut set.

We first determine b € H such that the number of cut vertices of H — b
is maximum. Let By, ---, B, be the endblocks of H — b with corresponding
cut vertices c1,---,¢, of H—bin V(By),---,V(B,). We adopt the notation
so that D(By) < D(B,) for 1 < p < r, furthermore, ¢; # co, if H — b
has at least two cut vertices. In the sequel we fix for h = 1,2 vertices
vy, € By, — ¢ with minimum dg(vy,). Then D(By) > dy_p(v1) > dy(vy) — 1
and D(Bs) > dy—p(va) > dy(ve) — 1 by Lemma 2.4

Next we label (N¢(By —c¢1) UNg(Ba—¢2)) = {y1,- -+, 4} in order around
C. We say that C[y;, y;41] is a good segment, if y; € N(By — ¢1) and y;41 €
N(By — ¢3) or vice versa. If C[y;, yi11] is good and say v} € N(y;) N N(B; —
1) and vy € N(yip1) N N(By — ¢3), then |C(yi, yis1)| — 1 > Dy(v),vy) by
Lemma 2.1, and hence |C(y;, yit1)| — 1 > D(B1) + Dy—p(c1, c2) + D(Bs).

Claim 1. If ¢; = ¢; and vy € By — ¢y, then Dy_c, (b, vy) > dg(vs) — 1.

This is obvious, if |Bs| = 2. Now let |By| > 2 and determine wy €
N(b) N (By — ¢ — vy). Such a vertex w, exists since otherwise b and vy are
cut vertices of H — ¢y, contrary to ¢; = ¢o and the choice of b, By and Bs.
If By — ¢3 has no cut vertex we determine vy € By — ¢3 such that D(By —
ca) > dp,(v5). Then dp,(v) > d(vi) — 2 > dy(vs) — 2 and Dy, (b, vy) >
1+ Dy_pc, (w3, vy) > 1+ D(By — ¢3). If By — ¢, has a cut vertex, let B3, B;
be distinct endblocks with corresponding cut vertices c3,c; of By — c2 in
V(B3),V(B2). We may assume that v, ¢ B — c5. Since b, ¢ are not both
cut vertices of H — ¢y we can determine wy € N(b)N(Bj—c}). Now D(Bj) >
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dp; (v3) for some v; € By — ¢; and hence D(B3) > dy(vy) — 2 > dp(v2) — 2.
Also Dy, (b,v5) > 14 Dy, (w5, v5) > 1+ D(B3). Hence Claim 1.

Claim 2. Let v, € By, —c, (h = 1,2). If r > 3, then Dy(v,vy) >
d(v1) + dp(va).

We determine for p = 1,3 vertices w, € N(b) N (B, — ¢,) and then
obtain Dp(vy,vy) > Dy (vy, w1) + 2 + Dir_y(w3, vy) hence Dy (vy, vy) >
2+ D(Bs) + D(By) > 2+ D(B;) + D(B,). Hence Claim 2.

Claim 3. Let H # C, and v, € By, — ¢, (h = 1,2). Then Dy(vy,vy) >
di(v1) + dp(va) — 1 and Dy (v],vy) > 3. Moreover Dy (v),vy) > 4 or H €
{K4_705}

In view of Claim 2 we may assume r = 2.

If ¢; # ¢, we have Dy (vy,vy) > D(By)+D(Bs)+Dy_y(cy, ca) > dy(vy)+
di(vy) — 1. If in addition Dy(vy,vy) = 3, then |B;| = |By] = 2 and
Dy _p(c1,62) = 1. In this event |H| = 5 and ¢1,co ¢ N(b), consequently
H = Cs.

Now let ¢; = ¢o. If |By| = |By] = 2, then |H| = 4 and consequently
H = K; and Dy (v}, vy) = dg(v1) +dp(va) — 1. If r = |By| = 2 < | By, then
N(b) contains an element wy of By — ¢y — 1/2 since otherwise vl2 and b are
cut vertices of H — ¢y which contradicts ¢; = ¢y and the choice of b, By, Bs.
Therefore in fact Dy (vy,vy) > 24 Dy _y(ws, vy) > 24+ D(By) and the claim.

It remains the case when 2 < D(B;) < D(Bsy) and ¢; = ¢3. As just shown
there exist w, € N(b) N (B, — ¢, — vy,) (h = 1,2). By Claim 1 we obtain
Dy (v),vy) > Dy _y(vy,w1) + 14Dy ey (b,v5) > D(By) +14dg(vs) — 1. This
settles Claim 3.

In the rest of this proof we distinguish several cases. If t > 2, let D* denote
the minimum of |C'(y;, yi1+1)|—1 taken over all good segments Cly;, y;+1]. Then
|C| > 2t + ¢D*, where ¢ is the number of good segments on C'.

Case 1. t>3and H ¢ {Cy, K, }.
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Let D* = |C(y;,yj+1)| — 1. Choose v; € By —¢; and vy € By — ¢y
such that v; € N(y;) and vy, € N(y;.1) or vice versa. By Claim 3 we have
1C(yj,9541)] = 1 > Di(vy,v5) > dp(v1) + dir(vs) — 1, consequently D* >
dp(v1) + dg(vy) — 1. Observe that ¢ > 2 and g > |N¢(v1) N Ne(v2)|. Hence
t+q > de(v1)+de(ve). As |C| > 2t4+qD* = 2t+2q+2D*—44(¢—2)(D*—2)
it remains the subcase when g = |N¢(v1) N Ne(v2)| and (¢ —2)(D* —2) < 1.
Then t = ¢ = |[N¢(v1) N Ne(vg)|. By Claim 3 we have D* > 3 and therefore
q = D* = 3. Moreover H = (5 again by Claim 3. Consider x € N(b)NC. If
x = y; for some i, then |C'(y;, yir1)| — 1 >4 =D*+ 1. If x & {y1, 2,93}, say
x € C(y1,¥2), then also C'(y1,x)| —1 > 4. Anyway |C| > 2d(v;) 4 2d(ve) — 4.
This settles Case 1.

Case 2. t=2.

Let v, € B; — ¢; and vy € By — ¢y such that v; € N(y;) and vy, € N(y)
or vice versa. If Dy (v}, vy) > dp(v1) + dg(vs), then |C| > 2Dy (v), vy) +4 >
2d(vy) + 2d(vy) — 4. If 7 > 3, then indeed Dy (v}, vy) > dg(v1) + dp(vs) by
Claim 2. If Dy _y(c1, ¢2) > 2, then again Dy (v),vy) > D(B1)+Dy_y(c1, o)+
D(By) > dy(v1) + dg(v2).

Thus it remains the subcase when r = 2 and Dy _4(cy,¢2) < 1. Since G is
3-connected there exists a vertex z in (N (b) U N(c1) U N(c2))N(C'—{y1,92}),
say x € C(y1,y2). If x € N(b), then |C(yy,z)| > 14+ (D(B1)+ D(B2)+1) and
|C(z,y2)| > 14+ (D(By)+ D(By)+1). Hence |C| > 104+2D(B;) +2D(B3) >
2d(vy) + 2d(ve) — 2. If say ¢; € N(z), then |C(yy,z)| > 1+ (D(B2) + 2) and
C(z,52)] = 14 (D(B1) +2). Also [C(y2,41)] 2 1+ D(B1) + D(B), and
hence |C| > 10 + 2D(by) + 2D(Bs) > 2d(v1) + 2d(vg) — 2.

Case 3. t=1.

There exist distinct vertices z,2° € N(H) such that y; € C(z,2"). We
may assume |C(z,y1)| < |C(y1,2")|. Then |C| > 2|C(x,y1)|+4. We will show
that |C(x,y1)| > dg(v1) + dg(vs), consequently |C| > 2d(vy) + 2d(vy). For
h = 1,2 we can determine v, € N(y1)N (B, —¢;) and wy, € N(b) N (B, — cx)
such that wy, # vy, if | By > 3.
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First assume that b € N(x) or |By| = 2. If b € N(x), then |C(x,y;)| > 1+
(14 Dy_y(ws,v})) > 24+ D(By)+D(By). Hence |C(z,y1)| > dy(vi)+dp(vs).
If b ¢ N(z) and |By| = 2, then [C(z,11)] > 1+ (2 + Dy_p(wa,c2)) >
2+ D(By) + D(Bs). Again |C(z,y1)| > du(v1) + dp(ve).

In the rest of Case 3 let € N(H) — N(b), |B1| > 3 and |Bs| > 3. Then
by construction v, # wy (h = 1,2). Let Q be a shortest path in H — b
from N(z) to {c1,c2}. If ¢ € @, then |C(z,91)| > 1+ (Dp_p(c2,ws) + 2 +
Dy _y(wi,v])) > 14 (D(By) +2+ D(By)) > 14 dg(v1) + dg(vy). Similarly,
|C(z,y1)] > 1+ dg(v1) + du(ve), if ¢ & Q. It remains the case when
c1,Co € @, that is ¢y = ¢o. Then by Claim 1 we have

|O(:L‘7y1)| > 1+(DH—b<Cl’w1)+1+DH—02(b’U,2>>
> 14+ D(B1)+ 1+ (du(ve) — 1)
> dy(vi) + du(v2)
This settles Case 3 and completes the proof of the Lemma. O

Lemma 3.5 Let H be not hamilton-connected and not separable. Then
|C| > 2d(u) + 2d(v) — 5 for some non-adjacent vertices u,v € V(G) — V(C)
with strict inequality unless G € £.

Proof. By Lemmas 2.5,3.3 and 3.4 it remains the case when H € {Cy, K }.
Pick non-adjacent vertices vy, vo in H and let V(H) = {vy, va,v3,v4}. Observe
that dg(v1) = dy(vy) = D(H) = 2. Label N(H) = {x1,...,xs} according to

the given orientation on C. Note that
|C| > s(D +2) =4s = 2s 4+ 2|N¢(v1) N Ne(ve)| + 2(s — [ Ne(v1) N Ne(vs)]).
If s > |Ng(v1) U Ne(vg)], then also s > |[Ne(v1) N Ne(v2)| and hence

|C| > 2dc(v1) + 2de(ve) + 4 = 2d(v1) + 2d(v2) — 4.

If H=Cyand s > |Ng(vs) U Neo(vy)], similarly |C] > 2d(vs) 4+ 2d(vy) — 4.

Thus it remains the subcase when N(H) = N¢(vi) U No(ve) and, moreover
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N(H) = N¢(vs3) U Ne(vy), if H= Cy,. Then |C(x;,xi11)] > 4 for all z; €
N(H) and hence |C| > s(D + 3). Therefore |C| > 2d(vy) + 2d(v2) — 4 unless
3=s= |N¢(v1) N Ne(vg)].

Now let 3 = s = |Ng(v1) N Ne(ve)|. Then d(vq) = d(va) = 5. By
symmetry we may also assume that No(vs) N Ne(vy) = {1, 22, 23}, if H =
Cy.

If |C(zs,2i41)] = 5 for some x; € N(H), then |C| > 16 = 2d(vq) +
2d(vy) — 4. Thus we may in addition assume |C(z;,z41)] = 4 (i = 1,2,3)
in the rest of this proof. For any distinct z;,x; € N(H) there exist v €
Ny(x;) and v' € Ny(z;) such that Dy(v,v') = 3. If some C-chord joins
2 € C(x;,xi4q) and z; € C(xj,xj41), then |C(zy, z)| + |C(xj,2;)| > 4 and
|C(zi, ®iv1)| + |C(2,xj41)] > 4, a contradiction. Hence in fact there exists
no such C-chord.

Next we consider a component K of G — C' other than H. As just shown
N(K) C C(zj,zj41)UN(H) for some x; € N(H). In view of Lemmas 2.5 and
3.1 we may assume that K is not separable and Ij, x;,, have no neighbors in
K. This yields |[N(K) N C(z;,xj41)| < 1. If |K| > 3, we may by Lemma 3.2
assume that K is normally linked in G. In this event N(K)NC(z;,2j41) =0
since otherwise |C(z;,2)| > D(K)+1> 3 or |C(z,xj41)| > D(K) +1 > 3,
where z € N(K)NC(zj,xj41). If |[K] > 5, then K is not Hamilon-connected
and therefore the assertion follows by Lemma 3.4.

It remains the case when |K| < 4 and N(K) = N(H) for all components
K of G — C such that |K| > 3. If G € &€, then |K| < 2 for some component
Kof G—-C. f V(K) = {w;}, then d(w,) < 4. If V(K) = {w;,ws} and say
d(wy) < d(wg), then d(w,) < 4. For if d(w;) = d(ws) = 5, then Ne(wy) =
Ne(wy) = N(H)U{z}, where z € C(x;,z;;+1). But then again |C(x;, z)| > 2
and C(z,x41)| > 2, a contradiction. Hence in fact |C| > 2d(vy)+2d(w, ) — 3.
This settles Lemma 3.5. O

Lemma 2.5, Lemma 3.2 and Lemma 3.5 yield (i) and (7i7) of Theorem 3.2,
also (i7) in the case when H is not strongly linked in G. Finally let H be

not complete and |[N(H)| = s > 4. We pick two non-adjacent vertices u,v
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in H. Assuming that H is strongly linked in G we infer |C| > s(|H|+ 1) >
4(|H| —1)+4s—8. Since 4(|H| — 1) +4s > 2d(u) + 2d(v) + 4 we obtain (i7).
This completes the proof of Theorem 3.2. O



Chapter 4

Exceptional Classes for

c(G) > 40 —c

4.1 Introduction

In this chapter, based on the results of preceding chapter, we work on the
classification of exceptional classes for the estimates ¢(G) > 205 —c¢ (5 < ¢ <
8) for 3-connected graphs G.

We define the class &,.

Definition 4.1 Let C be a cycle in a connected graph G and let S C V(C).
We say that S splits C, if C'— S has |S| components C1,...,C|s| and each
V(C;) spans a component of G — S.

Definition 4.2 Let G be a 3-connected graph. G is in the class &, if there
exists a unique 3-element set S C V(G) such that S splits every longest cycle
in G and all components of G — S are strongly linked in G.

The main result of this chapter is the following Theorem 4.1 and Corol-
lary 4.1.

Theorem 4.1 Let G be a 3-connected graph such that some longest cycle in
G is not a Ds-cycle. If G € &, then ¢(G) > 209 — 8.

In section 4.2 we will prove the follwing result.
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Corollary 4.1 Let G be a 3-connected graph and let C be a longest cycle of
G which is not a D3-cycle.

(1) If Hy, Hy are two components of G—C' such that N(H,) # N(H3), then
|C| > 2045 — 6;

(17) If Hy, Hy and Hj are components of G —C' such that N(Hy), N(Hz) and
N(Hj3) are distinct, then |C| > 209 — 5.

In the proof of Theorem 4.1 we will encounter the graphs for which the
above estimates are sharp. In the last section we describe the exceptional
graphs for ¢ = 7 and ¢ = 6. Our proof builds on the results of preceding

chapter, in particular Theorem 3.2.

4.2 The case N(H) # N(G — C).

In this section a longest cycle C' in the 3-connected graph G and a cyclic

orientation of C' are fixed. We first supply some further auxiliary results.

Lemma 4.1 Let H and K be non-separable components of G — C such that
maz{|H|,|K|} > 3 and N(K)— N(H) # 0. Suppose |C| < 209 — 4. Then
N(H) € N(K) and N(K) C C(z,2") U N(H) for some component C(x,x)
of C — N(H). Furthermore D(H) > D(K).

Proof. By Lemma 3.2 every component of G — C is normally linked in GG
or has exactly 2 vertices. Abbreviate |[N(H)| = s and |N(K)| =t. If H is
normally linked in G, we abbreviate D := D(H) and determine v € V(H)
with minimum dg(v) and hence D > dy(v) by Lemma 2.4. If H is not
normally linked in G, we set D = 0 (= |H| —2) and pick v € V(H) such that
s > de(v) + 2. Similarly we define D* and w € V(K) such that either D* =
D(K) > dg(w) orelse D* =0 = |K|—2and t > do(w) + 2. By construction
D+ s >d(v) and D* +t > d(w), consequently |C| < 2D +2D* +2s+ 2t — 4
by hypothesis. We label N(H) = {xy,---,zs} according to the orientation

on C' and set x5 = x1.
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We first show

Claim 1. D > D* if s <t.

Suppose that D < D*. Then D* > 2 and t > 4. By Lemma 3.2 then
K is normally linked in G and hence |C| > t(D* +2) > 4D* + 4t — 8 >
2D + 2D* + 2s + 2t — 4, a contradiction. Hence Claim 1.

For 1 < ¢ < s we abbreviate |[N(K) N C(z;,z41]] = t; and |[N(K) N
C(zi,xip1)| =1;. Let X ={x; € N(H) : [; > 0}. For z; € X let z; denote
the first and z; the last element of N (K) on C(x;, zi11).

Secondly we show
Claim 2. |X|=1,if |[H| > 3.
Suppose |X| > 2. For x; € N(H) — X we have t; < 1 and hence
|C (x4, xi41]| > D+2>2t; + 2 (4.1)
If z; € X, then |Cl[z;, z,]| > (I; — 1)(D* 4 2) + 1 and hence
Clzi, 2] > 21, — 1> 2t; — 3. (4.2)
For z; € X we abbreviate
a; = |C(zi, 41| — (D + D" + 2t;).

For any distinct z;, x, € X we have o;+ay > 0. To see this consider a longest
(2, x1)-path  with inner vertices in H and a longest (z;, z;)-path R with
inner vertices in K. By construction |Q| —2 > D+ 1 and |R| —2 > D* + 1.
As QU RU (C — C(xj,z;) — C(xy, 2)) is a cycle and C' is a longest cycle
we obtain |C(xzj,z;) U C(xy, zx)| > D + D* 4+ 2 (see Fig.4.1). Similarly,
1C (2, 241) U C(2, Tpr1)| = D + D* + 2. Hence

|C (@), @j11] U Clag, wpya]| > 2D +2D" + 6 + |Clz;, 2| + [Clzx, ]I,

and indeed o + o > 0 by (4.2).
Now we choose z; € X with minimum «;.
If a; > 0, then a; > 0 for all z; € X, and

C| > |X|(D + D* —2) + 25 + 2t > 2D + 2D* + 25 + 2t — 4,
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Xj+1

X1 Zy Xk

Figure 4.1: Cycle C' = QU RU (C — C(xj, 2;) — C(zp, 21))-

a contradiction. If a; < 0, then a;; +; > 0 and a; > 0 for all z; € X —{z,},

and hence
|C| > 2D +2D* — 44 |X| —242s+2t > 2D + 2D* 4 25 + 2t — 4,

again a contradiction. Hence Claim 2.

Next we show
Claim 3. N(H) C N(K).

Suppose N(H) — N(K) # (. By symmetry and hypothesis we may also
assume |H| > 3. Then |X| = 1 by Claim 2, say X = {z1}. Observe that
s+l >t>3.

If N(K) C C[xy,x9], then

IO > (s = 1)(D+2) + (t — 1)(D* +2) > 2D + 2D* + 25 + 2t — 4,

a contradiction.

If N(K)NC(xq,21) # 0, pick 2, € N(K)NC(xg,71). In a similar way as
in the proof of Claim 2 we infer |C'(z1,21) U C(xg_1,2x)| > D + D* + 2 and
|C (2, 2) U C(2h, 2s1)| > D + D* + 2. Hence |C (21, 72] U C(24_1, Tps]| >
2D+42D*+7+|Clz1, 2{]| > 2D+2D* +21; +6. As |C(zj, x44]| > D+2 > 4
we obtain

C| > 2D + 2D* + 21y + 6 + 4(s — 3),
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again a contradiction. This settles Claim 3.
By Claim 3 and Claim 1 necessarily D > D*.
The proof of Lemma 4.1 is complete. O

Lemma 4.2 Let H and K be components of G — C such that
maz{|H|,|K|} >3 and N(K)— N(H) # (. Then |C| > 205 — 6.
If |C| < 209 — 4, then

(a) H and K are strongly linked in G and complete,

®) 11> |K],

(¢) IN(K)—N(H)|=1or|K|<2.

Proof. Suppose |C| < 209 — 4. By Lemma 2.5 and Lemma 4.1 we know that
H, K are not separable and D(H) > D(K). Hence H is normally linked in
G by Lemma 3.2.

We continue the notation as introduced in the proof of Lemma 4.1. By
Lemma 4.1 we have N(H) C N(K) and may assume N(K) C N(H) U
C(x1,22). Since |C (24, x341]| > D+ 2 for 2 <i < s and |C(y,y]| > D* +2
for all [} +1 =1t — s+ 1 components C(y,y) of Clzy, 23] — N(K) we obtain

IC] > (s—=1)(D+2)+(Lh+1)(D"+2)
> 2D+4s =8+ (L+1)(D"+2)+ (s —3)(D —2)

Since s >3 andt—s+1=1; +1 > 2 we have
|IC| >2D +2D" +25s+2t —6+ (4.3)

where f = (s — 3)(D — 2) + (I3 — 1)D* > 0. As noted above (4.3) implies
|C| > 209 — 6. If K is not normally linked in G, then D* = |[K| —2 =0
and t > do(w) + 2 = d(w) + 1 by Lemma 3.2. But then (4.3) yields |C] >
2d(v) 4+ 2d(w) — 4, contrary to the assumption.

So far we have shown that H and K are normally linked in G. By
Remark 3.1 and N(K) # N(H) we have G ¢ £. Hence by assumption
and Theorem 3.2 necessarily H is strongly linked in G, and so is K, if
|K| > 3. If |[K| < 2, then K is strongly linked in G since K is normally
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linked in G. In particular D = |H| — 1 and D* = |[K| - 1. If H or K
is not complete, then D > dy(v) or D* > dg(w) by construction, and
hence again (4.3) yields |C| > 2d(v) + 2d(w) — 4, a contradiction. Hence
|H|—1=D(H) > D(K) = |K| — 1. By hypothesis 5 < 1 and hence (¢). O

Lemma 4.3 Let H, K be components of G — C such that

maz{|H|,|K|} >3 and N(K)— N(H) # 0. If |C| < 209 — 4, then

(a) |H| <|C(x,2")| < |H|+1 for every component C(x,z") of C — N(H)
such that C(x,2') N N(K) =0,

(b) |K|<|C(y,y)| < |K|+ 1 for every component C(y,y') of C — N(K)
such that y ¢ N(H) ory' ¢ N(H),

(¢)  There exists no C-chord between distinct components of C' — N(K),
(d)  If|H| # | K|, there exists no C-chord between distinct components of
C — N(H).

Proof. By Lemma 4.1 we have N(H) C N(K) and N(K) C C(z,2")UN(H)
for some component C(z,2') of C'— N(H). By Lemma 4.2 we know that
H and K are strongly linked in G and complete. Let N(H) = {zy,---, x4}
and x = x; as in the preceding proof. We also label N(K) N Clzy,z5] =

{0, "+, Y111} in order from yy = x; to Y1 = zo. We abbreviate ¢
IN(K)|, D = |H| — 1 and D* = |[K| —1. Then ! =t — s and |C| >
(s —=1)(D+2)+ ({+1)(D*+2), hence

IC| = 2D +2D* +25+2t —64+~v+7" + (4.4)

1=

0and = (s—3)(D—-2)+ (Il—1)D* > 0.
As D+ s > d(v) and D* +t > d(w) for any v € V(H) and w € V(K),
the assumption |C| < 205 — 4 implies v + v* + # < 1. This in turn implies
D+1<|C(xs,xi41)| < D+2fori#1and D*+ 1 < |C(y;, ¥is1)| < D* +2
for 0 <4 <. Hence (a) and (b).

Note that

s l
where y = 3 (|C(i; 2i41)[ = (D+1)) 2 0,9" = j;o(lc(yj,yju)l—(l?*ﬂ)) >

d(z) > D +s (4.5)
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forallz € V(G)—(N(K)UK). For otherwise |C| > 2d(z)+2d(w)—4 > 209—4
by (4.4), a contradiction.

Let @ be a C-chord between distinct components of C'— N(H) or C' —
N(K). By Lemma 2.2 and v + 7* < 1 necessarily ) has an endvertex
z on C(z1,22) and the other endvertex u on C(z2,21) — N(H). Let u €
C(xk, Txt1), where xp € N(H) — {x1}.

If z € Clxy, 1) UC (Y1, Yi11), say z € C(xy1,y1), then again by Lemma 2.2,
|C(z1,2) UC (zg,uw)| > D+1and |C(z,51) UC(u, xg41)| > D* + 1. But then
C(x1,11) U C(xg, vp1)] > D + D* + 4, contrary to v+ +* < 1. Hence in
fact z € Cly1,ull, say z € Cly;,yj+1), where 1 < j < [. Using appropriate
paths through H and K we can construct a cycle which contains all vertices
of C' — (C(z1,y1) UC(2,y;j41) U C(zg,w)) and D + D* 4 2 vertices of G — C.

As C' is a longest cycle we obtain
|C(x1,y1) UC(2,yj41) UC(xg,u)| > D+ D" +2.
If z € C(yj,yj+1), then y;11 # x2 and symmetrically
|C(y;, 2) UC(y1, x2) UC(u, Tg41)| > D+ D* + 2.
But in this case
|C (21, y1)UC (Y5, yj+1)UC (@, T4 )UC (Y1, 22)| > 2D+2D"+6 > D+3D"+6,

contrary to v+ v* < 1. Hence in fact z = y; € N(K). It remains to show
(d).
Let |H| # |K|. Then D > D* by Lemma 4.1.

We next show

ué{zl, o b ut € N, um € Nz, (4.6)

Otherwise say u = xf or u™ € N(z}) — {zp1}. Ifu = af, let R =

C(zg, 2py1) and otherwise R = Clz,u] Uz ut U Clu™, z341). Anyway R is
a (u,x),,)-path and contains all vertices of C(xy,xr11). Using @, R and

appropriate paths through H and K we can construct a cycle ¢’ which
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i1 u- u Xp o Xk

Figure 4.2: The cycle C".

contains all vertices of C'— (C(z1, 1) U C(y;,yj+1)) and D + D* + 2 vertices
of G—C (see Fig. 4.2). Since |C| > |C'| we obtain |C(x1,y1) UC(y;, yj+1)| >
D+ D* + 2. Hence v* > D — D*. Employing v+ v* + 3 < 1 we first deduce
D — D* =~* =1 and |C(zg,xk41)| = D+ 1, then I = 1 from D* > 1 and
B = 0. Replacing on C’ the path through K by C|yi, 23] we obtain another
cycle C” and deduce |C(z1,31)] > D + 1 from |C| > |C”|. Hence in fact
|C(x1,91)] = D*+ 2 = |C(y1,22)| + 1. From |C(y;,x2)| < D + 1 we deduce
v & N(xy,,). Hence zy € N(x;,,) since d(z;,,) > D + s by (4.5). But
then we could embed R U ;25 U Clzgi1,31] U Clag, x4) into a cycle C”
which contains all vertices of C'— C(yy, x2) and D + 1 vertices of G — C, and
consequently |C”| > |C| + D — D*, a contradiction. Hence (4.6).

From v < 1 and d(z}) > D + s we deduce |C(zy,7111)| = D +2 =
D + 1+, moreover N(x}) = N(H)UV(C(x},zx1)) — {u"}. Symmetri-
cally N(z;,,) = N(H) U (C(zg, zj1) — {u"}). Furthermore u # z;* since

otherwise ™ and z;_,, would be distinct elements of C(z}, xy41) — N(xf).
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Symmetrically u # x;;;. Observe that the (u,z;,)-path R = Clz;f, u]U
ziuttUC[utt, ;4] contains all vertices of C(zy, zx41) —{u™} and gives rise
to a cycle C" which contains all vertices of C'— (C(zy,y1)UC(y;, yj+1)U{ut})
and D+ D*+2 vertices of G—C. As above we infer |C(x1, y1)UC(y;, yj+1)|+
1> D+ D*+2. Employingy =~v+~v*+ 0 =1and v = |C(zg, xps1)| —
(D + 1) we again obtain D — D* =1 and [ = 1. Furthermore |C(z1,y1)| =
|C(y1,29)] = D* + 1 and |C'| > |C| — (2D* +3) + (D + D* +2) > |C|.
Therefore u™ has no subsequent neighbours on R. In particular u~,z} are
distinct elements of C(zy, k1) — N(u™). Since d(u™) > D + s it follows
that u* has a neighbour in a component L of G — C. Using Lemma 4.1
we infer N(L) C C(xg,xpr1) UN(H). As |C(xy,20)] > 2D*+3 > D +3
application of (a) to the pair H, L yields the final contradiction. Thus the

proof of Lemma 4.3 is complete. O

Lemma 4.4 Let H and K be components of G — C such that
maz{|H|,|K|} > 3 and N(K) — N(H) # 0. Let |C| < 209 —4. Then all
components of G — C' are strongly linked in G and complete.

I \H| # K1, then |H| — |K| = IN(K) — N(H).

If |H| = |K|, then [N(K) — N(H)| = 1, furthermore |L| = |K| and N(L) =
N(K) for all components L of G — (C' U H).

Proof. By Lemma 4.2 both H and K are strongly linked in G and complete
graphs, and consequently D = |H| — 1 > |K| — 1 = D* by Lemma 4.1.
Let again N(H) = {x1,---,zs} and N(K) C C(xy,22) U N(H). We use
the notation of the previous proof. By assumption we have (4.4) with 0 <
Y+ +0 <L

Let L be any component of G — C' other than H and K. Again L is not
separable by Lemma 2.5. Pick a vertex u € V(L) such that D(L) > d(u).
If N(L) = N(H), then (4.5) yields D + s < d(u) < D(L) + s and hence
D(H) < D(L). By symmetry in fact D(L) = D(H). In this event L is
strongly linked in G and complete by Lemma 4.2 applied to L and K. If
N(L) # N(H), then Lemma 4.2 applied to H and L yields that L is strongly



4.2 The case N(H) # N(G — C). 33

linked in G and complete.

First assume |H| # |K|. By Lemma 4.1 then D > D* and by Lemma 4.3
there exists no C-chord between distinct components of C' — N(H) . Since
v < 1 we can choose z; € N(H) — {x1} such that |C(z;,z;41)] = D + 1.
Lemma 3.1 and Lemma 4.3 yield d(z]) < D +s. If D+ s < D* +t, then
by (4.4) we have [C| > 4D +4s — 4 > 2d(z] ) + 2d(v) — 4, a contradiction.
Hence in fact D + s > D* 4+ t. Since v* < 1 we obtain |C(z1,y1)| = D* +1
or |C(y;, z2)| = D* + 1, say |C(x1,y1)] = D* + 1. Again Lemma 3.1 and
Lemma 4.3 yield d(z{) < D* +t. If D + s > D* + ¢, then again by (4.4) we
have |C| > 2d(x})+2d(w) —4, a contradiction. Hence in fact D+s = D*+t,
that is |[H| — | K| = |[N(K) — N(H)].

In the rest of this proof let |H| = |K|. Since D* =D > 2 and § < 1 we
have |[N(K) — N(H)| =1 =t—s =1, hence N(K) = N(H)U {y;:}. Next
assume N(L)— N(K) # (. Lemma 4.1 applied to K and L yields y; € N(L).
Application of Lemma 4.1 to the pair H, L yields N(L) C N(H)UC(x1,x2).
Again applying Lemma 4.1 to the pair K, L we obtain N(L) C N(H) U
C(z1,y1) or N(L) C N(H)UC[y1,x2), say N(L) C N(H)UC(x1,y1]. Let z
be the first element of N(L) on C(x1,y;). As noted above, the components
of C(x1,29) — N(L) have D(L) + 1 or D(L) + 2 vertices. Hence D(L) +2 >
|C(y1,x2)| > D* 4 1, consequently D* — D(L) < 1 and D(L) > 1. On the
other hand D(L)+1 < |C(xy, 2)| < D*+2—(D(L)+2) < 1, a contradiction.
Hence in fact N(L) C N(K).

If N(K) — N(L) # 0, then D(L) > D(K) and N(L) ¢ N(K) by
Lemma 4.1. If in addition N(L) # N(H), then application of Lemma 4.1
yields N(H) C N(L) C N(K) or N(L) C N(H) C N(K). Since D(H) =
D(K) > 2 and D(L) > 2 we obtain a contradiction by Lemma 4.2. If instead
N(L) = N(H), then D(L) = D(H) = D(K). Now D+s = D(L)+s > d(u),
and by (4.3) we obtain |C| > 4D+4s—4 > 2d(u)+2d(v) —4, a contradiction.
This shows that N(L) = N(K), which by the preceding implies |L| = |K]|.

|
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Figure 4.3: The graphs in Fy.

In the following K denotes a vertex-disjoint union of ¢ complete graphs
on h vertices. We introduce the class F(Gy,...,G;s1,...,5) in Defini-

tion 4.3 . The exceptional class in Theorem 4.2 below is

fOZU{f(Kg,Kg,K{;s,l,l) ip>s>3,9>2,1r >3}

Definition 4.3 Let G be a 3-connected graph and let Sy,...,S; (I > 1) be
disjoint non-empty subsets of V(G). We call (Sy,...,S5;) an l-center of G
with tower Gy, ..., Gy, if G—(S1U...US) =GU...UG and S U...US; C
N(v) for allv € V(G;) and i = 1,...,1. We say that G belongs to the class
F(G1,...,Gy;81,...,8), if there exists an l-center (Si,...,S;) with tower
G, ...,Gy such that |S;| = s; (i=1,...,1).

Theorem 4.2 Let C be a longest cycle in the 3-connected graph G and let
H,K and L be components of G — C' such that N(H), N(K) and N(L) are
distinct and max{|H|,|K|,|L|} > 3. Then |C| > 209—5 with strict inequality
unless G € Fy.

Proof. Suppose |C| < 209 — 4. Let |H| = max{|H|,|K|,|L|}. Then by
Lemma 4.4 necessarily |H| > |K| and |H| > |L|. By Lemma 4.1 we have
N(H) C N(K)N N(L) and hence N(K)—N(H) # 0 and N(L)— N(H) # 0.
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Furthermore, N(K)—N(H) C C(z,2') and N(L)—N(H) C C(u, ) for some
components C(z,z') and C(u, ') of C — N(H). We label N(K)NC[z,2'] =
{%0, -+, Y111} and use the notation as introduced in the proofs of Lemma 4.1
and Lemma 4.3. By Lemma 4.1 the graphs H, K, L are strongly linked in GG

and complete.
Claim 1. C(z,2") = C(u,u’).
By Lemma 4.4 we have [ = |H| — | K|, and hence

|IC(z,2)| > (I +1)(|K|+1)—1=2|H| -1+ (- 1)(|K|-1) > |H| +2.

By symmetry also |C'(u,u')| > |H| + 2. If x # u then we obtain a contradic-

tion to (a) in Lemma 4.3. Hence the Claim.

Claim 2. |K|<2and |L| <2

Otherwise N(K) C N(L) or N(L) C N(K) by Lemma 4.1, say N(K) C
N(L). Hence |[N(L) — N(H) > 2 and consequently |L| < 2 by Lemma 4.2.
Furthermore, | = |H| — |K| = |[N(K) — N(H)| = 1 by Lemma 4.4, applied
to H, K. Hence N(L) — N(K) C C(z,y;) or N(L) — N(K) C C(yy,2'). Let
N(L) — N(K) C C(z,y1) and let z be the first element of N (L) on C(x,y).
As in the proof of Lemma 4.4 we obtain D(L)+2 > |C(yy,2")| > D(K) +1,
hence D(K) — D(L) < 1 and D(L) > 1. On the other hand D(L) +1 <
|C(z,2)] < D(K)+2— (D(L) +2) <1, a contradiction. Hence Claim 2.

Without loss of generality we may assume | K| > |L|.

Claim 3. |K|> |L].

Otherwise | K| = |L|. This implies |N(K)| = |N(L)| as |[N(K)—N(H)| =
|H| — |K| = |H|—|L| = |N(L) — N(H)| by Lemma 4.4. As N(L) # N(K)
necessarily N (L) has an element z on some C(yg,yr+1). Lemma 4.3 (c)
applied to the pair H, L yields yx € N(L) or ypr1 € N(L), say yr € N(L).
Then |C(yk, 2z)| > |L| = |K|. By (b) in Lemma 4.3 we have |C(yg, yr+1)| =
|K| + 1. Hence z* = ygy1. Using Lemma 3.1 we infer |H| = |K| = 1 and
Yr+1 7 ¥'. This in turn yields [ > 2. From v* < 1 we infer |C(y;, yi11)| = 1
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X Yij Yi+1=Y¥k  Z=Yk Yk X

Figure 4.4: The cycle through K, L and C — C(y;, yj+1)-

for i # k. Clearly y; € N(L) for all y; # yp11.

Hyp #yo=1u,sety; =yp—1 € N(L). fy, =z, set y; =yo € N(L). Anyway
|C(yj, yj+1)| = 1, and there exists a cycle through K and L which contains all
vertices of C'— C(y;, y;j+1) (see Fig.4.4), contrary to |C(y;,yj+1)| = 1. Hence
Claim 3.

Claim 4. |H|=3.

From § <1 we infer [ <2 and hence |H| = |K|+ 1 < 4. If |H| = 4, then
B =1and v* =0, hence |C(y;,yi11)] = 2 for 0 < i <= 2. By Lemma 3.1
we obtain y;, yii; & N(L) for 0 < i < 2. But then N(L) C N(K), contrary
to [N(L) — N(H)| > 1 + 1. Hence Claim 4.

Claim 5. N(K)C N(L) and |C| =205 — 5.

As y" < 1 we have 4 < [C(yo, y1)| + |C(y1,52)| <5, say |Clyo, y1)| = 2.
Again y; ",y € N(L) for 0 <4 <1 =1. Since |[N(L)| > |N(K)| necessarily
N(L) = N(K)U{y; "} and |C(y1,y2)| = 3. Hence v* = 1 and Claim 5.

We have shown that |C| < 209 — 4 implies |C| = 20 — 5 and |H'| < 3
for all components H' of G — C. Furthermore N(H') = N(H), if |H'| = 3,
N(H') = N(K), if |H'| = 2, and N(H') = N(L), if |H'| = 1. Abbreviate
S = N(H) and |S| = s. As |C| = 209 — 5 necessarily d(v) = s + 2 for all
veV(G)— (SU{y,z}), where y = y; and 2z = y**. Hence indeed G € Fy.

(]
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Given positive integers s, ¢, and r we abbreviate

Fi=( U F(Ks K38 1)U( U F(Kn Kj;3,1));

q>s5+2>5 h>4,q4>5

Fa=(_ U F(K{Ks, 1)U U FIKG Kp_y;s,1));
q>s>3,r>3 q,r;h>3

:F22:< U "T(K&K{;SaQ))U( U F(K}z’K{;Sah_l))'
q>s>3,r>4 q>3,r>h+1>4

Observe that ¢(G) = 40—4 = 205,—6 for G € F, while ¢(G) = 40—6 = 20,—6
for G € Fy31 U Faa.

Theorem 4.3 Let C be a longest cycle in the 3-connected graph G and let
H and K be components of G—C' such that max{|H|,|K|} > 3 and N(H) #
N(K). Then |C| > 209 — 6 with strict inequality unless G € Fy U Fay U Fag.

Proof. Assume that |C| < 209 — 5 and N(K) — N(H) # (. By Lemma 4.4
all components of G — C' are complete and strongly linked in G, and by
Lemma 4.2 we have |C| = 209 — 6. By Lemma 4.1 we have |H| > |K|,
furthermore, N(H) C N(K) and N(K) C N(H)UC(z,2") for some com-
ponent C(x,z’') of C — N(H). Using Theorem 4.2 we infer N(L) = N(H)
or N(L) = N(K) for all components L of G — C. We use the notation
as introduced in the proofs of Lemma 4.1 and Lemma 4.3. In particular
N(H) =A{z1,---,zs} and N(K)NC[zy, 23] = {yo, -, yi+1}. Note that

IC| = 209 — 6 = 2D + 2D* + 45 + 21 — 6 (4.7)

Therefore v + v* 4+ = 0, and consequently |C(z;,z;41)] = D + 1 = |H]| for
2<i<sand |C(yiyiz1)|=D*+1=|K| for 0 <i <.

Case 1. |H|=|K]|.

Invoking Lemma 4.4 we infer [ = 1, furthermore N(L) = N(K) and
|L| = |K]| for all components L of G — (C'U H). Since d(v) = D + s for all
v € V(H) necessarily d(w) > D + s+ 1 for all w € V(G) — (H U N(H)).
Consider a component C(z,2’) of C — N(K). By Lemma 4.3 the vertices
on C(z,Z") have only neighbors in C(z,z) U N(K). Therefore V(C(z,2))
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induces a complete graph on h := |H| in G and N(u) O N(K) for every
vertex u on C(z, 2'). This proves that indeed G € F; with (s—3)(h—3) = 0.

Case 2. |H|# |K]|.

First consider a component L of G— (CUHUK). If N(L) = N(H), then
D(L)+1 < |C(xq,x3)] = D(H)+1 since y = 0. If in addition D(L) < D(H),
then (4.7) yields that |C| = 2D+2D*+454+20—6 > 2D(L)+2D*+4s+2[—4,
a contradiction. Hence in fact |L| = |H|. If N(L) = N(K), then |L| = |K|
since |H| — |H'| = |N(H') — N(H)| for H = L, K.

It readily follows that all components H' of G — N(K) are complete
graphs on |H| or | K| vertices. Moreover, N(H') = N(H), if |H'| = |H|, and
N(H') = N(K), if |H'| = |K|. Hence indeed G € Fo; U Fo. O

4.3 Special segments

In this section we consider again a longest cycle C' in a 3-connected graph G
and a 2-connected component H of G—C'. We fix one of two cyclic orientation
on C.

We call a component Cu,w] of C'— N(H) a special segment of C, if u, w
have no crossing neighbors on Clu, w]. This means N (u) N C(u,w] C C(u,y]
and N(w) N Clu,w) C Cly, w) for some y € C'(u, w).

In the next two lemmas we assume that some component of C'— N(H) is
special. We label N(H) = {1, -+, 2z} in order around C so that C(zy,z2)
is special. We abbreviate D := D(H) and determine a vertex v € V(H) such
that D > dg(v).

Lemma 4.5 |C| > 209 — 6, and strict inequality holds unless (N(zi) U
N(zy)) C C(xy,22) UN(H).

Proof. If 21 or x5 has a neighbor in G — C, application of Lemma 3.1 yields
|C| > 209 — 4. In the rest of this proof let N(z) U N(z3) C V(C).

For 1 < i < s we abbreviate t; = |N(z{) N N(z3) N C(x;,xi41)|. Let y be
the last neighbor of 7 and ¢’ be the first neighbor of x; on C(xy,z3).
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For C(xy,x2) we use the representation
|C (21, 29)| = e(z],25; O, 22)) + 1+ ay (4.8)

For 2 < i < s we use the representation
|C (25, w41)] = e(x], 25 ; C(z1,22)) + 1+ D + (4.9)

Obviously a; > |C(y,y')| +1 —t; > 0. We first show a; > t;D for
2 < i < s. To this end we label N(z7) N N(xy) N C(zs,wi41) = {ug, -+, us}
in order from ug := x; to x;31. For 0 < 7 < t let u; be the last element
of N(z{) U N(xz3) U {z;} on Clu,,u,11) and let u, be the first element of
N(x7)UN(z3) U {zi1} on C(uy, zi41]. By constructing appropriate cycles
we obtain |C(u,,u;41)| > D + 1 for 0 < 7 < t and |C(uy,u;)| > D+ 1. By
construction these segments contain no elements of N(z)U N(z3). Hence
indeed oy > t;D.

Combination of (4.8) and (4.9) yields

IC|=d(z{)+d(x5) + (s—1)D + iai (4.10)

i=0
where ag = |[N(H) — N(2)| + |[N(H) — N(z3)|.

Since (s — 1)D > 25+ 2D — 6+ (s — 3)(D — 2) and 2s + 2D > 2d(v)
we obtain |C| > d(x]) + d(x3) + 2d(v) — 6 + (s — 3)(D — 2) + i «;. Hence
IC| > 205 — 6. =

Now suppose |C| = 209—6 and (N (z])UN (23 ))NC (2, 2j41) # 0 for some
z; € N(H)—{x1}, say N(z5)NC(z;,2541) # 0. Then (3—3)(D—2)+§j ;=
0, consequently to = --- =t;, = 0 and y = 3. Let y; be the last velr:tOex on
C(zj,xj41) in N(z,) and let y;. be the first element of N(z{) U {x;;1} on
C(yj, xj11]. By Lemma 2.1 we have |C(y;,y;)| > D + 1. Since a; = 0, all
vertices on C(x;,y;] are in N(z7) U N(x3). If N(z7) N Clz;,y;] # 0, then
«; > D as just shown, a contradiction. If N(z{)NClx;,y;] = 0, then g > 1,

again a contradiction. Hence Lemma 4.5. O

Lemma 4.6 If there exists a C'-chord between distinct components of C' —
N(H), then |C| > 46 — 5, moreover |C| > 209 — 5 unless G € Fj.
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Proof. We continue the notation introduced in the proof of Lemma 4.5. By
Lemma 4.5 it remains the case when |C| = 209 — 6 and N(x]) U N(z5) C
C(z1,29) UN(H). By Theorem 3.2 we obtain that H is strongly linked in G.
As shown in the proof of Lemma 4.5 necessarily y = ¢’ and i o; +
(s —3)(D — 2) = 0. Hence also N(zi) = V(C(xf,y]) UN(H), ]\;(92)5) =
V(Cly,z3)) UN(H) and |C(z4,z41)| = D+ 1 for 2 < i < s. Using (4.10)
we infer d(u) > D + s for all w € V(G) — (N(2) U N(z3)) U{z], 25 }).

Claim 1. If @ is a C-chord between distinct components of C' — N(H),
then |@| = 2 and y is an endvertex of Q.

By Lemma 2.5 no component of G — C' is separable. Therefore |Q] = 2
by Lemma 4.1. As a; = 0 necessarily @ has an endvertex z on C(x],5).
Let Q = zu;, where u; € C(xj,x;41). Suppose z # y, say z € C(z1,y). Since
N(z) 2 C(zf,y] we have 2+ € N(z]). But then there exists a cycle which
contains all vertices of C' — C(z;,u;) and D + 1 vertices of H, contrary to

a; = 0. Hence Claim 1.

Claim 2. |C(x1,y)| > D+ 1 and |C(y,z2)| > D + 1.

If x;r is adjacent to y, then |C(zy,y)| > D + 1 by Lemma 2.2. If x;“

is not adjacent to y, then z7 is adjacent to u; since d(z]) > D + s and
|C(zj,2j41)] = D+ 1. Using edges x;u) and e = yu; we can construct a
cycle C" which contains all vertices of C'— C(z1,y) and D + 1 vertices of H.

Anyway |C(z1,y)| > D + 1. By symmetry |C(y,z2)| > D + 1.

Claim 3. |[C|=(s+1)(D+2)and d(u) > D+ s+ 1forall u e V(G) —
(N(H)U H). In particular |C(z1,y)| = |C(y,x2)| = D + 1.

By Claim 2 we have |C| > (s+1)(D+2). Equality holds, since otherwise
|C| > 4D + 4s — 3 > 2d(v) + 2d(x3) — 5, a contradiction. In particular
|C(z1,y)| = |C(y,z2)| = D+ 1. By the same reason d(u) > D + s+ 1 for all
uweV(G)— (N(H)UH). Hence Claim 3.

By the preceding argument it follows that H is complete. By Claim 1
and Claim 3 we know that V' (C'(x;, ;41)) induces a complete graph on D +1
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vertices and N(y) 2 V(C(x;,xi1))(@ # 1). Also |C| > 4D +4s — 4 >
4d(v) — 4.

Claim 4. If K is a component of G — C other than H, then K is strongly
linked in G, furthermore N(K) = N(H)U{y} and D(K) = D(H).

By assumption K is not separable. By Lemma 4.1 (H, K interchanged)
there exist z; € N(H) — {z1} such that z;, 2,41 € N(K). If |[K| > 3,
then K is strongly linked in G by Theorem 3.2. Anyway, D(H) + 1 =
|C(xi,xi01)| > D(K)+ 1. As D(K) > dg(w) for some w € V(K) we obtain
|IN(K)| > |N(H)| by Claim 3. Pick z € N(K) — N(H), say z € C(zj,xj41)-
Observe that x; = 1 since otherwise xj
N(K). Using Lemma 4.1 we infer N(K) C N(H) U C(z1,22) and N(H) C
N(K).If z € C(z1,y), then i and 2z are adjacent, again a contradiction.
By symmetry z ¢ C(y,x2) and hence N(K) = N(H) U {y}. Using again
Claim 3 we infer D(K) > D. Therefore D(K) = D. This settles Claim 4.

, 2T are adjacent, contrary to Tj, 2 €

Claim 5. No edge of G connects a vertex u on C(x,y) to vertex z on
C(ya x?)‘

Assume the contrary. By assumption there exists a C-chord @ = Q[u;, y],
where u; € C(xj,2;41) for some z; € N(H) — {x1}. By the preceding
discussion we have zu; € E(G) and utzi € E(G). Using 2] u} and u*ay
we can construct a cycle C” which contains all vertices of C' — C(y, z) and
D +1 vertices of H. Hence |C(y, z)| > D+ 1, contrary to |C(y,z2)| = D+ 1.
Hence Claim 5.

By Claim 3 and Claim 5 we obtain that V' (C(x1,y)) and V(C(y, ) span
complete graphs on D + 1 vertices. We have shown that all components
of G — (N(H) U {y}) are complete graphs on |H| vertices. Furthermore,
N(H)U{y} € N(v) for all vertices v € V(G)— (N(H)U{y} UV (H)). Hence
indeed G € Fy, if |C| = 209 — 6. O
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4.4 Nonspecial segments

In this section we consider a longest cycle C' in a 3-connected graph GG and a
2-connected component H of G such that N(K) = N(H) for all components
K of G — C. We assume

IC| < 205 — 5 (4.11)

We also assume that no component of C — N(H) is a special segment.
Invoking Theorem 3.2 we infer that H is strongly linked in G. Fixing a
cyclic orientation on C' we label N(H) = {x,...,x,} in order around C. We
abbreviate D := D(H) = |H| — 1. Let v be a vertex in V(H) with minimum
degree in H.
Let aq, as, by and by be distinct vertices on C'. We call edges a,b; and asbs
crossing edges, if ay € C(a1,by) and by € C'(by, ay).

Remark 4.1 Let z; and xy be distinct elements of N(H) and let x]a and
z7b be crossing edges. If a,b are on C(xg, x4], then |C(a,b)| > D +1; if a,b
are on C(z;, xg], then |C(b,a)| > D + 1.

If, for example, a,b are on C(xy,x;] we can construct a cycle C" which con-
tains all vertices of C'— C(a,b) and D + 1 vertices in V(H). Since C' is a
longest cycle indeed |C| > |C| — |C(a,b)| + D + 1.

In the following we study edges between distinct components of G — C'.

Lemma 4.7 N(z]) N C(xp,,1) = 0 and N(xj,,) NC(z), 2p11) = 0 for
any distinct elements x;,x, of N(H).

Proof. We first define some parameters. Let z; and x; be distinct elements
of N(H).
For x; € N(H) — {xj, z1} we use the representation

Clai i)l = elaf afs Claizin]) + D + ),

and for z; € {x;, z;} the representation

C (i, wia]| = ez, 233 C (s, Tiga]) + eg’k)
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Clearly,
IC| = d(mj) +d(z)+ (s —2)D + Zeyk)

=1

If Zsj e§2 > D+ 1, then
i=1
IC| > d(x]) +d(z)+(s—2)D+ D +1

and consequently, |C| > d(z]) + d(z}) + 2d(v) —5 > 20, — 5. Hence by
(4.11)

Y <D (4.12)
=1

Claim 1. E§Zk) > (|N(z])NN (2 )NC(xi, ©i41]|—1)D. Furthermore eyk) > 1,
if [N(z7) NN (zf) N C (x5, zi41]| = 0.

For definiteness assume that z; is on C(xj,z;]. Let yi,---,y be the
T and zf on C(z,2:41] in order from z; to 1.
For 0 < 7 < t the edges xj*yf and z;y,.; are crossing edges. Note that
there exist y € Cly,,yr+1) N N(z}) and v € C(y, yra] N N(z}) such that
C(y,y )N(N(z])UN(zf)) = 0, and by Remark 4.1 we have [C(y, y/)| > D+1.
Hence indeed 6;2 > (t—1)D. If t =0, clearly e§2 > 1. Hence Claim 1.

Using Claim 1 and (4.12) we infer [N (z) N N () N C(xy, zi41]] < 2.

In the rest of this proof let N(z}) N C(xp,x,,,) # 0 for some distinct
zj, 2, € N(H), say (N(x3)U---UN(x))NC(x1,25) # 0. Let u be the first
and v’ the last elements of N(z3)U---U N(z]) on C(xy,z5).

common neighbors of x

Claim 2. N(z{)NC(u,xq) = 0.

Suppose that 2f has a first neighbor z on C(u,x5]. Let u* be the
last element of N(z3)U--- U N(z7) on C[u,2). By Remark 4.1 we have
|C(u*,2)] > D+ 1. Using Claim 1 and (4.12) we infer that for z; # x;
the vertices :zrf,xj have exactly two common neighbors on C(xy,z5]. At
most one of them (namely «) is on C(x1,z). Furthermore for any x; # x;
the vertices in Clu, 3] — C(u*,2) are in N(x)) U N(z}). By Remark 4.1

this yields that xf,a:j have a unique common neighbor z; on C [z, 25| and
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hence u € N(z3) N--- N N(zf). Also by Remark 4.1 all vertices on Oz, 2}
are in N(z7) and all vertices on C[z]}, x,] are in N(z}). Hence in fact 2]
is the last neighbor of z7" on C(z1, ;] and all vertices on C/(2}, 5] are in
N(z3)N---NN(z]). Therefore for all x; # 1 necessarily z{ = 2} and all ver-
tices on C(z}, z5] are in N (x;"). This in turn implies 2 = x5 by Remark 4.1.
By a similar argument all vertices on C[u, u*] are in N(x3)N---NN(z) which
in turn implies v = u*, that is (N(z3)U--- U N(z})) N C(1, 23] = {u, 2o}
This settles Claim 2.

As C(z1,19) is not special there exist edges x7z; and 32, in G such
that 21,22 € V(C) and z; is on C(zp,23]. We determine zj, 2z so that in
addition C(z9,21) N (N(z7) U N(23)) = 0. Invoking Claim 2 we infer z; €
C(z1,u]. Determine z; € N(H) — {x1} such that v'z] € E(G). As H
is normally linked in G we can determine a C-chord ) = Q[z1, ;] such
that |@Q| > D + 3 and then a cycle C’ which contains @) and all vertices of
C'—(C(z2,21)UC(u, x5 )). Therefore C(zq, z1) UC(v/, x5 ) has at least D+ 1
vertices and these are outside N(zi{)U N(z3) U ---U N(z]). By Claim 2
we have N(z]) N (N(z3)U---UN(x])) = {u,x2}. As above we obtain that
both x; and z, are in N(z3)N---N N(z]) which by Remark 4.1 is absurd.
(I

Lemma 4.8 There exists no edge between distinct segments of the form

C(x;r> $;+1) and C(lfa xl;rl)‘

Proof. Assume that there exists an edge R = y;y; from C(mj,x;rl) to
C(xf, xp,) for some distinct x;, 7, € N(H).

We continue the notation introduced in the proof of Lemma 4.7. We will
deduce 6%) + ey,? > D + 1, and then get a contradiction to (4.12).

By Lemma 4.7 and (4.11) we have

N(z;) € Clxi, xi41) UN(H) U{ay, -, x; } and,

N(zi,) € C(zi, xip1) UN(H) U {zf, - 2zt

S

We first construct for [ = j, k certain (y;, x;41)-path @Q; as follows.
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Figure 4.5: @), Q and C".

If 2 has a first neighbor w; on C(y;, z141] we set Q; = Cla), ] Uz u, U
Clug, x15q]. I N(z;7) 0 C(yr, 21401] = 0 we use the fact that C'(z;, 2;41) is not
special to determine u; € N (x;,;) NC(zy,y;) and v, € N(zj") N C (uy, y] such
that N(z) N C(u;,w,) = 0. In this case we obtain @Q; by adding the edges
zfuy oy and 224 to Clag, w)] U Cluy , yi).

Let Q = Q;UQrURUC )41, 25| UC|x)41, x;]. Using Q) we can construct
a cycle C" which contains all vertices of C'—@Q := C' =V (Q) and D+1 vertices
of H (see Fig.4.5). Since C' is a longest cycle we obtain |C' — Q| > D + 1.

Let ; € {z;,z}. If 2] has a first neighbor u; on C(y;, 2;41], then (4.11)
and Lemma 4.7 yield N(z;") C C(z}", yi)| UC [, zp 1 JUN(H)U{zy, -+, 25 }.
Similarly, N(z7") € C(af, ] UC[, ] U (N(H) =z DU ({a7, a7} —
{zia ), i N(@") N Oy, 2] = 0.

Hence in fact N(x;) N (C — Q) = 0 for [ = j, k. Note that by Lemma 4.7
and Remark 4.1 we have [N (z]) N N(z;0) N C(xy, x144]| = [N(z]) "N (2) N
{211,111} < 1forl = j, k. This in turn implies 65-],3+€§]Z) > |C-Q|+2-2 >
D + 1, a contradiction. O

Lemma 4.9 If |N(H)| > 4, there exist no C-chords between distinct com-
ponents of C'— N(H).
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Proof. We continue the notation introduced in the proof of Lemma 4.7.

In the following Claim 1 we consider distinct elements z;, zj, x, and z,

of N(H).

Claim 1. Let |C(z;, 2j11)|+|C(zk, xp41)| = 2D+2+E and w; € C(z;, 27,,)
for i = p,q. Then |C| > d(u,) + d(uy) + 2D + 25 — 8 + £ + ¢, where € =
[N(H) = N(up)| + [N(H) = N(ug)].

Clearly, |C(xp, xpi1)| + |C(2q, Tg+1)| > d(up) + d(uy) + 2 — 25 + € since

N(w;) C C(x, xi01) UN(H) for i = p,q. Furthermore | U C(z;, xi41)| >
i#D,q

(s =2)(D + 1) + ¢ since |C(zs,x41)] > D + 1 for x; € N(H). This yields
Claim 1 since s+ (s—2)(D+1) = (s—4)(D—2)+2D+4s—10 > 2D +4s—10.

Now we assume that there exists a C-chord between distinct components
of C' — N(H). By Lemma 4.7 and Lemma 4.8 this C-chord consists of an
edge z} x|, where x;, z), are distinct elements of N(H).

By Claim 1 and hypothesis (4.11) we have |C(x;,z,41)] < D + 2 for
i = j,k. Also by Lemma 2 we have |C(zj, z;41)| + |C(2, Tp+1)| > 2D + 4.
Hence in fact ||C(z;, zj41)| = |C(xk, 2p+1)| = D + 2.

Case 1. =z # ).

We pick distinct z,,z, € N(H) — {z;,x} such that x, is on Clx41, zy).
Abbreviate u; = 27" for i = p, q. Note that z441,2; € N(u,) since otherwise
we could construct a cycle which is longer than C'. By Claim 1 we obtain
|C| > d(uy)+d(uy) +2D+2s—4 > d(u,) +d(u,) +2d(v) — 4, a contradiction.

Case 2. 1z, = 2j41.

In this case as noted above |C(z;,zj41)| = |C(zg, 2k11)] = D + 2. Let
uw=x; and w = z;". Since C is a longest cycle we have @y 1,251 (= z;) &
(N(u) U N(w)). Therefore d(u) < (s+D+1)—2=s+ D — 1 and d(w) <
s+ D —1. But then |C] > s(D+2)+2=4D 445 —6 > 2d(u) + 2d(w) — 2,

again a contradiction. O

Lemma 4.10 There exist no C'-chords between distinct components of C' —
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Figure 4.6: Case 1.1
N(H).

Proof. By Lemma 4.9 it remains the case when |N(H)| = 3. Suppose
that there exists some edge between distinct components of C'— N(H). By
Lemma 4.7 and Lemma 4.8 all edges between distinct components of C' —
N(H) have the form =z, ;.

Case 1. =z, € E(G) for some z; € N(H).

For definiteness assume z{ x5 € E(G). As noted above 1, z3 have no
neighbors on Clay ~, 23 7| — {2} and (N (z7)UN (z3))NClay ~,237] C {xs}.
In particular |C(z1,x9)| > d(x5 ") and |C'(ze, x3)| > d(z3™).

Case 1.1. N(z;)U N(x3) has elements on C(z7,25) — {z2}.

By symmetry we may assume that z; has a neighbor z on C(x],z3) —
{xo}. First assume z € C(z],z2). Let z* be the last neighbor of 2~ on
Clz,z9). If 2 # 2%, set Q = Clz{,27| U 2z72* U Clz,2*], and otherwise
Q = ClxT, z]. Anyway, Q gives rise to a cycle which contains all vertices of
HU (C —C(z*,x9)). Hence |C(z*,29)| > D+ 1 and |C(xy,22)| > D + 2 +
IN(z7) N C(z1,22)]. As |[N(27) N Clxe, z1]] <5 we obtain

IC|=3>D+2+d(z") —5+daf") +d(z3™) -2,

contrary to D +2 > d(v) — 1 and |C] < 205 — 6.
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If z € C(xg,x3), a symmetric argument yields |C(zq,23)] > D + 2 +
IN(z")NC (29, 23)| and |C| =3 > D+2+4d(z")+d(z; )+ d(z§ 1) — 2, again

a contradiction.
Case 1.2. (N(z1)UN(x3))NC(xf,25) C {x2}.

As {x],z2} is not a cut set of G some edge e has endvertices 2z; €
C(xf,29) and 2y € C(x9,27). As 25 & {x1, 23} necessarily e = x5 24. As
{27 ,25} is not a cut set of G some edge ¢’ has endvertices z € C(z],x5)
and xy. Again z € C(21", z2). Let 2* be the first neighbor of z* on C(xy, 2].
Note that z* # 2. Now we can construct a cycle which contains all ver-
tices of H U (C — C(z,2%)). We deduce |C(z},2*)] > D + 1 and hence
|C(z1,29)| > D+ 3+ [N(2T) N C(x1,22)]. As N(27) N Clzg, 1] C {12,235 }

we obtain |C| > 209 — 5, a contradiction.

Since Case 1 is empty we may assume z; z{ € F(G). As noted above we
have N(zy) N{x; ", x; ,z],2; T} =0 for i = 1,2.

? (] 1 (2
Case 2. 1 has a neighbor z on C'(z],27) — {72, 23}

By symmetry we may assume z € C(z;,x;11) for i = 1 or i = 2. Let
z* be the last neighbor of z= on C[z,z;41). We can construct a cycle which
contains all vertices of H U (C' — C(2*,x;11)). Hence |C(z*, ;1) > D +1
and consequently |C(z;, xi11)] > D + 2+ |[N(27) N C(x;,x:41)|. Clearly
IN(27)NCzis1, z5)] < 5—i <4 and hence |C(z, 2441)| > D+2+(d(z7)—4),

again a contradiction as in Case 1.

Case 3. ; has no neighbor on C(xf,z7) — {2, x3}.

As N(zq1) N C(xg,x3) = () some vertex z on C(xq,x3) has a neighbor 2’
on C(xy,x9) U C(xs,x1), say 2’ € C(x1,22). By the preceding necessarily
z = x5 and 2/ = x;. Since {rj,z3} is not a cut set of G there exists
an edge from w € C(z3,x3) to w’ € C(x3,73). By the preceding discussion
necessarily w’' & Clxy, x3] and hence ww' = x5 x3. But then by the preceding

discussion no edge joins C(x7, 25 ) to C(x5, x7), contrary to the fact that G
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is 3-connected. O

4.5 Proof of the main result and further re-
finements

Using the previous results we are now ready to supply the proof of our main
result. We also present some further refinements of the main result.

Proof of Theorem 4.1: Let C be a longest cycle in the 3-connected graph G
and let H be a component of G—C such that |H| > 3. Suppose |C| < 202—6.
By Theorem 3.2 we know that every component H' of G — C' is strongly
linked in G or has exactly two vertices. Let D := D(H) = |H| — 1 and
S := N(H) = {x1,...,2s} as above. Clearly, D > d(v) for all v € V(H).
Using Theorem 4.3 we infer N(H') = N(H) for all components H' of G — C.
If some component H' of G — C'is not strongly linked in G, then |H'| = 2 and
s=dc(v)+2=4d()+ 1 for some v € V(H'). But then |C| > s(D + 2) >
4s+2D—4 > 2d(v)+2d(v')—2 , a contradiction. Hence in fact all components
of G — C' are strongly linked in G. By Lemma 4.5 no component of C'— §'is
special. Using Lemma 4.10 we infer that S = N(H) splits C. Since S splits
C, the subgraph L; of G which is induced by V(C(z;, z;41)) is a 2-connected
subgraph of G — S (i =1,...,s).

Next assume s = 3 and that every component of G — S is strongly linked
in G. Consider any longest cycle C' in G. Since each component K of
G — C is strongly linked in G we have |C’| = |C| > |K|+ 2. Therefore C’
intersects at least two components of G — S and hence S C V(C’). Since
G is 3-connected S also splits C’. Consider a set S’ which splits C. By
definition S C V(C') and vertices of S’ are not subsequent on C'. As Ly, Ly
and L3 are hamilton-connected S cannot be a proper subset of S’. Suppose
S—8 #£10, say x; ¢ S’. Since N(H) = S for all components H of G — C
necessarily {zs, x5} C S’. As Ly is hamilton-connected it follows that Ly is
a component of G — S’. Since L, and L3 are hamilton-connected we obtain
S' N (Clxf,z9) U C(x3,27)) = 0. But N(zy) N C(xe,x3) # () since G is
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3-connected. This is not possible because S’ splits C'. Hence S = S’ which
means G € &.

Therefore it remains the case when s > 4 or some component of G — S is
not strongly linked in G. If s > 4, then |C| > 209 — 8 by Theorem 3.2. In
the case when s = 3 and some component L of G — S is not strongly linked
in G we have L = L; for some i € {1,2,3}. Since N(L) = S necessarily L
is not hamilton-connected. Hence there exists a vertex w € V(L) such that
|L| > 2d;(w), consequently |C| > |L| + 2|H| + 3 > 2d(w) + 2dg(v) +5 >
2d(w) +2d(v) = 7. O

Corollary 4.2 Let C' be a longest cycle in the 3-connected graph G with
toughness t.

Ift > %, then |C| > 209 — 6 or C' is a Dy-cycle.

Ift > 1, then |C| > 209 — 6 or C' is a Ds-cycle.

Proof. Assume |C| < 209 — 6. Let H be any component of G — C' such
that [H| > 3. Using ¢t > 3 we infer G ¢ &. Therefore by the preceding
proof H is strongly linked in G and N(H) splits C. This implies t < 1
and yields the second claim of the Corollary. Moreover |[N(H)| > 4. Label
N(H) = {z1,...,zs} in order around C' such that |C(xy,x2)| < |C(z4, Tit1)|

for all z; € N(H). Abbreviating D = |H| — 1 we have
€] > 2|C(x1, )| + 45 — 2+ 2D — 8 + (s — 4)(D — 2) + 7
where v = i(|0(mi,xi+1)] — D —1) > 0. For any v € V(H) we obtain
i=3

|C| > 2d(v) +2d(z]) — 8+ (s —4)(D — 2) + v

By assumption (s —4)(D —2) +~ < 1. If ¢t > 2, then s > 6 and hence

D =2 =|H| — 1. This yields that C'is a Dy-cycle. O
Abbreviating F3 = ( U  F(K$;s)U( U F(K};4)) we next prove
§24,4>5 h>4,g>5

the following refinement of Theorem 4.1.
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Theorem 4.4 Let C be a longest cycle in the 3-connected graph G and let
C' be not a Ds-cycle. If G & Ey U Fs, then |C| > 209 — 7.

Proof. Suppose G ¢ & and |C| < 209 — 6.

Let D = D(H) and N(H) = {x1,....zs} as in the preceding proof. By
that proof each component of G — C' is strongly linked in G and N(H') =
N(H) for all components H of G — C. Moreover S = N(H) splits C.
Furthermore s > 4 or some component of C' — S is not strongly linked in G.
In the latter case |C| > 209 — 7.

Now let s > 4. By Theorem 3.2 all components of G — C' are complete
graphs. If h := |H| > |H'| for some component H' of G — C, clearly |C| >
s(D+2)>4s+2D +2(D —1) — 6 > 2d(v) + 2d(v") — 6 for any v € V(H)
and v' € V(H'), a contradiction. By symmetry |H'| = |H| = h for all
compopnents H' of G — C. For i =1,...,s let L; as above be the subgraph
of G which is induced by V(C(z;, z;41)). We may assume h' = |L;| < |L]
fori = 1,...,s. Abbreviate € = (s —4)(h — 3) + il(|L,| —h). As |C| =
S+ 1)+ S (1L = W) > 2(h — 1)+ 2(h — 1) +4s — 8+ 2(W — h) + ¢ =
2d(v) + 2d(:;)1 — 8+ 2(h — h) + € we obtain A’ = h and dr,(w) = b’ — 1.
Hence L, is a complete graph and so is each component L; such that |L;| = h.
Furthermore € = (s — 4)(h — 3) + i(|LZ| —h)<1landd(w)>h—1+s for
all w € V(G) — S. -

If |C] = 209 — 8 we obtain by the preceding that all components of G — S
are complete graphs on h vertices and S C N(v) for all v € G — S. Also
(s —4)(h —3) = 0. That is G € F3 as stipulated. O

As a final refinement we describe the exceptional classes for ¢ = 6. We

define some graphs and classes of graphs.
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Definition 4.4 Let G be a 3-connected graph. We say that G belongs to
the class H(q, h,s), if there exist S C V(G) and a decomposition G — S =
KJIUL such that S C N(v) for allv € V(G — (S U L)), furthermore |L| =
h + 1 and all vertices of L have degree h + |S| or h + |S| — 1. Let H =

(U H(g:3,9)U( U Hlg,h4)).
g=s>4 q>5,h>3

Note that in this definition L has minimum degree |L| — 1 or |L| — 2. In
particular L is hamilton-connected, if A > 4.

In Theorem 4.5 below the exceptional class & U F3 U H U F; for the
estimate ¢(G) > 209 — 6 is supplied. Let Fy = Fy; U Fyo U Fy3 U Fuy, where

Fu=U -7:<KZ;5)§

q=>6

JT42:( U F<Kh+17KZ;3?1))U( U :F(K47Kg;3_171>);
q;h>3 q>s5>4

Fiz= U F(KZaK%ﬁ;?’aQ) )
q,h>3

Fu= U F(Kj, Ki;3,7).

q,h,r>3
Theorem 4.5 Let G be a 3-connected graph such that some longest cycle of
G is not a Ds-cycle. If G € & U F3s UH U Fy, then ¢(G) > 204 — 6.

Proof. Let C' be a longest cycle in G and let H be a component of G — C'
such that h := |H| > 3. Suppose G & & and |C| < 205 — 6.

Let S = N(H) = {z1,...,25} and D = D(H) as in the preceding proof.
By that proof S splits C' and all components of G — C' are strongly linked in
G. Furthermore s > 4 or some component of C'— S is not strongly linked in

G. Let L; and € be defined as in the preceding proof.

Case 1. s> 4.

Let Ly| < |L;| for all 1 <4 < s. By Theorem 3.2 all components of G —C
are complete graphs on A vertices. As ¢ < 1 all components L; of C'— §
with one possible exeption have h = |L;| vertices. Since d(u) > h—1+ s
for all u € V(G) — S we obtain that S C N(v) for all v € V(G) — C and



4.5 Proof of the main result and further refinements 53

all v € V(L;) whenever |L;| = h. In particular L; is a complete graph, if

Case 1.1. N(L;) # S for some j € {1,...,s}.

Then |L;| = h+ 1 and L, is a complete graph. Let z, € N(H) — N(L;).
By the preceding (S—{z,}, {x,}) is a 2-center of G. Since € = (s—4)(h—3)+1
we have (s —4)(h — 3) = 0, and therefore

G & ( U f(Kh_H,KZ;?), ].)) U( U .;E(K4,Kg,8 — 1, 1)) = .;E42.

q:h>3 q>s>4

Case 1.2. N(L;)=Sforall1<i<s.

First assume that |L;| = h for all 1 <4 <s. Then S is a center of G and
G—S = K}, where g > s+1. Alsoe = (s—4)(h—3) < 1. If (s—4)(h—3) = 0,
then G € F3. If (s —4)(h — 3) =1, then G € L>JG.7:(K2;5) = Fu1.

Next assume that |L;| = h+ 1 for some j é{l, ..., s}. As already noted
L; has minimum degree |L;| — 1 or |L;| — 2. Since d(u) > h — 1 + s for all
u € V(G) — S we obtain G € H. This settles Case 1.

Case 2 s =3 and some component of C' — S is not strongly linked in G.

Let L = Ly be not strongly linked in G. As G is 3-connected and |L| >
h > 3 we have N(L) = S and that L is normally linked in G. By definition L
is not hamilton-connected and hence |L| > 267, > 4, where §, is the minimum
degree of L. Since |C| > 2h+|L|+3 > 2(h—1)+20; +3 > 205 — 7 it follows
that |L| = 26, and all components of G — (S U L) are complete graphs on
h vertices. Also d; < h — 1 since otherwise |C| > 4(h — 1) + 7 > 205 — 5.
Furthermore S C N(v) for all v € V(G) — (S U L) and L has a hamilton
cycle.

First assume that L has a two-element cut set {ci,co}. Then |L| = 2§,
and L —{cy, co} has two components. These components are complete graphs
on ¢y, — 1 vertices. Moreover, SU{cy,co} € N(v) for all v € V(L) — {c1, e2}.
If 6, < h—1, then |C| > 46, + 7 > 205 — 5, again a contradiction. Hence in

fact d; = h — 1 which means that S, {cy, c2} is a 2-center of G and therefore
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Ge U F(KL K} 4;3,2) = Fus.

qulffsg it remains the subcase when L is 3-connected. Determine distinct
vertices a,b € V(L) and a longest (a,b)-path P in L such that |P| < |L|.
Choose a component K of L — P and label T'= N(K)NL = {z,...,2.}

in order from a to b. Pick u € V(K) and let w be the successor of z; on

P. Note that w is not adjacent to the successors of zs,...,z._1 and hence
|L| > dp(u) + dp(w). As dp(u) = dp(w) = §p it follows that z, = b and w
is adjacent to all vertices of L — K except the successors of 25,...,2._1. By

symmetry a = z;. As this holds for all components of . — P, necessarily
K = L — P. Moreover, Ny (u)U{u} ={z1,...,2.} UV(K) for all u € V(K).
This in turn implies | K| = 1 since otherwise the first two elements on P|zs, 23]
would not be adjacent to w, again a contradiction. From |K| =1 and |P| =
2dp(u) — 1 we deduce |C(z;, 2zi11)| = 1for 1 <i <r—1. As P is a longest
(a,b)-path in fact L —T has no edges. As noted above dy(w') = dp(w) for all
w' € V(L)=T. From |C| = |C(z1,22)|+2(h+2)—1 > 26, +d(x3 ) +d(z3 ) —1
we deduce S C N(v') for all o' € V(L) — T and 6, = h — 1 = dp,(x3) > 2.
Therefore S,T is a 2-center of G, and G € U F(K], K{;3,r) = Fyy. O

q,h,r>3

The following Remark follows readily from the definition of F(G; s).

Remark 4.2 Let C be a longest cycle in the 3-connected graph G and let S
be a 3-element subset of V(C') which splits C. If some component of G — C'
has at most two elements, then |C| > 209 — 7 with strict inequality unless

G e U F(KY;3).
q>4



Chapter 5

Further Extensions

5.1 Introduction

In this chapter we will extend some of the results of Chapters 3 and 4 to
graphs with higher connectivity. Recall that L(G) is the length of the longest
paths in G. Let C be a longest cycle in G and let L(G — C) > k — 1
where 3 < k < 5. The exceptional classes concerning the estimate ¢(G) >
(k4+1)0—(k—1)(k+2)+2 for k-connected G are essentially determined. Also
the exceptional classes concerning the estimate n > (k+1)0 — k(k+1) + 1
for (k — 1)-connected G are essentially determined. The main result of this
chapter is the following Theorem 5.1. For the definitions of G, G’ and G’y

see chapter 2.

Theorem 5.1 Let C be a longest cycle in a graph G and let L(G—C) > k—1
where 3 < k <5. Then

(i) 1Cl=>(k+1)d—(k—1)(k+2)+2,if G is k-connected and G ¢ G;
(i) n>(k+1)6—k(k—1)+1, if G is (k —1)-connected and G ¢ G UG,.

As noted above, our main result is an extension of Jung’s result (namely

Theorem 5.2 below) to the graphs with connectivity relaxed by one.
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Theorem 5.2 ([9]) Let C' be a longest cycle in a graph G and let L(G—C') >
k—1 where 2 < k <5. There exists a vertex v in G — C such that

(i) |IC] > (k+1)d(v) — (k= 1)(k+ 1), if G is (k+ 1)-connected;

(i) n>(k+1)d(v) —k(k—1),if G is k-connected.

In the process of proving Theorem 5.1 we get the following Corollary 5.1.

Corollary 5.1 If G is a 2-connected graph with n < 205 — 6, then every
longest cycle of G is a Ds-cycle or G € G,.

A well-known result due to Nash-Williams [22] is the following

Theorem 5.3 If G is a 2-conncected graph with n < 30 —2 and a < 6, then

G s hamiltonian.

The following Theorem 5.4 is implicit in Nash-Williams’ proof of Theo-

rem 5.3.

Theorem 5.4 If G is a 2-conncected graph with n < 30 — 2, then every
longest cycle of G is a Ds-cycle.

Obviously, the following result of Veldman is a consequence of (i) with k = 3
of Theorem 5.1.

Theorem 5.5 [19] If G is a 2-connected graph with n < 46 — 6, then G

contains a Ds-cycle or G € Gy.

The following Theorem 5.6 of Veldman is an easy consequence of Theo-

rem 95.9.

Theorem 5.6 [19] If G is a 2-connected graph withn < 46—6 and o < §—1,
then G is hamiltonian or G € g;.

Theorem 5.6 was extented by Trommel [17]. He showed
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Theorem 5.7 [17] If G is a 2-connected graph with n < 46 — 6 , then G
contains a cycle of length at least min{n,n 4+ 25 — 2a — 2} or G € G,.

As noted by Trommel in [17], the proof of Theorem 5.7 can be considerably
shortened by using Theorem 5.1.

5.2 Preliminaries

In this section we supply some preliminary results. The following result is

due to Jung.

Lemma 5.1 [9] Let C' be a longest cycle in a 2-connected graph G and H a
separable component of G — C such that L(H) > k — 1 (k = 3,4,5). There
exists a vertex v in H such that

(1) 1C]=2d(v) +2;

() |C| > (k+ 1)d(v) — 4k + 8, if G is k-connected;

(i) |CUH| > (k+1)d(v) —3k+8, if G is (k — 1)-connected.

In the following lemma we consider a 2-connected component H of G —C

with small D(H), where C is a longest cycle in G.

Lemma 5.2 Let C' be a longest cycle in a k-connected graph G (k = 4,5)
and H a 2-connected component of G—C such that D(H) < k—2 < |H|—-2.
Then

(1) |IC| > (k+1)0 — k(k—1)+ 1, if G is k-connected;

(1)) n>k+1)0—k(k—2)+1,if Gis (k—1)-connected.

Proof. Pick a,b € V(H) such that Dy(a,b) = D(H) < k — 2. We label
N(H)={x1,...,2s} in order around C.
Case 1. D(H)=2.

Obviously, V(H) — {a,b} is an independent set and hence dg(v) = 2 for
allv e V(H)—{a,b} and Dy(v,v") > 3 for any distinct v,v" € V(H)—{a, b}
with the strict inequality unless |H| = 4.
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First assume |H| > 5. In this case we take three distinct vertices vy, v, v3
in H — {a,b}. Note that in this case Dg(v,v") > 3 for any distinct v,v" €
V(H) such that {v,v'} # {a,b}, and Dy (v,v") =4 if v,v" € V(H) — {a, b}.
Hence

|C(x5, i11]| > e(v1, V2, V35 T4, Tig1) (5.1)

For if both x; and z;;; have neighbors in {vy,vs,v3}, then we have
|C(4, i+1]] > 6 unless e(vy,va, v3; 2, i41) < 2. Hence (5.1) holds in this
case. If) say, x; has no neighbor in {vy,ve,v3} and e(vy, ve, vs; x;, xi41) > 1,
then |C(z;, x;41]] > 5, hence again (5.1). Thus (5.1). Summation of (5.1)

over i =1,...,s yields
|C’ Z 2dc<1}1) + 2dc(1}2) + 2dc(1)3) Z 2d(v1) + 2d(2}2) + 2d(1}3) — 12,

and consequently n > 65 — 7. .
Now let |H| = 4. By hypotheses k = 4. Let V(H) —{a,b} = {v1,v2} . In
this case
|C (2, Tia]| > e(v1,v2; i, Tiga) + e(b; Tiy1) (5.2)

If |C(x;, xi41]] < 4, then {z;, x;11} has at most one neighbor in {vy, v, b}
and hence e(vy,vo; xi, 1) + e(byxipr) < 2. If |C(x;, xi11]] = 4, then at
least one of vy, vs,b is not of neighbor of z; or ;4 since Dy (b,v;) = 3 for
j = 1,2, and hence e(vy, ve; x;, xi41) + €(b; zi41) < 4. Therefore (5.2) holds.
Summation of (5.2) yields |C| > 55 — 11 and n > 50 — 7.

Case 2. D(H)=3.

By hypotheses k =5 and |H| > 5. Obviously, the components T, ..., T,
of H—{a, b} are trees. Furthermore L(7,) < 2for1 <p <r. Let |T1| > --- >
|T..|. Note that |T}| > 2 since D(H) = 3. We will determine distinct vertices
v, w; € V(T1) and ve outside T; such that dg(u) < 3 for u € {vy,wy, v}

and fori =1,...,s
|C (@i, xiga]| > e(vr, wr, Va5 T4, Titq) (5.3)

Then the claim follows from (5.3).
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Case 2.1. |Ty| > 3.

We may assume that a is adjacent to some endvertex v of 7. Then
all other endvertices of 77 are not adjacent to b but they are adjacent to
a. Therefore, b is also not adjacent to v and hence b must be adjacent to
the center ¢; of T7. Let vy, w; be two distinct endvertices of T;. Note that
dg(v1) = dy(wy) = 2 since Dy(a,b) = D(H) = 3. If r > 2 we pick an
endvertex vy of Ty, and otherwise set vy = b. In the latter case Ny (vy) =
{a,c1}. In both cases we have dy(ve) < 3. Clearly, Dy(vy,wy) > 4. If
|C'(xi, xi11]| < 5, then |Ng(z;) U Ng(x;41)| = 1 since D(H) = 3, and hence
e(vy, wy, vo; T, Tiv1) < 2. I |C(xy, 2441]| = 5, then at least one of vy, w; is not
in N(z;) U N(x;11) and hence e(vy, wy, vo; 2, 2;41) < 5. Hence (5.3) holds.

Case 2.2. I <2for1<p<r.

Then r > 2 and |T1| = 2, say T1 = {vy,w;}. We pick vy in T5. Note that
dy(u) < 3 for u € {v,wy,v2} and Dy (v, wy) > 4. A similar argurment as
that in Case 2.1 yields (5.3). O

Let C' be a longest cycle in a graph G and let H be a non-separable
component of G — C. We call a segment C|y, z] on C' a good N(H)-segment,
if C(y,z) "N N(H) = (), and moreover |H| =1 or |[Ny(y) Nu(2)| > 2.

Remark 5.1 Let C' be a cycle in a k-connected graph G (k > 2) and H a
non-separable component of G — C. If |H| > k, there exist at least k distinct
good N(H)-segments on C.

Proof. As |H| > k there exist by Menger’s Theorem at least k disjoint edges
from H to C| hence also at least k good N(H )-segments on C'. O
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5.3 The case N(G —C) # N(H)

In this section a longest cycle C' in a 2-connected graph G and a 2-connected

component H of G—C' are fixed. We choose one of the two cyclic orientations

of C. Let k € {3,4,5}.

Lemma 5.3 Let H and K be distinct components of G — C' such that
max{L(H),L(K)} > k — 1. Suppose that there exists a vertex x on C such
that v € N(H) and x* € N(K). Then

(1) |IC| > (k+1)6 — k(k —2)+ 2, if G is k-connected;
(1)) n>k+1)0—k(k—3)+2,if Gis (k—1)-connected.

Proof. In view of Lemma 5.1 we may assume that H or K is not separable.
If neither H nor K is separable we assume D(H) > D(K). If H or K is
separable we assume that H is not separable and L(K) < k — 2. If K is
separable we can determine an end block B of K and w € V(B — ¢(B))
such that D(B) > dg(w) and Ng(z) # {w}, where ¢(B) is the unique cut
vertex of K in B. If K is not separable we set B = K. In the latter case we
determine w € V(K) such that D(B) > di(w), and moreover Ng(z1) # {w}
or |[K| = 1. In view of Lemma 5.2 we may further assume that H is 2-
connected with D := D(H) > k — 1. Hence also D > D* := D(B) by
convention. If Ny (x) = {vo} we set X = {z} U No(H — vy) and determine
by Lemma 2.4 distinct vertices vy,vy € V(H — vg) such that D > dy(v;)
and D > dy(ve) — 1. If [Ng(z)| > 2 we set X = N(H) and determine by
Lemma 2.4 distinct vertices vy, vo € V/(H) such that D > dg(vy,) for h =1, 2.
If |K| > 2 and Ng(2) = {wo} we set Y = {z7} U No(K — wy), otherwise
let Y = N(K).

We label X = {z1,...,2s} in order around C so that z; = z. For 1 <
i <slett; = |N(K)NC(x;, x;i1]| and e;; = 2t; +e(v1; x5, Tip1) +le(va; Ti41),
where | = k — 3. Furthermore, if Y N C(z4,2;11] # 0 we denote by z; and
2! respectively the first and the last element of Y on C(z;, x;11]. Clearly,



5.3 The case when N(G — C') # N(H) 61

i ei; = 2dc(w) + 2de(v1) + lde(ve). Let m; be the number of good Y-
i=1

segments on C(z;, xi11], i =1,...,s.

Claim 1. |C(z1,23]| > maz{e;; +miD* —3 —l,e1, + D" —3 —[}.

Clearly, |C(xy, z3]| > 2t; — 1+ myD*. Hence we may assume m; = 0. By
construction this implies 2/ = 2T and ¢; < 1. Then since |Ny(2)UNg(x2)| >

2 we obtain
|IC(z1,20)]| > D+2>e;+D—2—-1>e;,+D"—2—1.
Hence Claim 1.
Claim 2. Let z; € X — {x1}. U Y NC(xy,xi51] # 0, then |C(xy, 2]]| >
2t; + 1+ D+ (m; +1)D*.

By construction we have |Ny(xz) U Ngy(z;)| > 2, hence |C(x;, zi]| > D +
D* + 3. Since |C(z;, 2}]| > 2t; — 2 4+ m;D* we obtain Claim 2.

The following Claim 3 is the immediate consequence of Claim 2.
Claim 3. Let x; € X — {21} and Y N C(zy, 2441] # 0. Then
C(xi,2})| = eis+ D+ (my + 1)D* —1—1>e;y.
Hence |C(x;, xi11]| > e;1+ D+ (m; +1)D* —1—1 with strict inequality unless
Tit1 € N(w) U N(vy).

Since z, # x; we obtain by Claim 3 the following observation:
Observation  If Y N C(z,,x1] # 0, then

|C (s, 21]| > €5y + D+ (ms+1)D* — L.

Claim 4. Let 2; € X — {z1} and y N C(z4,x;11] = 0. Then |C(x;, z;44]] >
e;;. If in addition |Ng(z;) U Ng(xi11)| > 2 or ; = x,, then |C(x;, xi41]| >
eig+D — L.

If INg(2;)UNg (zi41)| = 1, then e;; < 2 and hence |C(z;, z;41]| > 2 > €.
If |INg(z;) U Ng(ziq1)] > 2, then |C(z, 441]| > D+2 > e, + D —[. Since
|INg(xs) U Ny (z1)| > 2 we obtain Claim 4.
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By the preceding two claims we have |C(z;, z;+1]| > e; for all z; — {z1}.
If in addition |Ng(z;) U Ng(xit1)] > 2 or x; = xs then |C(x;, xi1]| > ey +
D — [ — 1. Thus we obtain

where o > 0.

Now let G be (k — 1)-connected. Then since |H| > k by Remark 5.1
there exist(s) at least (k — 2) element(s) z; € X — {z1} such that |[Ny(z;) U
Ng(xi41)] > 2. Hence by Claim 1-4 we have o > (K —2)(D —1—1) + 1.
Furthermore, by Claim 1 and Remark 5.1 we have i m; > 1. Therefore, by
(5.4) we have -

v

|CUHUK|
> 2do(w) + 2do(vy) + (k — 3)do(vy) +2D* + (k —1)D — (k —2)* +3
> 2d(w) 4 2d(vy) + (k — 3)d(ve) — k(k — 3) + 2.

n

This is (i7).

Finally let G be k-connected. Note that |H| > k. Again by Remark 5.1
and preceding claims oy > (k — 1)(D — [ — 1) 4+ 1, moreover Zs: m; > 2.
Therefore again by (5.4) -

|C| Z 2dc(w) + 2dc(U1> + (/{3 - S)dc(vz) + 2D*
+(k—1)D — (k—1)(k—2)+1
> 2d(w) + 2d(v1) + (k — 3)d(vs) — k(k — 2) + 2.

Lemma 5.4 Let L(H) > k — 1. If H is not normally linked in G, then
(1) |IC| > (k+1)6 — k(k— 1)+ 2, if G is k-connected,
(1)) n>k+1)0—k(k—2)+2,if Gis (k— 1)-connected.

Proof. Suppose G is (k —1)-connected. Then in view of the previous lemmas

we may assume that H is 2-connected with D(H) > k — 1. By hypotheses
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there exist distinct elements 2y, zo of N(H) such that Ny (z1)UNg(z2) = {y}.
Label X = {21,202} U No(H — y) = {z1,...,2s} according to the given
orientation on C. Suppose {21, 22} = {x,, x,} with p < q.

In view of Lemma 5.3 we may assume do(z;) = d(z;}) and de(z;) =
d(z;) for all z; € X. Using Lemma 2.4 we determine two distinct vertices
vi,vy € V(H — y) such that D = D(H) > dy(v1) and D + 1 > dy(vy).
For 1 < i < s let u; be the first vertex on C(x;, z;41] in N(x)) U N(zF) U
{Zis1}, (541 := x1), moreover we define v, = 1 if 2,41 & N(v1) U N(v2), and
vi=01if x;11 € N(v1) U N(vg). Let | =k — 3.

For 1 <17 < s we use the representation

C (i, xiga]| = ez, o Oai, wiga]) + 2e(v1; Tir) + le(va; i) + i (5.5)

Firstly, we supply the estimate

|Clus, wiq]| > e(a), a2t Cly, vi4q]) — 1 (5.6)

P

Let x; € Clxy, 14). For any u € N(z}) U C(xi, 2541] we have u™ & N(z))
since C' is a longest cycle. Hence (5.6).

Next using (5.6) we supply the estimate of o; fori =1,...s.
Obviously, a; > (kK —1)y; — (k— 1) for i € {p,q}.
Now let z; € X — {xp, x,}. If |C(zs,u;)] > D+ 1, then by (5.6) we have
a; > (D—-k+1)+ (k—1)y. If |C(z;,w;)| < D+ 1 and x; € {z,,2,}, then
u; = xip1 & N(zy) U N(x]), furthermore [Ny (z;) U Ny (2i41)] = 1. In this
event we obtain 2e(vi; zi41) + le(ve; 1) < max{2,k — 3} = 2, and hence
o; > 2.

Summation of (5.6) over i = 1,...,s yields

|IC| = d(x;) + d(m;) + de(vi) + (K — 3)de(ve) + zs:ai (5.7)

1=1

Claim. > a; > (k—2)(D —k +1).
=1

Note that G — y is (k — 2)-connected and |H — y| > k — 1. Then by
Remark 5.1 there exist at least (k — 2) elements x; € X — {z,,z,} with
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|Ng(x;) U Ng(xieq)| > 2. First assume z, # z,-; and z, # x,_;. Then
by above estimates we have o,_; > D and a4,; > D. Hence XS: o >
(h—4)(D —k+ 1) 42D — 2k +2 = (k—2)(D — k+1). Next assume
Tp = Ty_q OF Ty = Tp_1, SAY T = Tq—1. In this case z,_1 # x, and hence
a,—1 > D and oy, > 0. Again we have ZS: a; > (k=3)(D—k+1)+D—k+1 =
(k—2)(D — k+1). Hence the Claim.z_1

Now by the above Claim and (5.7) we obtain

n > d(z))+d(z]) 4+ 2dc(v1) + (k — 3)de(vs)
+(k=2)(D—-k+1)+D+1
> (K+1)0—k(k—2)+2

Now let G be k-connected. Then a similar argument yields
> a; > (k—1)(D — k+1), and consequently by (5.7)
i=1

> (k+1)0 —k(k—1)+2

Corollary 5.2 Let L(H) > k — 1. Then

(@) |Cl>(k+1)d—(k—=1)(k+1), if G is k-connected
and [N(H)| > k+1 ;

(i) n>(k+1)0—k(k—1)+1, if G is (k — 1)-connected
and |[N(H)| > k;

(i4) n > 209 — 5, if |N(H)| > 3.

Proof. By previous lemmas we may assume that H is 2-connected and nor-

mally linked in G. Let G be (k — 1)-connected and D := D(H) > k — 1. If
s = |N(H)| = k, then

|C s(D + 2)
k(D+s)—k(k—2)+(s—k)(D—-k+1)

> k6 — k(k —2)

>
>
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and consequently

n > s(D+2)+D+1
> (k+1)(D+s)—k(k—1)+14+(s—k)(D—k+1)

> (k+1)6—k(k—1)+1

It is not difficult to prove that |C| > d(z}) + d(z3) + (s — 2)D, and
consequently n > d(z7) + d(z3) + (s — 1)D + 1. This implies (4ii). O

Lemma 5.5 Suppose that there exist components H, K of G — C' such that
N(H) # N(K) and max{L(H),L(K)} >k —1. Then

(1) |Cl>(k+1)d—k(k+1)+4, if G is k-connected;

(7)) n>(k+1)0—k(k—1)+1, if G is (k — 1)-connected.

Proof. Assume that G is (k — 1)-connected and L(H) > k — 1. In view of
Lemmas 5.1,5.2 and 5.4 we may assume that H is 2-connected and normally
linked in G, and moreover we assume |[N(H)| = k— 1 and D(H) > k — 1.
Using Lemma 2.4 we determine a vertex v € V(H) such that D > dy(v). We
choose a vertex w € V(K') with the minimum degree in K. If L(K) > k—1,
in view of previous results, we assume that K is 2-connected and normally
linked in G. In this event we set D* := D(K) and by Lemma 2.4 we have
D* > dg(w). If L(K) < k — 2, in view of Lemma 5.2, we may assume that
K is separable or |K| < k — 1. In this event we set D* = 0. Note that in
this case k — 2 > L(K) > dg(w). Let D" = D*if D* # 0, and D" = k — 2 if
D* = 0. Then we have D" > dg(w).

We label N(H) = {x1,...,2s} and write t = |[N(K)|. By convention
s = k—1. For 1 < i < s we abbreviate |N(K) N C(x;,x;11]| = t; and
IN(K) N C(x;,xi1)| = pi. Let X = {x; € N(H) : p; > 0}. For x; € X we
denote by z; and z], respectively, the first and the last elements of N(K) on
C(wi, Tig1).

Case 1. |X|>2.
For z; € N(H) — X we have ¢; < 1 and hence
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Obviously, for z; € X we have

For any distinct x,,z, € X let @ be a longest (x,,z,)-path with inner
vertices in H and let R be a longest (z,, z,)-path with inner vertices in K. By
construction |@Q| —2 > D+ 1 and |R| —2 > D*+ 1. Obvously, QURU (C —
C(xp, zp) — C(zy, 7)) gives rise to a cycle. As C'is a longest cycle we obtain
|C(2p, 2p) UC(4, 20)| = D+ D* + 2. Similarly, |C(z,, zp11) U C(z, 2g41)| 2
D + D* + 2. Hence by (5.9)

C(2p, pr1] U C2g, 2g1]| = 2D +2D" +6 + |Clzy, 7]| + |Clzg, 2]
> 2D +2D* 4 2t,+ 2t,

Label X = {z;,,...,x;,} in order around C. Then

1
Z ’C(xiwxl”rl” = 5 Z ‘C(xij7xij+1] Uc(mij+1’xij+1+1]|
z,€X xijEX
1
> - Y (2D +2D* +2t;, +2t;,,,)
2 J J
xleX
= | X|I(D+D)+2 > ¢

r,€X

Combination of the above estimate and (5.8) yields

IC| > sD+2D* +2t
> (k—=1)(D+s)+2D"+t)—(k—1)> -2k +4

> (k—1)d(v) +2d(w) — k* +3
and since |H U K| > k + 1 we obtain

n>|CUHUK|> (k+1)6 — k(k— 1) +4.

Case 2. |X|=1.
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We may assume X = {x;}. Then N(K) C C(x1,x2) UN(H).

Case 2.1. N(K)NC(xqg,x1) # 0.

Let z, € N(K) N (N(H) — {z1,22}). As in Case 1 we infer |C(xy, z1) U
C(xp_1,2p)] > D+D*+2 and |O(2], 29) UC(2p, Tp11)| > D+ D* +2. Hence

|C (@1, 2] U C(2p-1, Tps1]| > 2D +2D" + 7+ |Cle1, ]|
> 2D +2D* 42t +4
> 2D+ 2D* + 2ty + 2t,_1 + 2t,
Using (5.8) for all x; € N(H) — {x1,2,-1,2,} we obtain
|IC| > (s—1)D+2D* 4+ 2t (5.10)
Then since |K| > dg(w) + 1 we have
n > sD+2D"+2t+ |K|+1
> k—1DD+s)+ (D +|K|—1+2) —(k—12—(k—1)+3
> (k+1)0—k(k—1)+3
Now assume in additon that G is k-connected, then s = k and by (5.10)
ICl > (k—=1)(D+s)+2(D +t)—k(k—1)—2(k—1)+2
> (k+1)0 —k(k+1)+4

Case 2.2. N(K) C Clxy,x9).

In this subcase instead of using D* we define D(B). If K is separable we
choose an endblock B of K, otherwise set B = K. Then by Lemma 2.4 we
have D(B) > dg(w). Since H is normally linked in G we have

|IC| > (s—1)D+2s+ 2t — 4+ mD(B) (5.11)

where m is the number of good N(K)-segments on C. Obviously, m >
2 or |[K|=1. Hence

n > sD+2s+2t+2D(B)+2—-4+ D(B)
= (k—1)(D+s)+2(D(B)+t)—(k—1)*> -2+ 2s
> (k+1)0—(k—1)%+2
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If G is k-connected, then we have s = k, and moreover m > 3 or |K| = 1.

Hence by (5.11)

IC] > (k—1)D+2s+2t—4+2D(B)
= (k=1)(D+s)+2(D(B)+t)—k(k—1)—4+2s
> (k+1)0—k(k—1)+2

Case 3. |X|=0.

By hypotheses we have N(H) — N(K) # (). This in turn implies s =
IN(H)| > |N(K)| > k — 1, and the claim follows from Corollary 5.2. 0

Corollary 5.3 Suppode that there exist distinct compopnents H and K of
G —C such that max{L(H),L(K)} > k—1. Thenn > (k+1)d—k(k—1)+1.

Proof. Let G be a (k — 1)-connected graph. We continue the notation in-
troduced in the proof of Lemma 5.5. Also by that proof we are left with the
case when N(H) = N(K) and s =t =k — 1 = |[N(H)|. By symmetry we
may assume D > D*. Since |K| —1> D" > dg(w) and D > D" we obtain

S
v

(k—1)(D+2)+D+|K|+1
> (k+1)0—k(k—1)+3

5.4 The case N(G—-C)=N(H)

In this section again a longest cycle C' in a 2-connected graph G and a 2-
connected component H of G—C' are fixed. Moreover let N(G—C) = N(H).
We use k as a variable restrict to the set {3,4,5}. We aim at the estimates
with factor k+1. In view of Lemma 5.1 we may assume D := D(H) > k—1.
Using Lemma 2.4 we determine a vertex v in V(H) such that D > dy(v).
Label N(H) = {x1,...,zs} in order around C. In view of the results of
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preceding section we may assume that H is normally linked in G and s =
k(G) , moreover d(x;) = dc(z]) and d(x; ) = do(z;) for all z; € N(H).

First we define some kinds of special segments on C'.

Recall that a segment Cx;, z;41] is called a sepecial segment on C' if there
exists a vertex y on C(x;, x;41) such that N(z;") N C(z;, zi11] C Oy, y] and
N(xip1) N C(xi, wiga] € Cly, wisa.

Let x,, 2, be distinct elements of N(H) and z,,z, € V(C) — ({z;}, 2]} U
N(H)) such that z, € N(z}) and 2z, € N(z;). We call C[z,,z,] a crossing

segment w.r.t. {x} ,if z, € C(z), 2,) and 2, € C(z,,,). Similarly, for

P>’ q
x; € N(H), we call C[z;, 2] a crossing segment w.r.t.{z], x7,,}, if z;,2; €
V(C)— (N(H)UC(zj,xj41)) and z; € N(z7),z; € N(xj,,) or vise versa.
Obviously, if C[z, 2] is a crossing segment w.r.t. {xp yof}or wrt{a], 2},

then |C(z,2)| > D+ 1 and |C(#, 2)| > D + 1.

Lemma 5.6 If there exists a special segment on C, then
(i) |C’\ > (k+1)0 —k(k—1), if G is k-connected;
(17) > (k+1)0 —k(k—2), if G is (k — 1)-connected.

Proof. Suppose that G is (k — 1)-connected. Without loss of generality we
may assume that Clzy, z5] is a special segment. Let y and y’ be respectively,
the last neighbor of 1 on C(x1, 2] and the first neighbor of x5 on C(zy, x2)].
For 1 <i < slett; =|N(z{)NN(zy) N C(xi,z:11)|. Then t; < 1 by the
definition.

For C(z1,x2) we use the representation
|C (21, 22)| = e(x], 25 C(x1,22)) + 1+ (5.12)
and for 2 <7 < s let
|C (x5, 2i41)| = e(a], 25 C(x5,2i41)) + 14+ D + o (5.13)

Obviously, ay > |C(y,y')| + 1 —t1 > 0.
As shown in the proof of Lemma 4.5 we have «; > t;D, for 2 <1 < s.
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Combination of (5.12) and (5.13) yields

|IC| =d(z) +d(zy) + (s —1)D + Zszai

=0

where ag = |N(H) — N(27)| + |N(H) — N(x3)|. Hence

3
A%
2
8

D+dxy)+ (k—1)D+1
= daf) +dzy)+(k—1D(D+s)—(k—1)2+1
> (k+1)6 — k(k —2).

IC| > d(zf)+d(xy)+ (k—1)D
> d(af)+d(z3)+(k—1)(D+k)—k(k—1)
> (k+1)6—k(k—1)

In view of Lemma 5.6 we assume in following three lemmas that no seg-

ment C|x;, x;41] of C is special, i =1,...,s.

Lemma 5.7 If N(x)) N C(xg,x,,) # O for some distinct elements
Ty, xy € N(H), then

(1)  |C|>(k+1)6 —k(k—1),if G is k-connected;

(1) n>(k+1)0—k(k—2), if G is (k — 1)-connected.

Proof. Let G be a (k — 1)-connected graph. For definiteness let p < g.
For z; € N(H) — {z,, z,}(if there are any), we use the representation
|C (i, wia]| = e}, 2 Cli, iga]) + D+ €),

and for z; € {x,, z,} we use the representation

Clawinall = e, a5 Olai, mian]) + .
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Clearly,
1IC| = d(x;) +d(zf)+ (s —2)D + Zeﬁl)

i=1
By Claim 1 in the proof of Lemma 4.7 we have the following Claim.

Claim 1 €() > (IN(z}) N N(z)) N C(x;, 2i41]| — 1)D, furthermore €) > 1

Claim 2 61(31) > D.

Let z and 2 be the first and last elements of N(x)) on C(xg,741),
respectively.

If N(zJ)NC(2,2441) # 0, then there exists a crossing segment C(y,y') C
Clz, mi41) wrt{a), o} such that C(y,y') N (N(z}) UN(z})) = 0. Hence
e >|C(y,y)|=D+1-1=D.

Suppose N(x)) N C(z,2441) = 0. Since Oy, 2441] is not special there
exists a crossing segment Clu,u’] € C(z}, 2] wrt. {zf,z,,,} such that
Cu,u’ )N (N(x;)UN(x])) = 0. Let Q be a longest (1, z,)-path with inner
vertices in V(H). Then |Q| > D + 3. Since Q U C[zq, u] Uzvw UC[u',2]U
Zaf UC[xf, x,) Uuxy, UClx,,,,x,) is a cycle which contains all verices
of C — (C(u,u')UC(z', 7)) and at least D + 1 vertices in V(H) we have
|C(u,u')UC(2',2;,1)| > D+ 1, and therefore 61(3]) > D. Hence Claim 2.

Now by Claim 1 and Claim 2 we have |C| > d(x) +d(z}) + (s — 1)D,

and hence Lemma 5.7. O

In the following two lemmas we assume that N(xf) C C(z;,741) U
N(H)UN~(H)and N(z; ) € C(z;, xi41)UN(H)UNT(H) forall z; € N(H).

Lemma 5.8 [f there exists an edge e = y,y, from C(x,),7,.41) to C(xy, v,4)
for some distinct elements x,, x, of N(H), then

(1) |C|>(k+1)0 —k(k—1), if G is k-connected;

(i) n>(k+1)0—k(k—2), if G is (k — 1)-connected.

Proof. We continue the notation introduced in Lemma 5.7.
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Since Clzp, ¥p41] is not special we have either N(z.}F) N C(y,, vp11) # 0
or N(x,1) NC(xp,yp) # 0, say N(z,)) N C(yp, 2ps1) # 0. Let y;, be the first
neighbor of z* on C(yp, 2p41). Let @ be a longest (x,,74)-path with inner
vertices in H. Then |Q| > D + 3. By the previous Lemma we obtain

O] > da?) +d(ah) + (s — 2)D + 30 )

i=1
We will show e%) +€§ i = D+1. Then the claim follows by the above estimate.

Case 1. N(z})NC(yg, xg41) # 0.

Let y/q be the first element of N(z}) on C(y,,7,,1). Using @ and edges

e m*yp and :L“er we can construct a cycle which contains all vertices of

QU(C — (C(Yp, y,) UC (yg, yy)))- Hence |C(yp, y,) UC (yg, yy))| = D+ 1. This
implies eﬁ) + e§ k) > D+ 1.

Case 2. N(z})NC(yg xg41) = 0.

Since O, 7441 is not special there exists a segment Clz,, 2;] € Oz}, y,]
such that C(zq,2;) N (N(z,f) UN(z))) = 0 and 2z, € N(z,4,),2, € N(x]).
Then, as in Case 1, one can construct a cycle which contains all vertices
of QU (C = (Clz4s24) U Clyg 1) U Clyp ). Since (N(xf) U N () 0
(C(2g,24) U C(Ygr T41) U Clup, ) = 0 we have

e 4 el > 10 (24, 28) U Oy wgy) U Clypy )| > D + 1

O

Lemma 5.9 Suppose that there exists an edge between distinct components
of C — N(H). Then

(i) |C’| > (k+1)0 — k(k—1), if G is k-connected (k = 3,4,5);

(17) > (k+1)0 — k(k—2), if G is (k — 1)-connected (k =4,5).

Proof. We only prove the case when G is 4-connected. The proof of the
case when (G is 5-connected is similar, and the proof of the case when G is

3-connected is given in [13].
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By previous results it remains the case when |N(H)| = 4 and all possible
edges from distinct components of C'— N(H) have the form z; 7, , for some
distinct elements z;,z; € N(H). We write N(H) = {x1, 2, x3,24}. Since
|H| > D+ 1 > d(v) — 3 for some vertex v in H it sufficies to show that
O] > 56 — 12.

Case 1. zz; € E(G) for some z; € {x;12, Tiys}.
For definiteness assume z7 x5 € E(G). It is easy to see that x1, 3 have no

neighbors on Clay ~, 23 7| —{z2} and (N (27 )UN (z3))NClay ~,257] C {xs}.

In particular
Cla1,22)] > d(2y7) = 1, [Clag,23)| > d(237) — 1

Clag,wa)| 2 dai*) =3, and |Clas,o1)| > datt) -3

Case 1.1. N(z;)U N(x3)) has element on C(x],z5) — {2}

By symmetry we may assume that z; has a neighbor z on C(x7,z3) —
{zo}. First assume z € C(x],x3). Let z* be the last neighbor of 2~ on
Clz,m9). If 2 # 2%, set Q = Clz],27| U z72* U Clz,2*], and otherwise
Q = Claf, 2z]. Anyway, Q gives rise to a cycle which contains all vertices of
HU(C—C(z*,x2)) and at least D+1 vertices in H. Hence |C(z*, z9)| > D+1
and |C(z1,12)| > D +2+ |[N(27) N C(x1,22)|. Obviously, if 127" € E(G),
then 2727 € E(G), and hence |N(z7) N Clxy, 21]| < 7. Therefore

IC|—4>D+2+d(z7) = T+d(z3") +d(x3t) +d(xft) — 7> 55 — 16.

If z € C(xg,z3), asymmetric argument yields |C(zq,x3)] > D + 2 +
IN(z*) N C(x9,23)| and |C] =4 > D +2+d(z") = T+ d(xy ") +d(zs™) +
d(zf™) — 7. This settles Case 1.1.

Case 1.2. (N(z1)UN(z3))NC(zf,25) = {x2}.

As {7, 20,74} is not a cut set of G some edge e has endvertices 2, €
C(xf,29) and 2y € C(x9,27). Since {z], 75,24} is not cut set of G some

edge €' has endvertices z € C(x],z5) and xo. Obviously, z € C(af™, zy).
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Let 2* be the first neighbor of 2 on C(zy,2]. Note that 2* # z{ since C is
a longest cycle. Now we can construct a cycle which contains all vertices of
C — C(xf,z*) and at least D + 1 vertices of H. This implies |C'(z{, 2%)| >
D + 1, and therefore |C(x1,22)| > D+ 3+ [N(27) N C(xy,22)|. As N(zF) N

Clza, 1] C {x9, x3, 24} we obtain
IC)|—4>D+3+d(z")—3+d(z3t) +d(ast) +d(zfT) - 7.

This settles Case 1.
Now we may assume in addition z; z; € E(G) for some i = 1,2,3,4,
say x72f € E(G). As noted above N(zy) N {x; ~,x;, 25,27t} = 0 for

P A et A A A

1 =1,2,3,4, moreover
Ca1,m9)| > d(xy7) =2, |Clwg,23)] > d(w5") — 2

|C<SC3,.%'4)| Z d(xgr+) - 27 and ’C(.I'4,£Ij‘1)’ Z d<xi+> -2

Case 2. 1 has a neighbor z on C(x],27) — {2, 73, 24}

By symmetry we may assume z € C(xz;, x;41) for i = 1,2. Let z* be the
last neighbor of 2~ on C[z,x;11). As noted above we deduce |C(z*, x;11)| >
D+1, and consequently, |C(x;, ;41)| > D+2+|N(27)NC (24, xi41)]. Clearly,
IN(z7)NClzi1,x]| < 6—1 <5, and hence |C(z;, xi11)| > D+2+d(z7) =5
for i = 1,2. Again we obtain |C| > D+44d(z7) + 36 — 9. This settles Case
2.

Case 3. ; has no neighbor on C(x],z7) — {72, 73, 74}

As N(z1) N C(x2,23) = 0 and {x2, 23,24} is not a cut set of G some
vertex z € C(x2,23) has a neighbor 2’ on C(z1,x2). By the precedings
necessarily z = 4 and 2z’ = x5 . Since {x3, 3,24} is not a cut set of G there
exists an edge e with the endvertices w € C(z3,x3) and v’ € C(x3,23). By
the preceding w’ ¢ C[x4,75] and hence ww' = z32x§. A similar argument
will yield zyzf € F(G). But then by the above discussion there exists no
edge joining C(x7,z5) to C(xy,x]), this is contrary to the fact that G is

4-connected. This final contradiction settles Lemma 5.9. O
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Using a similar argument as in the proof of the previous lemma one can

obtain

Corollary 5.4 Let C be a longest cycle in a 2-connected graph G and H
a component of G — C. Suppose N(H) = {xy,x2}. If x;x; € E(G) and
N(z;) N (C(xf, ;) —{xiy1}) # 0 for some i € {1,2}, then n > 205 — 3.

(e )

Lemma 5.10 Let K be a component of G — C. If K is not strongly linked
in G, then

(i) |C|>(k+1)d—k(k—1)—2,if G is k-connected;

(i) n>(k+1)0—k(k—2)—2,if Gis (k— 1)-connected.

Proof. Let G be (k —1)-connected. By assumption there exists a component
H of G — C such that H is 2-connected with D := D(H) > k — 1. Then
|H| > D+ 1>d(v) —k+2. Since [N(G — C)| = |N(H)| = k — 1 we infer

that all components of G — C are normally linked. Hence

IC] > (k- 1)(D +2) (5.14)

Case 1. K is 3-connected.

By Proposition 2.1 there exist non-adjacent vertices vy, vy € V(K) such
that D(K) > dg(v1) + di(ve) — 2 > d(vy) + d(ve) — 2k. Using Lemma 2.4
we determine v € V(K) such that D(K) > dk(v') > d(v') — k+ 1. Since K

is normally linked in G we have

IC| > d(vy) +d(vg) — 2k +2+ (k — 2)(D(K) + 2)
> ké— (k—1)(k—2) —2

and
n > |CUK)|
> (k+1)0—-(k—-1)(k—-2—2—-(k—-1)+1
> (k+2))—k(k—2)—2.
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Case 2. K has connectivity 2.

We determine a € V(K) such that the number of cut vertices of K —a is
maximum. Let By, ..., B, be the endblocks of K —a with corresponding cut
vertices ¢y, ...,¢. of K —ain V(By),...,V(B,). We adopt notation so that
D(By) < D(B,) for 1 < p <r, furthermore ¢; # c,, if K —a has at least two
cut vertices. We fix for h = 1,2 vertices v, € By, — ¢; with minimum dg (vy,).
Then D(Byp) > dg_o(vn) > dg(vy) — 1 > d(vy) — k for h =1, 2.

First we consider the case when G is a 2-connected graph and N(K) =
{z1,22}. Let B be the block of K with minimum D(B). Then since K is
normally linked we obtain |C| > 2D(B) + 4 > 2d(v) for some v € V(B).
As K is not hamilton-connected there exists a vertex w € V(K) such that
|K| > 2dg(w) > 2d(w) — 4. Hence in this event we obtain n > |C U K| >
2d(v) + 2d(w) — 4 > 209 — 4.

In the rest of Case 2 we assume that G is a (k — 1)-connected graph with
ke {4,5}.

Pick an z; € N(K) such that z; € Neo(By —¢1). If ;4 or x4y, say
xjy1, has a neighbor in By — ¢y, then |C(x;, xj41]| > D(By) + D(By) +2 >
d(v1) + d(ve) — 2k + 2. Hence in this event by (5.14) we have

> k—(k—1)(k—2)—2

andn > (k+1)0 — k(k —2) — 2.

If a € N(xj_1)UN(zj41), say a € N(z;41), then |C(z;,xj41] > D(B1)+
D(Bs;) + 2, and the claim.

Now assume z;_1,2,41 € No(By — ¢2) U No(a). Since |[N(K)| =k —1
we have x; € N¢(B; — ¢2). By symmetry we may assume that z;_1, 2,41 €
Ne(By1 — 1) either.

If ;41 € Ne(B, — ¢,) for some p # 1,2 or z;1; € Neo(B') for some
block B’ # By, Bs, then also we have |C(z;,zj41]| > D(B) + D(By) + 2 for
B € {B,,B'}, and hence the claim. For the case when k£ = 4 the claim
follows by Theorem 3.1.
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It remains the case when r = 2 and ¢; = ¢, moreover £k = 5 and
Ng(xj_1) U Ng(xj41) = ¢ If |K| = 4, then it is easy to check that
|C| > 55 —12. Let |K| > 5. Then |B;| > 3 or |Bs| > 3, say the latter. In this
event we have [Np,_¢,(2;)UNp,_c,(a)| > 20r [Np,_c,(Tj12)UNpB,—c,(a)| > 2,
say the former. Then since ¢; € Ng(z;—1) we have again |C(x;_1,2;]| >
D(B;) 4+ 2+ D(B3) + 2, and this settles Case 2.

Case 3. K is separable.

If L(K) > k—1, then the claim follows from Lemma 5.1. Assume L(K) <
k—2 < 3. Then it is not difficult to verify that K is a quasistar. Hence there
exists a vertex u € V(K) such that d(u) < k. By (5.14) we obtain

IC] > k-—D(D+k—-1)+2k—-2—(k—1)>
> (k+1)6 —k(k—2)—3

and n > (k+1)d — k(k — 3) — 3. 0

5.5 Proof of the main result

Proof of Theorem 5.1 Let C be a longest cycle in a (k — 1)-connected
graph G and H a component of G — C such that L(H) > k — 1.

We first consider the case when G is a 2-connected graph and N(H) =
{x1,22}. Suppose n < 46 — 5. By lemmas 5.5 and 5.10 all components of
G — C have the same set of attachment on C' and are strongly linked in
G. By Lemmas 5.6—5.8 the possible edges between C(z1,z5) and C/(zq, x1)
are r7 ] and x5 3. Moreover, if x; 27 € FE(G), then Corollary 5.4 yields
N(z) N (C(zf,27) —{xisa}) =0 (i = 1or 2). Fori=1,2setS; = {z;},
if z;xf ¢ E(G), otherwise S; = {z;,z;,zj}. We define S = S; U S,.
Obviously, all components of C'— S are normally linked. Suppose that some
component L of C' — S is not strongly linked in G. Then necessarily L is
not hamilton-connected. Thus there exists a vertex w € V(L) such that
|L| > 2d;(w) > 2d(w) — 4. Since H is strongly linked in G we obtain
n>|CNH|>2|H|+2+|L| > 2d(v)+2d(w) —4 > 209 — 4, a contradiction.
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Hence G € G,. If k = 3 and |N(H)| > 3, then Corollary 5.2 (iii) applies. If
k>4 and |N(H)| > k, then also by Corollary 5.2 we have |C| > ké —k(k—2)
and n > (k+ 1)0 — k(k — 1) + 1. It remains the case when k > 4 and
IN(H)| = k—1. In view of Lemma 5.10, we may in addition assume that every
component of G—C' is strongly linked in G. Therefore, if |C| > kd — k(k—2),
thenn > |CUH| > ké—k(k—=2)+|H| > kd—k(k—2)+(D+k—1)—k+2 >
(k+1)0 —k(k—1)+2.

Let |C| < kd — k(k — 2). We will show G € G.

By Lemma 5.6 no segment of C'— N (H) is special. Using Lemma 5.9 and
Corollary 5.3 we infer that S := N(H) = {z1,..., 21} splits C. Further-
more, since no segment of C'— S is special, the subgraphs L; of G which is in-
duced by V(C(x;, z;41)) is a 2-conncected subgraph of G—S, i =1,... k—1.

Assume that every component of G — S is strongly linked in G. Let C’
be any longest cycle of G. Let Hy,..., H; be all components of G — C' with
|Hy| > |Hy| > --- > |Hy|. Since all H; (j = 1,...,t) are strongly linked in
G we have |C(x;, x41]| > [Hi| +1 > |H;j| + 1 for 1 <i <k —1. For any
component H; of G — C, we have |C'| = |C| > (k — 1)(|H;| +1). Hence
C" intersects at least k — 2 components of G — S and therefore S C V(C").
Since G is (k — 1)-connected S also splits C’. Consider a set S” which splits
C. By definition " C V(C') and vertices of S’ are not subsequent on C.
As Ly, ..., L,_; are hamilton-connected S cannot be a proper subset of 5.
Suppose S — 5" # (), say z; ¢ S’. Since N(H;) = S for all components H;
of G — C necessarily {za,..., 2,1} C S’. As Ly is hamilton-connected it
follows that Lo is a component of G — S’. Since Lo, ..., Li_1 are hamilton-
connected and {zs,...,z;_1} € 5" we obtain S’ N ((C(x],22) UC (w3, 27)) —
{x3,...,x5-1}) # 0. But then N(x1) N C(xq,x3) # () since G is (k — 1)-
connected. This contradicts the fact that S’ splits C. Hence S = S’ and
Gegd.

Now we assume that some component L of G — S is not strongly linked in
G. By the preceding L is induced by some V(C(z;, z;41)). Since N(L) = S

and |S| =k — 1 we infer that L is normally linked, and hence necessarilly L
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is not hamilton-connected. Thus there exists a vertex w € V(L) such that
|L| > 2dp(w) > 2d(w) — 2k + 2, and |C| > |L| + (k — 2)|Hy| + k — 1 >
2d(w) —2k+2+ (k—2)d(v)— (k—2)(k—=2)+k—1> (k+1)d —k(k—3)—3
for some v € V(H;), a contradiction. Hence indeed G € G. So far we have
shown that if |C| < kd — k(k — 2), then G € G.

Finally assume that G € G and w(G — S) > k(G) + 2 = |S| + 2. Since
S splits every longest cycle we have w(G — C) > 2. Let H' be a component
of G — C other than H. Without loss of generality we may assume D =
|[H —1<|H'|—1. Thenn > |CUHUH'| > (k—1)(D+2)+2D+2 >
(k+1)0 —k(k—2)+ 1. Henceif n < (k+1)d — k(k — 1)+ 1, then G € G'.
This completes the proof of Theorem 5.1. O
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