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Abstract

This thesis investigates optimal control problems related to Navier-Stokes
equations. We investigate two control problems related to the aerodynamic
optimization of flows around airfoils in high-lift configurations.

The first issue is the steady state maximization of lift subject to restric-
tions on the drag. This leads to a Dirichlet boundary control problem for
the stationary Navier-Stokes equations with constrained control functions be-
longing to L? under an integral state constraint. The control space L? makes
it necessary to deal with very weak solutions of the Navier-Stokes equations
and because of the low regularity of control and state, we reformulate the cost
functional and the integral state constraint. We derive first-order necessary
and second-order sufficient optimality conditions and treat the problem nu-
merically by direct solution of the associated nonsmooth optimality system
and additionally by an SQP-method, which convergence we proved.

The second part is based on a k-w-WILCOX98 turbulence model, describ-
ing the nonstationary behavior of the fluid closer to the reality. To deal with
the curse of dimension, we discuss a reduced-order model (ROM) by adapting
a small system of ODEs to solutions computed with the full model. Based
on this ROM, we investigate an optimal control problem theoretically and
numerically.
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Chapter 1

Introduction

In this thesis, we study optimal control problems related to Navier-Stokes
equations, describing the motion of fluid. We investigate minimizations of
functionals subject to state equations. The objective functionals depend on
the velocity field u, the pressure p and the control function g.

Our main concern is maximization the lift of an airplane, while drag
remains beyond a given threshold. Therefore, we consider an objective func-
tional J(u,p,g) characterizing the lift, the Navier-Stokes equations as state
equations and a constraint on the drag.

In given literature, there are two different approaches to get influence on
the flow around a body. The first one is the possibility of passive control.

There are several possibilities of passive control, e.g. passive blowing,
roughness and shaping. Passive noise control devices include shields of rigid
and compliant walls, mufflers, silencers, resonators and absorbent materials,
see [43] for more details. The idea behind most of them is to reduce vortices
and make the airstream around the wing smoother.

The second ansatz is active flow control, which was investigated in partic-
ular by the SFB 557 "Control of complex turbulent shear flows’. Here, little
slits are installed on a part of the wing, where suction and blowing of air is
possible to reduce vortices.

Generally, flow control is a research field gaining a lot of interest in both
academic research and industry. It is researched by engineers (experimen-
tal and computation fluid dynamics), mathematicians (control theory and
optimization) and physicists.

In this work, the following optimal flow control problem is considered: ac-
tive control of the flow of a fluid around an aircraft by means of suction and
blowing on the wing to influence the resulting lift and drag. The associated
background of applications in fluid mechanics, active separation control, was
the subject of various papers written from an engineering point of view and



CHAPTER 1. INTRODUCTION

has been proven to be effective in experiments as well as simulations. We
only mention [17, 19, 87, 88, 89, 112], whose considerations are close to our
setting, see Chapter 7 to 9.

The first part of this thesis deals with the steady-state problem. Here, we
assume a low Reynolds number so that we avoid the discussion of turbulence.
Furthermore, we consider a simplified control model, which is composed of
the cost functional, the steady-state Navier-Stokes equations, and constraints
on the control function as well as the state, for a mathematical investigation.
First, the steady-state Navier-Stokes equations, describing the motion of the
fluid around the wing, are investigated and we clarify the following questions.

1. What is the best (suitable) definition of a solution of the state equation
for the formulated problem?

2. What are the requirements such that a (unique) solution for the state
equations exists?

3. What preliminary results can be found in the existing literature?
4. What regularity assumptions are needed?

5. What are the requirements such that a solution for the stated opti-
mization problem exists?

6. How are the necessary and sufficient optimality conditions formulated?

7. What is an appropriate numerical optimization method and does it
converge?

We will characterize optimality of control strategies for our setting by
necessary and sufficient optimality conditions.

Let us now describe the setting of our optimization problem in detail.
Here, €2 is an open bounded domain of R, n = 2,3 with boundary I, which
is assumed to be sufficiently smooth, more details later. The velocity field of
the fluid is denoted by u and the pressure by p. The control is a boundary
velocity field denoted by g and the viscosity parameter v = 1/Re is a positive
number. Let us denote the surface measure by ds(x) or short ds. The
term V denotes the gradient and A the Laplace operator, which is applied
componentwise. The resulting force of the fluid on the wing embedded in the
fluid in direction € is given as the boundary integral

dy .
F. —pny | -€d 1.0.1
= / (1/ - D w) € ds, ( )



where I',, is the boundary of the wing with its outer normal n,. Since n,,
points into the fluid, the normal n,, is the negative of the outer normal of the
fluid domain €2, n,, = —n. Let the vectors €; and €, indicate the directions
of lift and drag. Then, we are able to calculate the lift and the drag with
the boundary integral where €; or €; have to be inserted instead of €.
Here, €, is the normalized vector directed opposite to the gravity, and €; is
the normalized vector in the direction opposing the main flow field.

The optimization problem is then formulated as follows: Find a control
w in L*(T")" that maximizes the lift

du .
— /Fw (l/% —pn) - € ds (1.0.2)

subject to the steady state Navier-Stokes equations describing the motion of

the fluid
—vAu+ (u-V)u+Vp=0 inQ

divu=0 1in

1.0.3
u=g onl,, ( )
u=0 onI\T,

the convex control constraints
g(x) € G ae. on I, (1.0.4)

and the maximal drag constraint

ou -
— /Fw (y% —pn) €4 ds < Dy. (1.0.5)

The boundary I',, is a curve satisfying

/ nds=0. (1.0.6)

As shown later, the pressure is only unique up to a constant. The constraint
(1.0.6) avoids that this constant changes the objective functional arbitrar-
ily. The control acts on a part of the boundary of the body I'. C I',, and
homogeneous Dirichlet boundary conditions are prescribed on the boundary
'\ ..

The set of admissible controls G is a bounded, convex, closed, and non-
empty subset of R”. Furthermore, we assume 0 € G, which gives us the
option to turn off the control admissible in the optimization problem. For a
more detailed discussion of such convex control constraints, we refer to [I10].
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CHAPTER 1. INTRODUCTION

Let us shortly review available literature on analysis of optimal control
problems for the Navier-Stokes equations. Starting with Abergel and Temam
[2] there is an ever growing list of contributions. Let us only mention the work
by Gunzburger, Hou, and Svobodny [51], Gunzburger and Manservisi [52],
Hinze and Kunisch [54, [55], Kunisch and de los Reyes [2§], de los Reyes and
Yousept [30], de los Reyes and Troltzsch [29], Abergel and Casas [I], Casas
[24], 23], Troltzsch and Roubicek [84] and Wachsmuth [103]. Finite-element
error estimates can be found in the work of Casas, Mateos and Raymond
[20]. Optimal flow control problems with state constraints were studied by
Griesse and Reyes [50], Reyes and Kunisch [80].

The novelty of the first part of this thesis is that it combines the use of very
low regular boundary controls, i.e. in L?(T'), and integral state constraints.
There are only a few contributions to optimal control theory using Dirichlet
controls in L?; see for instance Kunisch and Vexler [61] and Casas, Mateos and
Raymond [20]. In the context of steady-state Navier-Stokes equations this
is a new and promising approach, since the use of L2-controls yields localiz-
able optimality conditions, whereas the use of, for instance, H'/?(I")-controls
yields optimality conditions containing non-local boundary operators.

In view of the low L2-regularity of the controls, the boundary integrals
(1.0.2) and (1.0.5)) are no longer well-defined, since the velocity field u is not
regular enough to admit traces on the boundary. Therefore, we transform the
boundary integrals into volume integrals leading in case of the drag constraint
to a non-standard mixed control-state constraint, see Section below.

As it is well-known, the steady-state Navier-Stokes equations are solvable
in suitable spaces. If the data and/or the Reynolds number 1/v are small
enough then the solution will be unique. To judge whether this condition is
fulfilled in a concrete application is a delicate issue in particular in the case of
inhomogeneous boundary conditions, see the discussion in the monograph of
Galdi [44]. Hence, instead of assuming smallness of the data, we assume non-
singularity at the optimal control, which is equivalent to unique solvability
of a certain linearized equation, see Section [2.4.2]

By assuming the existence of a linearized Slater point to the state con-
straint (1.0.5)), we are able to prove first-order necessary optimality condi-
tions, see Section [4.1} For the special case of smooth controls, the resulting
optimality system simplifies considerably, see Section [£.3] Furthermore, we
state a second-order sufficient optimality condition for the problem under
consideration. The first part of this thesis is complemented by numerical
experiments on a high-lift configuration. One numerical approach was to
solve the associated nonsmooth first-order optimality system of two coupled
Navier-Stokes equations. At the end of this topic, we also implemented an
SQP method with a penalty term in the cost functional to handle the integral
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state constraint and proved its convergence.

Afterwards, the second part of the paper deals with a nonstationary prob-
lem, considering a model closer to a real setting, that accounts also for turbu-
lence. Here, the flow is computed on the basis of a k — w WILCOX98 turbu-
lence model, see (7.0.2), including the nonstationary Navier-Stokes equations
and high Reynolds numbers. There are many approaches of turbulence mod-
eling. Let us just mention Reynolds-averaged Navier-Stokes (RANS) based
models, one equation models and also two equation models, for instance the
k — € model and the &k — w models. For every group, one can find many
variations, see for instance [114].

The curse of dimension and the inherent nonlinearity leads to very large
computing times so that a mathematical optimization analogous to the sta-
tionary case is fairly unrealistic. In [19], a generic high-lift configuration was
investigated and one forward solution of the turbulence model took about
48 hours. In the case of the SCCH configuration, which we consider here,
the computation time was nearly twice that number. We think that model
reduction is a method of choice to avoid such extremely long computation
times. To this aim, many authors have considered proper orthogonal decom-
position (POD), see e.g. [4, 62, 63, 111]. The problem is that, in this case,
we have to insert the POD basis as a Galerkin basis in the full turbulence
model, which is a time consuming task. Thus, we decided to follow an alter-
native approach by Luchtenburg, Noack et al. [66] [74] of building a low-order
dynamical system based on uniform oscillation by parameter identification.

The original full optimization problem consists of the cost functional,
calculating the lift, the nonstationary Navier-Stokes equations, the associated
k —w WILCOX98 turbulence model and of constraints on the control. In the
nonstationary part, we discard for simplicity constraints on the drag. The
control function is considered as a periodic function ¢t — g,

g = Bcos(wt),

where B is the actuation amplitude and w is the actuation frequency. In
our problem, we consider only the actuation amplitude B as the optimiza-
tion parameter. For further work, the actuation amplitude is one possible
additional optimization parameter.

In Chapter 7, we consider our optimization problem in detail with the
turbulence model and introduce the standard POD method.

Unfortunately, the POD method does not identify clear frequencies and
amplitudes. Thus, in Chapter 8 we filter the POD mode coefficients in a
way that we neglect fluctuations of frequencies and amplitudes to get clear

5



CHAPTER 1. INTRODUCTION

structures and to calculate the associating modes. With the help of these
coefficients, we build a reduced-order model (ROM), similar to Luchtenburg
et al. [66], consisting only of four ODEs describing uniform oscillations.
We identify the inherent parameters. Based on the results of the ROM, a
formula for the lift calculation is created and so we are able to establish
an optimization problem based on this new lift formula and the low-order
dynamical system.

In Chapter [0 we establish an optimality system, consisting of an objec-
tive cost functional, calculating the lift of the aircraft based on the POD
coefficients, the dynamical system of 4 ODEs as state equations and con-
straints on the control, to investigate the optimization problem numerically

We need only a fraction of time for one solution of the state equations
compared to the full system while the optimal actuation amplitude is almost
the same.

The main results of the stationary part, except the SQP-method and its
convergence, have been published partially word for word in a joint work with
D. Wachsmuth [58|, while Chapter 8 is published partially word for word in
a joint work with B.R. Noack, M. Schlegel, F. Troltzsch and D. Wachsmuth
[57].



Chapter 2

The steady-state Navier-Stokes
equation

The Navier-Stokes equations are a mathematical model to describe the mo-
tion of fluid flow. Claude Louis Marie Henri Navier (x10. February 1785 in
Dijon; +21. August 1836 in Paris) was a French mathematician and physicist
and Sir George Gabriel Stokes (x13. August 1819 in Skreen, County Sligo;
+1. February 1903 in Cambridge) was an Irish mathematician and physicist.
They were the first trying to derive equations of motions for fluid.

The nonlinear incompressible steady state Navier-Stokes system with in-
homogeneous Dirichlet boundary condition is given in its dimensionless form
as follows

—vAu+ (u-V)u+Vp=f inQ
divu=0 in Q2
u=g¢g onl,,
u=0 onI\T..

(2.0.1)

Here, the velocity field is denoted by u and the pressure by p. In this section,
we investigate the steady-state Navier-Stokes equations mathematically, this
includes the spaces for the solutions. After that, we have to clarify in what
sense the solutions are defined.

2.1 Function spaces

Let us first define the spaces of p-integrable functions and summarize some of
their basic properties. The functions are defined on a domain 2 C R" with
boundary I', which is assumed to be sufficiently smooth, I'll explain later.

Definition 2.1. Let Q) be an open subset of R™ and 1 < p < oo. The set of

7



CHAPTER 2. THE STEADY-STATE NAVIER-STOKES EQUATION

p-integrable functions is defined as

LP(Q) ={u: Q — R;u is measurable and /]u\pdx < o0},
Q

endowed with the norm

ul|r = {/ u(z)[Pdz} /7.
Q

For p = oo, we define
L) ={u: Q — R; u is measurable and |u(z)| < C a.e. in Q, C > 0}
and introduce the norm
|lu|| Lo = inf{C : Ju(x)| < C a.e. in Q}.

We will provide some basic inequalities to deal with Lebesgue integrable
functions. At first, we have the well-known theorem:

Theorem 2.2 (Holder). Let uw € LP(2) and v € LI(2) with 1 < p,q < o0

and
1

1
"
P q

Then wv € L' () and

|uvl[r) < llullze@)llv] La@)-

The spaces LP(£2) are Banach spaces for 1 < p < oo and reflexive for
1 <p<oo. InL*), a scalar product can be defined by

(U, V) 2(0) = /uv dz

Q

and a Hilbert space structure is also obtained. The space of infinitely dif-
ferentiable functions with compact support is denoted by D(£2) and its dual,
the distributions space, by D’(£2).

The Sobolev space W™P(Q) is the space of LP(§2) functions whose weak
derivative up to order m is also in LP(€2): For these spaces a norm is intro-
duced in the following way:

1/p

[ulwma = Y [1D7ull%

lil<m



2.1. FUNCTION SPACES

In the case p = 2, the space H™(2) := W™2%(Q) is a Hilbert space with scalar
product

(u,v)gm = Z (Dju, Djv)pe.
l71<m
The closure of D(2) in the W™?(2) norm is denoted by Wi"?(€2). For more
details of Sobolev spaces and a proof for the two following Sobolev imbedding
Theorems, we refer to [3].

Theorem 2.3 (Sobolev imbedding Theorem). Let Q be a domain in R™ with
the cone property. Then the imbeddings

np
n—mp’
W™P(Q) — LYQ), formp=mn and 1 < g < o0,

WmP(Q) — C(Q), formp>n

WmP(Q) — LUQ), formp<nand1l <gq<

are continuous.

In the two-dimensional case the imbeddings H'(€2) — L%() for 1 < ¢ <
oo and WHP(Q) — C(Q) for p > 2 are continuous.

Theorem 2.4. Let Q be a domain in R™ with C'-boundary.

1. Suppose mp < n and n —mp < n. This leads to
WIHtmP(Q) — W™(Q)
forp < q<mnp/(n—mp).
2. Suppose mp = n. Then, we obtain
WITmP(Q) s W(Q)
forp < q < 0.

Inhomogeneous boundary values will be defined by the trace of W*»(Q)
on the boundary.

Theorem 2.5. Let 2 be a bounded Lipschitz-domain and 1 < p < oco. Then
there exists a linear and continuous mapping 7 : WHP(Q) — LP(T') with

(tu)(z) = u(x) a.e. onT

for allu € WP(Q) N C(Q).
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For a proof of this theorem and the next two, we refer to [3].

Definition 2.6. The element Tu is defined by the trace of u on I' and the
mapping is called the trace operator.

Theorem 2.7. Let m > 1, m € Z and I' of class C™ V1. Then, we obtain
that the trace operator T is for mp < n continuous from W™P?(Q) to L"(T'),

if1§7"<w.

< For mp = n, we get that 7 is continuous for all
n —mp

1 <r <.
Another statement of [3] is:

Theorem 2.8. Let Q2 be of classC™, m > 1, k€ Z, and 1 < p < oco. Then
the trace operator T is continuous from W™P(Q) to Wm=1/p»(T).

Because we have to deal with functions satisfying divu = 0, we introduce
the space

V:={ueDQ)":divu =0}

The closure of V in the Hj-norm is denoted by V and if {2 is an open bounded
Lipschitz set, it can be characterized as

V=A{uce H(I)(Q) :divu = 0}.

We assume that the boundary of € is in C2?. The outer unit normal on I'
is denoted by n. The boundary I" is the union of m connected components,
I'= U;nzl L.

Furthermore, we define the following spaces on €2 and I':

H*(Q) ={ve H*(Q)" :divo=00n Q, (u-n,1)y-1/20,) m2r,) =0

Vie{l,...,m}}, s >0,

H)(Q) ={ve H(Q)" :divv=00on Q, u=0on T}, s>1/2,
H*(T) = {ve H*(I) frju-n:Oijl...m}, s >0,
L?(Q) ={v e LP(Q)" :dive =0}, p > 1,
L) = L7(T)", p = 1,
H™(T) = (H (), s >0,
H*(Q) = (H*(Q)NHy(Q)),s > 1
(2)
()



2.2. THE STOKES EQUATIONS

and the differential operators for vector-valued functions u and scalar-valued
functions p:

Au € R": (Au); = Auy, i=1,...,n,

Vp eR": (Vp); = a—%p, 1=1,...,n,

%u:nVUGR”:(%u)i:%ui, 1=1,...,n,
" o, |

(u-V)uGR”:((u-V)u)i:;uja—zj, i=1,...,n.

Remark 2.9. As mentioned later, the terms (u - n,1>H71/2(F].)’H1/2(F7.) =
0V € {1,...,m} are important to obtain the existence of very weak solutions
for arbitrary large data. The trace operator is only defined for s > 1/2.

Before considering the solvability of the Navier-Stokes equations, we want
to have a look on the Stokes equations.

2.2 The Stokes equations

The Stokes equations are similar to the Navier-Stokes ones, but without the
nonlinear term. They are given by

—vAu+Vp=f inQ
divu =0 in
u=g¢g onll,

u=0 onI[\T.

(2.2.1)

Let us define the bilinear form a(u,v) := v(Vu, Vo). Then we call u a weak

solution of (2.2.1), if
a(u,v) = (f,v) YveV

is satisfied. The next theorem guarantees existence and uniqueness of solu-
tions for (2.2.1) and we refer to [27, 47, 97] for the theory.

Theorem 2.10. For every f € H™Y(Q) and g € HY*(I') with

/g-nds:O

the Stokes equation ([2.2.1) has a unique solution (u,p) € H'(Q) x L*(Q),
where p is unique up to a constant.

11
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The next theorem,see [44, Vol. 1, Thm. IV.6.1|, shows that the solution
(u, p) is more regular if the data (f, g) is more regular.

Theorem 2.11. Let u be a solution of the Stokes problem (2.2.1) on a
bounded domain @ C R™, n > 2 of class C™"2, m > 0 corresponding to

feWwWm™(Q), ge Wmttaeqr),

Then, we obtain
u€ W™24(Q),  pe Wmthi(Q).

Moreover, the following estimate holds
[ullwmsza@) + [[pllwmnrra@) < el fllwmag) + |gllwmiz-vaary) — (2.2.2)
with a constant ¢ = ¢(m,n,q, ).

Corollary 2.12. The special case ¢ = 2 and m = 0: For f € L*(Q) and
g € H32(T"), we obtain u € H*(Q) and p € H'(Q) as solutions for the Stokes
equations (2.2.1). Let us define the associated control-to-state operators

G :HY*I') = H*(Q), g — u

with f =0 and
S:LA(Q) - H*(Q), fru

with g = 0.
We even get the following theorem, see [26, Vol. 6, Thm. 1.11].

Theorem 2.13. Let € be an open bounded set of R™, n = 2,3, of class C",
r=max{m+ 2,2}, m > —1, m € Z. Let

feW™(Q) ge W™(T)
satisfy the compatibility condition
/ g-nds=0.
Ie
Then there exists a unique solution
(u,p) € WTH9(Q) x W™Ha(Q)

of the Stokes problem (2.2.1) (p is unique up to a additive constant), satisfying
22.9).

Let us specify, in what sense we want to solve the Navier-Stokes equations.
The first and standard way is to consider weak solutions.

12



2.3. WEAK FORMULATION

2.3 Weak formulation

See [44] for more details on weak solutions of (1.0.3). For simplicity, we
define some functions b : H'(Q2) x H'(Q) x H'(Q) — R

b(u,v,w) == ((u- V)v,w)2q) (2.3.1)
and B : H(Q) — (H'(Q)) for u,v € H(Q)
(B(w),v) @ )y m @ = blu, u,v). (2.3.2)

Due to to the quadratic character of B, its differentiability is easily to see.
The first Fréchet derivative B’(u)u of B with respect to @ is a functional of
(H'(Q))" and has the following form

(B'(@)u, v) m @)y @) = b8, u,v) + b(u, @, v)
with v € H'(Q). The second Fréchet derivative B”(u)[@, 4] is given by
<B”(ﬁ) ['&, 7:[;], U>(H1(Q))’7H1(Q) = b(?’l, '&, U) + b(ﬁ/, ﬂ, 'U).

Additionally, we get the following properties for the nonlinearity b and B,
see [55],
Lemma 2.14. The nonlinear term b and B fulfills

1/2
L2(Q)

1/2
1. |b(u, v, w)| < cful| H/2(Q)

H'(Q),w € L*(Q),

lullggs o 10l @ 1wz i), Yu € HA(Q),v €

2. 1b(u, v, w)| < ellullp o) [Vl @ llwlli o), Yu, v,w € HH(Q),

3. <B”(ﬂ) [’[L, 12], U>(H1(Q))’,H1(Q) = <B/(?~L)7:L, U)(Hl(Q))’,Hl(Q)

4 5(3”(’@)[% ul, v) @)y () = (BW), V)@ )y i@ foru=u=1

with a constant ¢ € R.

Multiplying (T.0.3)) by test functions (v,q) € V x L*(Q), we obtain by

partial integration the following weak formulation

a(u,v) + b(u,u,v) = (f,v)vv in Q (2.3.3)
TU =g on I, (2.3.

where 7 : H' :— H%(FC) is the trace operator.

13



CHAPTER 2. THE STEADY-STATE NAVIER-STOKES EQUATION

Theorem 2.15. Let ) € R" be a bounded locally Lipschitz domain of R™, n =
2,3 with T' := 08 constituted by m + 1 connected components I'y, ..., ['piq,
m >0,

feH Q) and g € HY/Z(T,)

/ g-nds=0.
Ie

Then, there exists under additional assumptions, see [{4), Vol. 2, Thm. VIII.J.1,
Thm. VIIIL.4.2], at least one solution (u,p) € H () x L*(Q) for (2.0.1)) sat-
isfying the estimate

with

Pl < el f 1) + lullen ) + Vilullm @)-

Furthermore, there exists c¢; = ¢1(n,)) such that if

9ll1/2.20) < c1v//2,

u verifies

lullar @) < c2(llf ) + 9l o + O+ 2)Igllgs )-

H?(T)

with co = co(n, Q). If

I llri0y + 91,y + (1 gl < cov®

is additionally satisfied with c3 = min{cy, 1/cok}, then u is unique and p is
unique up to a constant.

Proof. For the proof and the additional assumptions, we refer to [44, Vol. 2,
Thm. VIII.4.1, Thm. VIIL.4.2|. O

We can obtain some extra regularity of the solution (u,p), if the right
hand side is smooth enough, see [44, Vol. 2, Thm. VIIL.5.2|:

Theorem 2.16. Let Q be a bounded domain of R, n > 2, of class C?. Let
u € WH(Q)NL*(Q)

be divergence-free, satisfying (2.3.3) for some p € L*(Q2) and for all v €
Ce(Q). Then, if
feLQ), ge WM,
with
qE(l,OO), an:2:

14



2.4. VERY WEAK FORMULATION

while
g€ (@n/(n+2),00), ifn>2,

it follows that
(u,p) € W>1(Q) x Wh1(Q).

Moreover, if Q0 is of class C™ 2 and
feW™I(Q), geWrter,)

with m > 1 and
g€ (l,00), ifn=2,

while
q € (n/2,00), ifn>2,

then
(u,p) € W™24(Q) x WmHha(Q).

We obtain by Theorem with ¢ = 2:

Corollary 2.17. Let f € L*(Q) and g € H3/2(I‘c) . Then, it follows that
(u,p) € H*(Q) x HY(Q).

2.4 Very weak formulation

Here, we have to resort to the notation of very weak solutions, since in general
weak solutions in u € H'(Q) do not exist due to the desired low regularity
L*(T.) of boundary data. The theory in this section is based on [69, 40, [39].
Definition 2.18. Let g € HY(I') be given. Then we call u € L*™~D(Q)

a very weak solution of the state equation (2.0.1)) if for all test functions
v e HE(Q), 7 € HY(Q) it holds

0
/Q(u (—vAv) — (u- V)vu) dx+/rg : V% ds = (f,v)u-1),m@ (2.4.1a)

and

/QVW-udx—/F(yn)W ds = 0. (2.4.1b)

15
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Here, the first equation is obtained by partially integrating the Navier-
Stokes equations twice and using the equation:

0v;
— Z /ul 8;2 v]uj dz + /Fuiujn,-vj ds

:—/(u-V)v-u+u-vdivudx+/(u-n)u-vds
Q r

Then, we can reformulate the first equation of (2.0.1) to (2.4.1a]) by

/Q( vAu+ (u-V)u+ Vp)v do — (f,v) g-19),51(0)

:/ vVu-Vo—(u-V)v-u+u-vdivu+p-dive de
Q
ou
-+ (U . n)u U — Va—?) ds — <f, U>H—1(Q),H1(Q)
r n

ov
:/ u- (—vAv) — (u-V)v-ude +/g Vo ds — (f,v) u—1(0),H (-
Q r n

The second equation ([2.4.1b)) is the weak formulation of divu = 0:

/divwrdx:—/u~V7rdx—|—/(u-n)7rds
Q Q r

—/u-Vﬂdx+/(g-n)7rds.
Q c

Moreover as discussed in [40], it incorporates the Dirichlet boundary condi-
tion for the normal component of u, since the term fr g- V— ds acts only
on tangential components. For example, let n = 3 and and v be a smooth
function. Then it holds 2 5 (curlv) x n, which implies that is orthogonal to
the outer normal, and thus the product fr u- I/av ds in acts only on
the tangential component of wu.

The existence of very weak solutions with inhomogeneous Dirichlet bound-
ary conditions is discussed in |39 40, 45, [69]. We remark that it is essential
to have fFi g-nds =0 for all connected components of I' to obtain existence

of solutions for arbitrary large data. For boundary data in H°(I') it holds
the following.

Remark 2.19. If the data are regular and the problem has a variational
solution (u,p) € H'(Q) x L3(Q), then it is easy to see that the variational
solution is also a very weak solution.

16



2.4. VERY WEAK FORMULATION

In the next theorem, we investigate the linearized state equation, see [69,
Theorem 3.

Theorem 2.20. Let g € L*(T.) and z € L*®"~Y(Q)2. Then the linearized
problem
—vAu+ (z-Vu+Vp=f inQ
divu=0 1in
u=g onl,
has a unique very weak solution u € LQ”/(”fl)(Q) and additionally, we obtain

[ul[g2n/-1 ) < (1 + [|2llp2n/e-n 9 l9llL2(r,)-
Let us now formulate the main result of this section.

Theorem 2.21. For every f € H ' (Q) and g € H*(T"), there exists a very
weak solution u € L/ "(Q) of [@.0.1). In the two-dimensional case, this
solution belongs to HY/*(Q).

The existence proof and a discussion of the smallness assumption of the
data and/or the Reynolds number Re = 1/v can be found in [69]. The
H'/2-regularity for the 2d-case result can be proven following the lines of
[69]. Unique solvability with respect to less regular data, i.e. in W~1/%4(T)
is investigated in the articles by Farwig, Galdi, Sohr [39, [40], 45]. Once
existence of a solution is proven, the pressure field p can be reconstructed by
means of De Rham’s Lemma, see for instance [97].

One can find in [69] that there exists a distribution p € W27/ (1) guch
that

—Au—(u-V)u+Vp=0
holds in the sense of distributions.
In view of the existence result, let us define for abbreviation the state

space
U = L*/0=(Q).

2.4.1 More regular solutions

Let us briefly show that more regular boundary data in L”(T") yields more
regular solutions. In the following considerations, we will split the state
w in two parts, u = ug + u;. The function ug is defined as the unique very
weak solution to the Stokes equation with inhomogeneous Dirichlet boundary
conditions
—vAug+ Vpo=0 in 2
divyy =0 in (2.4.2)

up =g onl.

17
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Then u; = u — ug solves the following equation subject to homogeneous
Dirichlet boundary conditions

—vAu; + (u-V)u; + Vpr = —(u- V)uy in Q
divu, =0 in Q (2.4.3)

u; =0 on I

As one can easily see, both systems are uniquely solvable. At first, let us
prove higher regularity of wuy.

Lemma 2.22. Let g € L?(T) NH"(T"), p > 2, be given. Then the solution of
(2.4.2) satisfies ug € LI(S2), where q is given by

_np_ 2 <p<
= {n—l if2<p<oo (2.4.4)

+oo if p=oo,n=3.

Proof. The mapping g — g is linear and continuous from W~/PP(I") to
L?(Q) and from W!™VPP(T') to W'P(Q), see e.g. [12, 25]. By interpola-
tion arguments, we have continuity of this solution mapping from LP(I") to
WUYPP(Q)). The claim follows by the imbedding argument WYPP(Q) —
L7(Q2), see Theorem . The result for p = oo, n = 3 can be found in
[o1]. O

Applying this result, we can prove higher regularity of the function u
and in consequence of the solution u of the nonlinear system.

Lemma 2.23. If the boundary data g is in LP(D) NH(T'), p > 2 (n = 2) or
p >4 (n=3), then u belongs to LI(Q) with q given by (2.4.4)).

Proof. Let us first consider the 2d-case, n = 2. Then we have by Theo-
rem u € L*Q). This implies (v - V)u € H (), hence u; = u — ug

solves

—vAu; +Vp = —(u-V)u in
divuy; =0 in (2.4.5)
up =0 on I,
and we have u; € Hj(Q) < L'(Q) for all 0 < ¢ < oo.
In the 3d-case, n = 3, Theorem gives u € L*(Q). Since p > 4 by
assumption, Lemma yields ug € L*/2(Q2) C L5(Q). Taking v € Hj(Q),
we find after integration by parts

| w Fyuow dal = | = [ (- Voo da| < el Voluz ol lulsior
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2.4. VERY WEAK FORMULATION

Then (u - V)ug belongs to H™'(€2), and the solution u; = u — ug of ([2.4.3)
belongs to Hy(2) «— L%(Q). Hence u = ug + u, is in L°(Q) as well. This in
turn gives (u- V)u € WL7(Q), r = z% > 4 with the following argument:

| / (- Vg da] < el Vollg g ol vz o s o

By [25], the function u; as solution of belongs then to W'*(Q) —
L>(Q).

In both cases, (n = 2,3), the function u; is as regular as ug, hence the
solution u belongs to the space L?(2) with ¢ as in (2.4.4). O

2.4.2 Regularity assumption

It is well known that the stationary Navier-Stokes equations are uniquely
solvable if the data/the control function g is small, see for example [69]
Theorem 4.

Hence, if we want to have a unique response u to each control g we would
have to impose restrictions on the control to enforce uniqueness of solutions.
This technique is widely employed in optimal control of the stationary Navier-
Stokes equations, see e.g. [50, 80, 8T 84, 103]. We will however proceed
without a smallness assumption and therefore with non-uniqueness of the
solutions. Since we allow multiple solutions of the state equation, we have
to clarify the meaning of optimality.

Definition 2.24. A pair (u, g) is called locally optimal, if there exist p,, pg >
0 such that J(u,g) < J(u,g) holds for all admissible pairs (u,g) with ||u —

ullu < pu and |lg = gllr2r,) < pg-
Here, a pair (u,g) is admissible if it satisfies the constraints ((1.0.3)—
[T0.5).

Instead of enforcing uniqueness of solutions for all controls, we will impose
the following regularity condition on an optimal state. A similar assumption
is used to derive error estimates for distributed control in [20].

Definition 2.25. A pair (4,g) € U x H(T) is called non-singular, if the
linearized Navier-Stokes equation

—vAu+ B'(w)u+Vp=f inQ
divu=0 1inQ (2.4.6)

u=g onl,
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admits a unique very weak solutionu € U for all g € HY(T') and f € H*(Q).
Moreover, we assume that the solution mapping g — w for f = 0 is linear
and continuous from HO(T') to HY*(Q), and the mapping f — u for g = 0
is linear and continuous from H™1(Q) to Hy(Q).

This condition is fulfilled, if the state @ is small enough [79, Lemma
B.1]. The assumption of non-singularity implies that the state equation can
be solved uniquely in a neighborhood of the reference/optimal control and
state, confer [20, Theorem 2.5| for a proof using an implicit function theorem.

Theorem 2.26. Let (7, §) € UxH’(T') be a non-singular solution of (1.0.3).
Then there exist an open neighborhood O(g) of g in H°(I'), an open neigh-
borhood O() of @ in U, and a mapping S from O(g) c H*(T) to O(a) C
U = L209(Q) of class C? such that, for all g € O(3), S(g) = u is the
unique very weak solution in O(u) of (1.0.4).

Furthermore, the action of the first Fréchet derivative u = S'(g)g is given
by the unique very weak solution of the linearized equation (2.4.6)).

20



Chapter 3

The optimal control problem

Since we will work with very weak solutions v € U = L*/"~1(Q), we have
to clarify the meaning of the boundary integrals in the objective functional
and the state constraint (1.0.3). These would be well-defined if the
regularity 9% € L(I') could be guaranteed. This is not fulfilled for very weak
solutions from HY?(Q) or U. We will thus extend the linear functionals
in and to the larger space U. The idea of reformulating the
functionals in this way arises by reading the paper of Braack and Richter
[18].

In the first section of this chapter, we introduce reformulated boundary

integrals for and with once partial integration. They are well-
defined for v € H'(2) and we need them in Section Here, we consider
g € GG and the associated state u € U. Therefore, we have to reformulate
(1.0.2) and (1.0.3) again with partially integrating twice in the second section.

3.1 Reformulation of the boundary integrals
Let us assume for a while that u,p € C'(Q)™ are classical solutions of ([1.0.4))

to the control g. Multiplying the state equations (1.0.4) with a function
©; € H'(Q), we obtain by partial integration

0= (—vAu+ (u-V)u+ Vp, ;)
= / (vVu -V + (u- V)up;) dz — / (V@ - pn) i ds.
i, r\ On

In order to represent the functionals in (1.0.2)), (1.0.3]), let us introduce func-
tions ¢;, i € {d, [}, that take suitable chosen boundary values. Let ¢; denote
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CHAPTER 3. THE OPTIMAL CONTROL PROBLEM

the weak solutions of the Stokes equations

—Ap; +Vm; =0 in

3.1.1
divg; =0 in 2 ( )

with boundary values

B e only, B e; on I,
7730 o\’ YT o oD\

Using the transformation above, we can write for i € {d, (}.

—/ y@— n €»ds——/ y@— n . ds
- on p i = i on p Pi

= / (vVu -V, + (u- V)uy;) dz.
Q
Taking the right-hand side of this expression, we define the functional

Fx(u) = /Q (vVu -V, + (u- V)uyp;) dx (3.1.2)

for i € {d,l}. This function is well-defined for u € H*(Q), but for u € U we
have to reformulate the boundary integrals once again.

3.2 Further reformulation of the boundary in-

tegrals
Let us now assume that u € C*(Q)",p € C*(Q)" are a classical solution of
(1.0.4) to g. Multiplying the state equation (1.0.4) with ; € H*(Q), we
obtain by partially integrating twice

0= (—vAu+ (u-V)u+ Vp,p;)
0
= / (vVu -V, + (u- V)up;)de — / (V—u - pn> ids
Q r on

_ /Q (—vu- Ap; — (u- V)pu) d

Ip;i du
+/F (Vu% + (u-n)(p; - U)) ds —/F (V% —Pﬂ) pi ds,
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3.2. FURTHER REFORMULATION OF THE BOUNDARY
INTEGRALS

where ¢;, i € {d,l} are defined as in the section before. Here, we need
@i € H*(Q), i € {d,1}. Using the transformation above, we can write for
i€ {dl}.

ou . B ou
—/w (l/%—pﬂ) e ds = —/F (Va-pﬂ) ©; ds
Dip;
— /F <1/u% + (u-n)(p; - u)) ds.

Taking the right-hand side of this expression, we define the functional

Fi(u) = /Q (vu - Ag; + (u- V)pu)de — / (Im% + (u-n)(ep; - u)) ds.

r
This function is well-defined for u € H*(2), s > 1/2, but not for u € U. To
handle this problem, we substitute the state v by the control function u = ¢
on the boundary. This yields

Faling) = [ u gt (w0 Vg ao - [ (19524 6wl ) ds
"’ ' (3.2.1)

In contrast to and (L.0.3), the function Fj,, i € {d, 1}, is well-defined
for states u € U and controls ¢ € H°(T"), since the functions ¢ are very
regular in comparison to the very weak solutions in U. Their boundary values
are in fact a constant vector, thus, the regularity of ¢; is only influenced by
the regularity of the boundary I'. But we have to note that the control now
appears nonlinearly in the functionals which leads to additional difficulties
for the optimal control problem, see Subsection
The following result can be deduced from Theorem [2.11}

Lemma 3.1. The functions ¢;, i € {d, 1}, belong to H*(Q)NW?>?(Q) for all
p < 0.

Then we can prove a continuity and differentiability statement for f;.

Lemma 3.2. The functions ng are continuous and twice Fréchet- differen-
tiable from U x H(T) to R. Moreover, for given u € LI(Q2) and g € LP(T'),
p,q € (1,+00), it holds F,, ,(u,g) € LY(2) and F,_ (u,g) € L’(Q2).

Proof. We get the continuity and the Fréchet-derivatives by standard argu-
ments. Because of Lemma , @i, @ € {d,l} possesses enough regularity to
give I}, (u,g) € LY(Q) and F,_ (u,g) € LP(Q). O

23



CHAPTER 3. THE OPTIMAL CONTROL PROBLEM

3.3 The optimal control problem

Now, we are able to reformulate the original optimal control problem (|1.0.2)-
1.0.5)) using the very weak solutions and the extended functionals Fg,, Fy,

3.2.1). Let us denote the following optimal control problem (3.3.1)—(3.3.4))
by (P): Minimize

~ «
J(u,g) = —Fg(u,g) + EHgHiz(FC) (3.3.1)
subject to the very weak form of
—vAu+ (u-V)u+Vp=f inQ
divu =0 in Q

u=g¢g onl,,
u=0 onI'\T,,

(3.3.2)

the control constraints

9 € Gaa={v e H'(Te) 1 (ga)i(x) < vilx) < (g0)i(2)
a.e. on I'o, Vie {l,...,n}}, (3.3.3)

and the integral control-state constraint
Fz,(u,g) < Dy. (3.3.4)

The functions g, and g, are elements of L*(I".) with (g,); < (gp); for
all i € {1,...,n} a.e. onI'. and we assume 0 € G,4. Here, we introduced
an additional regularization term §||g||. .y Where avis called the Tichonov
parameter, which measures the cost of the control and is important for the
optimality system, see Chapter [df The parameter « is supposed to be posi-
tive.

3.3.1 Existence of solutions

After introducing the optimality problem, we would like to prove the exis-
tence of solutions of problem (P). Unfortunately, we can not prove that the
objective functional is bounded from below. This is due to the absence of a
uniqueness result for the state equation for large data. Moreover, bounds on
the state of the kind ||u[luy < C||g|ly2r,) can only be derived for small data.
This is different to the distributed control problems for Navier-Stokes equa-
tions, where we can test the state equation with the state itself and obtain
an a-priori bound without smallness assumptions.
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Due to the fact that we are not able to prove the existence of solutions
for the problem (P), we will introduce a modification. Let us consider the
minimization of

1o «
J(Uag) = 1/)(—Fgl (U,g)) + 5”7]1”?{1/2(9) + 5”9“%2(F6) (335)

Here, & and « are positive and small parameters. The function ¢ : R — R is
assumed to be continuous, monotone increasing and bounded from below; e.g.
(1) > Ypmin for all 7 € R. For example, one can choose the function ¢ (r) =
—log(Ly — r) with Ly € R. This function additionally forbids situations
where the lift is too small; that is, smaller than a prescribed value Ly, because
(Lo — r) € R* has to be fulfilled.

It appears that the functionals ng are not weakly continuous with respect
to g € HI'.). In order to overcome this difficulty, we will impose the
following control constraint, where éad is a closed and convex set such that

éadC{gEGad: / (g-n)(gpi-g)ds:o,iE{d,l}}. (3.3.6)

If the control boundary is not part of the observation boundary, i.e. I'.NI',, =
(), one can choose G,q = G.q. This choice is also valid in the case of pure
tangential controls g - n = 0.

Let us denote the modified minimization problem (3.3.5)(3.3.6) by (P).

Theorem 3.3. If there is an admissible pair (u°, ¢°) € HY?(Q) x Guq, which
satisfies (3.3.2)~(3.3.4) and the control constraint (3.3.6)), then the problem

(P) admits at least one solution.

Proof. The objective functional J is bounded from below by construction.
We can restrict the optimization problem to the set of all admissible pairs
(u, g) with J(u, g) < J(u, g°) without changing the set of global minimizers.
Let us take such an admissible pair. We then obtain

a « ~
Sllelltpz ) + S l9lew,) < —¢(=Falw,9) + J (', g")
< _¢mm + J<u07 90)7

(3.3.7)

which implies that the set of admissible pairs with smaller value of the ob-
jective than J(u°, ¢°) is bounded.

Since J is bounded from below, there exists a minimizing sequence
(tn, gn) € HY2(Q) x H(T'). In view of (3-3.7)), this sequence is bounded and
we can extract a weakly converging subsequence, which is again denoted by
(Un, gn), i.€. up — @ in HY?(Q) and g, — g in HY(I).
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By compact embeddings, we have u,, — w in LP(Q2)" for all p < 3 after
extracting another subsequence, see [3, Theorem 6.2].

The set G’ad is weakly closed by construction, éad is defined as closed and
convex, which implies g € Gad- Together with the control constraint g, €
G aa, this allows us to pass to the limit in the functions F}N lim ng(un, gn) =

Fg, (4, ).
Passing to the limit in the very weak solution is straight-forward, which
implies that u is a very weak solution to g. Now, standard arguments using

lower semi-continuity of norms conclude the proof.
O

Let us summarize the difficulties in proving the existence of solutions:

1. The functional (3.3.1) is not bounded from below, since there is no
a-priori boundary ||ullv < Cllgl|yzr,)-

2. If a minimizing sequence would exist, the sequence u,, is not necessarily
bounded in U.

3. The functions F, are not weakly continuous on U x H(I).

Therefore the modification of the objective and the control constraint were
made to cope with these points.

1. The function ¢ guarantees that the objective function is bounded from
below.

2. The regularization term HuH?{l/Z(Q) gives boundedness of u, in H/2(Q).

By compact embeddings, it allows furthermore to pass to the limit in
the part of F, that involves the state u.

3. The control constraint [.(g - n)(¢; - g)ds = 0 permits to pass to the
limit in the non-linear part of F%, that involves the control.

Of course, there are several other possibilities to enforce existence of solu-
tions. For instance, one could add regularization with respect to stronger
norms in g. This would, however, lead to different first-order necessary op-
timality conditions, which are more challenging to solve numerically; see the
comments below.

Another popular change would be to explicitly impose a smallness con-
dition on the controls. However, known smallness conditions are difficult to
verify, especially in the case of non-homogenous Dirichlet boundary condi-
tions when I' consists of more than one connected component, see [44]. But
this is the case in the application we have in mind. Moreover, the smallness
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condition on 1/v = Re is expected to be violated for concrete applications,
where typically 1/v = Re is large.
In the following, we consider the original problem without the function

a
Y and the term EHU”HIJ(Q). These modifications, particularly the term

with the norm of H"?(Q), would generate problems with the variational
inequality, for example in the Subsection [4.4] where we consider the second-
order sufficient optimality conditions.
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Chapter 4
Optimality conditions

In this chapter, we will establish the first-order necessary and the second-
order sufficient optimality conditions. These conditions are very important
for the numerical solution methods in the next chapter. First, we will inves-
tigate the first-order necessary optimality condition for the solution in the
very weak sense. We will also introduce a new space for the control function,
fitting better to the numerical investigation.

4.1 First order necessary optimality conditions

Let us return to problem (P) stated at the beginning of Section We
will now derive necessary optimality conditions to characterize local optimal
solutions. Here, we will follow the presentation in [102], Section 6.1.2] of the
regularity theory of [115]. Let now (@,g) € U X G4 be a non-singular and
locally optimal pair for (P). and we define the operator

G =(G,Gy): O(a) —>U><R
(4. 9) ( Do ) (4.1.1)

K ={0} x (—00,0] c U x R.

Here, Dy denotes the drag constraint and K induces a partial ordering
<gonUXxRby: 2 <x0& 2 e K. It is easy to show using Theorem [2.26|
that the mapping G is twice Fréchet differentiable. Then, (u,g) is a local
solution of the minimization problem

and the cone

J(u, g) subject to G(u, g) <g 0, u € Guq.
weolin (u, g) subj (u,9) <k 0, u € Gag
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CHAPTER 4. OPTIMALITY CONDITIONS

Let us define the Lagrangian associated with this optimization problem

L(uvg; 9,&) = J(uvg)+<5(g) —u, 9>U',U+€(F€d(uag> _DO)’ NS UI7§ € R.

To show existence of Lagrange multipliers, we will assume the following reg-
ularity condition: there exists § € G,s N O(g) and the associated state
@ € O(u) such that

This condition is sufficient for the Zowe-Kurcyusz regularity assumption
[115], see e.g. [99]. Now, we are able to establish the necessary first-order
optimality conditions for (P).

The optimality system

Under these assumptions, the existence of Lagrange multipliers follows by
known results, see e.g. [99] 102] 115].

Theorem 4.1. Let (u,g) a non-singular local optimal solution for (P). Let
us assume that there are § € Goq N O(g) and the associating state u € O(u)

such that the linearized Slater condition (4.1.2)) is satisfied. Then there exists
0 € U and € > 0 such that the equation

0 = I, (@,9)+EFY ,(4,9), (4.1.3a)

€, u

the variational inequality

(&g—ﬁi (a7§)+€Fé’d,g(ﬂvg)+sl(g)*07 g_g)LQ(FC) >0 Vg € Gada (413b>

€19

and the complementarity condition
E(Fz,(u,9) — Do) = 0, £ > 0, Fe, (4, 9) < Do (4.1.3¢)
hold.
Here, the adjoint operator S’(g)* : U" — H’(T')’ appears with
U = L(2n/(n—1))’(Q) — L2n/(n+1)<Q)'

The dual space of LP(2) can be identified with the space LP'(Q), where p/’ is
defined by p’ := p/(p—1). It is related to the solution of the so-called adjoint
equation. In fact, it holds [79):
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4.1. FIRST ORDER NECESSARY OPTIMALITY CONDITIONS

Theorem 4.2. The action of S'(§)* can be characterized as follows: for
given 0 € U’ it holds

S'(g) 0 =— (1/— — 7m>

n

, (4.1.4)

Ie

where X € Hy(Q) NW?2T(Q)™ is the unique solution of the equation in a weak
sense

/ (VVX-Vu—(a-V) v —(v- V) u)de = (0,v)g-1 (4.1.5)

for all v € Hy(Q) and m € W'(Q) the associated pressure field for all
r € [2,00).

Proof. The representation of S’(g)* is proven for instance in [79]. It remains
to investigate the regularity of A. The right-hand side (0, v)g-1 g1 is given
according to the previous Theorem [1.2] by

(0, 0) g1 1 = /ﬂ(—VAgZ?v —(v-V)pu — (u- V)gv)de,

where we used the notation p = —¢; + £py. By assumption, G4 is a subset
of L=(I"), hence g € L™¥(I'") and w € LY(2),2 < g < ooforn=2,2<¢g< o0
for n = 3, cf. . Due to the high regularity of ¢, compare Lemma ,
we can estimate with some p > n such that W>?(Q) < WH>(Q)

(0, 0) i | < e(1 4 [[a]|Lo) 1@l w2 sl o]

with 1/¢ + 1/p 4+ 1/r = 1. Since ¢ and p can be chosen arbitrarily large
(but not equal to co), we obtain § € LI(Q)", for all ¢ € (2,00). Let us now
estimate the addend on the left-hand side of (4.1.5) that comes from the

nonlinearity of the state equation:

/ ((@- V) v+ (v-V)Aa)dz| < c||y||ue]| VAl|we ||v]||Lr (4.1.6)
Q

with 1/¢g+1/p+1/r=1,2 < ¢ < 0.

Since (@, g) is non-singular, the equation is uniquely solvable with
solution A € Hy(Q). That is, estimate (4.1.6) holds with p = 2. We can
interprete the adjoint state as the weak solution of a Stokes equation, where
the terms in (4.1.6) are put on the right-hand side. This allows to apply
known regularity results for the Stokes equation.

With p = 2 the estimate holds for all » > 2, hence the functional in
is in LT/(Q) for all " < 2. The regularity result by Galdi [44, Lemma
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IV.6.1] gives in a first step the regularities A € W2 (Q) and 7 € W' (Q)
for all " < 2.

By embedding arguments, we have then VA € LP(2)™", where p depends
onn: pée€ (2,00)forn=2;pe(2,6) forn=3.

In the 2d-case, is valid for all p < oo, which allows us to chose r
arbitrary small with » > 1. That is, the functional involving y and VA is
in LY(Q) for all ¢ < co. Again applying the regularity result for the Stokes
equation, we find A € W>%(Q) and = € W4(Q) for all ¢ < oo.

For the three-dimensional case, we obtain similarly A\ € W>4(Q) and 7 €
Wha(Q) for all ¢ < 6. By continuous imbeddings, VA € L>®(2)™" follows,
which gives after applying again Galdi’s regularity result A\ € W*%(Q) and
T € Whi(Q) for all ¢ < co. O

The adjoint pressure 7 is only determined up to constant. This fact is
usually circumvented by requiring fQ m dx = 0. Here, it is not necessary to
fix the constant, since the constant does not change the variational inequality
due to the construction of H(I')

(7Tn, 'U)L2(FC) = ((T(' + C)n, U)LQ(FC) Ve € R, v E HO(F)

Furthermore, the variational inequality (4.1.3b) can be written as a non-
smooth equation.

Corollary 4.3. Let the assumptions of the previous theorem be fulfilled.
Then the variational inequality is equivalent to the following con-
dition.

For each connected component T'; € T with T'; N T, # O there is n; € R
such that the following pointwise representation holds for a.a. x € T,

3(2) = B {— (~(r — 7n)(x) — Ff,(7,5) ()

+EFY, (@, 9) () +nyn(2)} (4.1.7)
forx € '.NT; and the zero net-mass conditions

/ g-nds=0 Vj:I;NT.#0
LNl

are satisfied. Here, Pg : R" — R"™ denotes the Fuclidean projection in R"
onto the set G.

Proof. At first, the variational inequality (4.1.3b)) is equivalent to

_ 1 oA ~ =
9= PGad {_E (_ (Va_n - Wﬂ) - Fé’l,g(uag) +§F€d,g<uag)> } )
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4.2. SECOND-ORDER SUFFICIENT OPTIMALITY CONDITION

where Pg_, : L*(T') — H®(T') is the projection with respect to the L*(I")-norm
on Gu4. That is, g solves the minimization problem

2

. ]_ ]_ aA ™~/ - — r/ = =
min 7 Hg +- <— (Va— — 7rn> — I (u,9) + € é’d,g(u7g))

n

L2(T)

subject to

/ g-nds=0, Vj:T;NT.#0,
FcﬁFj

g(x) € Guq ae. on I'...

Then there exist Lagrange multipliers 7; associated to the integral constraints
in this auxiliary problem, and the variational inequality

X - -
(ag - (”an - m) — Py (1,9) + €F7,,(1,9) + (3 mixs)m. 9= g) >0
J
(4.1.8)

holds for all ¢ € L3(T") satisfying g(x) € Gaq a.e. on I'.. By standard
arguments [102], it can be proven that this variational inequality is equivalent
to the projection representation as claimed. O

Remark 4.4. The derivative of Z:}i, i € {d,l} with respect to g is

P fule).gle) = = [ va(a) 32@) + (gle) - n(o)) o) - 9(0) .

Unfortunately, the argument —Fé’.l’g(ﬂ, g) + ﬁ]}é"d’g(a, g) of the projection
depends on the control itself. This term involves no smoothing operation.
Hence, we cannot conclude higher regularity of optimal controls from the
projection representation, such that « has the same regularity as 1/% — .
Moreover, the non-smooth formulation of the variational inequality is not
suitable for semi-smooth Newton methods.

To handle this difficulty, we will consider in the section after the next an
optimal control problem allowing more regular control functions. The idea
behind this is to consider a finite-dimensional control space and the once

reformulated functionals Fy., i € {d, 1}, sce Chapter 3.

4.2 Second-order sufficient optimality condition

The presentation of second-order sufficient optimality conditions in this sub-
section follows [21), 22] 48, 103, 109).
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CHAPTER 4. OPTIMALITY CONDITIONS

Let (u,p, g) be a fixed admissible pair that fulfills the first-order necessary
optimality condition of Theorem together with the adjoint state A and
the Lagrange multipliers £, 7 and let us define for simplification

. _ 85\ _ =/ _ _ =/ _ _
ji=ag— (V% - m) — Fy (0, 9) +EF, (4, 9) + (Z mx;-) n. (4.2.1)
J

For € > 0, we define by
I_‘€7ri = {$ cl: |jZ(ZL')’ > 8}
the set of strongly active control constraints for g.

Remark 4.5. Note that the variational inequality (4.1.8)) determines the
optimal control g uniquely on I'.;. We obtain

9i(%) = gai(), if ji(z) > €

and

Gi(x) = gvi(x), if ji(x) < —e.

Following Casas, Troltzsch and Unger [22], based on Maurer and Zowe
[70], the linearized cone L(, p, §) is made up of all (z, u, h) € UxW 12/ (n=1) »
L*(T") satisfying the following conditions (4.2.2))-(4.2.4)):

—vAz+(u-V)z+ (2-V)u+ V=0 inQ

divz=0 in
(4.2.2)
z=h onl,,
z=0 onI\T,,
FL (u,p,3)(z,p.h) <0, (4.2.3)
h = g— g7 g e Gad- (424)

Let us denote by
P.: L*(I.) — L*(T.), g+ xr\r.g

the projection operator. That means

(P.g)(z) = { g(ox) ZE R\ e
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4.2. SECOND-ORDER SUFFICIENT OPTIMALITY CONDITION

Then, we split for all v € L(v) the control function ¢ into g, = (g —
P.g) and g, = (P.g). The solutions (u;,p;), i = 1,2, of the linearized state
equations (4.2.2)) are associated to g;, ¢ = 1,2. This means

v =v1 + vy = (u1,p1,91) + (U2, pa, G2)- (4.2.5)

~ We assume that v = (u,p,g) fulfills with the Lagrange multipliers [ =
(A, 7, &,7) the following coercivity assumption £ (9,1) called (SSC):

There exist € > 0 and ¢ > 0 such that
(SSC) £vv(@7 l)[(u27p27 92)2] > 6”92”%20\6)
holds for all pairs (us, ps, go) constructed by (4.2.5).

Theorem 4.6. Let (v) be an admissible non-singular point for the optimal
control problem and fulfill the first-order necessary optimality condition of
Theorem with associated \,§. Assume furthermore that the coercivity
assumption (SSC) is satisfied. Then there exist « > 0 and T > 0 such that

J(v) > J(0) +allg = gl
holds for all admissible pairs v with ||g — g||Lee@r,) < 7.

To prove this theorem, we establish the followmg two lemma.

Lemma 4.7. For all g € G.q there holds

/ () (9 9)dz > ellg — g2 (4.2.6)

re

Proof. Let g € Guq and because (v,\,7,7,&) with v = (@, p, g) fulfill the
first-order necessary optimality condition (4.11)), we have

(Ji(x)) (gi(x) — gi(x)) = 0 (4.2.7)
for almost all z € I'.,; i = 1, ..., n. Integrating (4 over I'. leads with the
definition of I'.; to

[ G (0(2) - o)z

> / (i(2)) (9u(x) — gu(2))da

/ (@) lg:(2) — gi(a)lda

>5/ lgi(z x)|dx
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and the sum of i = 1,2 to the statement of the theorem. n

Lemma 4.8. For all v = vy + vy defined as in (4.2.5)) in the linearized cone
L(v) there holds

Lo(0,D[v1,v2] < ellgllezr, g2/l

Proof. We get

Lon(@, D)1, va] = /Q ~(uy - V) Ag) — (up - V) da

" /<u1 Vs + (uz2 - V) do
Q

+ /(Ul - V)paug + (ug - V)pquy da
Q

+ /(91 n) (@1 g2) + (92 -n) (¢ - 1) ds
r

+£@r®wwmﬂﬂme%yQ®+a@yﬁﬂm

< c([lullulluzllo + lgillez @, llg2llez )

Because (u, g) is non-singular and u;, ¢ = 1,2, are the solutions of the lin-
earized Navier-Stokes equations, we obtain

L0, 1)[v1,v5] < cllgillrz e lg2llnz .-
[
Now, we are able to proof Theorem 4.6, This proof is based on [22] [109].

Proof of Theorem[{.6. We assume that (u, p, g) fulfill the assumptions of the
theorem and let (u,p,g) € O(u) x O(p) x O(g) be another admissible pair.

Then we have with v = (u,p, g) and [ = (), 7, &, 1)

J() = £(5.1) ~ &(Fe (@) ~ Do) = £(7.]),
J(v) = L(v,1) — {(Fg,(v) — Do) > L(v, 1)
due to the complementary condition. This yields
J() — J(v) > L(v,]) — L(v,1]).
A Taylor-expansion of the Lagrangian £ yields the following equality:
oL

L(v, l_) = L(7, l_) + (v, l_)(u — U, p—P)
or o, p) X ) (4.2.8)
+ a—g(@ )9 = 9) + 5 Lw(@, D0 = )]
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4.2. SECOND-ORDER SUFFICIENT OPTIMALITY CONDITION

Due to the quadratic nature of the nonlinear term, the remainder vanishes
and because the first-order necessary optimality conditions are satisfied at v
with the corresponding Lagrange multipliers [, the second term of is
equal to zero. For the third term we have the inequality

5D -9) = [ )lg-g)do = elg - gl

re

see Lemma .71 This leads to

Analogous to Casas, Troltzsch and Unger [22, Section 7.2, proof of Theorem
4.2|, we approximate v — v by v; = (u, pr, g;) of the linearized cone L(v) and
the remainder term e; = (v — ¥) — v; satisfies the estimate

lell < ellg = Gl
Let us now take u; + e; instead of u — u, then we derive

L - _ . *L - 2

8(U,p)2<v7 l)[u —u,p— p] - W(Uv l)[uhpl]
0*L -

+ 2w(@>1)[uz,pz,61]
2L

+ W(U, l)[el]
0L -

= a(u p)g (ﬁvl)[ulapl]z_{_e%

with the remainder ey estimated due to the non-singularity of (@, g) by

lea| < c(llullo +[Iprllw—120/0-0 + llesflv)llerllu < elllgillezr, + llerllo)lello

and fulfilling
21

L2(Ic)
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Summarized, we obtain

J() — J(©) > = Lo(0, D[ur, pr, g1)* + llg — §||i2(rs) + es. (4.2.9)

DN | —

Now, as in (4.2.5)), we split v; = (w;, pi, g;) into

w = Uy t+uz, pp=p1+p2 9= 91+ g2,
where (uy,p1) and (ug, p2) are the solutions of

—vAuy + (- Vus + (ug - V)a+Vp=0 inQ
divu; =0 in
uy =¢g; onl.
and
—vAuy + (@ V)ug + (ug - V)u+Vp=0 inQ
divus =0 in Q
Uy = go on I

respectively, and (ug, p, g2) fulfill (ug, p2,g2) € L(v) and (g2); = 0 on T,
i =1,2. Thus, (SSC) applies to L,,(0,1)(usg, g2).
Considering the first term of the right-hand side of (4.2.9)

Loy (7, l_)[(ul,gl)]Q = Lo (7, l_)[vl]
+ 2L, (0, D)[v1, v2] (4.2.10)
+ Ly(7, Z)[UQ]Q,

2

we are able to use (SSC) and obtain

Lo DI0:)P > dllgalZoqe (12.11)
Lemma leads to

Loy (0,0)[v1, 9] < ellgnllrer,

g2 ”LQ(FC)-

We estimate L,,(7,1)[v;]* analogously to Lemma [4.8| by

Lo (0, D)[vr, v9] < CHQlHi?(FC)'
Then, we obtain

2L (T, 1) [01, V2] + Lo (T, 1) [v2)?]
= —cllgillgzry (lorllze,) + llg2ll2r,)) (4.2.12)

4 2 2
2 _§||92||L2(Fc) - CHngLZ(FC)v
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4.3. FINITE-DIMENSIONAL CONTROL SET

because of Lemma [£.8 and the Lipschitz continuity of the solutlon mapping

of the linearized system. Con31der1ng the relation ||go
g1z, (:2.10), (4.2.11) and ({£.2.12 ([.2.12), we get

HLQ(F “ngLQ(F

o
<

<
—~
<
Z
—
&
z
v

lg2122r,) = clgrllzag,y > 4||gz||L2 ry — gl

NS VI =%

) cllg — gHLZ(rE)-

s
QI
[l

o
—
o

Now, we proved

0 _ _ _
T() = 7(0) 2 Slg = gl + =g = dlluie — ellg = ol + e

Furthermore, we obtain

) _ _ _
J) = J(@) = 2llg = gllzr,) + (€ = clg = glluewa)llg = gl + €2

Choosing 7 sufficiently small, it holds

T@) = J0) 2 1lg ~ 3l

4.3 Finite-dimensional control set

We will now consider a regularized version of the optimal control problem
(3-3-1)-(3-3.4). In particular, the controls will now be taken from HY(I),
which leads to higher regularity of the associated states. For H ?(I")-controls
one has the following regularity result, see Theorem or [44, Theorem
VIIL.4.1].

Lemma 4.9. For every g € Hl/Q(F) the very weak solution u belongs to
H'(Q), and the trace of u coincides with the control g on the boundary T.

Because in this case the state u is of the space H'(Q), we are able to use

for the boundary integrals (|1 and ((1.0.3) the reformulation
Fuu) = - / (T Vi, + (u- Vi) o, i € {d, 1),
Q
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see ([3.1.2)), instead of Fys, i = d,l. Then Fs, i = d,l is twice continuously
Fréchet differentiable from H'(Q2) to R. And it holds

Fz(u) = / <y% —pn) pids = Fr,(u,g), i € {d,1},
r

for smooth states u associated to controls g. Then, we have to redefine

G2<u7g) n by
Ga(u, 9) = (Fe,(u) — Do).

Additionally, let us introduce a finite-dimensional control space. Let e;,
1 = 1...1, be linearly independent functions from HY 2(F) with support on
I'.. Let Quq € R! be the set of admissible coefficients

Qad = {(] S Rl ‘ Gay <q¢< Qb,i}a Ga> Qb € Rl'

Then, we define the set of admissible controls as

!
Gaaq = {9 € H1/2(F) 9= Z%ej, q€ Qad} .
j=1

The idea behind this space is that in many applications only a few param-
eters can be optimized. For example, in [89] the actuation in a separation
control investigation consists of a loudspeaker, where the free optimization
parameters were frequency and amplitude. So, only two parameters appear.

Instead of this construction, we could have added a penalization term like
B1gllgg1/2 to the cost functional. However, this additional term is not justi-
fied physically. Moreover, the optimality system would involve a variational
inequality with a non-local differential operator on I'..

Now, we are considering the following optimization problem, henceforth
called (P;): Minimize

- a
J(u,g) == —Fg(u) + 5”9”%12(11)
subject to the very weak form of

—vAu+ (u-V)u+Vp=0 in(
divu=0 in Q
u=g¢g onl,
u=0 onI'\T,
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4.3. FINITE-DIMENSIONAL CONTROL SET

the control constraints
9 € Gaag

and the integral state constraint

A

Fé‘d(U) S Do.

This means

l
9(x) = gje;(x), q € Qua
j=1

and
Fe,(u) = —/(Nu Vi + (u-Vug;) dz < Dy.
Q

Due to the same reasons as above, existence of solutions cannot be proven
directly. Here, we would have to work with similar modifications to (P;) as in
Section above. Rather, we would like to derive a first-order optimality
system. To this end, let us assume that (u,g) is a non-singular and locally
optimal solution of (P;). Moreover, let us assume that a linearized Slater
point for the state constraint exists, similarly defined as in (4.1.2))

Then one can argue as above to obtain:

Theorem 4.10. Let (u, g) be a non-singular local optimal solution for (P;).
Let us assume that there are § € Guao N O(g) and the associated i € O(u)
such that the linearized Slater condition is satisfied. Then there exists
a multiplier € > 0, an adjoint state X € Hy(2) N W?2"(Q)", and an adjoint
pressure m € W (Q), r € [2,00), such that (A, ) is the weak solution of

—VvAX + (Vi) A = (@- V)A+ Vi = (V)" (g1 — Epa) — vA(@r — £0a)

—(u-V)(pr — &pa) in §

divi=0 wmn )

A=0 on T,
(4.3.1a)

and such that the variational inequality
_ oA - .
ag— |v=——mn), g—g >0 Vg€ Gug, (4.3.1b)
on L2(r)

and the complementarity condition
f(pgd(ﬂ)—Do):O, § >0, ng(ﬂ) < Dy (431C)
are satisfied.
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oA

Here, the mapping g (y% — mn) is differentiable from L*(T.) to
L>(T'.). Thus, we are able to apply the semi smooth Newton method to
the system of Theorem [£.10[ This was not possible for the system in The-
orem due to the lack of smoothing in the argument of the projection
(4.1.7)).

The variational inequality (4.3.1b)) can be written equivalently as a vari-
ational inequality for the coefficients ¢ of g. Let us define the mass matrix
M and a vector D as:

O\
M eRY, M;;= /eiej ds, DeR', D; = / (V% - 77“) e; ds.
Ie

c

Then (4.3.1b)) is equivalent to
(an— - D)T(q - q_) 2 O Vq € Qad7 (432)

which is the necessary and sufficient optimality condition of the quadratic
programming problem

min quMq — D1y

q4€Qad

Under some additional assumptions, we can simplify the system (4.3.1))

even more. Here, we will replace the functions ¢; and 4 with differently de-
fined functions. Let us assume that there exists functions (y;, m;) € H*(Q) x
H'(Q), i € {d,1}, such that it holds

divp; =0 on (2
pi=¢; only
;=0 onI'\T, (4.3.3)
i
On

v —mn=0 onl.,.

The main advantage will be that that we need not calculate ¢; and ¢, in the
numerical investigation. Of course, the (p; cannot be chosen as solutions of a
Stokes system, since the above conditions represent over-determined bound-
ary conditions. With this choice of auxiliary functions, all result remain
valid, since we have never used that (¢;, ;) should be solutions of a Stokes
equation. Introducing a new adjoint state as the difference of ¢; — £y and
the adjoint state given by Theorem [£.10] we obtain

Theorem 4.11. Let the assumptions of Theorem [4.10 be satisfied. Assume
there exists (p;, ;) € H*(Q)x H'(Q), i € {d, 1}, such that ([4.3.3) is satisfied.
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4.3. FINITE-DIMENSIONAL CONTROL SET

Then there exists a multiplier € > 0, an adjoint state A € H'(Q) N W?>"(Q),
and an adjoint pressure m € WH(Q), r € [2,00), such that (A, ) is the weak
solution of

—VvAXN+ (V@) 'A = (G- VIA+Vr =0 in
divi=0 in )
(4.3.4a)
=e—&ey only,
A=0 on I'\ Ty,

and such that the variational inequality

oA .
<ag — <1/— — g+ (G- n)A) . g— g) >0 Vg€ Gaug, (4.3.4b)
al‘l LQ(F )

and the complementarity condition
E(Fz, (@) — Do) =0, € >0, Fz, () < Dy (4.3.4¢)
are satisfied.

The additional term (@ - n)A in appears because of \ € Hl(Q)
W?2"(Q) instead of Hy(22) N W?"(Q), r € [2,00), see e.g. Section [5.2.1] for a
formal Lagrange approach.

Please note that this system does not involve the functions ¢; in the
adjoint equation and in the variational inequality, which was the case for the
optimality systems obtained in Theorems 4.1} [4.2] and [£.10] This makes this
system favorable for computations, and it is used for the solution algorithm
that we employed in our numerical experiments.

The optimality system (4.3.4al)-(4.3.4c) of the previous theorem can also
be obtained formally with the help of the Lagrangian. Let us define the La-
grange functional £ as the sum of the cost functional, Navier-Stokes equation
tested with (A, 7), and state constraint

E(u7p7.ga)\7ﬂ-7§): _/(Vaa_u_pn > el dS+ /’g’ ds

w

- / M—=vAu+ (u-V)u+ Vp)dz

0
—l—/(g — u)Aods + /u)\gds
S re
+£ —/(l/%—pﬂ) ~€q ds — Dy
on
Tw
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Then, (4.3.4a]) is equivalent to
L.(a,p,g,\mEv= 0, YvecH(Q),
Ly(a,p,g, A\ m,&)g= 0, Vg e L*(Q)
and can be obtained formally by
Ly(,p, 5,7 m,€)(g — §) >0, Vg € Gaag.

In order to obtain (4.3.4b|) in a rigorous way, we had to use regular controls

and to suppose the existence of ¢; satisfying (4.3.3)).
We have chosen

!
Gaaq = {9 eH'?I): g= Zq]@j, q€ Qad}
j=1
with ¢; € HY (T"). Let us consider for simplicity in the following chapters

!
Gad = {g € H3/2(I‘) D g = quej, q € Qad} (4.3.5)
j=1

with e; € HY?(I") and ¢, ¢, € R%.

Based on this set of admissible controls Guqq, we get u € H?*(Q), see
Theorem 2.17]

Depending on the respective situation in the following, we will decide
to apply one of the two equivalent notations (4.3.2) or (4.3.1b) with Guaq

instead of éad,@-

Now, we are also able to use Fg (u) in and the cost functional
instead of Fs (u), i € {d,l}. Additionally, we have to redefine Gs(u,g) in
E11) by

Gl g) = (Fi, (1) — Dy).

Furthermore, we have to redefine the definition of non-singularity and
Theorem with (7, ) € H2(Q) x H¥*(T,) or (4, q) € H*(Q) x R, respec-
tively.

4.4 Second-order sufficient optimality conditions
for the finite-dimensional case
Almost analogously to the infinite-dimensional case, we are able to consider

the second-order sufficient optimality conditions with the control space Q4.
We refer also to [31] for this case.
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FOR THE FINITE-DIMENSIONAL CASE

Let us therefore define d := (a«Mg— D)?, similar to (4.3.2)), with the mass

matrix M and a vector D

oA
MeRY, M;; = /eiej ds, DeR', D; = / (1/% —m+ (U “)/\) e; ds.
re

re

Then (4.3.4h)) is equivalent to
(aMg—D)"(q—q) > 0VYq € Qua, (4.4.1)

which is the necessary and sufficient optimality condition of the quadratic
programming problem
@7 T
min —q" Mq— D" q.
geny 21 1
Additionally, we introduce A, := {i : d; > 0}, A_ := {i : d; < 0} and
A:= A, UA_ and the critical cone associated with g

Cyi={h eR": h; =0Vic A satisfying (£.4.2) — (£.4.4)}

—vAz4 (- V)z+(2-V)u+Vp=0 in Q
divz =0 in Q
!
4.4.2
Z(l’) = Zej(x)hj on FC, ( )
j=1
z2=0 on '\ T,
F.(a)(z) =0, if Fg(u) = Do and & >0 (143
FL(a)(z) <0, if Fz,(4) = Do and £ =0, o
>0if @ = qas
i=93 _ 1 q, fai. (4.4.4)
<O0if G = g,

Then, we define the coercivity assumption (SSC’):

The inequality
(8SC) W' L4g(q,6)h > 0
holds for all h € C; \ {0}.

and derive the following theorem

Theorem 4.12. Let (u, g) be an admissible non-singular point for the opti-
mal control problem and fulfill the first-order necessary optimality condition
of Theorem including the variational inequality (4.3.2]) with associated
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A\ €. Assume furthermore that the coercivity assumption (SSC°) is satisfied.
Then there exist 6 > 0 and T > 0 such that

J(v) > J(v) +6lqg — qf

holds for all admissible pairs (u,g) with |¢ — | < 7.
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Chapter 5

Numerical investigations

In this chapter, we want to provide numerical results for the problem under
consideration. We handle the optimal control problem above numerically by
direct solution of the optimality system that follows from Theorem and
is stated below. We follow a method suggested by Neitzel et al. [73].

Afterwards, we consider an SQP-method, whose convergence is proved in
Chapter 6.

5.1 One-shot approach

Here, we consider a slightly different problem. We have an inflow ¢, acting
as an inhomogeneous Dirichlet boundary condition on the inflow boundary
[';,. The control boundary I'. was modelled by a nonhomogeneous Dirichlet
condition, where the limited suction and/or blowing occurs on small slot on
the flap. A no-slip boundary condition, i.e. homogeneous Dirichlet condition,
was used for the remaining airfoil I',, and the wall boundaries I',;. At the
outflow I',,;, we applied a so called ’do-nothing’-condition:

y% —pn = 0.
For more details of the configuration see the technical report [19].

These do-nothing conditions have similar properties as Neumann bound-
ary conditions for scalar elliptic equations. Let us briefly comment on avail-
able results for Navier-Stokes equations with mixed boundary conditions of
Dirichlet and Neumann type. For the Navier-Stokes system with mixed
boundary conditions, existence and uniqueness of solutions u € H' () for
Dirichlet data g € HY*(I',) were proven in [72], Theorem 5.2, and [71]. We
can show, similar to Theorem [2.17, that we obatin a solution u € H*(Q) for
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g € H¥*',). Due to the ’do-nothing’ boundary condition on the outflow
boundary, the pressure p € Lz(Q) is unique. To the best of our knowledge,
similar results for low-regularity Dirichlet data in L*(T.) are still missing. If
one carries out the formal procedure as described at the end of the finite-
dimensional part or see , one finds that the adjoint equation for the
problem with ’do-nothing’ outflow condition is given by

—VvAN+ (Vi) 'N = (@- V)A+ V7 =0 in Q
divu=20 in Q
A=¢ —&ey on I',
A=0 on '\ (I'y, UT )
oA\
I/% —m+(z-nA=0 on I'yyu.

This adjoint system is analogously to the one of Theorem [4.11]

As already mentioned above, we solved the optimality system given anal-
ogously to Theorem [£.TT} Due to the presence of the 'do-nothing’ boundary
condition, we can drop the constraint frj g-n ds = 0, which was incorporated
to guarantee existence of divergence-free solutions. With this simplification,
the variational inequality and the complementarity condition in the optimal-
ity system given by Theorem are equivalent to

and

¢ =max (0,§ + Fz,(u) — Dy).

This enables us to eliminate the control variable by means of the projection.
Then we want to solve the following system consisting of the state equa-
tion with control eliminated by the projection formula, the equation for the
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Lagrange multiplier £ and the associated adjoint equation, see also [19]:

—vAu+ (u-V)u+Vp=0 in Q2
divu =0 in
1, 0A
UIPG{E(V% —7n+ (u-n)A)} on I,
u=~0 on FwallUFw\Fc
U = Joo on an
Vg—z —pn = on Iy
—VAXN+ (Vu)"A = (u- VA +Vr =0 in Q
divi =0 in Q
A=¢ —&ey on I,
A=0 on Fm U Fwall
()
Va—n—ﬂ'n"‘(un))\zo on I-‘out
and
¢ =max (0, + Fz,(u) — Dy). (5.1.1)

5.1.1 Numerical results

The computational domain, depicted in Figure 5.1} is a 2D generic high-lift
configuration consists of a NACA4412 main airfoil at 8° angle of attack and
a NACA4415 flap with a deflection angle of 37°. The Reynolds number was
given as Re = 85 based on the chord length L,.; = 1.275 and the free stream
velocity g, = 1.

We used the commercial FEM-solver COMSOL Multiphysics with a build-
in damped Newton method for the nonlinear system. The partial differential
equations were discretized using Taylor-Hood finite elements, i.e. piecewise
quadratic polynomials for the velocity and piecewise linear polynomials for
the pressure.

The equation for ¢ is in this form not solvable, because on the one hand
we only can define variables on the whole area €2 and on the other hand
COMSOL does not allow variables in R. Therefore, we choose the following
algorithm. In the first step, we solve the optimal control problem without the
state constraint. If for the computed solution the state constraint is satisfied
then this solution solves also the state-constrained problem. Otherwise, we
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wall w

out

wall

Figure 5.1: The domain

have to consider the state constraint

/V@—pn-édds:Do.
on

Ty

Integral terms in the system and COMSOL Multiphysics don’t fit together.
To handle this problem, we consider an augmented Lagrangian method for
this problem, see [13], 46}, [78]. This algorithm is related to the Penalty prob-
lem. The difference is that we here reduce the risk of ill-conditioned sub-
problems, because now we introduce Lagrange multiplier estimates at each
step to the cost functional. The penalty term does not guarantee

Fz,(u,p) = Dy. (5.1.2)

It only leads to
_ 1
(Feu(@,p) = Do) = ==&, (5.1.3)
see [78], (17.45). So, we see ([5.1.2)) is theoretical fulfilled for ¢ — oo, but we

probably get ill conditioned and numerical problems for big values of c.
Let us ignore for a while the Navier-Stokes equations and just consider
the cost functional, which we want to minimize, subject to the integral state
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constraint. Then the problem is

(Py) min J(u,p,g) subject to Fz,(u,p) = Dy

9€Gad,Q

with the optimality system
VJ(u,p) + EFZ (4, p) = 0. (5.1.4)
The associated Penalty problem reads as

(Pp) min J(u,p,g) + c(Fz,(u,p) — Do)?

geGad,q

with the optimality system
VJ(u,p) + 2cF (@, p)(Fz, (1, p) — Do) =0 (5.1.5)

The augmented Lagrangian function L4(u,g,£) avoids the problem that
we need very big penalty parameter ¢ by an estimation for the Lagrange-
multiplier £ for the integral state constraint. The augment Lagrangian
L4(u,g,&) consists of the original cost functional J(u, g), the penalty term
and the term involving the multiplier &:

»CA(U,Q,S) = J(U,g) _€(F€d<uap) - DO) —f—c(ng(u,p) - D0)2 .

Considering L4(u, g,&) as the new cost functional, we obtain the optimality
system

ViupJ(u,9) — Fz. (@,p)(§ — 2¢ (Fg,(a,p) — Dyo)) = 0. (5.1.6)

Now, we fix the penalty parameter ¢ and the Lagrangian multiplier £ in

each step by ¢ and &*, respectively. The optimality systems (5.1.4)), (5.1.5)
and ((5.1.6) leads to

¢~ &8 = 2¢(Fy,(a, p) — Dy) (5.1.7)
which is equivalent to
1
(F,(u,p) — Do) = Q—C(fk &) (5.1.8)

and we see that if £* is close to the original Lagrange multiplier &, (5.1.8) is

closer to Fg,(u,p) = Dy than (5.1.3). From (5.1.7)), we get also the prescript
to calculate the new Lagrange multiplier in the k£ 4 1th step by

¢ = &8 —2¢(Fg,(a,p) — Do)
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Arada, Raymond and Troltzsch proved in [13] the convergence of the aug-
mented Lagrangian method for a class of problems.

If the integral state constraint is fulfilled, then we are able to reduce the
associated Lagrange-multiplier £&. Or otherwise, we have to increase the mul-
tiplier.

For the uncontrolled problem, we obtained a lift of C'y = 0.595—Aif = 1.562
and a drag of Cp = %ﬁ—"zf = 0.817, where F) is the resulting lift force,

D4 the drag force and L,.; = 1.275 is the reference length of the wing, see
Figure for a streamline plot of the velocity field, and Figure for a plot
of the absolute values of the uncontrolled velocity field and Figure for the
pressure field.

Figure 5.2: Uncontrolled case: velocity field.
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Figure 5.3: Uncontrolled case: velocity field with zoom on the wing.

Figure 5.4: Uncontrolled case: absolute value of velocity field (left).
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Max: 1.695

. t\

Min: -1.825

Figure 5.5: Uncontrolled case: absolute value of pressure field (right).

Now let us report about the result of the optimization. Here, we choose
the control cost parameter a = 0.1 and the control constraints as box con-
straints G = [—1, +1].

At first, we compute the solution for the case without any drag constraint.
The optimal control is given by the maximal possible suction, which is natural
from a physical point of view. The obtained optimized lift is C'y = 1.5823 and
the drag is Cp = 0.8340, which is a lift gain of 1.3%. The controlled velocity
field can be seen in Figure 5.6 The adjoint velocity field and pressure are

plotted in Figures[5.8 and [5.9

54



5.1.

ONE-SHOT APPROACH

Figure 5.6: Controlled case: velocity field.

Figure 5.7: Controlled case: velocity field with zoom on the wing.
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Figure 5.8: Controlled case: adjoint velocity field

Figure 5.9: Controlled case: absolute value of adjoint velocity field (left).
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Figure 5.10: Controlled case: image of the slit.

The box constraint G = [—0.5,+0.5] leads to a lift coefficient of Cy =
1.572 and a drag coefficient of C'p = 0.825, which amounts to a lift gain of
about 0.65%.

In the next step, we choose Dy = 0.5240 as upper bound for the drag.
This equates to an constraint coeflicient of C'p, = 0.8220. Hence, we expect
that this constraint will be active at the solution. In fact, for the com-
puted solution we obtain C'p = 0.8215. Moreover, due to this restriction the
computed lift is C'y = 1.571, which is less than for the case without state
constraints, but which is still better than in the uncontrolled situation. An
upper bound for the drag of Dy = 0.5230, Cp, = 0.820 leads to Cy = 0.820.
and C, = 1.570.

An upper bound for the drag of Dy = 0.5190, Cp, = 0.814 leads to
Cy =0.814. and C, = 1.559.

5.2 SQP-method

In addition to the last section, where we solved the optimality system at
once, we will now solve the problem by an iterative method. A widely-used
method is the SQP-method.
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5.2.1 The SQP-method for our problem

In this case, we do not solve the original problem. The idea is to solve a
slightly different problem P, where the integral state constraint is added as
penalty term in the cost functional. We do this, because we want to avoid
the integral equation for the Lagrange multiplier ¢, see (5.1.1)).

Analogously to the one-shot approach, we first solve the problem without
a state constraint, this means in this case without the penalty term, and if
the state constraint is satisfied for the computed solution then this solution
also solves the state-constraint problem. Otherwise, it is sufficient to consider
the state constraint as an equality

/ (Vﬁ_u —pn) -€y ds = D,.
r, \ on

2
0
So, we can avoid the penalty term ¢ (f (ua—: - pn> cey ds — D0> , Where
Tw

(s)+ = max{0,s}, s € R, denotes the positive part. The problem is that
this term is not twice continuously Fréchet-differentiable.

In this case, we introduce the penalty term to the cost functional and
regard the following problem: Minimize

ou .
J(u, g) ::/ (1/% —pn) - € ds

w

2 (5.2.1)
ou . o
+c / (V% — pn) - €4 ds — Do + §||g||%2(rc)

w

subject to

—vAu+ (u-V)u+Vp=0 inQ
divu =0 in

u=gq on I'.
u= on Ty UTy, \ Te (5.2.2)
U=(gsx only,
ou
a. = I‘ou
Vo pn on [y

the control constraints
g€ Guao (5.2.3)
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where ¢ € R is the penalty constant and g,, € R the inflow. The solution
u is defined in a (very) weak sense. We have shown in Section 2, Theorem

2.17, that we get for every g € H¥*(I',) a solution u € H?*(Q) for the state
equation (.2.2)). The optimality system could be derived very similar to the
problem with the integral state constraint. The Lagrangian looks as follows:

ou . o
‘C(uapag?)\):/ (Van_pn> T €] d8+2/g‘2d8
e

w

2
+c (r/ <V0u —pn> '€ddsD0)
on

+ /(—yAu + (u- V)u)X + Vpidz — /ﬂdivudx + /(u — g)Aads

Q Q I
ou
+ / uAz ds + /(u—goo))\4 ds + / <V0n —pn) A5 ds.
wall Tin out

with

/(u-V)u-)\dx:—/(u-V)A-u—f—u-/\divudx+/u-nu-)\d7.

r
Q Q
The necessary condition %(ﬂ, p)(u,p) = 0 leads to
oL ou
_ _ ou 2 d
gy P = [ (v -om) s
Tw
+ 2¢ / y@—ﬁn - €4 ds — Dg / u@—pn <€y ds
on on
=K (u.,5))
+/—VAu)\—(u~V))\-u—(u-V))\-u—u')\divu—i—Vp/\da:
Q
(5.2.4)
—/wdivudx+/u)\2ds+ / u)\3d3+/u)\4ds
Q 1—‘c 1—‘wall FOO
ou _ _
+ V%—pn A5 ds + u-nu-A+u-nu-Ads=0.
Fout FcUFout
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This is with partial integration and

K(u,p) =2c (r/ (y% —pn) - €y ds—DO)

w

equivalent to

L o Ju ,
(V%—pn) - € ds—i—K(u,p)/(u%—pn) <€y ds

Ty

(vVu-VAX—(a-V)A-u—(u-V)A-1u

{O\

+a-Adivu —pdivi+u-Vr) de

+ / (—u%)\ + pn\ — mu + un>\2) ds

on
T.
ou
+ 2 + pu — mnu 4+ undz | ds
on
1—"uju‘ll
ou
+ —1/%)\ + pn\ — mu 4+ undy | ds

. / <_ g—()\ As) + pn(\ — )\5)—1—7mu> ds

+ / w-nu-A+u-nu-Ads=0.

FCUFout

The equality

—/((U-V))\-u+u-)\divu) dz + / (u-n)(@-N) ds

Q T'eUlout

= /(Vﬁ)T)\ u dx

Q
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and another partial integration lead to

ou . o ou .
/(y%—pn)-elds+K(u,p)/(l/%—pn)-edds
r

w w

—/(—I/A)\—l—(ﬂ~V))\+(Vfb)T)\+V7T)udx—/pdiv)\ dx

Q Q
—/ yQu—V%Ajtpn)\—wnu—l—un)\g—l—@nu% ds
on on
Ie
— / y@u — 1/@)\ +pn\ —mnu +un)s | ds
on on
wall
— / I/Qu — V@)\ +pnd —mu +undy | ds
on on
o\ ou
- / (u%u—y%()\—)\g,)+pn(>\—)\5)—|—7mu—|—ﬂ‘nu-)\) ds
1—‘out
=0.

Taking (u, p) € Hy(Q2) x H'(Q), we obtain

‘/(—VAA+%E-V)X+(Vﬂf)r%VW)udz—l/pdedm

Q Q
- L ou ou
+ /(el + K(u,p)ég — )\)(y% —pn) ds + / )\(V% —pn) ds
Tw Cwau
Ju Ju
+/)\(z/%—pn) ds + /()\—)\5)(7/%—1711) ds=0
Fin Cout

so that A\ and 7 are the weak solutions of

VAN (Va)'N = (@-V)A+Vr =0 in
divA =0 in Q
A=&+K(a,p)é; onTly (5.2.5)
A=0 on Ty, U T
A= A5 on I'pyt.
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Taking (u,p) € H*(Q) x H'(Q), we obtain

/ (y@u—wnu—kun)\gnLﬂ-nu-)\) ds =0,
on
/ <u%u — T+ un)\3> ds =0,
on
I—‘wall
oA
/ <1/—u — T+ un)\4) ds =0,
on
/ (I/@u—ﬂnunLu-nu-)\) ds =0,
on
Fout
which implies
O\ _
Ao = —(ya—n —mn+ (a-n)A) on I'y, (5.2.6)
Asn = _(V8_n - Wn) on Uy,
A
gn = —(y% —7n) on [,
0= —(V% — 7+ (u-n)A) on [y

Now, we are able to substitute the last equation of (5.2.5) with 2 + 7n +
V%—l—ﬂn—l—&-nu-)\:Oon Tout-
The other necessary condition %(g)(g —g) > 0 for all g € Guaq leads to

oL _
5@ :/ag<g—g> (g g ds > 0 Vg € Gaao

re

which with (5.2.6|) is equivalent to

/ (ag — (1/% —mn+ (@ - n))\)) (9—g)ds>0Vg € Guag- (5.2.7)

(&

Altogether, we derive the adjoint system

—vAXN+ (Va)'A = (@-V)A+Vr =0 in Q
divi=0 in
A=0 on I';, U T wan
V—+m+a-nu-A=0 on I'put
on
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with K (a,p) = 2¢ (f (1/% — ﬁn) cegds — D()) and the variational inequal-

ity

/ (ag — (z/g—i —mn+ (u- n))\)) (9—g)ds>0Vg € Guag- (5.2.9)

Let (u, g, A) satisfy the optimality system, consisting of the Navier-Stokes

equations , the control constraint , the adjoint system ([5.2.8))
and the variational inequality .

First, we consider the problem without any restrictions to the control
function g that means Gaqo = {v € HY*(T.) : v(z) = 3\_, es(x)q, ¢ € RY}
or Q.q = R' and instead of the variational inequality , we have the
equation ag — (v2 + mn+ (@-n)A) = 0. So, the optimality systems reads as

(5.2.2)),(5.2.3)),(5.2.8]) and

ag — (u% —mn+ (G- n))\> =0 Vg€ Gug-

This nonlinear system for (u, g, A) can be solved with the Newton-method,
see for instance [32]. Let us briefly sketch this method: consider the opti-
mization problem

min f(u) v € R"

with f € C*(R").
Then, we want to solve the optimality system

f'(a) =0.

Solving this system with the Newton-method means that we get u,,1 as the
solution of

f'(un) + " (tn) (= un) = 0

When we transfer this idea to our problem, we obtain the following Newton-
method.

Algorithm 5.1 (NM).

1. Choose an initial value 2° = (ug, go, o) and set k = 0.
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2. Determine z = (u, g, \) by the Navier-Stokes system linearized at z*

—vAu+ (u-V)ub + (uf - Vu+ Vp = —(f - V)b inQ

divu =0 m
u=g on I';
u=20 on Tyan UTyw \ Te
U = Goo on Uiy
1/@ —pn=20 on Tout,
on
(5.2.10a)
—vAXN+ (VA)TXN = (@- V)N + Vi = —(V(a — uF))TAF
+ (@ —uf) - V)N in Q
div ) = mn
A=¢ + K(u,p)éy on Ty
A= on L'in UTywan
oA
u%—ﬂn+(ﬂ-n))\:0 on Tout.
(5.2.10b)
and
_ o\ _
ag — |\ vy —m +(u-mA) =0 (5.2.10c)

3. Setk=k+1 and 2* = z. Goto 2.
The equations ([5.2.10|) are equivalent to solving the quadratic problem
min J*(u, ) := VJ(u*, ") (u — u*, g — ¢*)

1 (5.2.11)
5L, g A (u =, g = g"))?
subject to the linearized Navier-Stokes equation
—vAu+ (u-V)uP + (uf - Vu+Vp=—@”- V)b inQ
dive =0 in
u=g on I',
u=20 oana”UFw\Fc
U= Joo on I';,
l/% —pn=20 on I'pus.
on
(5.2.12)

So, we can also solve this system instead of ([5.2.10). In contrast to the
system above, the system ([5.2.10) cannot be transformed to the case with
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g c Gad,Q-
Instead, we have to solve in the n-th step (QF,):

min J*(u, g) =V J(u*, g")(u — u*, g — g¥)
1
+ §£zz(uk7 gkv )\k)[(u - ukv g — gk)]Q

—vAu+ (u-V)u* — (W* - V)u+Vp=—uF-V)uF inQ

divu =0 in Q
u=gq onI'.
U= on Ly UT, \ T
U= Joo on I';,
Va—z —pn = on Loyt
9 € GuaQ-

The cost functional, solved in the k-th step, J* differs only by the term

%ﬁzz(uk’ 9" A (=¥, g — ") =(((u = u*) - V) (u = u"), \) 120
+ 26(1/% —(p— pk)n, €1)r2(0)

from the original cost functional J. Our idea is to solve the linear subprob-
lems (QP,) with the gradient-projection method.

Remark 5.2. We know that it is not the best method; we solve the whole
problem with the (fast) SQP-method and the subproblems with the (slow)
gradient-projection method. A more appropriate choice would be for instance
the active-set method. In this case, we would have to handle the integral term

K(u,p) = 2¢c (fl“w (V% —pn) - €, ds — Do). But, we decided to solve our
problems numerically with COMSOL Multiphysics. As mentioned before, this

does not fit together. Therefore, we consider the gradient-projection method
to calculate K(u,p) after solving the state equation.

5.2.2 Gradient-projection method

Let us briefly formulate the principle of this method for an optimization
problem in a Hilbert space U,

e, T

where U,y C U is a non-empty, bounded, convex and closed set and f : U —
R is a Gateaux-differentiable functional.
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The iteration steps uq, ..., u, are finished so that u,, is the current solution.
Then the algorithm look as follows:

S1 (Direction search) Choose the anti-gradient as descent-direction
U = — ' (uy).
S2 (Stepsize) Choose a step size s, so that the equation

f<]p[u@’“b]{u” + Snvn}) = rsn>1(1)1 f(P[ua,ub}{un + Svn})

is fulfilled, which guarantees the admissibility of the solution.
S3 Set up11 = up + 5,U,, n =n+ 1 and goto S1.

For the optimization subproblems (QF,) the algorithm reads as follows

S1 Calculate (u,, p,) as the solution of (5.2.10al).

S2 Calculate the adjoint (A, m,) from ([5.2.10b)).
S3 The updated descent direction is

O\
Up = Qgp — (V% +mn+ (u-n)A)

S4 Calculate the step size s, from

min f(Pg, @),g,(2) {9 + 50n})-

s>0

S5 The updated control g, is

In+1 = Plg,@).g, @1 {gn + 5nvn}.
set n:=n+1 and goto S1.

5.2.3 Example

Let us now consider the same example as for the one-shot approach with
1
ga(z) = —0.5, g»(z) = 0.5 and a Reynolds number Re = — L,y = 85.
v
With a drag constraint of Dy = 0.5240 which is equal to a coefficient
Cp, = 0.822 and a penalty parameter of ¢ = 50, we obtain C'y = 1.571 and
Cp = 0.8215 . The results are presented in the Figures and [5.12]
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An upper constraint of Dy = 0.5190, Cp, = 0.814 for the drag coefficient
leads to Cp = 0.814 and C'4 = 1.559.

We recognize that we get the same results for the SQP-method than for
the one-shot approach.

Figure 5.11: Streamlines for the optimal velocity field with an integral state
constraint Dy = 0.5240.
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Figure 5.12: Streamlines for the optimal velocity field with an integral state
constraint Dy = 0.5240 an a zoom on the slit.
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Chapter 6

Convergence of the SQP-method

In this chapter, we want to prove the convergence of the SQP-method, men-
tioned in Section [5.2] Our approach is mainly based on the theses of A.
Unger [104] and D. Wachsmuth [I09]. Additionally, we refer to [84].

We want to prove the convergence of the SQP-method for the following
problem with penalty term: Minimize

ou . o
Jl(u,q) ::/ (V% —pn) -€;ds + EHg”iQ(FC)
Fw
2

+c /(u%—pn>~€dds—Do
on

w

subject to the very weak form of the nonhomogenous Navier-Stokes equations

—vAu+ (u-V)u+Vp=0 in
divu=0 in 2
!
u:Zeiqi on I'.
i=1
u=0 on '\ T,

and the control constraints

q € Qad7

where ¢ € R is the penalty constant.
The associated optimality system consists analogously to (5.2.2)), (5.2.8))
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and ((5.2.9) of the state equations

—vAu+ (u-V)u+Vp=0 in
divu=0 in 2
!
u:g:Zeiqi on I,
i=1
u:o OHF\FC

the adjoint system

—VvAXN+ (Va)'A = (- VA +Vr =0 in
divi=0 in
A=¢+ K(u,p)e; onT,
A=0 onI'\ T,

and the variational inequality

A
/ (ag — (u% — 7+ (ﬂ-n)A)) (9g—g)ds >0Vg € Gaag

I

or equivalent
(aMg—D)" (g~ ) ds > 0 Vg € Qua

with

O\
MeRY, M;; = /ei@j ds, DeR', D; = / (V% —mn+ (u- “))‘) ei ds.
e

re

Consider with d := (aMq — D)7, see (¢.4.1)), the sets A, := {i : d; > 0},
A_={i:d; <0}, A:= A, UA_ and the critical cone associated with ¢

C;:=1{h €R": h; =0 Vi€ A satisfying (6.0.2)}

_ ZOlf (,YiZQa,i (602)
' <0if G =q; o
Then, we define the coercivity assumption (SSC”):
The inequality
(S5C") RT L, (@)h > 0
holds for all h € C; \ {0}.

70



6.1. GENERALIZED EQUATIONS

There are several problems in handling the optimality system, especially
the nonlinearity of the state equation and the control. The Newton-method
is very popular to solve nonlinear systems of the form

0= f(x),

because of the fast local convergence. Due to the variational inequality,
we are not able to use it in the classical form. A loophole are generalized
equations. Therefore, we have first to introduce generalized equations.

6.1 Generalized equations
Let the normal cone given by
Ne(w) ={z€eR": 2" (v —u) <0VveC},
and 5
G, H¥*(I,) = H%(Q), g — u,
G, H2(T,) = HX(Q), g u

and
S:L*(Q) = H*(Q), f—u

denote the control-to-solution operators of the Stokes equations, see Corollary
2.12, Let us furthermore define the operators

l
H :R' - HY*(T,), ¢— ) eilr)q

=1

and )
G..=G.oH,:R' — HQ(Q), q— u.

Let us recall

ou S
K(u,p) = 2c /(Va—z—ﬁn> - €gds — Dy

w

and we denote the derivative by

K(u,p) = 0 K(@,p)(u,p) = 2¢ /(Va—:—pn>-é'dds
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Then, we reformulate the optimality system (6.0.1)-(6.0.1)) at zZ = (@, p, ¢, A, 7)

to
—a+S(—(a-V)a)+Ge(7) =0
A+ S(=(Va)'XN + (- V)N + Gy(& + K(u,p)éy) =0
—(aMg—D)" € No,,()

and the equivalent formulation

0e{-u+S(—(u-V)u)+ G(q)} + {0}
0 {-A+S(=(Va)"\+ (@ - V)\) + Gu(& + K(u,p)és)} + {0}
0 € {(aMg— D)"} + Ng,,(2)-

We write for short
7 .= H*(Q) x R x H*(Q) and W := H*(Q) x H*(Q) x R’
and define F: Z — W and T : Z — 2V as follows
—u+ S(—(u-V)u) + G.(q)

F(z) = F(u,q,\) = | =X+ S(—=(Va)" XA+ (i - V)A) + G (& + K (u,p)éy)
(aMq — D)*
(6.1.1)
for the differentiable part and
{0}
T(z) =T(u,q,\) = {0} (6.1.2)
NQad(q)

for the set-valued part in the generalized equation. Now, we can formulate
the optimality system as
0€ F(z)+T(2). (6.1.3)

The equation (6.1.3) is a generalized equation. For more details see Alt
[5, 8, @] Dontchev [33] 135, B6], B7], Goldberg and Troltzsch [48] and Josephy
[60].

The classical Newton-method is not applicable to this kind of system.
The generalized Newton-method is mentioned in the works above and reads
as

Algorithm 6.1 (GNM).

1. Choose an initial value 2° and set k =0
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2. Determine z by the linearized generalized equation
0€ F(2") + F'(2%)(z — 2% + T(z) (6.1.4)

3. Setk=k+1 and z2* = z. Goto 2.

Similar to the theory of the classical Newton-method, we need further
assumptions to show the convergence of this generalized Newton-method,
which is closely related to the notion of strong regularity of and based
on Robinson [82].

Definition 6.2 (Strong regularity). Let Z = (a,q,\) € Z. The generalized
equation 1s said to be strongly reqular at Z, if there exist open balls
B, (0) in W and B,,(Z) in Z, with positive constants r; > 0, 19 > 0 and
cr, > 0 such that for all perturbations e € B,,(0) the linearized equation

e€ FA)+F'(2)(z—2)+T(2)
admits a unique solution z = z(e) in B,,(Z) and the Lipschitz property

[2(e1) — 2(e2)]|z < crller — ezl
holds for all ey, es € B,,(0).

In the original paper of Robinson [83|, it was assumed that 7" has a
closed graph. Dontchev has shown in [35] that this assumption is not needed.
The next theorem provides the possibility to transfer stability results for the
perturbed linearized equation to the perturbed nonlinear equation.

Theorem 6.3. Let Z € Z be a solution of the generalized equation (6.1.3))
such that this equation is strongly regqular at zZ. Then there exist open balls
B,,(0) and B,,(Z) such that, for all e € B,,(0), the perturbed equation

ec F(2)+T(2)

has a unique solution z = z(e) in B,,(Z) and the solution mapping e — z(e)
is Lipschitz-continuous from B,,(0) to B,,(Z).

Based on the strong regularity, the next theorem states the convergence

of the SQP-method.
Theorem 6.4. Let zZ = (4, p, , A\, &) be a solution of (6.1.3) and additionally

let this generalized equation be strongly reqular at Z. Then there exists an
open ball B,,(z) such that for every starting point z1 in B,,(Z) the generalized
Newton method generates a unique sequence {z}72 ,, where zj stays in B,,(Z)
and we obtain

1 = 2|z < eqll2* — 2%

with cg independent of k.
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For a proof, we refer to |5, 36].

This theorem means that the linearized generalized equation is uniquely
solvable under the suitable assumptions. The sequence of solutions, gen-
erated by the generalized Newton-method, converges quadratically to the
solution of the generalized equation . In the next part we investigate
the solvability of the linearized generalized equation and the relation to the
SQP-method.

Let us consider the linearized equation
0€ F(2") + F'(2)(z — 2) + T(2).

This means that we have due to the linearity of K

0€—u+S((u' Viu'— (- Viu—(u V)u')+ G.(q) + {0}
0€ —A+S(—(Vu)' N+ (u- V)N — (Vu)'A + (u' - V)A

+ (VU )IA — (u" - V)N + G (e + f((u,p)ed) + {0}
0€ (aMq— D(2") — D'(z")(z — 2'))" + Ng,,(q).

(6.1.5)

The first relation of (6.1.5) is equivalent to the boundary value problem

—vAu+ (v Vu+ (u-V)u'+ Vp= (u' - V)u' in Q

divu =0 in 2
!
6.1.6
U= Z €i; on I'g, ( )
i=1
u=0 on '\ I,
and the second to the problem
—VAN+ V71 = —(Vu)' N — (Vu' )T (A = )
+ W VYA =)+ (u- V)N in Q
divi=0 in Q (6.1.7)
A =&+ K(u,p)éy on I',
A=0 on I'\ T'yay.
Considering Ng_,(¢q), we additionally get
(aMq— D(z") = D'(z)(z — 2N (G—q) >0 V§ € Qua. (6.1.8)

We see that the linearized generalized equation (/6.1.4)) is equivalent to (6.1.6])-
(6.1.8) which is similar to the first-order necessary optimality system, see
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(6.1.9). In reality, this is the necessary optimality system for the linear-
quadratic problem of the SQP-method, mentioned above. The cost functional
of the linear-quadratic problem was defined by

1
JH(,q) = VI (W, ¢ (u = u', g = ¢°) + S Lo (0, 05 A [(u = w0 = ¢"))”
After expanding, it is with ¢ = H.(q) = 22:1 e;q; equal to

T*(u, q) =/ (Va(ua_nm - (p—p’“)n> -€ ds

+ K (u”,p") (r/ <V6(UanUk) —(p —pk)n> - €y ds)

w

—I—a/gk(g —g") ds + b(u — uF, u — uF, \F)
Te

bR (u— b, p— ph) (r/ QW - (p—pk)n> & ds>

w

=/<vw—(p—pk)n> & ds

+ K (u,p) (r/ <V8(u6_nUk) —(p— pk)n) &y ds)

w

+a/gk(g —g") ds + b(u — uF,u — uF \F).
Ie

Now, we have shown the connection between the generalized Newton-method
and the SQP-method. The SQP-method is a kind of a generalized Newton-
method to solve the optimality system

—vAu+ (u-V)u+Vp=f in
divu=0 in 2
!
6.1.9
u = Z e;q;i on I, ( a)
i=1
u= on '\ .
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—VvAXN+ (V)N — (- VA +Vr =0 in Q
divi =0 in Q)
v 0 (6.1.9b)
A=¢é + K(u,p)eg on Ty,
A=0 on '\ Ty,
(aMqg—D)"(q—q) >0 Vg€ Qua (6.1.9¢)

obtained analogously to (4.3.4al)-(4.3.4c)).

The optimality system of the linear-quadratic system is equivalent to the
linearized generalized system . For the finite-dimensional case, one can
find an example in [42] and for the case of infinite-dimensional optimization,
see [6] and [33]. In the next sections, we want to prove the convergence of
the SQP-method based on Theorem [6.4] That means that we have to show
the assumptions in this theorem.

6.2 Perturbed optimization problem

There is a lot of literature about convergence of the SQP-method. Alt [6 [7],
Alt and Malanowski [10], [I1], Malanowski [68, 67| and Dontchev et. al. [34]
proved convergence for optimal control problems subject to ODEs. Optimal
control problems related to PDEs were investigated in Hinze and Hinter-
miiller [53], Goldberg and Troltzsch [48], Kupfer and Sachs [64], Troltzsch
[100, 10T], and Volkwein [107].
In the last section, we have shown that the SQP-method for the optimal
boundary control problem is a variation of the generalized Newton-method
for solving the first-order necessary optimality conditions. In this section of
this thesis, we follow the work of Unger [104] and Wachsmuth [109].

In the next step, we want to verify continuous differentiability of F', Lip-

schitz continuity of F”, and strong regularity of the optimality system to use
Theorem and to show convergence of the SQP-method.

Theorem 6.5. The function F defined by (6.1.1)) is continuous differentiable

and the derivative B'(u) is Lipschitz continuous.

The proof is analogous to [109], Corollary 5.2.

Now, let us come to the more complex assumption of strong regular-
ity. Therefore, we want to consider the pertubed linearized at z generalized
equation

e€e F(z2)+ F'(2)(z—2)+ T(2) (6.2.1)

as an optimality system of another optimal control problem. Let
z = (u,p, q, A, 7) fulfill the the first-order necessary optimality conditions of
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(Pr) and because of this be a solution of the generalized equation (6.1.3).
The perturbed equation (6.2.1) with e = (é,,€,,€,) € W at Z is equivalent
to

0€—-é,—u+S(—(a-Vu—(u-V)u+ (a-V)a)+ Gelq) + {0}
0€ =&y — A+ S(—=(Vu) A+ (u- V)X = (Va)' A+ (@- V)A
+(Va) "\ = (@ - V)N) + Gl + K (u,p)eq) + {0}
0 € (= +aMq— D(z) = D'(2)(2 - 2))" + Na,,(a),
witha=u+¢é,, p=p, §=q, A= )\+é, and T = 7 equivalent to
0e—-u+S(—(u-V)(u—eé,) —((t—eé,) V)u+ (u-V)u)+ G.(q) + {0}
0€ A+ S(—(V(i—e))A+ (4 — &) - V)A+ (Va)"'A = (@- V)X
—(Va)"(A—é&\) + (a- V)
+ Go(8 + Kt — &,,p)é)
0€(—é,+aMq—D(z)—D'(z)((a
The last system is with

ey = (- V)eé, + (&, V)u,
T

ey = (Vé)" A= (6, - V)X + (V) ey — (a- V)éy, (62.2)
ex = —K(é,,0), o
Ne, = —¢4 — D
and ~
- 0éy B B R _ B _
D; = / (v—==+ (w-n)éx+ (€, - M)A+ (a-n)A) e; ds,
r, on
R O\ o
Di= [ (v =7+ (u-n)A+ (G-n)A) e; ds
r, oOn
NeN, N, = / e; ds
T'c
for i =1,...,1 equivalent to

0e—a+S(—(a-Va—(a-V)a+ (a-
0€—A+5(e)) + Guled) + Gulé + K(t,p

+ S(—(Va) A+ (@ - V)X = (Va)TA + (
0€ (Neg+aMj— DT +Ng..(q).

(Va)I'X = (@- V)N
(6.2.3)
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The system (6.2.3]) corresponds to the following system of the perturbed
state equation

—vAG+ (- V)a+ (- V)i+Vp=(a-V)i+e, in

diva =0 in €2
!
i Z e onT.,. (6.2.4)
i=1
u=0 onI'\ T,
the perturbed adjoint equation
—vAN+ (VE)TA = (@ - V)X + Vi = —(VO)TA + (6 - V)X + e}
+ (Va)" A — (@ - V) in Q
divi=0 in Q2
A =&+ K(t,p)éy+ e on [y,
A=0 on I'\ T,
(6.2.5)
and the associated variational inequality
(@Mg—D+ Neg)'(q—q) >0 Vg € Qaa- (6.2.6)

Now, we see that this is the optimality problem of the following pertubated
linear-quadratic optimization problem (F.), where we write (u,p,q,\, ) =
(@, p, 4, A\, ) for simplicity:

2

min J,(u, q) ::/<%—pn)-é’lds+g /<%—pn).€dds—Do

w w

+ / |H.(q)|* ds + /euu + el da +/ech(q) ds
r, 0 P,

+/e§)\ ds + b(u — @, u — u, \)
Tw

subject to the pertubated Navier-Stokes equations
—vAu+ (u-V)u+ (u-V)u+Vp=(a-V)u+e, inQ

divu =0 in Q
1
6.2.7
u= Z €iq; on I, ( )
i=1
u = onI'\ T,
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and the control constraints
qc Qad~
Let us now consider e := (e,, e}, e?,¢,) € W := H*(Q) x H*(Q) x R x R..
Then, we obtain due to (6.2.2)
lellw < Cllefly
with ) )
lellw = lleullmz@) + llexllez @) + lex] + legl,

lellw = lleullz@) + l1exllez @) + 1&]-

6.3 A modified problem

Because there is no convexity of the cost functional J. in directions not
included in (SSC), we need

Qad::{quad:q:qonA}

to not allow changes of the control function ¢ on the active sets. Let us
denote the new problem by (P,) consisting of the cost functional J,, the
state equation and the control constraint ¢ € Q. Finding a solution
for the problem (P,) is equivalent to finding a solution for the linearized and
perturbed generalized equation (6.2.1)), with

T(z) = ({0}, {0}, N, ,(9)".

First, we investigate the existence of a solution for the perturbed linear-
quadratic optimal control problem (pe). Then, we want to prove that the
optimal control of (P,) is Lipschitz-continuous with respect to the perturba-
tion e. The idea is to investigate strong regularity of the generalized equation

e € F(z)+(0,0,Ng, (q)) (6.3.1)

and then transfer the result to the original problem.

6.3.1 Existence of a solution

The next theorem proves the solvability of (P,).

Theorem 6.6. Assume that z = (i, D, q, \,7) satisfy the optimality system
and the coercivity condition (SSC") at the begin of this chapter. Then (P,)
admits a unique optimal control ..
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Proof. Let ¢ € R be a generic constant. Denoting the Lagrangian belonging
to (P,) by L, we derive

L£5,(q) = Lgq(q) (6.3.2)
for all ¢, because the perturbation appears only linear.

Taking q1, g2 € Quq With associating uy, us of (6.2.7)), the pair (u; —ug, g1 —
¢2) fits to the assumption of (SSC”) and we obtain

(= Q2)£Zq(Q)(€I1 — @) = (1 — Q2)£qq(q_)(Q1 —q2) > 0.

for ¢ # qo. Because of this, the problem (P,) is convex on Quq. Thus, (P.)
is uniquely solvable as a linear-quadratic optimization problem with strongly
convex cost functional with modifications described in Section 3.3 We denote
the unique solution by .. O

For more details, see [104].

6.3.2 Lipschitz stability

We still need to prove the Lipschitz-continuity of the perturbation to solution

mapping e — (U, ge, Ae) of (P.) to show strong regularity.

Theorem 6.7. Let (2) fulfill the coercivity condition (SSC"). Then the
solution mapping e := (ey, e}, €3,¢4) > 2e = (Ue, Pe, Ge, Ne, Te) 1S Lipschitz-
continuous from W to Z.

Proof. Let 21, 25 be two elements of Z and ¢;, ¢ = 1,2 be the optimal control
functions of the optimization problem (]56) with the associated states u; and
adjoints \;. Let us furthermore define the differences z := 21 — 25, ¢ :== ¢4 — o,
U:=U; — Uy and X := \; — As.

So, the variational inequality with the constraint ¢; € Q,q looks as

(aMg; — D(ui, iy ;) — Negi)T(q — ¢i) > 0, Vg € Qua. (6.3.3)

Testing this inequality with ¢y for ¢ = 1 and ¢; for : = 2 and adding both,
we derive

D(u, A\, )T g+ (Neg)Tq > (aMq)q. (6.3.4)
The difference u is the weak solution of the state equation
—vAu+ (a-V)u+ (u-V)u+Vp=e, in Q
divu =0 in Q
!
u=g:= Zejqj on T, (6:35)
j=1
u=0 on '\ T,
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Testing (6.3.5)) with (A, 7) = (A — Ag, 1 — m2), We obtain

ou .
a(u, A) — (V% =, Ay + (p, div A )2 (q)

(divu, 7)) = 0
mT. U =4g
and testing the adjoint

—VvAXN+ (Va)'A = (- VA +Vr = —(Vu) A+ (u- V)X +e) inQ

diviA =0 in
A=& + K(u,p)é;+ €2 on [y,
A=0 on I'\ T,
(6.3.7)

with (u,p) = (u; — ug, p1 — pa2), we get

O\ -
a(\,u) — (u% =+ (U A+ (u- )N u)pery

+ (Vu) "X = (u- V) u)ap )y ) + (7, divu) 2y = (€, u)r2q)

(le A, p)LQ(Q) =0
T, A = &+ K (u,p)és + €. (6.3.
The systems (6.3.6)) and (6.3.8)) are equivalent to

ou Lo~ .
a(u, A) —v(m= —pn, € + K(u,p)ég + €§)L2(rw)

on
+ (@ V)u+ (u- V)u, \) @)y m @ = (€w, A12@)

and

Considering them with

<(VU)T5\ —(u- V)S‘7u>(H1(Q))/,H1(Q) = ((u-V)u, )‘>(H1(Q))/,H1(Q)
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we obtain the equality

ou L 5
(€us /\)LQ(Q)JF(V% —pn, € + K (u,p)€s + €3)p2(r,)

= (ei, U)L?(Q) —((u-V)u, 5\>(Hl(9))f,Hl(Q)

o\ _ \
+ (1/% —7n + (u . ﬂ))\ + (U . n))\7 g)LQ(FC)

or equivalent

- ~ ou .
((u-V)u, )‘>(H1(Q))’,H1(Q) - K(uap)(V% — pm, ed)L2(rw)
ou

= (eiau)mm — (eu, )\)L2(Q) — (V- —pnm, ei)r}(rw)
on (6.3.9)

O\ _ 3
+ (V% —Tmn 4+ (u . n))\ + (u : n>/\7 g)LQ(Fc)

ou -
- (V% — P e)rer,)-

Let us additionally consider u as a weak solution of with ¢ = 0. Thus,
(u — 1, q) fits to the assumption of the coercivity condition (SSC”), due to
G = (e)1i — (Ge)2,s = (Ge)i — (e)i = 0 on A by (ge)1, (¢e)2 € Qaq and (u — 1)
is the solution of the associated at ¢ linearized state equation.

Furthermore, we obtain

() + Lo (2)[0)’ =2L0 (D), 0] + Lo (2)[0]°. (6.3.10)

AN /
~\~ g ~~ v~

*1 *9 *3 *4

Adding the terms %; and %5 leads to

Lag(Z)[a) + Lou(2)[u]? = a”ﬂ”i?(rc) — ((u- V)u, 5‘>(H1(Q))’,H1(Q)

~ ou
K — — e )2
+ (%p)(’/an PN, €a)r2(ry,)

and with §39) and [lgllgz ., = (Mq)7q to

L44(2) [q]2 + EuU(g)[u]z = a(Mq)Tq + (€u, )‘)LQ(Q) - (einu)Lz(Q)
ou 9 .
+ (V% —pn,ex + é)rzry,)
O\ _ -
— (u% =+ (@ m)A+ (u-n)A, gLz,
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The inequality (6.3.4) leads to

Lqq(2)[a] + Louu(2)[u]? < (eu, Mz — (e}, w)p2(q) (Neg)'q

ou > >
+ (v —pn, ex+ @, + D(u A m)'q

oA _ \
_ (Va —mn+ (- A+ (u- n))\,g)LQ(FC)

< lledllrz@lluliez @) + lleulliz @ Mz @) + (Neg) g
ou .
+ HV% —anL2(PC)(H€§\”L2(FC) + ll€tllgzr,)

(2
— (oo —m4 (- n)A+ (u-n)A, g)rer,)

on
O\ ~ <
+ (Va —mn4 (- m)A+ (u-n)X, gz,
< llellw (lullz o) + Pl o) + IMm2(@) + (Neg) a.

(6.3.11)
We get

@]z o) + 1Pl a1@) < cllewllnz@) < cllellw

because @ is the weak solution of the at (u, g) linearized Navier-Stokes equa-
tions, similar to the regularity Assumption of non-singularity Another
assertion is that we obtain by Theorem [2.11]that if (u, p) is the solution of the
nonhomogenous Stokes system (2.2.1) with a sufficiently smooth boundary,
then we get

lullgz) + Pl @) < clllfllez@) + l9llasr,))-

Transfering this over to the linearized Navier-Stokes equations ((6.3.5) with
g = 0, we obtain

ol = (@ V)u—(u-V)u+ ez q))

c(l(@- V)u+ (u- V)l + [leullLz ()
c(|[ullazi) + llewllLz))
o

||€u||L2(Q))

[ullazi) + Pl i@

IAIA A CIA

and this also leads to

[allee (@) + 1Pl @) < clleflw-
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Adding the terms x3 and %4 of ({6.3.10]), we obtain

2L (2) [, @2 ] + [ Lo (2)[@]] < 20{(w- V)@ + (- V)u, N e )y 11 (@)
+ 2@ - V), A) a0y 1 ()]
+ K (i, p) (K (@, p) + K (u, p))

< 2lull i Il

+ cl[al g2 )||€d||L2 @) + cllpll a2 ll€all L2 )

+ il il gy Nl g ey A L2

ot gz Nl ) [ A 2

+ (lulle ) + Pl @) (lallee @) + 1Pl @

)
+ (el g2 ) + 18l @) (lallaz ) + 12lla o)
(6.3.12)

with similar arguments to Lemma Furthermore, this leads to

2L (2) [, @] + [Luu(2)[a] < e((Jullpz() + [Pl ) + lelw)llelw + llellw)

< cllellw (lullgz) + [Pl @) + llellw + 1)
(6.3.13)

Let us now summarize (6.3.10)-(6.3.13) to:

0 <clleflw(llellw + l[ullaz@) + Pl ar @

. (6.3.14)
+ M) + 7l @) + (Neg) g

Because ((6.3.5)) and (6.3.7)) are at (@, g) linearized Navier-Stokes equations,

we obtain from the non-singularity assumption, similar to the Definition [2.25}
[ullgz) + 1Pl ) < clllglivzr,) + llellw) < cllgl + llellw),
N2 + 17l 1) < e(ll@ + K (u,p)@a + eXlea(r,,) + lullaz o) + llexlliz @)
< c(llullgz () + 1Pl @ + lexllrz @ ++He)\||L2 r.,))
< ¢

Hglhﬁ(rc) + llellw) < c(lgl + [le HW)‘
(6.3.15)
The inequality (6.3.14]) yields to

0 <clellw(llelw + llgller.))

)
<clelliy + 3 ll9llzz .y < ellal + llellw)

and proves Lipschitz-continuity of e — ¢ from W to R'. All this leads to a
Lipschitz continuity of e = (u, ¢, \) from W to Z = H*(Q) x R' x H*(Q). O
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PROBLEM

6.4 Strong regularity of the original perturbed
problem

Now, we return to the original perturbed problem (P.). To prove strong reg-
ularity of the generalized equation ([6.1.3]), we have to search for a solution
gde = q(€) in Quq. The first idea is to take q. € Qud, solving (]56) We will
show in this section that g, is also a solution of (P.) for a sufficiently small
perturbation e € W. Therefore, we have to investigate the optimal control
ge on the active set A. In this section, we closely follow again Wachsmuth
and want to refer to [I09, Chapter 5, Section 4], for the ideas of the proofs

of the following theorems.

Lemma 6.8. Let z = (4, p, G, \, 7) fulfill the coercivity condition (SSC") and
let qq,qp € R Then exists p. > 0 and o > 0 such that the optimal control
function q. of (P.) is active for all e € W with |le||w < p.. This means

(aMq, — D 4+ Ney)T > g on Ay,
A 2 (6.4.1)
(aMgq. — D + Ne,)I < -5 on A

and sign(aMq — D + Ne,)T = sign(aMg— D)T on A.

Proof. Theorem garantuees that the mapping e — (ue, pe, ¢e, )\elwe) is
Lipschitz continuous from W to Z. Furthermore, it is easy to see that D(z) =

Jp (vOX/On — mn + (@ - n)A + (u-n)A) e; ds is Lipschitz continuous from
L*(Q) x L*(Q) x Rl x L*(Q) x L*(Q) to R.. Due to ¢. € R/, there exists a
o > 0 with

laMq— D(z)| > o.

Considering ¢ € A, we obtain

o < (aMq— D(2))f
= (aMg— D(2))] — (aMg— D(2) + Neg) + (aMg— D(2) + Ney)!
< cllellw + (aMgq — D(z) + Ne,)!

Taking p. sufficiently small yields

(MG — D(z) + Ne,)T > %
Analogously leads 7 € A_ to

(aMG— D(z) + Ney)T < ——=.

N | Q
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An important consequence is that the control function ¢, even satisfies
the variational inequality based on the admissible set (),q and not only for

Qad - Qad~

Lemma 6.9. With the assumptions and p. as in the last Lemma the
control function q. associated to a perturbation e, fulfilling ||e|lw < pe, satis-

fies
(aMg. — D+ Neg)" (g — qe) > 0 Vg € Qua.

Proof. Let q € QQuq. Then we are able to split («¢Mgq, — D+ Ney))'(q — q.)
into

(aMq. — D+ Ney)"(q - a.) = 3 (aMg. — D+ Ne))T(q — q.),

€Ay

+ Y (aMg. — D+ Ney)! (g — ge)s
i€EA_

+) (aMg. — D+ Neg)! (g — qo)i
i¢A

with ¢ € Quq. The third sum is nonnegative due to the fact that it is part
of the optimality system of (P,).
Additionally, we have

Because of |le|lw < pe, Lemma [6.§] leads to

- o
(aMq. — D+ Ne,)I > 5

aMgq. — D+ Ne T« 7 omA.
( q/1 2

on A+>

Thus, we obtain
(aMge — D+ Neg)"(q = 4.) 2 0 Y4 € Qua.
[

Remark 6.10. The triple (ue, ge, Ae) of Theorem fulfills the optimality
system of the optimization perturbed problem (P.) which is equivalent to the
linearized and perturbed generalized equation (6.2.1)).

The next theorem shows with the help of the equality (6.3.2) that (ue, ge, Ae)

minimizes the optimization problem (F,).
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Theorem 6.11. Under the same assumptions as in the two last lemma, there
exist pe, pg > 0 such that the control g, belonging to a perturbation e € W
satisfying |lellw < pe is locally optimal for the optimal control problem (P,)
and fulfills

J(te, ge) < J(u, q)

for all ¢ € Quq fulfilling |q — q.| < py, where u and u. are the weak solutions
of (6.2.4)) associated to q and q., respectively.

The proof is very similar to [I09, Theorem 5.15].

Now, we have shown the existence of a solution of the linearized and
perturbed equation (6.2.1)).

Theorem shows that ¢. is the unique optimal solution of Problem
(P.) in B, (q) with perturbations e in B, (0). By Theorem u, and A,
are in B.,,, (@) and B, ,, (\) with the Lipschitz-constants ¢, and c, given by
Theorem . This leads to the unique solvability of in B, (a) x
B,,(q) x Be,,. () for perturbations e in B, (0).

This yields the strong regularity of the generalized equation ((6.1.3)).

The investigations of this chapter have shown that we only find a local
solution of the linearized subproblems of the SQP-method in a neighborhood

of the reference solution v = (@, g). The idea is now to modify Q.4 to
Q= QuaN {h €R s |h - q < p)

to have the solution of the linearized subproblems in a close neighborhood of
the reference solution. See [104] for more details.

Altogether, it follows the local convergence of the SQP-method, see The-
orem [6.4]

Theorem 6.12. Let z € Z fulfill the coercivity condition (SSC"). Then
exist p > 0 such that the SQP-method with control constraint Q¥ , generates
a uniquely determined sequence (ug, qx, M), Qe € Q4 for every starting point
(10, o, Xo), with gy € QF, and we obtain

Jurer — @llmz) + g — @l + [ A — S‘HHQ(Q)

< c([ugsr — ﬂ”%{?(m gk — @l + e — 5‘”%12(9))-
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Chapter 7

The nonstationary case

After investigating the steady-state problem, we want to focus in this chap-
ter on the optimization problem subject to the nonstationary Navier-Stokes
equations. A simplified model, similar to the stationary case, could look as
follows. We want to minimize the negative lift

: ou . a
min J(u, g) = —// (1/% —pn) - € dedt + §H9HL2(2)
s

subject to the nonstationary Navier-Stokes equations describing the motion
of the fluid around the body

u+vAu+ (u-V)u+Vp= fonQ,
divu= 0on Q,

u= gon X,

u(0) = wup on Q

and the control constraint

g e Gad)

where @ := Q x (0,7") with its boundary > := 0Q = T x (0,7) with a
fixed time T'. But in contrast to the stationary case, we allow high Reynolds
numbers in the nonstationary situation hand consider a problem closer to
the real setting of the high-lift configuration, see e.g. [19, 89, [9§].

In this situation, we have to deal with turbulence’s, which we simulated
by a k-w-WILCOX98 model, see [113]|, where the equations for k£ and w are
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CHAPTER 7. THE NONSTATIONARY CASE

given by:
u%—kv@*g[(u—ky )%]
ox dy Oy ! dy
ok ok ou ., 0 Ok
u—+v— =vp(=—)" — fwk+ —|[(v+c*vr)—
ox dy T<0y) 0y[( T)ay] (7.0.2)
X 0% (P g Lt o)
u@x U@y _ak T oy “ oy orr oy
Lk
vpr =o —,
W

where u and v are velocity components in the streamwise x and normal y
directions, v is the kinematic molecular viscosity, v is the kinematic eddy
viscosity and (3, 5%, o, o* are parameters, which are defined in [113].

Due to the high dimension of the discretized equations, the computing
times for any forward solution of the model are extremely large so that a
mathematical optimization of the periodic actuation is fairly unrealistic. In
[19], a generic high-lift configuration was investigated and one forward so-
lution took about 48 hours. In the case of the SCCH configuration, the
computation time was nearly twice that number.

Let us mention that in this nonstationary case, we want to consider a
special example with the following setting.

Setting 7.1. We consider the incompressible two-dimensional flow over the
swept constant chord half (SCCH) high-lift configuration, see Figure . The
chord length c is denoted by L,.y = 1.275 and the inflow by us, = 1. The
chord length is the length of the wing in the flow direction. The Reynolds
number is Re = uxc/v, where v is the kinematic viscosity of the fluid. The
leading edge slat deflection angle is 26.5°, the flap deflection is 37°and the
angle of attack of the wing is 6°. The periodic actuation is introduced by a
zero-net-mass-flux actuator on a small slit on the flap, where the flow fully
separates. The actuation velocity is

g(t) = Bcos(Q2), (7.0.3)

where Q% = 2w St* is the angular actuation frequency, B the actuation ampli-
tude, St = f/u the Strouhal number and f* is the actuation frequency.
Analogously, we define St" = f"c/uy, with the vortex-shedding frequency f™.
The actuation intensity is characterized by the dimensionless coefficient

H ([ B\’
o= (i)

90



7.1. MODEL REDUCTION

with the slot width H = 0.001238cy; and the relative chord length cy = 0.254c.
The full k — w Wilcox98 model was solved by unsteady Reynolds-averaged
Navier-Stokes (URANS) equations with the ELAN codcﬂ The with ¢y non-
dimensionalized natural Strouhal number is St;ﬁl = fcp/uo = 0.32. The
actuation is described by a momentum coefficient of C,, = 405 x 107 and an
actuation frequency of St§, = 0.6.

0.5[ —»
Observation region Q

o — (C:}&

-0.5 —

-0.5 0 0.5 1 1.5 2 2.5 3

Figure 7.1: The SCCH high-lift configuration, where the periodic excitation
is implemented on the flap.

We think that a model reduction is advisable, because of the reasons
above. Our goal is to establish a reduced-order model (ROM) as a basis for
our optimization problem.

7.1 Model reduction

The topic of model reduction is currently in great demand by engineers. A
widely used method is POD [4], 56, [62), (63, 1T1]. In the case of the high-lift
configuration, the application of standard POD does not align to the target
of robust dynamical least-order models for the real flow. To establish the

Developed at the Computational Fluid Dynamics and Aeroacoustics Group (Professor
F. Thiele) at the TU Berlin.
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reduced-order model (ROM), the computed POD basis has to be inserted as
a Galerkin basis in the full WILCOX98 model, see . The associated
implementation would be a time consuming task.

There were several approaches to deal with these problems, e.g. an ex-
tension of POD to data compression of multiple operation points, see [59]
for sequential POD or [93] for DPOD. We follow an alternative approach
suggested in [66], [74] of a canonical reduction with parameter identification.
Here, a very small system of nonlinear ODEs is adapted to the previously
computed flows in the actuated and nonactuated case. This small system is
easily tractable by optimization.

In the next chapter, we will go into details of this technique, present
our modification and report about first experiences in the simplified two-
dimensional Setting [7.I} Our numerical results are promising for future op-
timization tasks.

We also refer to [96] for a similar approach.

Let us first briefly introduce the proper orthogonal decomposition (POD),
which we will need to establish the reduced-order model.

7.2 Proper orthogonal decomposition POD

This section is based on the theory in [105] 106, 108, 107, I11]. In this section,
we want to introduce the proper orthogonal decomposition (POD) and the
way to calculate the POD basis by minimizing a least-square error formula.

There are two cases, the infinite-dimensional and the finite-dimensional
one, of the POD basis. We will consider the finite-dimensional one, because
we want to concentrate on real computations and there we don’t have the
whole trajectory wu(t). Therefore, we get an ensemble of snapshots. After-
wards, it is possible to prove that the POD basis is the best orthogonal
system in the ensemble capturing more kinetic energy than any other one
having the same basis number.

So, let @(t;) € V be the N snapshots computed by the full dynamical
system with the Setting at given times ¢; with ¢ = 1,..., N, 0 = t; <
ty < ...<ty_1 <ty =T and N € N and at least one snapshot has to be
non-zero. In the next chapter, we apply the POD method for both cases, the
natural and the actuated one. Let us just explain the method for one case.
We define u; :=u(t;),i=1,...,N.

Furthermore, we define Vy as the span of the IV snapshots

Vy = span{u(ty),...,u(tn)}
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with 1 < dimVy < N.
Let {®;})_, denotes an orthonormal basis for Vy, which has still to be
computed, then each snapshot u(t;), i = 1,..., N, can be expressed by

N
i(t) =Y (a(ts), )y @y for i =1,... .
k=1

The idea is to expect that only some of the orthonormal basis func-
tions {®;}_, keep most of the kinetic energy so that they can represent
the structure of the snapshots as good as possible. Let therefore M € R with
0 < M < N be given.

Mathematically, we can formulate the problem of finding the orthonormal
system {®;}21 | by

N M

i | ), ) D

%1“2“3”“ = D), )l (7.2.1)
7j=1 k=1

subject to (®;, ®;)v =0y, 1 <i,j <M

where «;’s stand for the trapezoidal weights

ty—t tivt — tio , ty — tn_
a1:2 1,ai:¥for2§z§N—1,an:u.
2 2 2
For the next remark, see [I11] Chapter 3.
Remark 7.2.

e The trapezoidal approximation for the integral

/ lat) — S (a(t), @)y 2t

k=1
I8
N M
= agllalt;) = > (a(ty), Pe)@xly
j=1 k=1
for allu € C([0,T1],V) and it follows that lim Z,,(u) = Z(u).

n—oo

e The least-square problem is equivalent to the largest mean square pro-
jection of the snapshot, namely

N N

maXZajZ| ), Pr)v|?
7j=1

subject to (®;, P;)v = 52-]-, 1<i,7 <M.
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Consider the linear mapping Fy : RY — Vy, e, — 4y := 0(ty), where
ei, denotes the k — th canonical basis vector of RY and 4y, are the snapshots.
Considering the following proposition, we can see that RY corresponds with
V and Vy with W. For a proof of the following singular value decomposition
(SVD), we refer for instance to [105].

Proposition 7.3. Let F' : V. — W be a linear operator, where V and W
denote two finite-dimensional real Hilbert spaces with inner products (-, )y
and (-, Yyw and dimV = m and dimW = n with m > n. Then there exist
real numbers o1 > 09 > ... > 0, > 0 and orthonormal bases {vi}}_, of V

and {wi}i_, of W, such that
F(Uk) = OkWg, F*(wk) = OV,

fork =1,--- n, where the adjoint operator F* of F' is defined by the follow-
ing definition.

Definition 7.4. Let {V,(-,-)v} and {W,(-,-)w} be real Hilbert spaces and
F:V — W a linear operator. We call F* the adjoint operator of F if

(w, Fo)w = (F*w,v)y

for allw e W and all v € V. F is called self-adjoint, if

F*=F.
N
Then, we obtain with (v, w)gy = > agvpwy, for all v € RY
j=1
N N
.FN(U) = Z O!j(U, 6j>RN-FN(€j) = Z O!j(l), 6j>RN’aj. (722)
j=1 j=1

Assuming F} as the adjoint of Fy, then follows

(Fn(), @)y = (Z (v, ep)ratly, D)y
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for all ® € Vy and so, we can interpretate the adjoint operator as
<’EL17 (D>V
Fyd = : (7.2.3)
<ﬂN, q)>V
for all @ € Vy. The idea is now to define Ry = FyFi and Ky =
FiFn. Together with (7.2.2) and (7.2.3]), we derive with (g, Fn(:))v =

<ﬁk7 ZALl)V
( : ,)r~ and the following remark, see also [I11], page 25,
(g, un)v
N
Ry =Y iy, v
j=1
(1, Fn())v
Ky = :
(Un, FNn()v
Remark 7.5.

e The operator Ry is bounded, self-adjoint and non-negative.

e By Hilbert-Schmidt theory exists an orthonormal basis {®}_, and
non-negative real numbers {\;}2_, such that

RN(I)z:)\zq)z and )\1 2)\2 Z 2 >\N-

By the Lagrangian theory it follows that the first-order optimality condi-
tion for the least-square problem ([7.2.1)) is

For more details, see [106]. We are able to obtain the orthonormal basis
{®,}¥_, by solving (7.2.4), the solution of ((7.2.1)).

Additionally, we have the following theorem to solve (7.2.1)) by choosing
a fixed M.

Theorem 7.6. Let \y > Xy > ... > Ay > 0 be the non-negative eigenvalues
and {®,}_| the associating eigenvectors of Ry. Let M < N, then {®} |
is orthonormal with rank M and (7.2.1)) satisfies

N

> ajlladty) -

j=1

M N
(U(ty), 2@} = > A

k=1 j=M+1

95



CHAPTER 7. THE NONSTATIONARY CASE

For a proof, we refer to [I11].

We see by Proposition that the two orthonormal systems of the finite-
dimensional spaces can be transformed into the other one by a linear mapping
or its adjoint, if they are known.

Additionally, we find an orthonormal basis {v;}4_, in RY such that for
k=1,....,N

ICN(Uk) = )\kvk.

Now, we are able to determine the optimal orthonormal basis {®;}42, of
(7.2.1) in Vy by the linear mapping Fx

1
fN(Uk) = \/ /\kq)ka 1.e. CI)k = _]:N(Uk)
V Ak
for a fixed M, k=1,..., M.
In the following, we consider the problem of finding the so-called 'modes’
{u;(x)}M, so that the Galerkin approximations, which are defined with the
corresponding mean flows ug(z) = 1/N S°N  4;(z) by

u[M](x,t) = ‘ a;(t)u;(x),

with agp = 1 and a;(t) := (u — ug, u;)q , minimizes the energy-related error

N
1 Z A
Xu = N ”Uz() o U[M]('ati)HLZ(Q)
1=1

compared to all other bases {w;(x)}}, and corresponding Galerkin approx-
imations, i.e.
Xu < Xuw-

For a homogeneous fluid and an incompressible flow, the flow velocities
u(z,t), having components u; in the z; coordinate direction, can be split-
ted into a mean part u(x) and a fluctuating part «'(x,t) using the so-called
Reynolds decomposition:

u; = T + ;.

Now, ug(x) represents the the mean part @(z) and S0 a,(t)us(x) without
up(z) the fluctuation part u'(z,t) of the Reynolds decomposition.

This theory leads to the following algorithm to calculate the POD modes
and coefficients.

Algorithm 7.7.
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1. Compute the averaged (mean) flow

We denote by u = u — ug the fluctuation of u from this mean flow.

2. Compute the correlation matriz C € RV
|
Cij = 57 (@i, @),

3. Compute the eigenvalues \; and the set of normalized eigenvectors v;,
1=1,...,N of C with :
C'v; = \v;. (7.2.5)

4. Compute the POD modes

1 N

U; ‘=

5. Compute the Fourier coefficients
a;(t;) == (uj, ui)o.

For the theory in the infinite-dimensional case and the optimality of the
pod basis system, we refer to [106], TTT].

Let us now present the POD modes for the Setting [7.1]
First, for the unactuated system, N = 567 snapshots 4}'(z) = 4" (z,t;)

were determined at equidistant discrete times ¢;, ¢ = 1,--- N, covering
6 convective time units. Analogously, N snapshots uf(z) := u*(x,t;), i =
1,---, N, are computed for the actuated system by a URANS simulation with

a WILCOX98 turbulence k-w-model and a Reynolds number of 1.756 - 10°.

We chose a fairly large actuation amplitude B for the actuated case to get
significant differences between the frequencies of the operating conditions.

The POD method for our Setting[7.1] yields the eigenvalues in Figure[7.2]
where the typical pairs of eigenvalues are demonstrated. In Figure [7.2] one
can also see that the first pair of modes contains the most energy. Due to
this reason, we consider only the first pair in the next chapter to introduce
the reduced-order model.

The mean flows is presented in Figure the first mode in Figure [7.4
and the second mode is presented in Figure [7.5]
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Figure 7.2: Eigenvalues of the natural (top) and the actuated (bottom) flow.
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Figure 7.3: Mean flow of the natural ul = (u2 v3)T (ug: top left, vi: bottom
left) and the actuated ug = (ud v8)T (ug: top right, v$: bottom right) case.

5

99



CHAPTER 7. THE NONSTATIONARY CASE
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Figure 7.4: The first mode of the natural uf = (uf v{)" (u}: top left, vl
bottom left) and the actuated u¢ = (u¢ v®)T (u%: top right, v¢: bottom right)
case.
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Figure 7.5: The second mode of the natural u} = (u} v5)T (u3: top left,
v: bottom left) and the actuated ug§ = (u$ v$)T (ug: top right, v$: bottom
right) case.
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Chapter 8
Reduced-order model (ROM)

As mentioned in the last chapter, we want to introduce a low-order model
describing the lift-increasing effect of high-frequency forcing.

In this chapter, we outline the approach of some engineers, see [60] [74], to
set up a reduced-order model without a complete and detailed mathematical
reflection. This procedure is based on many observations and is adapted to
the given problem related to Navier-Stokes equations and high-lift configu-
rations.

After a comprehensible explanation for the design of the reduced-order
model, adopted almost as it stands from [60, Section 3|, we will present in
Section a summary of the core statements of developing the ROM more
detailed, adopted almost as it stands from [66, Section 4 and 5]. In section
and [8.3] we present our modifications on their dynamical system and a lift
formula based only on the Fourier coefficients. Numerical results to compare
this reduced-order model with the full turbulence model are considered at
the end of this chapter. The Sections |8.21{8.4] are published by John, Noack,
Schlegel, Troltzsch and Wachsmuth in [57]. Based on this ROM, we will
establish in Chapter [9] a reduced optimization problem.

The dynamical system should reflect the following behavior of the un-
steady Reynolds-averaged Navier-Stokes (URANS) simulation:

(i) von Kdarman vortex shedding without actuation: a vortex street is a phe-
nomenon of fluid mechanics for a repeating pattern of swirling vortices
behind a bluff body caused by the unsteady separation of fluid flow. It
is named after the engineer, Theodore von Kdarman (1881-1963),

(ii) lock-in shear-layer shedding under high-frequency forcing: a shear-layer
is the transition region between two parallel fluid flows and a shear-
layer shedding means that a boundary-layer fixed to a body separates
from the body surface,
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(iii) a transient behavior from the natural case (i) to the actuated one under
forcing (7i): this means that the system should describe the transition
from the natural flow to the actuated flow and

(iv) a transient behavior from the actuated case (ii) to the natural case (7)
when forcing is turned off.

Due to the periodic actuation, we have to consider oscillatory flows, which
are characterized by an amplitude A and a phase «, i.e. the argument of
sinusoidal functions, if they are linear in time. We can consider them as
polar coordinates of the phase-space (aj, as) = Afcos a, sin a.
First, we are searching for a system describing the natural flow. Noack [74]
described the self-amplified amplitude-limited behavior of vortex shedding
by the following Landau-equation . Let therefore, the superscript n
stand for the unactuated natural case, o™ for the positive growth rate, o™"
for the positive Landau constant and A™ = \/a} + a3 for the amplitude. For
simplicity, we assume the frequency w” as a constant.
= 0"a; —w"ay
s = w"ay + c"as (8.0.1)
" =o0" — a”’”(A”)2,

The superscript a stands in the following for the actuated case.

The shear-layer dynamics is stimulated by high-frequency forcing g(t) =
Bcos(f) with an amplitude B, a phase § and the frequency = w®. The
shear layer denotes in fluid mechanics the transition area between two parallel
streams with different velocities in contrast to wall-bounded boundary layers.
The phase difference of the actuation with respect to the oscillation of the
flow is denoted by 6. That means that the oscillation flow has the phase
0 + . The behavior is most easily modeled by a linear damped oscillator
with a periodic forcing at the eigenfrequency. Here is 0% a negative growth
rate and g3,94 € R are parameters to describe the gain of actuation. In

contrast to the natural case(8.0.1)), we use in the actuated case the indices 3

and 4 instead of 1 and 2. Thus, the actuated flow is described by the system:
az = oc%as — way + g3 B cos(0 + ),
BT T T os(0+5) (8.0.2)
a4 = waz + c%ay + g4 Bsin(0 + B).

In reality, every flow u with actuation ¢ consists of a superposition of
several frequencies @', ..., @, N € N, such that its energy F(g) is the sum
of energies associated to the frequencies E*(g),i=1,..., N :

E(g) = Z E'(g).
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Notice that we assume in both the natural flow, ¢" = 0, and the actuated flow,
g% = B®cos(w“t), a constant frequency w™ and w®, respectively, such that the
associated energies F(¢") and E(g*) are related to the only frequencies w™
and w®. Thus, we characterize the energies in the natural and the actuated
flow by the squares of the amplitudes (A™)? and (A%)?, respectively:

B(g") := (A")? and E(g") := (A"

Let us analogously denote by (A%)2 the energy of the flow with actuation g
associated to the frequency w' :

(45)% = E'(9). (8.0.3)

Now, we comprise both oscillations in a four-dimensional phase space
[a1 as az ag]. With B =0, i.e. az = a4 = 0, this system describes the natural
flow, according to (¢). To obey (ii), the oscillation at the natural frequency
has to vanish with increasing actuation amplitude B > 0. To achieve this,
we decrease the growth rate of the natural case ¢” with the help of the
growth of the high-frequency amplitude A* = \/a2 + a3. Analogously to the
damping term —o™"(A™)? in the Landau system, we add additionally the
term —o™%(A%)? and we get

6,n — O_n o O_n,n(An)2 . O_n,a(Aa)Q.

We see that the energy in the natural case decreases with increasing
energy in the actuated case and vice versa. This guarantees a; = ay = 0 at
the forced state, according to (ii). We substitude the terms g3 B cos(6 + )
and g4 Bsin(f + ) in by g319 + 9329 and g419 + g42g, respectively, to
guarantee more flexibility by calibrating this system to original results, see
Section B2

Thus, we introduced a low-order dynamical system of two coupled os-
cillators describing the observed behavior of the natural and the actuated
flows as well as a transient behavior between them, according to the desired
properties (i) — (iv):

a1 = o"a; — w"ay

as = w"ay + 6" asy

C:Zg = %3 — was + g319 + 9320 (8.0.4)
aq = wag + %4 + ga19 + Ga2g

= 0" = B1(A")? = By(A?)?

:Ja

ng Qé
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CHAPTER 8. REDUCED-ORDER MODEL (ROM)

with A" = /a} + a3, A* = \/a3+a3. The a;’s, i = 1,...,4 can be inter-
preted as the coefficients to the in Chapter [7] calculated POD modes. With
the steady base flow ug, this leads to

4

u(z,t) ~ ug(x) + Z a; (t)u;(x).

i=1

If u is a velocity field without actuation, as and a4 are almost equal to
zero. Thus, u is approximated by the modes of the natural case u(z,t) ~
up(z) + a1 (t)ur(x) 4+ az(t)us(z). Otherwise, u is described by modes of the
actuated case and a; and as are near to zero. One can see in the system
that more actuation, e.g. for instance a higher actuation amplitude
B, leads to a higher weighting of the modes of the actuated case in contrast
to the ones of the natural case.

Here, we see a low-order model with the control function g(¢). This model
replace the Navier-Stokes equations in our reduced optimization problem, see
Chapter 9

After a more detailed discussion for the reduced-order model (ROM) in
Section [8.1] adopted from [66], we explain in the following sections our mod-
ifications on this model (Section [8.2)), introduce a lift-formula only based on
the mode coefficients {a;}?_; (Section and give a numerical example to
demonstrate that the ROM reproduces the nonlinear behavior of the system
sufficiently well for our optimization ansatz (Section .

8.1 A generalized model

This section, where we consider the structure of the dynamical system (|8.0.4))
more detailed, is based on [66, Section 4 and 5.

8.1.1 Mean-field theory

We consider a computational domain @ C R?* with z = (z,y) € Q. The
x-axis is aligned with the flow and the y-axis with the orthogonal direction.
The velocity field is denoted by u = (u,v), where the components u and v
are aligned with the z- and y-direction. This model will demonstrate the
role of mean-field dynamics in stabilizing an attractor and as a commitment
between the actuated and the natural (unactuated) case. An attractor is a
set towards which a dynamical system evolves over timeﬂ. For the mean-field

"'Wikipedia
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theory, we refer to |74, [75, [94, [95]. In addition to the L2-scalar product of
vector fields

let us define inner product for matrix-valued fields by

2
(A, B)q = /A : Bdx, with A: B := Z A;;Bj;

o ij=1
and the instantaneous kinetic energy of a velocity field u is given by

ol
= Ll

We consider the incompressible
divu =0
non-stationary Navier-Stokes equation
u —vAu+ (u-V)u+Vp=0 (8.1.1)
and the unsteady boundary condition

Uu=g

with boundary actuation g. Additionally to the boundary actuation, we
consider a time periodic and space dependent volume force ¢g*. We denote
the so-called ensemble average by u with its approximation

1 /772
u(t) := —/ u(t +7) dr,
T J 1)
where T' > 0 is a set length of a time window. Next, we are formulating some
assumptions. The first one is based on observed phenomenology.

(A.1) (A generalized Krylov-Bogoliubov ansatz) The velocity field u
is dominated by the sum of a slowly varying base flow u® and two
oscillatory components which are nearly pure harmonics at the natural
u" and the actuation u® frequency. Other temporal harmonics are
considered as negligible. Thus, we obtain

u(x,t) = ul(z,t) + u"(z,t) + u(z,1), (8.1.2)

where u® satisfies the steady, inhomogeneous boundary condition g(#),
u"™ the homogenized version and u® accounts for the residual to the
unsteady boundary condition g(t) — g(¢).
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Due to the fact that the base flow is almost time-independent, we assume

Furthermore, we recognize that the ensemble averages of the fluctuations u™
and u® vanishes
u" =0, u"=0

where u°, u™ and u® are averaged over the associated time intervals.

The ansatz of Dusek et. al. [38] was to establish a small parameter € < 1
and slowly varying amplitude functions uf, u? and u¢, i = 1,2, such that

b(2,t) = ub(z, et),
", t Tz, et) cos(Q"t) 4+ uj (z, et) sin(Q"t),

expresses the assumed slow variation of the mean flow, the oscillation ampli-
tudes, the frequencies and the phase shifts.

This ansatz implies that time derivatives of the amplitude functions are
of order O(¢), which we want to neglect.

The second assumption is called by engineers ’a non-commensurability
ansatz’:

(A.2) (A non-commensurability ansatz) There is no direct interaction
between u™ and u® through the nonlinear term (u-V)u, i.e. (u™-V)u® =
(u®- V)u" = 0.

This assumption is based on the numerically observed fact that the activity
regions of these fluctuations rarely overlap. So, on each of the two attractors,
we neglect fluctuations in the other frequency.

Substituting the Assumption (A.1) into the Navier-Stokes equations
and re-arranging the terms by the zeroth and the first harmonics at frequen-
cies St™ and St*, respectively, leads to

0= —vAu’ + (u®- V)ub + (un - V)ur + (v - V)ue + Vp’, (8.1.3)
ul = vAu" — (u" - Viub — (ub - V)u" — Vp", (8.1.4)
ul = vAu® — (u* - V)u' — (u’ - V)u® — Vp® + g (8.1.5)

The temporal behavior of the terms (u* - V)u*, k = b, n, a, is specified by
the 0th and second harmonics of the frequencies St” and St* and they are

eliminated in (8.1.4)) and (8.1.5)) by Assumption (A.1). The mean-field model
in the next subsection is based on the system ({8.1.3))-(8.1.5]).
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For a homogeneous fluid and an incompressible flow, the flow velocities
u(z,t), having components w; in the x; coordinate direction, can be splitted
into a mean part u(z) and a fluctuating part «'(z,t) using the so-called
Reynolds decomposition:

u; = ; + uj.
The Reynolds stress tensor 7’ is then defined by 7;; = W and describes the
degree of nonlinearity. The term V7’ denotes the force pushing the mean
flow away from the steady flow. If the Reynolds stress would be zero, then
the mean flow would coincide with the steady flow.
The next and last assumption guarantees a linear relation between the

Reynolds stresses 7/ and the mean-field correction term u”. Let therefore, u,
be the associating solution of the steady Navier-Stokes equations

—Aug + (us - V)us +Vp=0 in Q
divus =0 in Q2 (8.1.6)
us =g(t) onl.

(A.3) (Linearized Reynolds equation) Let us assume that (8.1.3)) is lin-
earizable at the steady solution u, and

u’ = u, + ul (8.1.7)

The linearized Reynolds equation for the mean-field correction u" is

obtained by substituting (8.1.7)) in (8.1.3)

0= —vA(us +u") + ((us +u") - V) (us +u™)
+ (un - V)ur + (ue - V)ue + V(ps + p")

subtracting the steady Navier-Stokes equation

0= —vAu" + (ug - VIu" 4 (u" - V)u, + Vp"
— vAus + (us - V)u' + Vps — (—vAugs + (us - V)u® + Vpy)
+ (un - V)ur + (ue - Vua + (u - V)u

and neglecting quadratic terms in u™:

0= —vAu" + (us - V)u" + (u" - V)u,

8.1.8
+ (un - V)ur 4 (ue - V)ue + Vp'. ( )

109
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8.1.2 Mean-field Galerkin model

Let us now transform the mean-field model over to the least-order Galerkin
model. For the theory of the Galerkin method, we refer to to Fletcher [41],
Holmes et. al. [56] and Ladyzhenskaya [65]. Let u denote the steady base
flow, then the Galerkin method is based on the Galerkin expansion

u(a,t) =Y a;(t)u(z). (8.1.9)

1=0

The time dependency is described by the Fourier coefficients a;, 1 = 1,..., M
with ag = 1. We describe the Galerkin approximation in the section Least-
order Galerkin approrimation after next.

Galerkin method

Replacing the flow u in the Navier-Stokes equations (8.1.1]) with g, = 0 by the
Galerkin expansion (8.1.9) and projecting them onto the subspace spanned
by the expansion modes:

(ug —vAu+ (u-V)u+ Vp,u;)g=0fori=1,..., M,

we obtain with I" := 02

1.
0 (X M 9a
<a (Z aj(t)uj(ﬂf)) »Uz’(ﬂf)> = ( T Uy»“z)
= Q J= Q
M M M
da da da da;
_ Z ( atﬂu],ul)ﬂ =2 —t](u],uz)g = Z—tﬂaw ==
j=1 j=1 j=1
2.

i=0 =0
M M

=v E a; (Auj,u;)g = v E lija;,
j=0 Jj=0
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8.1. A GENERALIZED MODEL

(((Z aj@)“j(@) 'V> <Z ak@)“k(@) aui(l’)>

7=0 k=0
M M

=D > g (- Vug, ui)g § ;3 Ak
=0 k=0 ~ 7,k=0

=155,
4. By Noack et. al. [70], we obtain a pressure expansion Vp(z,t) =
M M
PO Mz, t) = 30 3 pin(x)a;(t)ar(t). This leads to

(Vp(z, 1), ui(z))g = (P (x, 1), ui(x))

Summarized, this leads with gji, := g} + quk to a simplified ordinary differ-
ential equation system

0&1 = VZZZJCL] + Z Qijk;Q,

7,k=0

i=1,..., M, to define the Fourier coefficients a;(¢). Together with

M M
= Z qijk a0k, (-F(a))z = Z(Vlz] + qi0; + %]O)am
k=1 j=1

(C); := vlio + Gioo

and ag = 1, we obtain the system

da
5 = Mla.a) + Fla) +C. (8.1.10)

We have the following difficulty: by a standard POD method, boundary
values is prescribed by the dynamical system and can not be installed as a
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actuation command. The problem is that boundary actuation is generally
not derivable from the Galerkin projection, because the Galerkin projection
is composed to ignore boundary perturbations defined over a set of measure
zero. But it is possible to simulate boundary effects by additional actuation
modes, see for instance [16], 49, [77].

Instead, we decided to add an control term to the system that is
state dependent and includes the control command and its time derivative.
We consider an oscillatory control with slowly varying periodic characteris-
tics.

Then the influence on the flow can be modelled by an actuation term
Bg(t) with actuation command §(¢) and a matrix B, see [85, 86, ©92]. As
mentioned in (7.0.3]), we consider a periodic actuation g(t) = Bcos(6(t)),
tulfilling 05(t)/0t = —Q* with an actuation amplitude B and a phase shift
of 5(t) — Q. The acceleration is dg(t)/0t = —Q*Bsin(5(t)).

We combine the actuation command and its derivative with respect to ¢
to

g=1g, 9" = Bleos(8), —Q"sin(B)]"
and obtain the Galerkin system with actuation

da S

EZM(G,(L)—FF(G)-FC—{—BQ. (8.1.11)
The term Bg(t) replaces the boundary actuator in the Navier-Stokes equa-
tions, because we have no boundary terms in the dynamical system (8.1.11]).

Considering the system (8.0.4), we have to define B by

"0 0
0 0
0 0
B= 0 0
g31 g32
[ 941 G42]

Let us consider in the next section the Galerkin approximation for our
problem.

Least-order Galerkin approximation

The least-order Galerkin approximation is based on Assumption (A.1); we
are interested in modes resolving v, u® and «” in (8.1.2)). Let therefore !
and v, i = 1,2, be the two dominant POD modes of the natural and the
actuated attractors. The modes u} and u} are orthonormal and u} and u}
are orthonormal by construction.
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Considering the computed POD mode pairs, see Figure [7.3}[7.5] we rec-
ognize that the actuated modes u§ and u§ have their main fluctuations over
and near the airfoil, whereas the fluctuations of the natural POD modes u}
and uj are concentrated further downstream. This fact and the different
wavelengths shows that POD mode pairs are nearly orthogonal. This ob-
servations supported by very small values (u},uf)q, (u},us)q, (uf,us)q and
(UTQZ’ U’g)ﬂ

Thus, we merge them into an orthonormal basis, using the Gram-Schmidt
normalization and obtain (uy, ug, ug, uy) associated to (uf, uly, uf,us) and we
shall maintain the approximation of the fluctuations v and u® by

4

u" = Z a;(t)u;(x), and u® = Z a;(t)u;(x).

1=3

Now, we are looking for a representation for u®. Let u, be the steady
solution of (8.1.6]), uj is the mean flow of the natural attractor and = o y
means that z is proportional to y. Then, following [74], the effect of the
Reynolds stress due to the natural oscillations is described by a shift-mode
ux X uf — us,. Analogously, we define uf.

Assume that us and ug are obtained by a Gram-Schmidt orthogonal-
ization from v} and u%, removing any projections over uy,--- ,uys. Thus,
uq,...,ug are orthonormal. In [74], they approximate the time-varying base
flow u’(x,t) = u,(z) + u"(x,t), see Assumption (A.3), with the two shift-
modes u; and ug corresponding to the two attractors of the natural and the
actuated case

u(2,t) = ug(z) + u(z,t) = us(x) + as(t)us(x) + ag(t)ug(w),  (8.1.12)

This means that the fluctuations uq, . .., uy are negligible to approximate the
mean-field correction v and the base flow u’.

A transient describes the crossing behavior into another attractor without
reaching him. Then, the mean flows u{ and u§ are approximated by the
associated initial and final values of the base flow u® trajectory in transients
connecting the two attractors and we obtain with ua = (ug —ud)/||uf —udl|a

the approximation
u(z,t) = uf(z) + aa(t)ua (). (8.1.13)

See Figure for a visual description of the relation between the steady
solution u, and the mean flows u{ and ug.
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Figure 8.1: The relation between the steady solution us and the mean flows
ugy and ug, see [66] Figure 5.

Considering (8.1.13)) instead of (8.1.12)), the velocity field of the URANS

data was approximated by

u(z,t) = uy () + aa(t)ua(z) + Z a;(t)u;(x). (8.1.14)

i=1

Thus, we do not have to extract a steady solution wu.

In (8.1.14)), we approximated the system of the natural flow, the actuated
flow and the states between them by the two mean flows wuj and uf, the
associated shift mode ua with Fourier coefficient ax, as transition between
them, the two modes uy, us of the natural and the two modes uz, uy of the
actuated flow, with associated Fourier coefficients a1, ..., a4.

However, in the next section, we use to obtain the equivalent
Galerkin expansion

w(x,t) = ug(x) + Z a;(t)us (). (8.1.15)

This approximation will be used in the Galerkin system (8.1.16])-(8.1.18]).
The main advantages of (8.1.15)) in contrast to (8.1.14)) appear by cali-

brating the Galerkin system parameter with empirical data, see [66] for more
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details. The advantage of (8.1.14) was that we do not have to calculate the
steady solution .

Least-order Galerkin system

Inserting the equation (8.1.15]) into the mean-field Navier-Stokes equations

, and , followed by the Galerkin projection of these equa-

tions on the expansion modes lead to the least-order Galerkin system, con-

sisting of the Fourier coefficients a;. Subsequently, we have to enforce a

Galerkin projection of these equations on the expansion modes {u;}%_;.
The Galerkin system, associated to the projection of , is

2

6
8@1
E Qijr ;g + 5 E Qijrajay +v E lija; + O
7j=1 k=5 7j=5 k=1 = Vp
= Btu” "~ ~\~

= —(u” V)ub = —(ub-V)un = vAun

i € {1,2}. For a proof, see the derivation of(8.1.10). The other equations
follow analogously.
Let e; be the unit-vector of RM, then we get with

a" = ajey + as + €9, a® = ases + ageq, and a® = ases + ageg

the full Galerkin system by
aa™

B = M(a’,a") + M(a", a®) + F(a"), (8.1.16)
a;t = M(d’, a%) + M(a®, a®) + F(a®) + B3, (8.1.17)
0= M(a",a") + M(a2, a®) + F(a’). (8.1.18)

In |66, Appendix B|, it is shown that the Galerkin system has the following
equivalent form

aq ik —om 0 0 ay 0 0
0 | as w" o o" 0 0 a2 0 0
— = - - 7l 8.1.19
ot | as 0 0 6@ @ | |ay| |k —n|? (8.1.19)
g 0 0 w* o° g n K

with
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where A" = ||a"||, A* = ||a®|| are the respective oscillation amplitudes. The
Assumption (A.3) avoids a Taylor series in (A™)? and (A%)2.

The parameter c™" describes the decreasing growth rate of the natural
attractor with increasing energy in the natural attractor and ¢™® the de-
creasing growth rate of the natural attractor with increasing energy in the
actuated attractor. The parameter " and o®“ can be interpreted analo-
gously.

The parameters w™", w™? w*™ and w®* describe the changes of the amplitude-
dependent frequency. The equation leads to a linear dependence of a®
on a” and a®. Consequences of this dependency are that the system (8.1.19)
only consists of ay, ..., as and the equations , for more details see [66,
Appendix BJ.

Let us have a closer look at and to identify some pa-
rameters. A first ansatz is that we assume for reasons of simplifications
that the oscillation frequencies are independent of A™ and A% and a constant
frequency for the natural and the actuated flow, which yields

n,a

=W =w" =w"" =0

and consequently

see [60, Section 5.4] for more details. In [66, Section 5.5| is the simplifi-
cation

described that means ¢*" = c%* = 0.
Finally, this leads to the following dynamical system

dl = 5'”@1 — Qn(lg

dg = Q"a1 + 5’”@2

az = 0%s — Q% + Kg — N

8O G Gah g g (8.1.21)
aq = Q%gz + 6%y +ng + K

5_n — O,n . Un,n<An)2 - O_n,a(Aa)Q

o" =o"

and one has to calibrate the remaining parameters to the numerical data,
i.e. the preliminarily calculated snapshots.

Similar to the least-order Galerkin model (8.1.19) and (8.1.20]), we want

to establish a new reduced-order model (ROM) calibrated with our numerical
data. In the next section, we present our modifications.
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8.2 Modifications on the reduced-order model

In this section, we want to demonstrate our modifications and calibrations
on the reduced-order model to handle the optimization problem (Py) in the
next chapter.

Similarly to POD, see Section [7.2] all snapshots are processed. For this
purpose, we consider only the velocity field u = (u,v) in a certain reference
domain, where the actuation has the main influence on velocity and lift, see
Figure[7.1] Therefore, the snapshot velocity data are weighted by the size of
their area. We select the first two POD modes of the actuated (uf{,u$) and
non-actuated (uf,u}) system, carrying the highest energy.

But in contrast to the ansatz in the last Section 8.1} we filter the POD
modes and the associated mode coefficients by eliminating certain fluctua-
tions to emphasize the dominant harmonic structure, see the following sub-
section for more details.

8.2.1 Filtering of the POD modes and coefficients

The snapshots 4} and 4 are given on a time interval [0, 7]. Due to the fact
that the natural flow and the actuated flow have different wavelengths, we
search for the maximal k% k™ € N such that the times

T = 27k /0" and T® = 27k /Q°

fulfill 7" < T and T* < T'. Therefore, the time 7" has to be big enough such
that T'> 27 /Q" and T > 27 /Q°.

Let (af(t),a5(t)) and (af(t),a(t)) are the first POD mode coefficient
pairs of the natural and the actuated case, respectively. We recognize that
they are very similar to trigonometric functions or oscillations and so, we
want to approximate them as well as possible by oscillations. Therefore, we
calculate the phases ¢™(t), ¢®(t) and radii 7(t), 7*(t) by

a™(t) 4 ial(t) = 7 (t)e*"®),

a$(t) +ial(t) = 7 (t)e"" ™,
To extract the dominant harmonic oscillations from these POD coefficients,
we smooth in ({8.2.1)) perturbations of both, the radii 7"(¢),7%(t) and the
phases ¢"(t), p*(t), in anticipation of a small deformation of the correspond-
ing modes. This holds, because the POD method does not extract pure

frequencies and radii, but 'deformed’ modes with the highest energy.
With the average values

o= () = 1T [ ) At e =),
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we approximate our filtered coefficients

ay(t) +iag(t) = r"e™",
as(t) +iay(t) = re™".

®

Let uf and u§ are the mean flows

N
ug(z) = 1/N Y af(x)

i=1

in the unactuated and v
uf(z) =1/N > il(x)

i=1

in the actuated case.
Then, the associated filtered modes are determined by the Fourier ansatz

/2
o , 1L 1 n n 1
o) = () = o) =g [ @) = (o) o) an
—Tn /2
for i = 1,2 and
T2
(@) = (@0, ) -ty 2a()) =~ /(A“( ) — ul(2)) ~ai(t) dt
u;(x) = | u’(x, Up, 5 i Ta_Ta u(x, up(x)) -2 ai ,
—Ta/2

for i = 3,4. The coefficients a} and a} are orthonormal and af and a§ are
orthonormal by construction. But the coefficients a]' are not necessarily or-
thonormal to af for @ = 1, 2. Thus, we finally orthonormalize these frequence-
filtered modes u;, i = 1,...,4 by Gram-Schmidt and denote the orthonormal
modes for simplicity by u;, i = 1,...,4.

The Figures and show the associated filtered mode coefficients a4,
1 =1,...,4 in contrast to the original ones.

In the Figures [8.2) and [8.3], we present the filtered modes u; and us of the
natural flow and in and we present the filtered modes us and wuy of
the actuated flow in comparison to the original POD modes. We see that the
filtered modes of the actuated case us and uy have their main fluctuations
over and near the airfoil, whereas the fluctuations of the filtered modes of
the natural case u; and us are concentrated further downstream. Because we
approximated the mode coefficients a;, ¢ = 1,...,4 to almost pure trigono-
metric functions, we see that some original modes are smoother than the
filtered ones.
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3
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Figure 8.2: The first filtered mode u; = (u; v1)? (up: top left, vy: bottom
left) and the original first mode u} = (u} o}) (u}: top right, v}: bottom
right) of the natural case.
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Figure 8.3: The second filtered mode uy = (us v9)? (ug: top left, vy: bottom
left) and the original first mode u} = (uf v%) (uf: top right, v5: bottom
right) of the natural case.
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Figure 8.4: The first filtered mode uz = (uz v3)? (u3: top left, vs: bottom
left) and the original first mode uf{ = (u{ v{) (u§: top right, v{: bottom
right) of the actuated case.
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Figure 8.5: The second filtered mode uy = (uy v4)7
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left) and the original first mode u§

right) of the actuated case.
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Figure 8.6: The filtered mode coefficients (natural case a;: top left, actuated
case az: bottom left) and the original mode coefficients (natural case a}: top
right, actuated case a{: bottom right) of the associated first mode over the
snapshots.
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Figure 8.7: The filtered mode coefficients (natural case aq: top left, actuated
case ay: bottom left) and the original mode coefficients (natural case aj: top
right, actuated case a$: bottom right) of the associated second mode over
the snapshots.

8.2.2 Parameter calibration

The filtered modes (uq,...uy) contain significant information gained from
the URANS solution by the k-w-model. Considering the dynamical system
(8.1.21)), we redefined 3; := ™" and [ := ¢™* and decided to replace x and
v by g31, gs2 and g3o, g41, respectively, to have more degrees of freedom to
calibrate the reduced-order model to the original URANS data.
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This leads to the following reduced-order model:
a1 =0"a; —was
as = w"a; + d"ay
o:z3 = 0%3 — w'as + g319 + G320 (8.2.2)
(g = w'ag + 0%as + gu19 + Ga2g
"=o" = Bi(A")? — Ba(AY)

a a
:O‘7

with A" = /a? 4+ a3, A* = \/d% + a3 and g = Bcos(w’t), where B is the
amplitude of the actuation signal and w® is the associated angular frequency.

Our snapshots contain no data or information about the transient behav-
ior, because the snapshots are taken while the natural flow and the actuated
one, respectively. Because of this reason, we have to select the amplification
rates 0", 0% as follows by empirical values:

Qe

Qe

e ¢" = (.15 is an empirical value, if the cord-length of the wing is 1.
Because the flap is the active part of the configuration, we choose o" =

0.15%=,
cfl

o 0% = —TL where T,,, is the time that one vortex needs to pass the
flap-length cf;. We read off this value from the snapshots.

Now, we want to calibrate the parameters $; and (5 of the system .
They are determining the growth rates of both oscillations. That means that
they are responsible for the increasing or decreasing rate of the energies in
both oscillations with decreasing or increasing energy in the other one. If
the fluid flow is in the unactuated state, then no energy should be in the
coefficients as, aq, i.e. az = a4 = 0, hence A* = 0. Moreover, we require that

5’n:Un—B1(An)2:O

holds for unactuated flow dynamics. This expresses the fact that there is no
additional energy contribution to the natural oscillatory behavior of aq,as.
Thus (; can be determined by

bL=o0 5 =0 e

(A")
There are many possibilities to calibrate 5. For instance, we can determine
(B2 analogously to 3; by
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The problem of this ansatz is that the energy belonging to the natural fre-
quency Af., see , does not vanish completely in the actuated case.
That means A7, > 0.

Let us assume that the energy in the whole system is constant over all
actuation amplitudes B :

o™ = Br(A™)? + Ba(AY)2. (8.2.3)
Then, another possibility is to determine (5 by

5 . o" — 61(14”)2
(A

We decided to follow an alternative approach. Let us consider for example
the actuation amplitude B with associated flow @. Till now, we assumed a
constant frequency in both the natural and the actuated flow. To determine
the parameters 5, and (5, we ignore this. Instead, we assume that every flow
consists of a combination of the natural and the actuation frequency. Thus,
the energy in this flow @ is the sum of the energies associated to the two
frequencies. Then, we denote analogously to by (A%)? and (A%)? the
energies associated to the natural and the actuation frequency.

Let B® be the actuation amplitude related to the actuated flow u®. Con-
sidering the to the natural and the actuated flow associated energies (Af)?,
(A2)% (A%.)? and (A%.)?, we are able to draw the energies over the actuation
amplitude B, see Figure 8.8

Considering Figure [8.8] we only obtain a linear relation without con-
straints between the energies of the natural w™ and the actuation frequency
w?®, respectively, over the actuation amplitude B. But, this does not corre-
spond to reality. Therefore, we need an additional set of snapshots with a
small actuation amplitude B* to identify the parameters 5; and (3 in the
system (8.2.2)). We select B* such that the associated energy belonging to
the natural frequency (A%.)? should be significant greater than zero. For
this actuation amplitude, we compute the filtered coefficients {a;}}_; and
the associated energies (A%.)? and (A%.)2.

We draw the results in Figure and assume that (A%.)? is the lower
bound for the energy of the natural frequency w” and (A%)? is the upper
bound for the energy associated with the actuation frequency w*.

Then, we determine the parameters 8, and 5 by assuming that the energy
in the whole system remains constant over all amplitudes B by the
System

BIALY + Ba(AR? =0 524
Bi( A )2+ Ba(AB)? = o™ -
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Energy
%
A

Actuation amplitude B

Figure 8.8: Energies (A™)? (continuous lines) and (A%)? (dashed lines) over
the actuation amplitude B. Here, we calculated the energies only for B = 0
and the actuation amplitude B®.

The reduced-order model contains additionally free parameters
931, 932, 941 and gqo to calibrate the selected actuation to the dynamical
system. Recall therefore that the actuation g and its derivative ¢ are g =
B cos(wt) and g = —Bw®sin(w®t), where the actuation amplitude B is our
optimization variable.

Therefore, we multiply the third and fourth equation of by ¢ and
g, respectively, and integrate over [0,7%]. This eliminates gs2, g4o and g1,
g1, respectively. For instance

(ds, g)re = 04(as, g)re — walag, g)ra + g31(g, g)1e

leads to

931 = ((dz, g)re — 0*(ag, g)a +w*(as, g)7a) /(g 9)7e- (8.2.5)

Note that (g, g)r« vanishes in the long term average.

An example of the phase portraits for the coefficients aq,--- , a4 of the
system is presented in Figure . This figure presents the solution of
(8.2.2) starting on the natural attractor with actuation. We see in this figure
on the left side in the phase portrait of the first oscillator (a;, as), describing
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Energy
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Actuation amplitude B

Figure 8.9: Energies (A™)? (continuous lines) and (A%)? (dashed lines) over
the actuation amplitude B. Here, we calculated the energies for B = 0, B*
and the actuation amplitude B®.

the natural flow, that the energy vanishes and transfers over to the phase

portrait of the second oscillator (as, ay), describing the actuated flow.

Phase portrait of a1 and a2

Phase portrait of a3 and a4

03 0.06
0.2 0.04
01 0.02
{0 T 0
-0.1 -0.02
-0.2 -0.04
0:8.3 -0.2 0.1 0 0.1 0.2 -O.%§06 -0.04 -0.02 0 0.02 0.04 0.086

a3

Figure 8.10: Phase portraits of (aj, as) (left) and (as, a4) (right) of the system
(8.2.2) with full actuation, starting with (a;,as) on the natural limit cycle
and (ag, as) = (0,0) with actuation.
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The next Figure presents (ai, . . .,ay4) obtained by the dynamical system
. We start without actuation and switched on the actuation after
10 seconds. First, we see a; and as reaching the natural attractor. After
switching on the actuation, a; and as decrease to zero and as and ay4 arises
to the actuated attractor.

0.4 04

0z 02

[
[

-0.2 -02

-0.4 -0.4
0 5 10 15 20 0 5 10 15 20

o a1

005 0.0s

[=1
(=1

-0.05 -0.05

-0 0.1

Figure 8.11: The state a (ay: top left, as: top right, as: bottom left and ay:
bottom right) gained by the dynamical system (8.2.2)), starting without an
actuation. After 10 seconds, we switched on the actuation.

This figure shows that the dynamical system represents the behavior
of the natural and the actuated flow as expected.

8.3 Computation of lift

Based on the dynamical system (d;); (8.2.2)), we calculate the lift by the

following ansatz with unknown coefficients c¢;;

4
Cr(ar,az, ag, ag) = coo + Z C1i0; + oo A™)? + cgo(A™)* (8.3.1)

i=1

There is no limitation on the energy A® of the actuated case with respect
to increasing B, hence A® is not included in (8.3.1). The ansatz (8.3.1)) is
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motivated by a global momentum balance equation and the constant and
linear terms in (8.3.1]) are related to this equation. The lift effect of base-
flow variation can be lumped in c20(A™)?+c40(A™)* assuming slow transients,
see [90]. We obtain the parameters ¢;; by a least-squares fit of C((a}')) and
Cr((a?)) to the original lift values of the URANS simulation. The (a})
are the filtered coefficients of the unactuated case and (af) are the filtered

coefficients of the actuated case. Our goal is to fit the parameters in the
sense that the simulated lift values are reproduced by the lift formula (8.3.1])
in the unactuated case Cry based on (al') as well as the lift values in the
actuated case Cp4 based on (a?). This leads to the problem

min Fc;;) = [|Cra(-) = Crley)((af (ONI* + 1Crn () = Crlei) (af )]
Finally, after the coefficients ¢;; have been determined the optimization prob-
lem is formulated as

max Cp (a1, as, as, ay) (8.3.2)
B>0

subject to the ODE system (8.0.4)).

Figure [8.12] presents the original mean lift by the URANS simulation
(continuous lines) compared with the calculated mean lift by (8.3.1) (dashed
lines).

8.4 Numerical investigation

We consider in this section a high-lift configuration with observation region
Q presented in Figure [7.1] see Setting [7.1] and [66] for more details.

The actuation amplitude to determine the set of the actuated snap-
shots was B = 3.5888 and we worked with the parameters ¢ = 0.5906,
o% = —2.0042, w™ = 5.5407 and w® = 14.8412. Analogously to (8.2.5)), we
calculated g3; = 0.0284, g35 = 0.0000, g4; = 0.0000 and g4 = —0.0019. The
parameters $; = 14.75 and [y = 654.0806 are calculated by with an
actuation amplitude of B* = 1.19.

Calibrating the parameters c;; of the lift formula to this data, we
get c19 = 2.2238, c¢1; = 0.2295, ¢15 = —0.6858, c¢13 = 1.6717, ¢34 = —0.2963,
coo = —8.3606, cq9 = 39.7410. Figure shows the agreement of Cp(a;)
with the lift-values of the URANS simulation, where the a; are the filtered
coefficients.

The mean values differ in both cases, the unactuated and the actuated
one, between the original lift values and the values calculated with C7, not
more than 0.5%), see Figure[8.12, This is negligible, because in contrast to our
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Figure 8.12: Comparison of the original mean lift values by the URANS

simulation (continuous lines) and the mean lift computed by (8.3.1]) (dashed
lines).
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Figure 8.13: Comparison of the lift values of the URANS simulation (contin-
uous lines) with those obtained by the lift formula based on the filtered co-
efficients aq, - - - , a4 (dashed lines): Natural flow (left), actuated flow (right).

stationary case without turbulence, we achieve a lift gain of more than 14% in
the full problem with an actuation in contrast to the case without actuation.
Evaluating C', with the a;’s as the solutions of the dynamical system, once
computed with B = 0 and once with the full actuation B = 3.5888, we get
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mean values of around 1.96 respectively 2.24 and the results presented in

Figure [8.14]
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Figure 8.14: Comparison of the lift values of the URANS simulation (contin-
uous lines) with those obtained by the lift formula based on ay, - - - , a4 of the
dynamical system (dashed lines): Natural flow (left), actuated flow (right).

Solving this dynamical system with several actuation amplitudes B = 0
to B = 3.6, we resolve the average lift values presented in Figure [8.15} for
B = 0 an average lift of 1.96 and for B = 3.5888 an average lift of 2.22.
The optimization problem yields a lift gain of more than 13%. The
maximal lift is achieved at an actuation amplitude of around B,, = 2.4,
agreeing with the results of the URANS simulation.
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Figure 8.15: Comparison of the lift coefficients calculated by Cf (continuous
lines) with those obtained by the URANS simulation (dashed lines) with the
Wilcox98 k — w—turbulence model for some chosen actuation amplitudes B.
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Chapter 9

The optimal control problem

In this chapter, we want to investigate an optimal control problem (Py) based
on the optimization problem of the last chapter. Our goal is to reach
as much lift as possible where the actuation amplitude B is the optimization
parameter.

Let B € R denote an upper bound and 0 the natural lower bound for the
actuation amplitude B, ajg, ago, asp, a4o the initial values for the state a(t),
Th =T.—T, and g(t) = Bcos(w®). Then the optimization problem (Py)
looks with a(t) = (a1(t), as(t), as(t), as(t)) as follows:

Te
1 N o
e / —CL((ll(t)7 CLQ(t), ag(t), a4(t)) dt + TB

Ta
Ta

min Jy(a(t), B) :=

subject to the reduced order model

a1 (t) = 0" a1 (t) — w'as(t)

az(t) = w"ai(1) + " as(t)

as(t) = o"az(1) — w* 4(75) + 9319(t) + 9329(1)

aq(t) = was(t) + 6%as(t) + gng(t) + gaag(t) ©.0.1)
a1(0) = ayp

a2(0) = Q20

a3(0) = azo

a4(0) = ay

with the amplifier rates

G"(t) = 0" — Bu(A"(t))? — Ba(A%(t))”

a(t) = 0a7

Qe
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the control constraint
B€By:={BeR:0<B<B}.

Note that it seems as if this system is linear, but it is nonlinear due to "
with A"(t) = \/a3(t) + a3(t) and A%(t) = \/a3(t) + a3(t).

In the next section, we introduce the first-order optimality system, which
we will need for the numerical investigation.

9.1 First-order necessary optimality conditions

We directly apply the formal Langrange technique to this problem (Py) to
derive the first-order necessary optimality conditions. We do this in a formal
way without considering the exact function spaces providing the background
of this theory.

Following the Lagrange technique, we want to substitute the ODEs in
by Lagrange multiplication functions A(¢) = (A1(2), Aa(t), Az(t), \a(t))
while the box constraint B € B,y for the control parameter and the initial
values are not eliminated.

Then, we obtain the Lagrange-functional Ly (a(t), B, A(t)) with the state
variable a(t), the adjoint state A(¢) and the actuation amplitude B:

Te Te
1 N o . ~n n
/:N(CL, B, )\) I:E —CL<CL> dt + TB — (a1 —0'a) +w ag))\ldt
T, Ta
Te
1
e (CLQ — w”al - 5'”@2))\2dt
Ta
Ta
Te
1 . a a .
BN (a3 — 0%az +w'ay — gs19 — gz29) Azdt
A
Ta
Te
— T_ (a4(t — w“ag — O'aCL4 — gung — g429)>\4dt
A
Ta

Following the Lagrange principle, the optimal control B together with
the associating optimal state a(t) has to fulfill the necessary first-order opti-
mality condition of the problem including the minimization of the Lagrange
functional £y with respect to a(t), B and the box constraint B € B,y for the
control but without the state equations .
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Thus, the Lagrange-functional £y has to fulfill

OLN
Oa

(@, B, \)h = 0 for all possible h(-) with h(0) =0 (9.1.1)

and with respect to the control parameter B the variational inequality

(@, B,\)(B — B) >0 for all B € By,. (9.1.2)

0B

The equality (9.1.1)) is with h = (hq, he, h3, hy) equivalent to

4
(Z(Clzhz) + 2020a1h1 + 2020a2h2 -+ 4040 (An)z(llhl

i=1

+ 4640 (An)Qa/QhQ) dt

=
wel]
>~
S~—
—
>
S~—
g I
S \;ﬂ

Te
- /(h1 — 2(Brarhy + Brashs + Baaghs + Paashy)as
Ta
— 0"hy 4+ w"hy — (Bra3 + Baal + Baat)hy) A dt
Te
- /(h2 — 2(Brarhy + Braghy + Baashs + Brashy)as
Ta
—w"hy — 0"hy — (Bra} + Baal + Baai)ho) g dt
Te
—/%—W@+M@M&
Ta
Te
—/@—M@—W@M&
Ta
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and after integration by parts, we derive

Te
oL _
aaN (C_L, B, )\) (h) = /((CH -+ 2020@1 + 4C40(An>2611)h1 + (Clg)hg
Ta
+ (612 + 2620(12 + 4c4O(A")2a2)h2 + (614)h4) dt
Te
- /<<_)‘1 — 0" =2(fra1 A\ + BraiA2)ay
Ta
— (B103 + Badi + Baa?) + w"Ao)hy) di
Te
- /((—)\2 — WA\ — 0" = 2(Brag A + Brazhs)as
Ta
— (B10} + P2a3 + B2a3))hy) dt
Te
- /((_/\3 + 62@3()\1 + /\2) — 5'a)\3 + w“)\4)h3) dt
Ta
T.
- / (=4 + Baas( A1 + A2) — w2y — 6%N\a)hy) dt
Ta
T
= [uMT) + BaTYa(T) + ha(T)(T)
Ta

+ ha(T)A(T))dt.
Since h(T') and h(-) can be arbitrarily, A = (A1, A2, A3, Ay) is the weak solution
of
—A1 = 0" = 2(Biar i + Brarsdo)ar + WAy — (B1a3 + Baal + Baaf) = fi
—Ag — WA — 0" = 2(Braghs + Bragha)ag — (B1a] + Baaj + Baal) = fo
A3+ Baaz(A1 + Xo) — 5%N\3 +w Ay = f3 (9.1.3)
— A1+ Baaa(Mr 4 Ao) —wAg — 5N = fu
M (T) = X2(T) = X3(T) = M(T) =0

with )
fi = 11 + 29001 + ey (A™) a4

fa = c12 + 2c0a0 + 4C4O<An)2a2
fs=rc13

f4 = C14
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which we define as the adjoint system. The solution is the adjoint state A.
The second requirement ({9.1.2)) leads to the variational inequality

Te
oL . _ _ 1
=Y (B-B)=ayB(B—-B)+ — /[(931 cos(w) — gzaw® sin(w®t)) A3
0B Ta
Ta

+ (941 cos(w“t) — g42wa Sin(w“t))\4)](B — B) dt > 0

for all B > B > 0. The pointwise analysis of this inequality leads to the
standard projection formula

Te
_ 1
B=P sa{——— cos(w) — gsow®sin(w®)) A
[O,B}{aNTA /(931 (W) — gs2 (W) A3 (9.1.4)
Ta

+ (ga1 cos(w) — gaow® sin(w)Ay) dt}.

9.2 Numerical investigation

Now, let us research the optimization problem (Py) numerically based on the
optimality system. In this case, we decided to use the gradient-projection
method, see [5.2.2] because, as mentioned before, COMSOL and the integral
term don’t fit together. One can see at the end of this chapter that
we need about 5 iterations to get the optimal actuation amplitude. That
means that we have to solve both the nonlinear state equations and
the linear adjoint system 5 times. To approximate the optimal the
optimal actuation amplitude B by just solving the state equation with dif-
ferent amplitudes would take probably more iterations of the nonlinear state
equation, due to the fact that the upper bound B is free to select. For our
optimization problem (Py) the algorithm reads as follows with given B,,:

S1 Calculate a,, = ((a1)n, (a2)n, (a3)n, (a4),) as the solution of (9.0.1))

with the current control B,,.

S2 Calculate the adjoint A, = ((A1)n, (A2)n, (A3)n, (A1)n) from (9.1.3)
with the current state a,,.

S3 The updated descent direction is
T

D, = ayB, + /(931 cos(wt) — gzaw® sin(w)) A3
0
+ (941 cos(w) — gaow® sin(wt)A\y)dt € R.
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S4 Calculate the stepsize s, from

S5 The updated control B, is

Set n:=n-1land goto S1.

Let us now investigate the Setting [7.1] on page [90] with the parameters
o, 0% W', W g3, 932, Ga1, Y42, B1, P2, Cio, C11, Ci2, C13,, Cla, C20
and ¢y as selected Section in numerically. Therefore, we chose ay =
0.1 and we decide to optimize this problem in the time interval [T,,T.] =
[56.8612, 75.8150].

The first reason of this interval is that we want to optimize the lift and
not the transient oscillation, so we select T, # 0. Additionally, we have to
choose T, and T, in the way that they are multiples of both wavelengths, the
natural and the actuated one.

We started the gradient-projection method with initial values
((a1)o, (a2)o, (as)o, (a4)o) = (r™,0,0,0), where " denotes the radius of the
natural attractor, By = 0.5 and a mesh size of 0.0132 in the time direction.

The optimal calculated actuation amplitude is B, = 2.2573 with an
associated averaged lift coefficient of

Te
1

T_A CL((al)opt7 (a2)opt7 (a3)opt7 (a4)opt) dt = 222387
T,

see Figure , and Jy(Gopt, Bopt) = —1.9690 as the value of the cost func-
tional. The calculated optimal actuation amplitude B, differs slightly from

@
the optimal value in Figure [8.15] due to the term —Y B2 in the cost func-

tional. The Figure presents the optimal lift coefficient over the time
interval [T,,T.] and the Figures and the optimal states (ai,--- ,ay)
and the associating adjoint (Aq,--- , \4), respectively.

Unfortunately, we have no simulations of the full £ —w turbulence system
with our optimal actuation amplitude B,,;. The simulation with an amplitude
nearest to B, we have is a simulation with an actuation amplitude of 2.39.
The results of the lift values are compared in Figure [9.5
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Chapter 10

Conclusion

In this thesis, we considered two settings of optimal control problems for
high-lift configurations. In the case of steady-state Navier-Stokes equations
with low Reynolds number, we established first-order necessary optimality
conditions for a problem with an integral state constraint on the drag. The
main theoretical difficulty was the appearance of low regularity controls in
a Dirichlet boundary condition. Afterwards, we considered the second-order
sufficient optimality conditions for the infinite and a finite-dimensional con-
trol space. The optimal control is obtained by direct numerical solution of
the established optimality system and by an SQP-method, where the integral
state constraint was handled by a Penalty term in the cost functional.

An associated nonstationary case with high Reynolds number was inves-
tigated with a WILCOX98 turbulence model. To handle the problem of the
high dimension, a robust reduced order model (ROM) was established fitting
best to the snapshots computed by the full system in the natural and the
actuated state. The ROM reproduces the nonlinear behavior of the system
sufficiently well so that the subsequently optimization problem of periodic
actuation leads to reasonable results. We are now able to solve our optimal
control problem in about 20 minutes by 5 iterations and 4 minutes for one
forward and adjoint system together. Without the model reduction, just one
forward iterations would take about 4 days.

In particular, the application of trust-region proper orthogonal decompo-
sition (TRPOD) could be considered to develop an improved reduced-order
model. In [I5] a ROM was used to minimize the total mean drag for a circu-
lar cylinder wake flow by updating the ROM during a (TRPOD) approach,
we refer also to [14].
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Chapter 11

Zusammenfassung

In dieser Arbeit haben wir zwei Optimalsteuerungsprobleme fiir Hochauftrieb-
skonfigurationen untersucht.

Im ersten Fall, der stationdren Navier-Stokes Gleichungen mit Kontroll-,
integralen Zustandsbeschrankungen und kleinen Reynolds-Zahlen, haben wir
zunéchst die notwendigen Optmalititsbedingungen erster Ordnung aufgestellt
um das Problem numerisch zu untersuchen. Dabei war die gewiinschte
niedrige Regularitéit der Dirichlet-Randsteuerungen das grofite theoretische
Problem. Anschliessend haben wir die hinreichenden Optimalitéitsbedingun-
gen zweiter Ordnung fiir unendlich und endlich dimensionale Steuerungen
aufgestellt. Numerisch haben wir das Problem einerseits als direkte Losung
des Optimalitéitssystems und andererseits mit Hilfe der SQP-Methode un-
tersucht. Zum Abschluss dieses Themenbereichs wurde noch die Konvergenz
der SQP-Methode bewiesen.

Der instationdre Fall wurde mit grossen Reynolds-Zahlen und zugehori-
gen Turbulenzen betrachtet. Die Turbulenzen wurden durch das WILCOX98
Modell beschrieben, was zu einem riesigen Rechenaufand fithrt. Alleine eine
Vorwiértsrechnung der Zustandsgleichung hat bei vergleichbaren Problemen
mehr als 4 Tage gedauert. Zur Losung dieses Problems haben wir eine Mod-
ellreduktion durchgefiihrt und ein reduced-order model (ROM) aufgestellt,
welches am besten zu vorher berechneten Snapshots passt. Wir haben es
geschafft, dass dieses ROM die nichtlineare Struktur des Systems hinreichend
gut widerspiegelt, so dass eine Optimierung auf dessen Basis mdglich ist
und sinnvolle Resultate liefert. Desweiteren gelang es uns das Optimals-
teuerungsproblem innerhalb von etwa 20 Minuten zu 16sen, bei 5 Iterationen
und 4 Minuten Dauer fiir eine Vorwérts- und eine adjungierte Gleichung.
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