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Abstract. The aim of this paper is to prove two perturbation results
for a selfadjoint operator A in a Krein space H which can roughly be
described as follows: (1) If A is an open subset of R, and all spectral
subspaces for A corresponding to compact subsets of A have finite rank
of negativity, the same is true for a selfadjoint operator B in H for which
the difference of the resolvents of A and B is compact. (2) The property
that there exists some neighbourhood A, of co such that the restriction
of A to a spectral subspace for A corresponding to A, is a nonnegative
operator in H, is preserved under relative &, perturbations in form sense
if the resulting operator is again selfadjoint. The assertion (1) is proved
for selfadjoint relations A and B. (1) and (2) generalize some known
results.
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1. INTRODUCTION

Let A be a definitizable selfadjoint operator in a Krein space (H, [-,]),
i.e. the resolvent set p(A) is nonempty and there is a polynomial p such that
[p(A)x,z] > 0 for all x € D(p(A)). Then A has a spectral function (see [17]) and
with the help of this spectral function the real points of the spectrum o(A) can
be classified in points of positive and negative type and critical points. Spectral
points of positive and negative type can also be characterized with the help of



the resolvent of A (see e.g. [7], [12]) or by approximative eigensequences (see [15],
[18]), which allows, in a convenient way, to carry over the sign type classification
of spectral points to non-definitizable selfadjoint operators and relations in Krein
spaces.

Sign types of spectral points, which are a special feature of the spec-
tral theory in Krein spaces, are closely connected with spectral decomposition
properties. For example, if any point of some bounded closed interval [a, b] is
either of positive or of negative type with respect to some selfadjoint operator
A, then A can be decomposed into a direct orthogonal sum of a definitizable
selfadjoint operator A; with spectrum in [a, b] and a selfadjoint operator A, such
that o(As) N (a,b) = 0, that is, A is locally definitizable. In view of these con-
nections between sign types and decomposability, results on stability properties
of the sets of spectral points of positive and negative type play an important role
in the perturbation theory in Krein spaces.

In [18] it was shown, for a bounded selfadjoint operator A, that if all
points of a bounded closed interval A are either regular or of positive type with
respect to A, then with the exception of no more than a finite number of points
the same is true after a symmetric compact perturbation K. Moreover, on the
spectral subspaces corresponding to A+ K and subintervals of A the inner product
[-,-] has a finite number of negative squares. A similar result was proved in [8].
In [8] A is not assumed to be bounded but there are additional assumptions.

The first objective of the present paper is to generalize these results. In
Theorem 2.4 we consider unbounded selfadjoint operators and selfadjoint linear
relations and drop the additional conditions from [8]. We allow that the unper-
turbed and the perturbed operator are selfadjoint with respect to different Krein
space inner products. It is assumed that the difference of the Gram operators of
these inner products fulfils some “local” compactness condition which is usual in
local scattering theory. Essentially, the proof of Theorem 2.4 is a variant of the
proof of Theorem 5.1 in [18]. Instead of the Lyubich-Matsaev spectral subspace
results here we make use of a functional calculus for unitary operators in Krein
spaces with finite order growth of the resolvent in a neighbourhood of some arcs
of the unit circle ([7]). For different inner products with compact difference of the
corresponding Gram operators, for a bounded unperturbed operator and a com-
pact perturbation Theorem 2.4 is a consequence of the perturbation result [19,
Theorem 6.1] on holomorphic operator functions (see also [1]). If the difference
of the Gram operators is compact and there is a real point which is regular for
the unperturbed and the perturbed relation, Theorem 2.4 can be deduced from
[19, Theorem 6.1] with the help of a linear fractional transformation.

The second objective of this paper is to generalize a result from [9]. In
Section 3 we consider selfadjoint operators in a Krein space which can be de-
composed as a direct orthogonal sum of a bounded selfadjoint and a nonnegative
selfadjoint operator. Then the spectrum of positive type as well as the spectrum



of negative type may have oo as an accumulation point. Such operators and a
class of relatively compact perturbations in form sense were studied in [9]. In one
of the main results of [9] it is proved that under some conditions the perturbed
operator admits a decomposition of the same type. Making use of the pertur-
bation result for unbounded operators of Section 2 here we improve that result
from [9] by dropping an assumption on the spectral properties of the perturbed
operator. In contrast to [9] we do not exclude the case where the spectral func-
tion of the unperturbed operator is unbounded near co and at the same time the
unperturbed and the perturbed operator are selfadjoint with respect to different
Krein space inner products.

2. SIGN TYPES OF SPECTRAL POINTS OF TWO SELFADJOINT RELATIONS
WITH COMPACT RESOLVENT DIFFERENCE

2.1. Notations and definitions. In Section 2 we study linear relations in
a separable Krein space (H, [-,-]), i.e. linear subspaces of H?. Linear operators
in ‘H are viewed as linear relations via their graphs. For the usual definitions of
the linear operations with relations, the inverse, the adjoint etc., we refer to [3].

The resolvent set p(.S) of a closed linear relation S is the set of all z € C
such that (S—2)"1 € L(H), the spectrum o(S) of S is the complement of p(S) in
C. The extended spectrum o(S) of S is defined by 7(S) = o(S) if S is a bounded
operator and o(S5) = o(S)U{oo} otherwise. An eigenvalue A € C of a closed linear
relation S is called normal if the root manifold £, corresponding to A is finite-
dimensional and there is a projection P with PH = L, which reduces S, i.e. S is
the direct sum in H? of the subspaces SN (PH)? and SN ((1— P)H)? of H?, such
that A € p(SN((1—P)H)?). The set of normal eigenvalues of S will be denoted by
Tpnorm(S). The essential spectrum of S is defined by 0¢s5(S) = 0(S)\Op.norm(S)-

We recall the definitions of the approximate point spectrum and the
spectra of positive and negative type of a closed linear relation S (see [12]). For
equivalent descriptions of the spectra of positive and negative type we refer to
[12, Theorem 2.15].

Definition 2.1. We say that A\ € C belongs to the approrimate point spectrum
of S, denoted by 0,,(5), if there exists a sequence (i;’) €S, n=12 ..., such
that ||z, = 1, limy,—eo |y — Azy|| = 0. We define the extended approzimate
point spectrum ay(S) of S by up(S) = 04p(S) U {oo} if 0 € 04,(S71), and

Tap(S) 1= 04p(S) if 0 & 0,4p(S71).
We remark, that the boundary points of 5(S) in C belong to ,,(S).

Definition 2.2. A point A € 0,,(5) is said to be of positive type (negative type)
with respect to S, if for every sequence (5:) e S, n=12..., with|z,| =1,



limy, o0 ||Yn — Ay || = 0 we have

liminf [z,,2,] >0 (resp. limsup [z,, z,] < 0).

n—oo n—oo

If 00 € 04(S), 00 is said to be of positive type (negative type) with respect to S
if for every sequence (5:) € S, n=1,2..., with lim,_« ||z,|| =0, [Jya]| = 1 we
have

liminf [y,,y,] > 0 (resp. limsup [y,, y,] < 0).

n—oo

The set of all points of positive type (negative type) with respect to S will be
denoted by 044 (S) (resp. o__(S)).

If A is selfadjoint, all points of positive or negative type belong to R.
Analogously, if U is a unitary operator in the Krein space (H, [, ]), all points of
positive or negative type lie on the unit circle T.

If IC, K1, Ko are separable Hilbert spaces &, (K1, ko) denotes the set of
all compact operators from Ky to Ko. If s1(A) > s9(A) > ... are the s-numbers

of A € 6, (K1,Ky), i.e. the eigenvalues of (A*A)% where multiplicity is counted,
we set

&, (K1, o) = {4 € 6u(Kr Ka) : (3 sj(A)p)% — |l Alls, < o0}, p€ [1,00).

Let 6,(K) := 6,(K,K), p € [1,00)U{oo}; we will simply write &, when
no confusion can arise. By F we denote the class of operators of finite rank.

2.2. Let in the following (H,(,-)) be a separable Hilbert space and
let G; and G9 be bounded selfadjoint operators in H with 0 € p(G1) N p(Ga).
We define the inner products [-,]; := (Gy-,-) and [-,-]2 := (G-, ) in ‘H. Then
Hy = (H,[-,-]1) and Hy := (H, [, ]2) are Krein spaces. We do not exclude that
‘H, or Hy is a Hilbert space. Let A; and A, be selfadjoint relations in H; and
H,, respectively. Assume that the difference of the resolvents of A; and A, is
compact, i.e. the following condition (I) is fulfilled.

(I): There exists a o € C such that
1€ p(Ar) N p(As)
and
2.1) (A=) = (As— )" € B
hold.



Condition (I) implies that we have (A; — p/)™! — (Ay — /)™ € & for
any point ' € p(A;) N p(Az). This follows from the relation

(Ay =)™ = (A=) =
= 1+ (' —p) (A — i) ) (A —p) = (A=) ) (1 + (W —p) (A — ) 7H).

The following proposition contains a criterion for (2.1). Observe that
G1A; and G2 A, are selfadjoint relations in the Hilbert space (H, (+,-)). Therefore,
C\R - p(GkAk), k=1,2.

Proposition 2.3. Let p € [1,00)U{oo} and assume that Gy — G2 € &, and that
there is a pu € C\R with u € p(Ay) N p(As). Then

(2.2) (Ai =)' = (A —p)' €6,
if and only if

(G1A; — )t = (GoAy — ) ' € &,
Proof. As

(GrAr = )" = (Gady — ) = (A = Gy ) TGy — (Ao = Gy ') Gy
= (A =Gl NG = G+ (A =G ) ™ = (A = Gy ) ) Gy
it is sufficient to prove that
(A =G = (A= Gylp)h e G,
is equivalent to (2.2). This equivalence follows from the relation
(A= 27 = (A= N7 L+ (MG = N (A = A6 ™)
= (L (A2 =)A= 26D (A= AGT) T = (A = X6, ) €6,

since 0 € p(14+ (AGT = N)(A1 —AGTH) ™) and 0 € p(1+ (A2 — A) ' (A= NG ).
Indeed, we have

(14+ (G =N (A = AGTH ™) T =14+ (A =26 (A — M)

(2.3)

and
(14 (A = N A= AG)) T =14 (A, = MG (MG = ).
It remains to verify (2.3). Evidently, we have
(A = V)T = AGT (AL = AGTH ™!
—(Ag = N)TTA = AGIH (A = \GTH) T =5 € 6,



Addition of this relation and the relations

(A1 = N7 = (A = AGTH T+ (A = N)TIOAGT = (AL = AGTH) T =0,
—(Ay = N7 (A= AG) T H (A = )T A= AG (A2 — MGy )T =0

gives (2.3).
U

2.3. Let, in the rest of Section 2, {2 be a domain of the extended complex
plane C which is symmetric with respect to the real axis R such that Q NR # (.
We denote the open upper half-plane by C*. We assume that A; and A, satisfy,
besides condition (I), the following condition.

(IT): There exists a point o € QNCT with py € p(A1) N p(As). Moreover, either

(2.4) O\R C p(A1) U Gpmorm(A1)
(2.5) O\R C p(A2) U pnorm(As).

Then (2.1) holds with p replaced by po. The relations (2.4) and (2.5)
can be expressed with the help of similar relations for the bounded operators
(A; — po)™" and (Ay — o)™, respectively. Then from (2.1) and well-known
perturbation results it follows that (2.4) and (2.5) are equivalent.

Theorem 2.4. Let Ay and Ay be selfadjoint relations in Hy and Hs, respectively,
such that the conditions (1) and (I1) are fulfilled. Assume that for every (in R)
compact set Ay C QNR there exists a finite union /A, of open connected subsets of
QNR with Ag C A1, Ay C QNR and a selfadjoint projection Fy in H; such that
(F1Hq, [+, -]1) is a Pontryagin space with finite rank of negativity and the following
holds:

(i) If, for some X € p(A;) and some bounded operator T,
T(A — M\t = (A4, —N)'T,

then FiT = TF.
(ii) (A1 N (FyH.)?) C a(A) NA,.
(i) 5(A 0 (1= F)HL)?) C G(AD\A
(IV) (G1 — GQ)Fl c Goo.

Then for every in R compact subset Ag C QN R there exists a finite
union Ny of open connected subsets of QN R with Ay C Ay, Ay C QNR and a
selfadjoint projection Fy in Hy such that (FyHs, |-, -]2) is a Pontryagin space with
finite rank of negativity, and (i)-(iv) holds with Fy, Ay, Hi, Ay replaced by Fy,
Ag, Ha, Ag.



From this theorem, with the help of the spectral function for locally
definite relations ([7], [18], [12]), we obtain the following corollary.

Corollary 2.5. Let Ay and As be selfadjoint relations in Hy and Hs, respectively,
such that the conditions (I) and (II) are fulfilled. Assume that Gy — G2 € G
and QNR C p(A1)Uoy(Ay). Then the conclusion of Theorem 2.4 is true.

Proof of Theorem 2.4. 1. We consider the linear fractional transformations ¢ and
¢ defined by

Y(A) = =1+ (o — i) (A —Tip) " and  p(2) = (Fipz + pro) (2 + 1),
where (19 is as in condition (II). ¥ maps the open upper half-plane C* onto the
open unit disc D, and 1 o ¢ is the identity mapping. ¥ (Q2) is a domain of C

symmetric with respect to the unit circle T, which contains neighbourhoods of 0
and oo, and it holds ¥ () N'T # (). We define the operators

(2.6) Uy = P(A) = =1+ (o — o) (Ax — i), k=1,2.
Uy, is a unitary operator in the Krein space Hy. Then (2.1) with p = i, implies
(27) U —U; €6,

Condition (II) implies
P\T C (p(U1) U Gpnorm(U1)) N (p(U2) U 0 iorm(U2)).
Let Ay be a subset of Q N R which is compact in R. We choose A; and

F} as in the assumptions of the theorem. Then F} commutes with U; and we
have

(2.8) o(UrlFiHy) € o(Ur) N(Ay),
o(Uh|(1 = Fy)Hy) C o(Un)\¢(A).
Let
(2.9) FiHy = Ky [+HK-

be a fundamental decomposition of Fi’H; and let F; ;. and Fj _ be the correspon-
ding projections in F1H;. Then dim K_ < oo. We write the restriction V' of U;

to F1'H, as operator matrix,
Vii Vi
V =
(1/21 Vas

with respect to the fundamental decomposition (2.9). The operators Vis, Va1, Voo
are of finite rank, and by the general form of a unitary operator in a Pontryagin
space [4, Supplement] there exists a unitary operator V. in the Hilbert space K
such that Vi; —V/ is of finite rank. Let v be a point of ¥)(A;) and define a unitary

operator V' in F1H; by
/ _ V+ 0
oo (%),



Then V — V"’ is of finite rank. We define a Hilbert scalar product (-,-); on FiH;
by

(x,y>'1 = [(FL—F_Fl,—)x?y]lu xayEFIHl-

V' is a unitary operator also in (FiHy, (-,-)}). We set Uy := V'Fy + Ui(1 — )
and

[,y = (Fir, Fg)y + (1= Foe, (L= Foyl, vy €
Then U] is a unitary operator in the Krein space (H, [-,-]]) =: H} and we have
(2.10) U,—U, e F.

Let G be the Gram operator of |-, -] with respect to (-,-). Then G; — G is of
finite rank. It is sufficient to verify, that the difference of the Gram operators of
[-,-]1 and [, -]} with respect to some suitably chosen Hilbert scalar product has
this property. This is easy to see.

If A} denotes the selfadjoint relation ¢(U;) then 1, € p(A}) and by (2.10)

(A} —T1) " = (A =)' € F.

By the construction of Uj the set Q\R is contained in p(A}) Uy norm(A7). Let F
be the spectral projection corresponding to the unitary operator V'’ in the Hilbert
space (FiyHq, (-, -)]) and the set ¥/(A;), and denote by F] the projection FiF} in
H;. Then H), A} and F] satisfy the conditions fulfilled by H;, A; and F} at the
beginning of the proof. In particular, we have

(Gll — GQ)F{ = (Gll — Gl)Fll + (Gl — GQ)FlFll € 6.

Moreover, (F{HY, |-, -]}) is a Hilbert space. Therefore, in the following we can and
will restrict ourselves to the case when (F1Hy, [-,-]1) is a Hilbert space. Note that
this implies (A1) C o4+ (Uy) U p(Uy).

2. In this part of the proof we will show that any point A € ¥(A;) either
belongs to 044 (Uz) U p(Us) or is an eigenvalue with (at least) one nonpositive
eigenvector with respect to [-,-]o. We proceed as in the proof of Theorem 5.1
from [18]; in addition we need the following fact.

Claim. For A € ¢/(A;) and a sequence (z,,),n =1,2,...,inH, ||z,| = 1,
with lim,, . |[(U; — M)z, || = 0 which converges weakly to zero we have

liminf [z,,z,]; = liminf [z,, z,]s.

n—oo n—oo

Indeed, the inner products |-, -]; and [-, -], are related by

[ e = [(14 GG = G))-, e



By assumption (Gy—G1)F; € & and, since A € ¥(Ay), lim,, o ||[(1—F})z,| = 0,
we find

lim inf [[En, xn]g = lim inf [(1 + Gl_l(Gg — Gl))lena len]l

n—oo

= liminf [Fy2,, Fiz,); = liminf [z, 2,]1,

n—oo n—oo

and the claim is proved.

Let A € ¢»(A1). It remains to prove, that in the case A € o(Us)\o 14 (Us)
there exists an eigenvector of U, corresponding to A which is nonpositive with

respect to [+, +]o. Since A is a boundary point of o(U,) and does not belong to
0.+ (Us) there exists a sequence (x,), n=1,2,...,in H, ||z,|| = 1, such that
(2.11) lim |[(Uy — N)z,|| =0 and lim [z,,2,]s <0

holds. It is no restriction to assume that the sequence (z,) converges weakly. Let
xo := w — lim,, o z,, then o # 0, as otherwise (2.7) and the first relation of
(2.11) would imply

lim ||(Uy — AN)ay|| =0,
and since A € o, (Uy) U p(Uy) the claim above would imply

liminf [z,, z,]s = liminf [z,,z,]; > 0,

n—oo

which contradicts A & o, (Us) U p(Us). From (2.11) we have (U — X)zg = 0. We
show that xq is nonpositive in H,. This is evident, if for y,, := z,—x9,n =1,2, ...,
lim,, o0 [|n|| = 0 holds. Assume that inf ||y,| > 0. By w — lim, oy, = 0, (2.7)
and (2.11) we have

Tim ([0 = A)gall = Jim [1(U = Nyl] = 0,

hence liminf, . oo[¥n, ¥n)1 > 0. Then making use of the claim proved above we
find

0 < liminf [y,, y,)e = liminf [z, z,]s — %0, Zo]2,

n—oo

and the second relation of (2.11) yields [xg, zo]2 < 0.

3. In this part of the proof we show that the set of points which do not
belong to 044 (Usz) U p(Us) is discrete in ¢ (A;). Moreover we show, that for a
suitable 0 € (0,1)

A={peClu=re” e’ cp(Ay),re @ 1)UL}

is contained in p(U;) N p(Usz). Obviously it is sufficient to prove the following:
For every A € 9(A;) there exists a neighbourhood U(A) of A in C such that
UN\{A} C 044 (Usz) U p(Us). For the convenience of the reader we repeat the
proof from [18].



Assume the contrary. Then there exists a sequence
(An) CYA) U @OQNT), n=12...,

with X, # A-! for n # m such that lim, . A\, = A and A, does not belong
to 044+ (Uz) U p(Us). 1If, for some n, A, € ¥(A;), it follows from part 2 that
A, is an eigenvalue of U; with at least one nonpositive eigenvector ¢,, in Hs. If
An € Y(Q)\T, then )\, is a normal eigenvalue of Us with a [-, -]o-neutral eigenvector
G- As N, # M Hif n # m, we have [¢,, om]o = 0. Then

L:=clsp {¢p, |n=1,2,...}

is a nonpositive invariant subspace of Us.

We consider the operator W := (Uy — A)|£. As all A, — \ are eigenvalues
of W, W cannot have closed range and finite-dimensional kernel, since this would
imply the existence of a neighbourhood of 0 which consists of eigenvalues (see [5]),
a contradiction to the fact that A is no inner point of o(Us). We remark that
W has closed range and finite-dimensional kernel if and only if there exists a
subspace M C £ with codimeIN < oo, such that WM is an isomorphism of M
onto R(W ).

Suppose that R(W) is not closed or dimker W = oo. Then, for ¢ > 0
and an arbitrary subspace 91 C £ with finite codimension in £ there exists
an f € 9 such that ||f|] = 1 and ||[Wf|| < e. Thus we can choose a (-,-)-
orthonormal sequence (f,) C £, n=1,2..., such that lim, .., |[(Us — ) f.|| = 0.
Then, by (2.7), lim,— || (U1 — A) fu]] = 0 and, since ¥(Ay) C 044 (Uy) U p(Uy),
we have liminf, . [fs, fn]1 > 0. Then the claim in part 2 of the proof yields
liminf, o [fn, fn]2 > 0, a contradiction to f, € £.

4. Next we verify that U; and U; admit the functional calculus introduced
in [7]. Furthermore we find an open set Ay and define a selfadjoint projection F
in Hy with the help of this functional calculus such that the conditions (i)-(iii) of
the theorem with Fy, Ay, Hi, Ay replaced by Fy, As, Ho, Ay are fulfilled.

Arcs on the unit circle are denoted similarly to real intervals. For ex-
ample, (a,b) denotes the open arc run over by a point moving from a to b in
counterclockwise direction.

We choose a finite number of arcs (a;j,b;), 7 = 1,...,n, of T such that
their closures [a;, b;| are pairwise disjoint and the following holds for

7= U (a;,b;).

J=1

(a) ¥(Ag) C 7,77 C p(Ay).
(b) The points a;, b;, j =1,...,n, belong to o, (Us) U p(Us).
(c) Every component of 1)(A;) contains exactly one of the arcs (a;, b;).
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Further, we choose arcs (agl), g )) > ay, (bgl),b] ) 2 b;, j =1,...,n, such that

their closures are pairwise disjoint and contained in ¥ (Ay). In addition, we
assume for the union

U J’J b]’b])

that 7, N ¥(Ag) = 0 and
(2.12) Yo C (044 (U1) Up(Ur)) N (044.(U2) U p(U)) -

We connect every arc (a;, b;) by a smooth simple curve
Ci C p(Ur) N p(Uz) () ND
with the point 0 such that C; NCj, = {0} for j # k. Then, making use of the fact
that no point of ¥)(A;) is an accumulation point of o(U2)\T, which was proved
in part 3, we find an open neighbourhood O in C of 1(A;) U U?Zl(Cj uCj),
@ :={z~!: 2 € C,}, with the following properties.
() O is a T-symmetric domain of C, O N D is simply connected.
(8) ONT =v(Ar), O C ().
(7) O\T C p(Ur) N p(Us).
Let K := (C\O) U (T\"). Then we have T\ K = ;.
By (2.12) and on account of [12, Theorem 2.15] there exists an ry € (0, 1),
such that

sup {[|(Ux — re") 7 |[1 = |r]] : €% € y0,7 € (ro, ) U (L,r5 ")} < o0, k=12,

holds. Therefore, by [7, Proposition 1.2] the Riesz-Dunford functional calculi for
U, and U, can be extended by continuity to A%. Here A% is the space of all
functions f defined on TU K such that f|T € C?*(T) and f is locally holomorphic
on K, with an inductive limit topology introduced in [7].

Let (€,,), m = 1,2,..., be a decreasing null sequence of positive numbers.
Assume that

[ 6] € (a;67 be7™ ), j=1,...,n.

]’]

We set

n

Vim) = U (aje bje™ ™), m=1,2,....

Then v = U(;il Ymy- Let (xm), m =1,2,..., be a sequence of functions belonging
to A% with the following properties.
(1) xm(2) =01if z € (TUK)\V(m), m = 1,2,...,
3, .

Xm( )_11f267(m 1) = 2, 5
(2) 0<xm(2) <1, z€T, m—1,2,

11



Since the functions y,, are real on T, the operators x,,(Usz) are selfadjoint in
Ho. If m > 1, x;n(2) — x1(2) is nonnegative for all z € TU K and equal to zero
outside vp. By (2.12) and in view of [7, Proposition 2.1] and [12, Theorem 2.15]
the A% functional calculus restricted to functions with support in 7 is positive.
Therefore,

[(xXm(U2) = xa(U2))x,2]a >0, x€H, m>L

It is easy to see that the selfadjoint operators x,,(Usz), m = 1,2,..., in Hy are
uniformly bounded. Hence the strong limit

s— lim x,,(Uy) =: Fy

exists, and F; is selfadjoint. Repeating the above reasoning with the functions
Xm replaced by their squares x?2,, we find that the strong limit s —1lim,,, . X2, (Uz)
exists. It is equal to FZ. Since for every m = 2,3, ..., we have

Xm(2) 2 (Xm(2))? 2 Xm-1(2), 2 €T,

it follows that Fy, = FZ, that is, F} is a selfadjoint projection in Hy. Fh com-
mutes with all bounded operators that commute with U; since this is true for all
operators x,,(Uz), m = 1,2,.... Hence by (2.6) F; satisfies condition (i) with A,
replaced by As,.

We have

(213) O'(U2|F2H2) C O'(UQ) n7.

Indeed, let p € ¥ and g € A% equal to one on a neighbourhood of 7 such that
h:zw (z—p)'g(z) belongs to A%. Then the restriction of h(Us) to FyHs is
the bounded inverse of (Uy — p)|FyHs. In a similar way one verifies that

(214) O—(UQ‘(l — FQ)HQ) C O'(Ug)\’y
We set
Ay = (7).

Then the relations (2.13) and (2.14) imply (ii) and (iii) with Ay, F7, Ay replaced
by AQ, FQ, Ag. Note that AO C AQ.

5. In order to prove that F, defined in part 4 of the proof satisfies
condition (iv) we consider a function y € A% with supp x C ¥(A;) which is
equal to one in some neighbourhood of 7. It is not difficult to see that one can
approximate y in A% by a sequence of locally holomorphic functions on o(U;)
which uniformly converges to zero in some neighbourhood of o(U;)\¢(A;). Then
by (2.8) we have

(2.15) x(Ur) = Fix(Uy).
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By (2.7)
(U =N = Uy =N = Uy = AN Uy = U))(Uy = A) 7! € By
Hence for every function X which is locally holomorphic on o(U;)Uc(Us) we have

X(U1) = X(Us) € Su. On account of the continuity of the A% functional calculus
with respect to the operator norm we find

(2.16) xX(U1) = x(Us) € 6.
Then by condition (iv), (2.15) and (2.16),
(G1—Go)Fy = (G — Go)x(Ua) F> =
= (G1 = G2)(x(U2) — x(Uh)) F2 + (G1 — G2) Fix(Uh) F» € G

6. It remains to prove that (FyHa, [, -]2) is a Pontryagin space with finite
rank of negativity.
We choose o, B; € T, j = 1,2,...,n, such that a; € (a(l) a;) and

7 0
B; € (bj,bg-z)) for j =1,2,...,n. We set

and define a function f by

2 2
oy M=o (P 2) =0 (2 -4) itzev |
0 if ze (KUT)\®
This function is locally holomorphic on K. We have f|T € C3(T), and f is
positive on 7. Therefore, f € A% and it follows as in part 5 of the proof that
(2.17) f(U1) = f(U2) € Gu.

The restriction Uy | FyH; is unitary in the Hilbert space (FyH1, [+, ]1). Let
Fi(7') be the spectral projection corresponding to U;|FiH; and +'. Since f can
be approximated in A% by a sequence of functions locally holomorphic on TU K
which on a neighbourhood of ¢(U;)\¢(A;) uniformly converges to zero, we have
f(U1) = f(Uy)Fy. The restriction of f(U;) to FiH; coincides with f(Uy|FiH4),
and by the functional calculus for unitary operators in Hilbert space we have

[ FH) = f(UL|[FYH)Fy (YY)

Therefore the operator f(U;) can be written as

(218) sy - (1) 0)
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with respect to the decomposition H; = H,[+]H{, where H}| = Fi(y)FiHa,
HY = (1 — FA(y")F1 + (1 — F1))Hy, and Uy is the restriction of U; to the
Hilbert space (H1, [, ]1)-

If J{ is a fundamental symmetry of the Krein space (HY,[-,]1) and we
define J; := ((1) Joi/) then (z,y)~ := [Jix,y|1, z,y € H, is a Hilbert scalar product
on H. The Gram operators of [-,-]; and [-,]s with respect to (-,-)~ are J; and

Gy = J1G1'Gy, respectively. Then by
(Jl — ég)Fl = —JlGl_l(Gg — Gl)Fl € 600,

(J1 —CN}'Q)FI (7)) F1 is compact. If <(~;2’” 2“2 ) is the operator matrix corresponding

G221 G222

to Go with respect to the decomposition Hy = H}[+]H/, then

(Jl — ég)Fl(’}/)Fl = (1 _~G2’11 0) € 600
—Ga01 O

and also 52712, which is the adjoint of 62,21 with respect to (+,-)~, is compact.
Therefore,

Gon Ga 12) (1 0 ) (éz n—-1 Gy 12)
2.19 ~ ~= — ~ = P ’ € 64
(2.19) (02,21 G222 0 Gapo Ga21 0
and, on account of 0 € p(ég), we have 0 € p(émg) U Upmm«m(é’mg). Let P, be

the finite-rank orthogonal projection on ker 52722 in (HY, (-,-)~). We introduce
a new inner product in H by

x ! 1 0 o N\~
{(x”) 7 <§”)L:: <(O é2,22 + Po) (x”) ’ <§//))7 oy e Hy 2" y" € HY.

Since 0 € p(Gaa2 + Fo), [-,+]s is a Krein space inner product. By (2.19), the dif-
ference of the Gram operators of |-, -], and [-, -]3 with respect to (-, )™ is compact.
By (2.18) the operator f(U,) is selfadjoint in (H, [+, ]3).

Let £_ be a maximal uniformly negative subspace of (MY, (G +
Py) -,+)), then {(2) |z € £_} is a maximal uniformly negative invariant sub-
space of f(U;) in Hs. Then, in view of (2.17) and (2.18), we can apply the
invariant subspace result [16, Theorem 6] of H. Langer: The selfadjoint operator
f(Us) in 'Hy has a maximal nonpositive invariant subspace M_, such that

(2.20) Tess(f (Uz)|M-) = {0}

By (2.18) the spectrum of the selfadjoint operator f(U;) in (H, [-,-]3) is contained
in the real interval [0, M;], M, := max.cr f(z). Moreover,

(2.21) (0, My] C oy (f(Ur)) Up(f(Uh))
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with respect to [-,-]3. As in the proof of relation (2.13) we see that the spectrum
of the selfadjoint operator f(Us) in H is also contained in [0, M;], and that

(222) O—(f(UQ)‘FQH) C [M07 Ml]a
where My := inf {f(2) : z € v}. By the definition of 4" and f we have M, > 0.
Since the difference of the Gram operators of |-, |3 and [+, -]2 is compact and the

relations (2.21) and (2.17) hold, we find, as in parts 2 and 3 of the proof, that
there is a ty € (0, My) with ty € o, (f(Uz)) U p(f(Uz2)). Let Ey be the spectral
projection corresponding to f(Uy) and the interval (t9, M; + 1), which can be
constructed in the same way as Fy (see part 4).

We claim that FhyHy C EgH,. Indeed, since F, and Ey both commute
with Uy, Fy and Ey commute. Therefore, FoHy = EoFyHo[+](1 — Ey) FoHa.
Writing 1 — Ej as a strong limit of Riesz-Dunford integrals,

to+6
1 - Ey=s—lim s—lim —/ {(f(Uy) — (t+ie)) ™"

(2.23) SN0 N0 271
— (f(U2) = (t —ie)) '} dt,

and making use of (2.22) we see that (1 — Ey)F» = 0, that is FoHs C EqHa.

To prove that (FyHo, [, -]2) is a Pontryagin space with finite rank of
negativity, it is sufficient to show this for (EoHa, |-, ]2). We make use of the
maximal nonpositive f(U,)-invariant subspace M_. Since, in view of (2.23), Ej
maps M _ into itself, we have

M_ = EbM_[+](1 — Eg) M _.

This implies that FyM _ is a maximal nonpositive subspace of EyHs.

Let E(ty) be the orthogonal projection in Hy on the eigenspace of f(Us)
corresponding to ty. FE(tg) can be constructed in a similar way as Fy and Fs.
Therefore, E(ty) maps M_ into itself. Since ¢, is not an eigenvalue of f(Us)|M_,
we have E(tg)M_ = {0}. Tt follows that for x € M_, Eyz can be written in the
form

Byr = —— [ (f(U) = )t dr,
2mi e

where C is the boundary of {s; 4+ isy : 51 € (to, M1 + 1),s2 € (—=1,1)} and the
integral is understood in the sense of principal value. Since for A # X, the operator
(f(Uz) = X\) "M _ coincides with ((f(Us)|M_)—X)"tand tg € p(f(Us)|M_), Ey
restricted to M_ coincides with the Riesz-Dunford projection corresponding to
f(Uz)|M_ and the set (to, M1+ 1)No(f(Us)|M-). By (2.20) this Riesz-Dunford
projection is of finite rank: its range FyM_ is the span of a finite number of
finite-dimensional algebraic eigenspaces of f(Us)|M_, that is, dim EyM_ < co.
It follows that EyH, is a Pontryagin space with finite rank of negativity. This
completes the proof of Theorem 2.4.

]
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In the case when A; and A, are unbounded operators we have the fol-
lowing corollary of Theorem 2.4.

Corollary 2.6. Let Ay and Ay be selfadjoint operators in Hy, and Hs, respec-
tively, such that condition (1) holds. Assume that there exists a selfadjoint pro-
jection E in Hq such that E'H, is a Pontryagin space with finite rank of negativity,
and E reduces Ay, i.e. EA; C A E, and let the following conditions (') and (ii’)
be fulfilled.

(i") o(A1|(1 — EYH1) N Q = 0.

(i) (G — G9)E € 6.

Then, for every R-symmetric domain ¥ with ¥ "R # 0 and @ C Q,
there exists a selfadjoint projection F' in Hy such that F'Hs is a Pontryagin space
with finite rank of negativity, and F reduces As. Moreover the following holds.

(a) 0(Az|FHs) C .
(b) 7(As|(1 — FYHy) N Y = 0.
(C) (G1 — GQ)F c 600

Proof. Since A;|EH, is a selfadjoint operator in the Pontryagin space (EHy, [, -]1),
(A1|EH;) N (Q\R) consists of at most finitely many normal eigenvalues of A;.
By this fact and (i') condition (II) of Theorem 2.4 is fulfilled. For every fi-
nite union A; of open connected subsets of Q N R, A; € QN R, such that
the boundary points of A; in R are no critical points of A;|EH,; the spectral
projection E(Ay, Aj|EH,) € L(EH,) is defined, and the selfadjoint projection
E(Ay, A1|EH,)E in H; fulfils the conditions of Theorem 2.4. In particular the
assumption (i) implies

(G1 — Go)E(A, A|JEH,)E € 6.

Then by Theorem 2.4 there exists a finite union A, of open connected subsets of
QNR such that Ay € QNR, ANRcC As, and a selfadjoint projection F5 in H,
such that the conclusion of Theorem 2.4 hold. By Theorem 2.4 and the remark
following condition (II) the set &(As) N (\R) consists of at most finitely many
normal eigenvalues of Ay, Let Fy be the Riesz-Dunford projection corresponding
to Ay and 7(Ay) N (Q'\R). Fy has finite rank. Then the range of F := F, + Fj is
a Pontryagin space with finite rank of negativity and F fulfils (a), (b) and (c).
]
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3. PERTURBATIONS PRESERVING THE NONNEGATIVITY WITH RESPECT TO
THE INDEFINITE INNER PRODUCT OVER A NEIGHBOURHOOD OF INFINITY

3.1. Selfadjoint operators nonnegative over a neighbourhood of co and
associated forms. In this section we consider a selfadjoint operator A in the Krein
space (H, |-, -]) which is an orthogonal direct sum of some bounded selfadjoint op-
erator Ay and some nonnegative selfadjoint operator A,, with p(A) # 0, and a
class of, in general unbounded, perturbations of A which preserve this decomposi-
tion property. For such an operator A we have (r,(A),o00) C 044 (A)Up(A) and
(—o0, —rs(Ap)) C o-_(A)Up(A), where r,(Ap) denotes the spectral radius of Ay,
and a domain Q C C with co €  which satisfies the assumptions of Theorem
2.4 may not exist. Moreover, simple examples show that the perturbations con-
sidered in Theorem 2.4, in general, do not preserve this decomposition property
of A.

We recall that a selfadjoint operator B in (H,[-,]) is said to have [
negative squares if the the form [B-, -] on D(B) has [ negative squares.

Definition 3.1. Let U, be an R-symmetric simply connected domain of C with
0 € Uy and 0 & U,. We say that the selfadjoint operator A in (H,[-,-]) is
nonnegative (has a finite number of negative squares) over Us, if there exists a
selfadjoint projection Eo, such that A can be written as a diagonal operator matriz

(A O
A= (T 4
with respect to the decomposition H = (1 —EOO)HH—]EOOE, where Ay is a bounded
selfadjoint operator in ((1 — Ex)H, [, +]) with 0(Ag) C C\Us and A is a non-
negative operator (resp. an operator with a finite number of negative squares) in
E.H with 0 € p(Ay)-

For A nonnegative over U,,, and E.,, Ay as in Definition 3.1 and every
bounded interval A C U,, N R, we define

E(AA) = (8 E(A?Aoo))

with respect to the decomposition H = (1— E.)H[+]Ex™H, where E(-, A is the
spectral function of A,,. It is easy to see that E(-, A) is the uniquely determined

local spectral function of A on U, NR with the usual properties (see e.g. [12]).
We shall say that E(-, A) is bounded at oo if

(3.1) sup {[|E(A, A)|| : A compact interval, A C U, "R} < 0.

This holds if and only if there is a Hilbert scalar product (-, -)s on EsH equivalent
to (-, -) such that A, is selfadjoint in (ExH, (-, *)s)- In the notation of [9] and
other papers the property (3.1) is expressed by saying that oo is not a singular
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critical point of A, 0o & ¢,(A). Here we do not introduce the set of critical points
of a locally definitizable operator.

If A has a finite number of negative squares over U,, and if E.,, Ay and
A are as in Definition 3.1, then A, is definitizable (see e.g. [17]) and, hence,
has a spectral function E(-, Ay ). Moreover, there exists an s > 0 such that {z €
C: |z| > s} C Uy and E(R\[-s, 5], A) is defined, Ay |E(R\[—s,s]|, A ) EscH
is nonnegative and the spectrum of Ay |(1— E(R\[—s, 5], Ax)) ExH is contained
in {z € C: |z| < s}. Therefore, A is nonnegative over

(3.2) Us(s) :={z€C:|z| > s} U{o0}.
Let A be nonnegative over some neighbourhood of co and let G be the
Gram operator of the Krein inner product [-, -] with respect to the fixed Hilbert

scalar product (-,-), (Gz,y) = [z,y], z,y € H. Then H := GA is selfadjoint
in (H, (-,-)) and, since there is a decomposition A = AE, + A(l — E) as in
Definition 3.1, bounded from below. Then, for

c>c(H):=inf{ceR: ((H+c¢)z,z) >0 for all x € D(H)},
we have
((H +c)z,x) = (¢ — c(H))(x, )

for all x € D(H). Evidently, for two different ¢y, co > ¢(H) the corresponding
scalar products

(xay)%,cj = ((H+Cj)x>y)> T,y € D(H)7 ] = 1727

are equivalent. We denote by D[H] the completion of D(H) with respect to (-, -) 1o
for some ¢ > ¢(H). As the scalar products (-, -) and (-, -)%,c are coordinated, D[H]

can be considered as a linear subspace of H. D[H] equipped with the extension of
the scalar product (-, -) 1. is a Hilbert space. If we regard D|[H] as a Hilbertable

topological linear space, then for given A and [+, -] the space D[H| does not depend
on the choice of the Hilbert scalar product (-,-). We define D[A] := D[H].

We associate with A the extension a of the form [A-, -] to D[A4]. a is
a densely defined closed symmetric sesquilinear form bounded from below, and,
evidently, it coincides with the form usually associated with the semibounded
operator H in the Hilbert space (H,(-,-)). We have

c¢(H)=inf{c € R:alx,z] + c(z,xz) > 0 for all x € D[A]}.

On the other hand, let t be a densely defined closed symmetric sesquilin-
ear form bounded from below with domain D(t) in the Hilbert space (H, (-,-)).
Then there exists a uniquely determined selfadjoint operator T in (M, (+,-)) such
that D(T) C D(t) and (Tu,v) = tlu,v] for every u € D(T') and every v € D(¥)
(see [13, Theorem VI.2.1]). Let again G be the Gram operator of |-, -] with re-
spect to (+,-). Then S = G7'T is the uniquely determined selfadjoint operator
in (H,[-,]) such that D(S) C D(t) and [Su,v] = t{u,v] for every u € D(S) and
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every v € D(t). S will be called the selfadjoint operator associated with t in
We fix some v > inf{a € R : t{z,z] +a(z,x) > 0 for all x € D(t)}. Then

D(t) equipped with the inner product

(3.3) (@, y) 0= t,y] +(z,y), =y € D),

is a Hilbert space which is denoted by H; (see [13, VI.§1.3]). Let H,_ be the
completion of H with respect to the quadratic norm

(3.4) [€/la~ = sup{|lz, 4] : y € Hy, (y, y)e < 1}

The form [-, -] can be extended by continuity to H x H;_ and to H_ x H;. This
extended form will also be denoted by [-,:]. Moreover, for every y € H; there is
an element z € H,_ such that

(35) (.T, y)t = [Qf, Z]> VS Hta

holds (see [10]). That is, H  is the dual space of H; with respect to the duality
[-,-]. The linear mapping

(3.6) L H Dy 2 € Hy o

defined by (3.5) is an isometric isomorphism of H; onto H . If S is the selfadjoint
operator associated with tin (H, [+, -]), then S can be extended by continuity to an
operator S € L£(Hy, H¢_) and the relation [Sz, y] = t[z,y] holds for all z,y € H,
(see [10]).

If A and a are as above, then A is the selfadjoint operator in (H, [, ]
associated with a, D(a) = D[A] and (-, -)4 coincides with the extension of (-, -)
to D(a).

1
57’7

Definition 3.2. A sesquilinear form v in H is said to be relatively compact (rel-
atively 6,, 1 < p < 00) with respect to t if D(v) D D(t), v is continuous on H;
and the operatorV defined by

U[]}',y] = (VI’, y)b T,y € Hb
is compact (resp. belongs to the class &,(Hy)).

Let v and t be as in Definition 3.2. We remark that the condition V €
Sw(Hy) (resp. V € 6,(H¢)) does not depend on the choice of the constant 7 in
the definition of (-, -);. With the mapping ¢ defined in (3.6), V' := ¢V belongs to the
class G (Hy, Hy—) (resp. 6,(H¢, H¢-)). We have vjz,y] = [Vz,y], z,y € H.
Since V' can be approximated in L£(Hy, H¢_) by operators of finite rank, and
H is dense in H,_ the t-bound of v is zero ([13, VL.§1.6]). Therefore t + v,
D(t+v) = D(t), is a closed sectorial sesquilinear form (see [13, Theorem VI.1.33]),
and we have

(t+0)z,y] =[S+ V)z,y], =zy€cH.
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By [13, Theorem VI.2.1], similarly to the case of symmetric forms, there exists a
uniquely determined sectorial and maximal quasi-accretive operator @ in (H, [+, ])
such that D(Q) C D(t+ v) and [Qz,y] = (t+ v)[z,y] for every z € D(Q) and
y € Hi. Therefore,

[Qz,y) = [(S+V)z,y], 2€D@Q),y€H,,

and, hence, Qz = (S+ V)z for all z € D(Q). If S £ V denotes the range
restriction of S+ V € L(H, H_) to H, i.e.

D(S L V) ={z e H|(S+V)xeH},

(37) + = +
SV =(S+V)DS —V),
we have Q C S Z V. Since § £ Vis quasi-accretive and () is maximal quasi-
accretive we find Q) = S Zv.
In the case of a nonempty resolvent set of S the notation (3.7) for the
range restriction was used, e.g., in [9] for a more general class of perturbations of

S.

3.2. A consequence of Krein’s lemma. The following lemma will be used
in Section 3.3. It is a simple consequence of Krein’s lemma (see [14]).

Lemma 3.3. Let (B, (-,-)) be a Hilbert space which is densely and continuously
embedded into a Krein space (H, [-,-]). Assume that there exists a positive bounded
and boundedly invertible operator W in 'H such that WB C B. If T € &,(B) for
some p € [1,00) and

(3:8) [Tz,y] =[x, Ty], z.y€B,
then T can be extended to an operator T € S,(H).

Proof. If we define (x,y) := [W ™'z, y], x,y € H, then, by the assumptions on W,
(H, (-,-)) is a Hilbert space. Since by the closed graph theorem W|B is a bounded
operator in B, we have WT € &,(B). Moreover, by (3.8)

(3.9) (WT)x,y) = (x, WT)y), z,y€B.

Then by Krein’s Lemma ([14, Theorem 1]) WT can be extended by con-
tinuity to a bounded selfadjoint operator (WT)~ in (H, (-,-)). By [14, Theorem
3] the operator (WT)~ belongs to &,(H) and o(WT) = o((WT)~). Moreover,
every A € o(WT)\{0} is a semisimple eigenvalue of WT and ker(WT — \) =
ker((WT)~ — A) holds.

If A\y; (A_,) denote the positive (resp. negative) eigenvalues of WT' or
(WT)~ and we assume that Ay ;11 < Ap; and A_; < A_;;; where multiplicity
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of the eigenvalues is counted, then by [6, I11.§7.3] we have
(3.10) D Pl 4 DA S W, ) < o0

i j
In view of the selfadjointness of (WT')™ this implies (WT)~ = WT € &,(H) and,

therefore, T € S,(H).
U

3.3. Perturbations of selfadjoint operators nonnegative over a neighbour-
hood of co. Let in the following Hi, Hs, G; and G5 be defined as at the beginning
of Section 2. The following theorem is the main result of Section 3.

Theorem 3.4. Let Ay be a selfadjoint operator in Hy nonnegative over Us (1)
for some ry >0 (see (3.2)), and let a be the closed symmetric form corresponding
to Ay. Assume that for the form domain of Ay equipped with the Hilbert scalar
product (3.3) where vy > ¢(G1 A1), i.e. for Hg, the following conditions are fulfilled.

(a) GGy maps H, onto itself.

(b) The restriction of 1— G5 Gy to Hy belongs to G,(H,) for some pe[l, 00).
Let v be a symmetric form which is relatively &, with respect to a, and let Ay be
the selfadjoint operator in Hs associated with the form a + v.

Then there exists an ro > 0 such that As is nonnegative over Us(r2).
Moreover, E(-, Ay) is bounded at oo if and only if E(-, As) is bounded at oo.

Proof. 1. In this part of the proof we verify that each of the forms [-,-]1, [+, ]2
leads to the same “negative” space H,_ and that 1 — G5 'G; can be extended to
an operator belonging to &,(H, ).

By the closed graph theorem the restriction Gy := G5 'G1|H, regarded
as an operator in H, is an isomorphism. Hence there exist mq, my > 0 such that

(311) mlHyHﬂS ||G21y||ﬂ§m2HyHa7 Yy EHCI?

where ||y]|2 = (y,9)a. On H we introduce the “negative norms” ||« ||, 7 = 1,2,
(see (3.4)), by

|zlla—; = sup {[[z,y];| 1y € Ha, [lylla <1}, z€H.
Then the relations
[#]la—1 = sup {[[z,y]] : v € Ha, [Jylla =1}
= sup {[[Gy'G1z,y]s| 1y € Ha, [lylla= 1}
= sup {|[z, Gaylo| 1 y € Ha, [lylla =1}

and (3.11) show that the norms || - ||o—1 and || - [|4— 2 are equivalent on H. The
completion of H with respect to one of the quadratic norms || - ||q—1 0r || - a2
equipped with the extension of the scalar product corresponding to ||-||q— 1 will be
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denoted by H, . Each of the forms [-,-]; and [-, -]> can be extended by continuity
to Hq X Hy— and to Hg_ X H,. The linear mappings

(3.12)
bt Ha Dy u € Ho—, k =1,2, where (z,y)q = [z, ug]y for all x € H,

are isomorphisms of H, onto H, _.
The operator GGy is an isometry of (H, || - |[a_.1) onto (M, || - |la_2)-

The extension by continuity of G5 G} to an operator in H, _ is denoted by Gy.
We have

(313) [G21x7y]2 - [Z’, y]l - [J}', 6\2/19]27 YRS HCU ye Hu,—u
and
[z, (Ga1 — D)yl = [,y — [2, ]2 = [(Gar — 1), yla, @ € Hayy € H .

Therefore, the adjoint of Gy — 1 € L(H,) is given by Lgl(é; — 1)12. Hence by
condition (b) we have

(3.14) Gor— 1€ 6,(H,_).

2. Now we show that A; and A, satisfy the assumptions of [9, Theo-
rem 3.10] as well as the assumptions of Theorem 2.4 for certain domains 2, with
the exception of the conditions on Gy and Go.

Let A; be the extension of A; to an operator in £(Hga, Hq—). Then

[le,y]l =alz,y], z,y € H,.
Define an operator Vi € &,(Hqa, Hq—) by

Viz,yly = olz,y], z,y € H,.
/L, V, and A, + V] are -, ]i-symmetric. Let

(3.15) R:=Gu(A + Vi) = A + Vi + (G — DA + W),

We have Vi 4 (Ga1 — 1) (A1 +V3) € 6,(Ha, Ha). By (3.13) Ris [+, Jo-symmetric,
(3.16) [Rz,yl, = [z, Ryls, ,y € Ha

Let R be the range restriction of R considered as operator in Ho, i.e.

(3.17) R=R{z €Hy: Re e H} = A, = (Vi + (Ga1 — 1)(A, + W)

(see Section 3.1). By [9, Proposition 3.1] there exists an 7y > 71 such that
(3.18) {in:n R, [n] >mno} C p(R).

Then (3.16) implies
(R —in)x,ylo = [z, (R+1in)yls, n€R,[n|>mn, v,y € D(R),
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and, hence, we find
(R —in)""u,v]s = [u,(R+in)""v]s, n€R, [n]>no, u,v€H.

Therefore (R + in)~! is the adjoint of (R — in)~! in the Krein space Hy and it
follows that R is selfadjoint in Hs. Since in view of (3.15), for every x € D(R),
Yy e D[Al]a
(3 19) [Rx>y]2 = [Eﬂf,y]g = [@I(Zl + ‘/1)33,?/]2 = [(Avl + ‘/1)-777?/]1

= a[z,y] + o[z, y],

R coincides with the semibounded selfadjoint operator As in Hy associated with
the form a + v. By [9, Lemma 2.3] we have

(3.20) (Ay —in) ™' = (A2 —in) ™" € 6,(H).
Let
(3.21) Qi =Us(r1)\((—00, —11) U{o0}), Q- :=Us(r1)\((r1,00) U {o0}).

Then, by the nonnegativity of A; over U, (1) and the relations (3.18) and (3.20),
the assumptions of Theorem 2.4, except condition (iv) on the difference of the
Gram operators, are fulfilled with Q) replaced by €2, or €)_.

3. In this part of the proof we assume that the local spectral function
E(-, Ay) of A; is bounded at oo, and we prove Theorem 3.4 under this assumption.
First we show that the difference of the Gram operators GG; and G belongs to
S,(H). On account of

(3.22) G1— Gy =Gi(1 —G7'Gy)
it is sufficient to verify that 1 — GGy € &,(H).
Let, for some s > r, B, :== E(R\(—s,s),4;), By, := ([s,00), A;) and

E,_ = E((—o00,—s|,A1). Then E; = E; + E;_ maps H, continuously into
itself as this is true for 1 — E. By

(A1 Es v, B yo)y < [A1Egx, Egxly, € D(4),
we have
|Essx]|2 = [A\ By, By na]y + v(Es a0, By 1)
< [A1Esx, Esx)y + || Es +|* || Esz ||, = € D(Ay),

i.e. the projections E, y map (EsHa, || - ||a) continuously into itself. Therefore, if
Jo is some fundamental symmetry of the Krein space ((1 — E,)H, [, ]1),

W= Jo(1—Es) + (Es+ — Es—)Es € L(H)

maps H, continuously into itself. Moreover W? = 1 and [Wz,z]; > 0 for all
xeH, x#0.
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The operator 1 — G;'Gy € L(H) is the extension by continuity of
1— Gy = =Gy (1 — Ga) € G,(Ha).

Since G5! is the restriction of G;'Gy to H, we have [Golz,yli = [z, Gy,
7,y € Hq. Then Lemma 3.3 applied to B := H,, W as above and T := 1 — Gy}
gives 1 — GGy € &,(H). Hence, by (3.22), G; — G4 € &,(H).

We have shown that in the case when the local spectral function of A
is bounded at oo, all assumptions of Theorem 2.4 with Q replaced by €, or
Q_ (see (3.21)) are satisfied. Then it follows, in particular, that no point of
Q. NR = (r1,00) and no point of Q_ NR = (—o0, —71) is an accumulation point
of the nonreal spectrum of As.

Then the assumptions of [9, Theorem 3.10] are fulfilled with the exception
of the condition that the nonreal spectrum of A; has no more than a finite number
of nonreal accumulation points. It is easy to see that the latter assumption can
be dropped in [9, Theorem 3.10]. It was proved in [9, proof of Theorem 3.10] (the
text of that theorem does not completely describe what is shown in the proof, see
[11, footnote p.103]) that, for some ry > 71, A is nonnegative over Uy (r2) and
that the local spectral function of A, is bounded at oc.

4. In the rest of the proof we assume that the local spectral function of
Ay is not bounded at co. In this part of the proof we show that the conclusion
of Theorem 3.4 holds for A; replaced by its “regularization” A} (see [9, §2.4]).

Let G be the Hilbertable topological linear space corresponding to the
middle of the interpolation scale between Hy and Hy—, G := [Ha, 'Ha,_]% (see e.g.
20, chapter 1]), and let (-,-)g be a Hilbert scalar product on G which induces
the topology of G. Then [-,-]; restricted to H, is continuous with respect to the
topology of G (see [9], [10]). The extension by continuity of [-,-]; to G will be
denoted by [+, -](1y. It was shown in [9] and [10] that Gy := (G, [, -])) is a Krein
space. Since the isomorphism G of H, — is the extension of the isomorphism Gy
of H,, by interpolation G, and G5;' are continuous with respect to the topology
of G, and the extension (g1 ¢ of Ga; to an operator in G is an isomorphism of G.

It follows that the continuous sesquilinear form [-,-](2) on G, defined by

(3.23) [2,9]@) = [Goigr. ¥, ,y€Q,

is the extension to G of |-, -], restricted to ’Ha, and it is a Krein space inner product
in G. We set Go) := (G, [, "]2)). If G(j), 7 = 1,2, denotes the Gram operator of
-, ](j) with respect to (-,-)g, then (3.23) gives

(3.24) Gy = Gy = Goy(1 = Galg)-

We define an operator A} in G by range restriction of 21 to G:
A= Aj{z € He: Ajz € G}
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(cf. [9, §2.4]). As, for u € G, v € Hq, [u,v]q) = [u,v]1, where [-,-]; is the inner
product of ‘H; extended to Hy_ X H,, we have

[Allxay](l) = [leay]l = [x>gly]l = [x7A,1y](l)a T,y € D(All)

In view of p(A;) C p(A}) (see [9, (2.7)]) it follows as in part 2 of the proof that A}
is selfadjoint in G(;y. By [9, Lemma 2.1} we have D[A}] = D[A,] = H,. Clearly,
A is the operator associated with a in Gi).

If E,, r > ry, denotes the spectral projection E(R\(—r,r), A;), the de-
composition H; = (1 — E,)H[+]E, H; reduces A; and A;|E,’H; is nonnegative.
If |n] > no (see (3.18)), the latter fact is equivalent to

Re [(Al - in)_lErx> Erx]l =

3.25
(3.25) = [A1(A; —in) "Bz, (Ay —in) 'E.x); >0, x € H.

Since 1 — F, maps H, continuously into itself the same is true for E,. We denote
the restriction of E, to H, also by E,, then Hy = (1 — E,)Hq+E,H,. The adjoint
of E, € L(H,) with respect to the [-,-];-duality is the extension by continuity

of E, to an operator in H,_ which will be denoted by ET. From the fact that
the topologies of H, and H,_ coincide on (1 — E,)H it follows that the spaces

(1—E,)H, (1= E,YHq and (1 — E,)H,_ coincide.
If I denotes the natural embedding of H, into H,_, then A; — inl,
In| > 1o, is an isomorphism from Hg onto Ha - (see [9]). The restriction of

(A, —inl) ' E, to H coincides with (A; —in) " E,. Since E,H is dense in E,Hq
the relation (3.25) implies

(3.26) Re[(A, —in]) 'E.a, Eya)y >0, o€ Hq_.

The restriction of (A; —inI)™ to G coincides with (4} — in)~*. By interpolation
between E, € L(H,) and E, € L(H,_) we obtain a projection E,g in G. Since
E, is symmetric in (Haq, [, ]1), Erg is selfadjoint in Gy. The operator £, and
the restriction of (A; —in)~! to H, commute, hence the operators (A} — in)~!
and E,g commute. Therefore the decomposition Gy = (1 — Er,g)g(l)[+]Er7gg(l)

reduces A). By E,gG C E,Hq_ and (3.26) we have
Re (A} —in) 'E, gz, E,gx]qy >0, z€G,

therefore A] is a nonnegative operator in E, gG. Since (1—E,)H = (1—-E,¢)G

and A,|(1 — E.)H = A}|(1 — E,g)G, the operator A is nonnegative over Uuo(r).

By [9, Lemma 2.1] the local spectral function E(-, A]) of A} is bounded at co.
We define A}, by

AL = R{z € Hq,: Rz € G}
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(see (3.15)). As in part 2 of the proof one verifies that the operator A} is selfad-
joint in Gy and by (3.19) we have

[A%2, )@ = alz,y] + o[z, y], = €D(A),y € Ha
Hence Aj is the associated operator to the form a+v in Gr). The relation (3.20)
holds with A;, As replaced by A}, Aj. B
Let, as in part 3 of the proof, for some s > r, E! := E(R\(-s,s), A}),
B, = E([s,00),A)), B, = E((—o0,—s],A}) and let Jj be a fundamental
symmetry in ((1 — E7)G, [-,-]1)). Lemma 3.3 applied in the case where B := H,,
W= Jo(1 = E) + (B, — B )E{ € L(G)
and T := 1 — Gy gives 1 — Gyl € 6,(G). By (3.24) we have
Gy = G € 6,(9).

Then, again making use of Theorem 2.4 we see that A}, Ay, Gy, G(9
fulfil all conditions of [9, Theorem 3.10]. Therefore there is an 7" > r such that
Aj is nonnegative over Uy (r') in Gy and the local spectral function of Aj is
bounded at oo.

5. Now we show that the nonnegativity of A}, over U, (r’) implies the
nonnegativity of Ay over Uy (r2) for any ro > 1.

We define the spectral projection E!  := E(R\(—r2,72), A5) in G(z). The
operator Aj is nonnegative in E/ G). By [9, Lemma 2.7] we have D[A}] =
D[A}] = Ha. Therefore, the operator E],, regarded as an operator in H, is

continuous. The extension by continuity of £, € L(Ha) to a projection in H,
will be denoted by E],. From

Re[(4y —in) "Bl 2, E| x]2 >0, z€g,
it follows, that
(3.27) Re[(R—inl)'El a,El x>0, x€H,_.
Again, the topologies of H, and H, — coincide on (1 — £, )G, therefore the spaces
(1-E.)G, (1-E],)Hs and (1 — E;Q)Ha,_ coincide. Hence the operator 1 — ELQ
maps H,_ continuously into H,. Then 1 — E;Q maps H continuously into itself

and the same is true for E] . We denote by F,, the operator E] |H regarded as
a bounded operator in H. Since E], € L(H,) is a symmetric projection with
respect to [, |2, F}, is a selfadjoint projection in He. By (3.17) and (3.19) the
range restriction of R to Hs coincides with A,. The projection F), commutes with
(Aa —in)~1, |n| > no (see (3.18)), since the same is true for E/ and (A5 — in)~!
in H,. It follows from (3.27), that for z € H

Re[(Asy — in)_lme, F.,z] >0
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holds. On the other hand, As|(1—F,,)H is bounded. Therefore A, is nonnegative
over U (12).

It remains to show that the local spectral function of A, is unbounded
at 0o. Assume that this does not hold. Then, if we regard A as the unperturbed
operator and A; as the perturbed operator, the assumptions of the theorem are
fulfilled. By the first part of the proof we find that the spectral function of A; is

bounded at 0o, a contradiction.
O

In the following corollary we make use of the notation introduced at the
end of Section 3.1.

Corollary 3.5. Let Ay, Gy and G5 be as in Theorem 3.4 and assume that the
conditions (a) and (b) are fulfilled. Let V € &,(Ha, Hqo) and let Ay = Ay TV
be selfadjoint in Hy. Then the conclusions of Theorem 3.4 are true.

Proof. Since Ay is selfadjoint in Hy the extension of Ay by continuity to an ope-
rator Ay € L(Hq, Hq ) is symmetric with respect to [+, -]o. Let Ay € L(Ha, Ha—)
and Gy be as in the proof of Theorem 3.4. We have A; = A; +V and by (3.14)

— 1 —

-1 —

Ggl —1= —G21 (Ggl — 1) € Gp(Hm_).
The operator

—_ 1~ ~ — 1 ~

Ggl A2 — Al —|— V —|— (G21 - 1)(A1 —|— V)
is symmetric with respect to [-,-];. Since, by assumption, A is symmetric with
respect to [+, ]; the same holds for

— 1 ~

V+(Gan —1)(A+V) € 6)(Hq, Ha—).

Therefore the operator
— 1 ~
V.= Ll_l(v + (Gm — 1)(141 + V)) c Gp(Ha)

(see (3.12)) is symmetric in Hy = (D[A1], (-, )a). Then vlz,y] = Vz,9)q,
z,y € Hg, is a continuous symmetric sesquilinear form which is relatively &,
with respect to a and A, is the selfadjoint operator in Hs associated with a 4 v.

Hence, the assumptions of Theorem 3.4 are fulfilled.
U
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