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Abstract. The P;-nonconforming finite element is introduced for arbitrary triangulations into
quadrilaterals and triangles of multiple connected Lipschitz domains. An explicit a priori analysis for
the combination of the Park—Sheen and the Crouzeix—Raviart nonconforming finite element methods
is given for second-order elliptic PDEs with inhomogeneous Dirichlet boundary conditions.
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1. Introduction. Park and Sheen [PS03, Par03] introduced a basis for noncon-
forming P; finite elements on triangulations into quadrilaterals of simply connected
domains. Adaptive mesh-refinement has recently been proved to be optimal for the re-
lated Crouzeix—Raviart nonconforming FEM on triangles [BM08, Rab10]. In order to
use adaptive mesh-refinements with the Park—Sheen nonconforming FEM on quadri-
laterals, this paper introduces the combination of Park—Sheen with Crouzeix—Raviart
nonconforming finite elements. This requires understanding the Park—Sheen FEM
on multiple connected domains which consist of the domain 2 without all triangles.
The first main result of this paper characterizes a basis of this nonconforming finite
element space with global edge-connected exceptional basis functions of Definition 2.5,
below. The second main result is a complete a priori error analysis with explicit
constants for smooth solutions of second-order elliptic boundary value problems with
inhomogeneous Dirichlet conditions. For the Poisson model problem

(1.1) —Au = fin Q:= (0,1)? and u = 0 on 9N

and a uniform triangulation of € into squares and right isosceles triangles of size h,
the a priori estimate of this paper implies for the energy norm (cf. Remark 5.2 below
for a proof)

v —upsllve < 1.75h || f]lL2(q)-

The proposed combination of the Park—Sheen and the Crouzeix—Raviart nonconform-
ing elements combines the minimal degrees of freedom per element domain with the
flexibility of adaptive mesh-refinements. The rest of the paper is organized as fol-
lows. Section 2 introduces a basis of the nonconforming and piecewise linear finite

*Received by the editors February 7, 2011; accepted for publication (in revised form) November
13, 2011; published electronically March 13, 2012. This work was partly supported by the WCU
program through KOSEF (R31-2008-000-10049-0).

http://www.siam.org/journals/sinum/50-2/82367.html

TInstitut fiir Mathematik, Technische Universitit Berlin, Strafie des 17. Juni 136, D-10623 Berlin
Charlottenburg, Germany (raltmann@math.tu-berlin.de). This author’s work was supported by the
Berlin Mathematical School, the KKGS Stiftung, the Humboldt-Universitat zu Berlin, and the ERC
grant “Modeling, Simulation and Control of Multi-Physics Systems.”

Hnstitut fiir Mathematik, Humboldt—Universitat zu Berlin, Unter den Linden 6, D-10099 Berlin,
Germany, and Department of Computational Science and Engineering, Yonsei University, 120-749
Seoul, Korea (cc@math.hu-berlin.de).

418

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/08/17 to 130.149.177.68. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

P1-NONCONFORMING FINITE ELEMENTS 419

element space on triangulations into triangles and quadrilaterals. Section 3 discusses
inhomogeneous Dirichlet boundary data and the possibility of inconsistent boundary
conditions. Section 4 analyzes a nonconforming interpolation operator, which en-
sures consistent boundary data. Section 5 presents explicit constants for an a priori
estimate for second-order elliptic PDEs. The numerical experiment of the Poisson
problem on a Z-shape with graded meshes and combined triangles and quadrilaterals
concludes the paper and underlines the necessity of the flexible mixture of triangles
and quadrilaterals.

We employ standard notation on Lebesgue and Sobolev spaces and write a < b
to abbreviate a < ¢b with some constant ¢, independent of the mesh-size.

2. The P;-nonconforming finite element. This section introduces a basis for
nonconforming P finite elements on triangulations into triangles and convex quadri-
laterals. Let T be a regular triangulation (see [Cia78]) of the two-dimensional bounded
and connected Lipschitz domain Q C R? with polygonal boundary 9 into closed tri-
angles (namely, 7°) and closed, convex quadrilaterals (namely, 7%) with the set of
edges £ and the set of nodes N. Here, regular means that hanging nodes are excluded
in the sense that two distinct nondisjoint element domains share either a common
edge or a common vertex. The first goal of this paper is a characterization of a basis
of the nonconforming finite element space

PS(T) := P(T) N C({mid(E) | E € £})

of piecewise affine functions which are continuous at the midpoints of all interior edges.
This generalizes the Crouzeix—Raviart finite elements CR(7?) [CR73] as well as the
nonconforming P1 finite elements on quadrilaterals after Park and Sheen [PS03] in
the sense that they may be mixed arbitrarily.

Here and throughout this paper, P;(7) denotes the set of piecewise polynomials
of degree < k with respect to 7. Furthermore, mid(E) stands for the midpoint of the
edge E, N := |N| denotes the number of nodes, and N (F) denotes the two endpoints
of an edge E. All quadrilaterals in this paper are closed and convex with inner angles
strictly smaller than 7. All domains have polygonal boundary.

DEFINITION 2.1 (edge-neighbors, Ry-related, edge-connected). Two distinct ele-
ment domains A, B € T are edge-neighbors or R-related if they share a common edge,
written ARB. Two element domains A, B € T are Ry-related, k > 2, if ARB or
there exist C1,...,Ch € T with ARC1,C1RCq,...,C RB and m < k—1 € NU{oo}.
Two element domains A and B in T are called edge-connected if AR B.

Remark 2.1. The relation R is an equivalence relation and defines equivalence
classes called edge-connectivity components.

DEFINITION 2.2 (nodal basis function I). Given an edge-connected triangulation
T* of a Lipschitz domain into quadrilaterals with set of edges £(z) == {E € £ | z €
N(E)} and the respective set of midpoints mid(E(z)), a nodal basis function p; €
PS(T*) is uniquely defined for every vertex z; by

1 ifm e mid(E(z)),
(2.1) pj(m) = {0 if m € mid(€) \ mid(E(z;)).

Remark 2.2. (a) Any function u € P;(Q) is characterized by the quadrilateral
condition (diagonal rule) my + ms = mgo + my for its values m; = u(mid(E1)),...,
my = u(mid(E,)) at the consecutive midpoints mid(E4),. .., mid(Fy); see Figure 2.1.
In particular, (2.1) is well defined in PS(T%).
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Z4

z3

21 ma 22

F1c. 2.1. Diagonal rule mi + m3 = mg + my illustrates that the midpoints of a conver quadri-
lateral Q form a parallelogram.

(b) For an enumeration £ = {E1,...,Ejg}, any u € PS(T*) is represented by
the vector z,, € RI€l defined by

zy(j) == w(mid(Ej)), j=1,...,]&].

This stores the function values at the |£| midpoints of edges where v is continuous.
Let E;,, E},, Ej,, Ej, denote the consequent edges of the quadrilateral ); and let the

matrix M € {—1,0, 1}7'1xI€l equal

1 ikajlorijg,
Mijr=¢-1 ifk=jsork=jy,

0 otherwise

for j = 1,...,|T?%, k = 1,...,|&|, which represents all |T*| diagonal rules. Then,
u € PS(T*) implies Mz, = 0. In addition, for a continuous function v with coefficient
vector xz, defined as above, Mz, = 0 implies the unique existence of a function
vps € PS(T*) with v(mid(E;)) = vps(mid(E;)) for j =1,...,[€|.

THEOREM 2.1 (see [PS03]). Let T* be an edge-connected regular triangulation of
the simply connected Lipschitz domain @ C R? into quadrilaterals with edges £ and
nodes N'. Then PS(T?) has the dimension || — |T* = N — 1 with the counting
measure | - | such that |E|, N := |N|, |T*| denote the number of edges, nodes, and
quadrilaterals. For any jo € {1,..., N}, with the omission operator Y,

vV
(8013"'7803'07"')(10]\7) = (@15'"a@j0—17¢j0+17"'7¢N)

is a basis of PS(T?).
DEFINITION 2.3 (multiple connected). A bounded, connected, and open set  C
R? is called k-times connected if there exist eractly k connectivity components of

0N =TogUl'U---Ulx_1, where T'g,...,T'x_1 are pairwise disjoint connected compact
sets in R? such that Ty is the boundary of the unbounded connectivity component of
R%\ €.

Although we are interested in Lipschitz domains we have to consider non-Lipschitz
domains for quadrilaterals. The reason is that in the combination of triangles and
quadrilaterals every edge-connectivity component of quadrilaterals will be discussed
separately, which could be possibly non-Lipschitz. An example is the triangulation
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Fi1G. 2.2. Ezample of (left) a simply and (right) a twice connected non-Lipschitz domain.

Qs Q2 Qs

21 z2

Q1 Q4

FiG. 2.3. Ezamples of M, edge-connectivity components of T*(zn): (left) T*(21) = C1,1 =
{Q1,Q2,Q3} for My = 1 and (right) T*(z2) = C2,1U Ca2 with Can = {Q4}, C22 = {Qs} for
Mo = 2.

from Figure 2.2, where the holes are filled with two triangles, respectively. For arbi-
trary connected polygonal domains we have to allow, in contrast to Lipschitz domains,
multiple nodal basis functions per node. For any node z, € N the neighboring quadri-
laterals

TH(zn) == 1{Q € T*zn e N(Q)}
are partitioned into M,, pairwise disjoint edge-connectivity components Cy, 1,...,Cn m,
T4(Zn) = Cn710 Cn’QU e U Cn.,Mn-

For an example see Figure 2.3. Notice that for Lipschitz domains M; = My = .- =
Mpy =1 holds.

DEFINITION 2.4 (nodal basis function II). For any node z, with neighbor-
ing quadrilaterals ’T4(zn) = Cn_rlU U Cn,m,, we define M, nodal basis functions
Oty Pnm, € PS(TY) in the following way. Given a triangulation Cy ., de-
fine ¢ € PS(Cp,m) as in Definition 2.2 and extend ¢ by zero to a function ¢n m in
PS(T?).

The rest of this section is devoted to multiple connected domains. Figure 2.4
illustrates that the nodal basis functions from Definition 2.4 do not suffice.

Ezample 2.1 (necessity of new basis functions). The triangulation 7% of the
domain = (—1,2)%\ [0, 1]? into eight squares of size 1 as in Figure 2.4 displays (left)
nodal basis functions —¢1, +p2, . . ., +@16 of the type defined in Definition 2.2. In fact,
one can prove that ¢1,...,¢15 are linearly independent, whence dim PS(7*) > 15.
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+v13 —P14 +¥15 P16
t O
1
1+
—p9 +®10 —p11 +p12 0
il
T
4 v -1
+¥5 —¥6 +7 —ps
t
0
—p1 +p2 —p3 +pa

FiG. 2.4. Nodal basis functions ¢1,...,p16 from Definition 2.2 (left) are linearly dependent
and (right) exzclude ¥ € PS(T™) as discussed in Ezample 2.1.

Since w16 = —1 + w2 — -+ — P14 + P15, P16 lies in span{p1, ..., p15}. The right side
of Figure 2.4 displays

’lp (S PS(T4) \span{<p1, caey (,915}

and hence dim PS(7*) > 16. An immediate proof of 1 ¢ span{ep1,...,¢15} employs
the linear functional

0:PS(TY =R, v 0(1/2,0) +v(1/2,1) — v(0,1/2) — v(1,1/2)

and the fact £(p1) = =l(p15) =0 £ 1 =L(Y).

Example 2.1 suggests enlarging the set of nodal basis functions by some other
functions in PS(7*) which somehow link connectivity components of R?\ Q. In what
follows £(D) denotes the set of edges in the subset D C .

DEFINITION 2.5 (edge-path). Let T* be an edge-connected triangulation into
quadrilaterals of some k-times connected domain Q C R2? with k > 2. Further

let Ty and Ty denote two different components of 02. Choose a subtriangulation
{Q1,...,Q ) C T* which is (in itself) edge-connected and satisfies

E(@1)NEMG) #0 and E(Qs)NEMTY) #0
as well as
Ei1 =EQ;)NEQjs1) €E forj=1,...,0—1.
Then, for any choice
By e E(@)NET.) and Ejpr € E(Qy) NEMS),
an edge-path ¢ € PS(T*) is defined by

1 if m=mid(E,),
(2.2) Y(m) = ¢+l if m=mid(E;) forj=2,...,J,
0  for any other midpoint.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/08/17 to 130.149.177.68. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

P1-NONCONFORMING FINITE ELEMENTS 423

r, 0 0 0 0
1t Q, —11 1+ -14 10
-1
0 0 0
01 10
1

I'y

Fi1c. 2.5. Illustration of ¢ from Definition 2.5. Since £(Q1) N E(Tq) allows two choices of F1,
there exists a second choice of 1.

Forj=1,...,J —1 the signs are uniquely defined by ¥(mid(E;+1)) = ¥(mid(Ej)) if
Ej N Ejr1 # 0 and ¢ (mid(Ej11)) = —¢(mid(E;)) if E; N Ejpq = 0.

Remark 2.3. (a) It holds that suppy = Q1 U---UQ,.

(b) The choice of E; and E; is not unique; cf. Figure 2.5. Also, the subtriangu-
lation {Q1,...,Q s} and therefore supp is not unique; cf. Figure 2.4. Thus, there
exist several possibilities for 1.

The following theorem introduces a basis of PS(T?) for general multiple con-
nected domains with polygonal boundary.

THEOREM 2.2 (basis for multiple connected domains). For the regular triangula-
tion T4 of the k-times connected domain Q C R? into edge-connected quadrilaterals,
PS(T*) has the k-independent dimension

dim(PS(T%) = |€] — [T

Let ¢n m denote the nodal basis functions form = 1,...,N, m = 1,..., M, from
Definition 2.4. Further, let ¥1,...,¥,_1 denote edge-paths from Definition 2.5, each
connecting two pairwise disjoint connectivity components of OS2 such that each connec-
tivity component of ) appears at least once. Then, for any (ng,mp), ng € {1,...,N},
moy € {1, .. -;Mno};

V
(23) le s 71/)/6—17()01,17 s PLML P21 Py mgr s @N,MN)

(with the omission operator Y) is a basis of PS(T?).

Proof. The arguments in the proof of dim(PS(7?)) < |&| — |T*| in [PS03, p. 632]
work identically for multiple connected domains. It remains to show that (2.3) are
|€] — |T*| linearly independent functions in order to prove that this defines a basis.

The proof uses mathematical induction over the number of quadrilaterals in 74.
The initial step | 74| = 1, i.e., a triangulation of only one quadrilateral which is simply
connected and Lipschitz, is already shown by Theorem 2.1. Assume that the claim is
true for triangulations into n quadrilaterals and let 7% be an arbitrary triangulation
into n + 1 > 2 edge-connected quadrilaterals. Choose a quadrilateral Q € 7* which
contains a boundary edge such that S* := 7%\ {Q} still is edge-connected. The
induction hypothesis gives a basis for PS(S?*). We distinguish four cases.

Case 1. |£(Q)NE(S*)| = 1 (cf. Figure 2.6). First, we consider all basis functions of
PS(8*) which vanish in M;. Those functions can be extended by zero to functions in
PS(T*). Second, basis functions with nonzero values in M; are extended by the same
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,M4

B

A

,M4

-+ Ms

F1G. 2.6. Situation of (left) Case 1 and (right) Case 2 in the proof of Theorem 2.2.

M3 MS

+ My + M,

84 M, 84

84

Fi1G. 2.7. Situation of (left) Case 3 and (right) Case 4 in the proof of Theorem 2.2.

value in M, and zero elsewhere such that the quadrilateral condition of @ is fulfilled.
All these functions are still linearly independent in PS(7*). Together with the nodal
basis functions from Definition 2.4 at A and B, which are obviously independent
because of their value in M3, we constructed

(1€1=3) = IS* +2 = (€] = 3) = (1T - 1) +2=|&| - |T"|

independent functions.

Case 2. £(Q) N E(S?) are exactly two neighboring edges (cf. Figure 2.6). Again
we extend all basis functions of PS(S%) to PS(T*) by zero if they vanish in M; and
Ms. Otherwise we extend with zero in M3 and the appropriate value in My such that
the diagonal rule in @ is fulfilled. With the same argumentation as above, these are
together with the nodal basis function from Definition 2.4 at A

(1€l =2) = (T =D +1= €[ - T

linearly independent functions.

Case 3. £(Q) N E(S*) are exactly two opposed edges (cf. Figure 2.7). In this
case we extend all basis functions of PS(S%) with zero in M; and with some value
in M3 such that the quadrilateral condition of @ is fulfilled. Here, we have to add
an edge-path from Definition 2.5, i.e., the function which has the values 1 in M7, —1
in M3, and zero in all other midpoints. This ensures with the induction hypothesis
that all connectivity components of 92 are linked by edge-paths. Obviously, these
are || — |T*| linearly independent functions.

Case 4. |£(Q) N E(SY)| = 3 (cf. Figure 2.7). Since (|&] — 1) — 8% = |€] — [T,
we just have to extend all basis functions of PS(S%) by the appropriate value in M3
(quadrilateral condition).

At this state, we have found a basis of PS(7*) which does not totally coincide with
(2.3). However, the choice of the basis of PS(S*) and some easy linear combinations
(especially with the new added functions) yield the claim. d
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Remark 2.4. Let B be the (|€] —|T?|) x |€| matrix, where B(f,e) gives the value
of the fth function in (2.3) at the midpoint of the eth edge and M the matrix from
Remark 2.2(b) which stores all quadrilateral conditions. Then the theorem says that
a vector x satisfies Mx = 0 if and only if z is a linear combination of the rows of B.
Therein the vector z contains the function values of a function in PS(7*) at the |£|
midpoints of edges.

THEOREM 2.3 (basis of PS(T)). Let T = T3 UT* be a regular triangulation of
the bounded Lipschitz domain € into triangles and quadrilaterals.

Furthermore, T* = CiUCoU ... UCk, where each Cj, denotes one edge-connectivity
component of T*. Let By = (fr,15- -+, frBi|) denote a basis of PS(Cy) for each
k=1,...,K, according to Theorem 2.2. By Fy; € PS(T) we denote the extension
of fr,; by zero at all midpoints of E\E(Ck), k=1,...,K, j=1,...,|Bg|. Further let
¢r denote the Crouzeiz—Raviart basis function for any edge E which is not part of a
quadrilateral. The function ¢g has the value 1 at the midpoint of E and is zero at all
midpoints of £\ {E}. Then, with the enumeration E(T3)\ E(T*) = {E1,...,EL},

(24) (Fl,la"'7Fl,\81\7F2717'"7FK,\BK\7¢E17"'7¢EL)

is a basis of PS(T) and dim(PS(T)) = |E] — |T?|.

Proof. Consider a linear combination of functions in (2.4) which gives zero and
therefore vanishes at all midpoints of £. For j = 1,..., L, the Crouzeix—Raviart basis
function ¢g; is the only function in (2.4) with ¢, (mid(£;)) # 0. Thus the coefficients
of ¢g,, ..., ¢E, have to vanish. Since the components {Cj} cannot be edge-connected,
we can consider each edge-connectivity component separately. The fact that By is a
basis of PS(Ci) shows the linear independence of (2.4).

Given an arbitrary ups € PS(T), again we use the fact that By is a basis of
PS(Ck). Consequently, the values of upg at the midpoints of £(7*) can be designed.
For any remaining edge, i.e., £(T3) \ £(T?), there exists a Crouzeix—Raviart basis
function. O

3. Consistent boundary conditions. This section is devoted to Dirichlet
boundary conditions and the concept of consistent Dirichlet data. In fact, the di-
agonal rule of PS(Q) for a quadrilateral @) states a necessary condition for the values
at the midpoints of £(Q).

DEFINITION 3.1 (consistent Dirichlet data). Consider Dirichlet data given by
the values at the midpoints of E(I'p). Such data are called consistent if there exists
a linear combination of functions in PS(T) which have the given boundary values at
the midpoints of E(T'p).

The following theorem shows how to recognize triangulations where inconsistent
boundary data can appear.

THEOREM 3.1. Let Ty, ...,T'x_1 denote the connectivity components of 02 =T'p
and T a triangulation into quadrilaterals and triangles. Then, every Dirichlet data
is consistent if and only if there exists a component I';, which contains an edge of a
triangle or consists of an odd quantity of edges.

Proof. Consider that each boundary component consists only of quadrilateral
edges and all quantities of edges are even. With £(9Q) = {Ex,..., Ea,} we show
that the data with 1 at the midpoint of E; = conv{4, B} and zero at midpoints of
E(OQ)\ {E} are not consistent. Since edge-paths just shift boundary data to different
boundary components, we can assume that € is simply connected. Thus, only ¢4
and ¢p are nonzero at mid(F7). To generate the value 1 we use z times ¢4. To
reach all the zeros at the boundary one gets alternately minus and plus x times the
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corresponding nodal basis function. Because of the even quantity of boundary edges,
we obtain —x times ¢p. Thus, the value on the midpoint of E; is x — x = 0, which
is a contradiction.

For the other direction we construct the boundary data with the value 1 on an
arbitrary boundary edge F = conv{A, B} and zero anywhere else. Because of the
edge-paths, it suffices to consider edges of I';,. On edges of triangles there is nothing
to show, hence we consider an edge of a quadrilateral. To construct the required
boundary data, we set 1/2 times ¢4 and 1/2 times ¢p. To obtain all the zero values,
we set alternately minus and plus 1/2 times the corresponding nodal basis function.
This algorithm works because of the odd quantity of edges or stops if an edge of a
triangle appears. O

Remark 3.1. Consistent boundary conditions are necessary for the existence of
discrete solutions in section 5.1. Theorem 5.2 presents sufficient conditions as well.

Remark 3.2. In the case of inconsistent data one may change the triangulation,
i.e., split one quadrilateral at the boundary into two triangles; see Theorem 3.1. One
may also change the data and consider the projection bf3™ of the boundary data bp
into the space of consistent boundary.

The approximation operator of the next section will lead to consistent boundary
data.

4. Approximation operator J. This section analyzes the nonconforming in-
terpolation operator for triangulations into triangles and quadrilaterals and serves as
preparation for the calculation of explicit a priori constants in section 5.

DEFINITION 4.1 (approximation operator J [PS03]). We define the approxima-
tion operator J : C(Q) — PS(T) by

(Jp)(m) = %(@(Pl) + o(P)) for m= (P, + P5)/2 € mid(£)

for all midpoints m € mid(€), P1, Py € N with conv{ Py, Py} € £ and ¢ € C(Q).
Remark 4.1. Since J maps into PS(7), the operator designs consistent boundary
data for given Dirichlet data up € C(Q).
PROPOSITION 4.1. Let T = conv{ Py, Py, P3} be a triangle with greatest interior
angle o, diameter hp, and

Ole) = (M>/

1—|cosal

Then, for w € H?(T) and the nodal interpolation operator I¢, it holds that

(4.1) 19w ~ Tow) | z2ry < Cla)hr | D?wl|zx(ay,
(42) lw — Iowll ez < V373 Cl@)h3 | D0 ary.

Proof. The proof of (4.1) can be found in [CGR11]. With mean integral f - dz,
one notices the trace identity

(4.3) ]ifds:]ifdx—ké]i(x—P)-Vf(x)dx

follows if T = conv{E, P}, E € E(T), P € N(T) with integration by parts and
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elementary geometry. Set e := w — Icw and obtain by the trace identity (f = e2)

7|
H€||2L2(T) < EHeH%z(E) + hrllell Lz Vel L2(r)

<7l hi
le HL2(E) +5 || HL2 Tt o = ||V€||L2(T)
=B

Since e vanishes at the endpoints of E, we use the Friedrichs inequality. In addition,
we again use the trace identity with f = |0e/ds|?, which gives

.

|T||E|

<

h2 h3
|0e/0s ||L2 ﬂ—?l\Vd@m + W—€HV€HL2(T)||D2€HL2(T)

The aforementioned estimates and the first claim (4.1) lead with 2/7 < C(«a) eventu-
ally to

1 h2 h2
§Helli2m§ T||ve||L2(T)+ T||V€||L2<T>|\D2w||m 7T||V6||%2<T>
5C?(ar)
<% hr |D*w|2¢r). O

The a priori estimate requires an estimate for ||w — Jw||2 Q) and some shape
regularity conditions on the triangulation 7. Suppose that interior angles w in T are
uniformly bounded from below and bounded away from 7 in the sense of

O<wy<w<mT—wy<m

with some universal constant wg > 0. Let 6y > 0 be the smallest angle of diagonals
in all quadrilaterals in 7.

Remark 4.2. For a quadrilateral @ divided by a diagonal into two triangles, the
largest interior angles of the triangles belong to the interval [wg, ™ — wo]. Hence,

(4.4) IV(w = Iew)]|12(q) < Clwo)hqllD*w]|r2(q)-

The rest of this section proves the following theorem.

THEOREM 4.2. Let Q) be a convex quadrilateral with constants C(6p) and C(wy)
as defined in Proposition 4.1. Then, for any w € H?(Q), it holds that
(4.5) IV (w = Jw)| r2(q) < C(00)hol D*wl|12(q),
(46) o = Jwlz2q) < (2C(wo) + CB) /2| D?wll12(q)

Proof. Let E = conv{P;, Ps} be one diagonal of Q = conv{P, ..., Py} with unit

tangent vector 7 := (P3 — P;)/|Ps — P1|. Let m; and msy be the edge midpoints of
conv{ Py, P»} and conv{ Py, Ps}; see Figure 4.1. Then,

Jw(Ps) — Jw(Py) = 2Jw(mg) — 2Jw(my) = w(Ps) — w(Py).

Hence f := V(w — Jw) 7 satisfies f,, fds = 0. The trace identity (4.3) on Ty =
conv{ P, B} leads for f:= f. f dx to

hrt
- P
2|T1| B 5] 22 T1)||foL2 (1) < RITs ||

1< IV fllL2cry)-
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Py e

P.

Ty 2

mi

P, Py

Fic. 4.1. Quadrilateral Q divided by diagonal E into triangles Th1 and Ta in the proof of
Theorem 4.2.

The Pythagoras theorem and the Poincaré inequality with the Payne—Weinberger
constant [PW60] imply

_ _ 1 1
@D Wy = 1 = Facry + 1oy < 1 (5 + 5 ) IV ey

The same calculation for T as well as on the triangles which occur by the division of
Q by the other diagonal with tangent vector p := (Py— P»)/|Py— Pa|. |7 u| = | cos 6|
equals the angle of the diagonals and [CGR11] shows

(-7 +(a-?

for all a € R?.
L— |7y

laf* <

This is evaluated for a := V(w — Jw)(x) and thereafter integrated over x € Q. The
estimate (4.7) for all the triangles then proves (4.5).

The proof of the second claim employs the nodal interpolation operator Io from
Proposition 4.1 on the triangles 7} and T5 of Figure 4.1. Since e := Icw—Jw € Py (T1)
vanishes along m1mz,

e(y) = e(x) + Velr, - (y —x) = Ve|r, - (y — )
for all y € T1 and x € myms. Therefore,
lelZacryy < b, /4 Vel 2
This and an analogue on T lead to
lell72@) < ho/4 Vel 7z
The triangle inequality and (4.5)—(4.4) imply

VellLzq) < IV(w — Icw)|[r2(q) + [[V(w — Jw) || L2(q)
< (Clwo) + C(00))hq [|D*w|L2(q)-

This and (4.2) result in

lw — Jw|| 12(q) < llw — Iow|| 12(@) + lell 2@
< V/5/3 Clwo)hdy | D*wl r2(q) +1/2 (Clwo) + C(00))hd || D*w] 12(q)
< (2C(wo) + C(Go)/Q)hZQHD2U}”L2(Q). a
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5. A priori error estimate for elliptic PDEs. This section analyzes explic-
itly the involved constant in the a priori error estimate using Park—Sheen elements.
Therefore, the existence of a unique solution of the discrete Dirichlet problem is shown
first.

5.1. Model problem and its discretization. For the bounded Lipschitz do-
main ), the right-hand side f € L?(Q2), and up € H?(2), the elliptic boundary value

problem reads
(5.1) —div(AVu) +b-Vu+yu=f inQ,
' u=up on J.

Here and throughout this paper, the matrix A € L% (9; R?*2) is bounded, symmetric,
and uniformly positive definite in the sense that there exist positive auin, max With

0 < amin)é]? < EA(2)€ < amax€]? < 0o for all € € R? and a.e. € Q.

Furthermore, let b € H(div,Q) N L>(;R?) and v € L>(Q) be bounded almost
everywhere by positive Smax := [|bl|z(q) and Ymax = ||Vl L= () and assume

(5.2) divb <2y a.e. in Q.
The nonsymmetric bilinear form a with
a(u,v) = (AVu, Vv)r2(q) + (b - Vu +yu,v) 2o for all u,v € H'(Q)

is bounded and H} (Q)-elliptic. With the linear functional F := f —a(up, ), the weak
formulation reads as follows: seek ug € Ha () such that

(5.3) a(ug,v) = F(v) for any v € Hy ().

The Lax—Milgram lemma [BS08, p. 62] guarantees the unique existence of the weak
solution u := up +up. The regularity of u is a subtle issue and we refer to [Gri85] for
sufficient conditions for u € H?(Q).

Given a regular triangulation 7 of € into triangles and quadrilaterals, the finite
element space with boundary conditions reads

PSo(T) ={vps € PS(T)| for all E € £(09), vps(mid(E)) = 0}.
The discrete problem involves the restriction of a to an element @ € T, namely,
aq(u,v) := (AVu, Vv)r2 gy + (b Vu +yu,v)r2 (@),
and the discrete bilinear form

anc(u,v) := Z ag(u,v) for u,v € PS(T) + H*(Q).
QeT

The discrete bilinear form corresponds to
l[vllve == anc(v,v)/? for u,v € PS(T)+ HY(Q).

With Fyc := f —anyc(up,-), the weak formulation for the discrete problem reads as
follows: seek u%g € PSo(T) such that

(5.4) anc(ubg,vps) = Fnco(vps) for all ups € PSy(T).

Given any solution u}g, the Park-Sheen approximation to the exact solution u reads
Upg 1= u(}gs + Jup € PS(T). The existence of the discrete solution is the subject of
the next subsection.
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5.2. Discrete ellipticity. The existence of a unique discrete solution is based on
a discrete Friedrichs inequality for a partition T of €2 into triangles and quadrilaterals.

THEOREM 5.1 (discrete Friedrichs inequality). There exists a constant C,p, in-
dependent of the mesh-size of T, such that any v € H}(Q) + PSo(T) satisfies

1/2
(5.5) [vllr2@) < Carll VNcvlL2) = Cur <Z ||VU||2L2(T)> :
TeET

Proof. Let T* be some refined triangulation into triangles where each quadrilat-
eral in 7 is divided into two triangles. Then v € HE(Q) + CRo(T*) and (5.5) follows
from [BS08, Theorem 10.6.12]. O

Let k denote the ratio of the largest and smallest edge in any quadrilateral, i.e.,

largest edge of @
max =:
QeT* smallest edge of @

If T consists only of triangles, set k = 1.
THEOREM 5.2 (existence of a unique discrete solution). Let b € H(div,) be
piecewise constant. For sufficient small mesh-size in the sense that

Qumin SN wo
)
2/€Bmax

there exists a unique solution u%g € PSo(T) of (5.4).
Proof. The boundedness of ay¢ is obvious, so the focus is on the ellipticity with
respect to the broken H!'-norm

I ey = (- ey + |- )2 with |- IR =D IV 1Z2(q)-
QeT

(5.6) hmax = max{hp| T € T} <

Notice that b € H(div, Q) N Py(7;R?) means that the jumps [b - vg]r vanish across
all interior edges. An elementwise integration by parts plus (5.2) lead to

1
amin|“(1JJS|%VC + 9 Z /aQ(b ’ V)(u(;Js)Z ds < aNC(u(IJDSﬂu?’S)'
QET

Let E be an edge of some quadrilateral Q. If E is an edge on the boundary 92, u%¢
is affine and vanishes in mid(E). It follows with h%/|Q| < k/sinwy that
n |oubg ) |P B3
0 12 E PS E
ds = =L || <
/E(“PS) T2 os el T 12

For an interior edge E = £(Q1) N £(Q2) with midpoint mg := mid(F), the product
rule for jumps [-]g and averages (-)g leads to

[ lhsle ds =2 [ (ubslatubste ds =2 [ ubsli((ubshe — ubs(me))ds.
E E E

hEH

IVupslZzqg) < [Vupsl7zg)-

~ 12sinwyg

Since [ubg]p and (u%g)p — ubg(mp) are affine along F and vanish in mg,

h3
2 [ [hsle((hs) s = ubsme))ds < T2 (Vubsla, P + [Vubsla )

hgk
< —F
6 sin wy

IV neupsliz@uugs)-
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In the case that @ is a triangle, the aforementioned arguments remain valid with
the substitution of x by 4. The discrete Friedrichs inequality (5.5) as well as the
combination of the preceding estimates and the summation over all quadrilaterals
and triangles lead to

1 ( hmaxﬁmaxﬁ
Omin — — -

0 |2 0 0
- - |
1+ C%, sin wg ) ”uPSHHl(T) <anc(upg,upg)

Provided hmpay is sufficiently small as in (5.6), this implies ellipticity in the sense of

Omin 0 2 0 0
mHuPSHHl(T) <anc(upg,upg). O

Remark 5.1. With an analogous calculation, the ellipticity of || - |||yc can be
shown for functions in H}(Q) + PSo(T). For sufficient small hyay and v € HE(Q) +
PSy(T), it holds that

O'min Omin
6.7 |9 ool e = S22 ol < e
5.3. Strang lemma. In the case b =0, |||-||y¢ is a norm for the space Hg (Q)+
PSy(T). Otherwise, || |||nc is only positive definite for sufficient fine meshes and the

triangle inequality involves a constant, as shown in the following lemma.
LEMMA 5.3 (generalized triangle inequality). Let u,v € H}(Q) + PSo(T) and
the mesh-size sufficiently small such that (5.7) holds. Then the constants

Cmax = (amax + Bmaxcd.ﬁ + P)/maxcfp)/amin and CA = Cmax + 1/2
satisfy

(5-8) llu+vlive < Csx (llullve + lllvllve)-

Proof. The bounds of A, b, and ~, (5.7), (5.5), and the Young inequality yield

llu+olive < llullye + lollXe + 2amaxlulvelvlve
+ Bmax(Julne vl 2 ) + vInellullLa)) + 29maxllull L2 [[v] 220
<lullFre + ol + 4Cmaxllullnellvllve
< (Cmax +1/2)(Ilullve + lvllve)®. O

THEOREM 5.4 (Strang lemma). The Strang lemma for the present situation reads

O .
Uy — U <C inf Uy — U
||| 0 PS|||NC = YA (vpsePSo(T) ||| 0 PS|||NC

2 - F
. sup lanc(uo, wps) — Fyo(wps)| .
Omin wpsePSo(T) lwps|ne

Proof. The proof of the Strang lemma in a standard formulation (see, e.g., [BS0S,
Lemma 10.1.9]) uses the triangle inequality of the energy norm y/anc(+,-). Instead
we use the generalized triangle inequality (5.8). Furthermore, Theorem 5.2 implies
for b piecewise constant and small hyax as in (5.6) that

(5.9)

omin/2 [wps|ie < lwpsllive. O
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5.4. Approximation error. This subsection is devoted to the analysis of the
approximation error

inf |lug —vpsllne < [lluo — Juoll|ne
vps€PSo(T)

with the interpolation operator J from section 4 and Jug € PSy(7). The estimates

(4.5)—(4.6) from Theorem 4.2 on quadrilaterals and (4.1)—(4.2) from Proposition 4.1
on triangles apply to e := w — Jw with the assumptions on A, b, v and lead to

|||e|||2Q = /QAVe -Vedr + /Q(b -Ve+vye)e dx
< amaxl| Vel Z2(g) + Bmaxl| Vel 2@y llell L2(@) + rmaxllelliz(o)
< (amax max{C(80), C(w0) Y + B (v/B]BC (w0) + C(60))* 1,

+ 7max(2c(w0) =+ 0(90)/2)2hé> ||D2u0||%2(Q)

= (C?

2+ Clhqg + C3h3) |[hgD*uoll72 (-
The constants C(6y) and C(wp) are as in Theorem 4.2. Hence,
(5.10) luo — Juo||ne < (Cupp + C1hY? 4+ Csh) [|RDuq || £2(q)-

5.5. Consistency error. This subsection is devoted to the analysis of the con-
sistency error and is based on the calculations in [PS03] to prove

(5.11)

sup

lanc(uo, wps) — Enc(wps)| _ V8komax (1+7T 1/2 5
< . |hDul| L2(0)-
wps€PSH(T) lwps|ne V3 sinwg

T2

Throughout this subsection, v; denotes the restriction of v to a quadrilateral Q;.

5.5.1. Projection Ry. Let 7, denote some interior edge common to @Q;, Qx €
T. Further, let (-,-), denote the L?-scalar product on 7. Set Py(€) the space of
edgewise constant functions and define the projection

Ro : H*(Q) — Py(€)
by
<l/j ~Aij — R()’Uj, Z>’Y =0

for all z € Py(7y), where v equals either an interior edge ; or an boundary edge.
This requires AVv € H(div, Q) N L?>T¢(Q2) for some € > 0, which is the case for the
exact solution u. The paper [PS03] shows for adjacent quadrilaterals or triangles

Qj,Qr € T and wps € PS(T) the orthogonality

(5.12) (Rovj, wps|Q; )y, . + (Rovk, Wps|Qy )y, = 0
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Fic. 5.1. Quadrilateral Q divided into four subtriangles. TE denotes the triangle with edge E.

5.5.2. Estimate of ||[v|q - AVu|g — Rou|q||L2(aq)- To shorten the notation,
set

9Q ‘= Z/|Q ~AVU|Q S L2(8Q) and 9d4Q.E ‘= Z/|E ~AVU|Q S LZ(E).

Then Roulg is the edgewise integral mean of gg along the boundary of ). Consider
the decomposition of ) into four triangles as in Figure 5.1 and let g, i denote the
integral mean of gg g on Tg.

LEMMA 5.5 (trace inequality I). Let Q be a quadrilateral with diameter hg and
shape regularity constants wg and k, which is divided into four triangles as in Fig-
ure 5.1. Let E denote some edge of Q with neighboring triangle Tg. Let f € HY(Tg)
satisfy [y f(z)dz =0. Then,

8K

sin wop

1 1

T2

Proof. The trace identity (4.3) leads directly to a trace inequality on Tg. Together
with the Poincaré inequality, this implies

E|
1112y < @llfllL%TE)(llfllm(TE) + hrp IV £ 2(1s))

|E| 2 1 1 2
< @hTE 2t IV £l 22(7s)-

Shape regularity shows for o := ZBAP from Figure 5.1 the estimate sinwg/(2k) <
sina. Then |Tg| = (|E||AP|sina)/2 concludes the proof. [

This subsubsection concludes with an application of Lemma 5.5 to control ||v|g -
AVulg— Rou|ql|z2(sg)- The Pythagoras theorem implies |lgq — Roulqllr2() < |l9q —
90.gllL2(m). Therefore,

lgg — Roulgllizpo) < Y. l9e.e —Fa.elizm

EcoQ
(5.13)
< Cuhg Y IV90.8l7ams)
EcoQ
(514) < Cy a?}lathHD2u||%2(Q)

For a quadrilateral Q, C,, := 8k/sinwg(1/72 + 1/7) from Lemma 5.5. For a triangle
set T := @ and substitute « by 1.
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5.5.3. Estimate of |anc(uo, wps) — Fnc(wps)|. Let wps € PSo(T) be
arbitrary. An integration by parts leads with (5.1) to

anc(uo, wps) — Fnc(wps)
[T]

:Z </Q(Avu)~vu;ps dx+/Q

(b-Vu+yu)wps da:) - / fwps dx
Q

J

(5.1) Z/ wps (vj - AVu) ds
j=1 3@1’
(5.12) I7]
= <l/j -AVUJ' — Rouj, wp5|Qj>an
j=1
[T
= > (vj - AVu; — Rouj, wpslg, —mj)oq;-
j=1

This holds for any edgewise constant m;, which is set as the integral mean

mj|E ;:][ wp5|Qj ds.
E
The Cauchy—Schwarz inequality leads to
lanc(uo, wps) — Fyo(wps)

7]
1/2 —1/2
< ZhQ/J v - AVu; — RoujllL2a0,) th/ lweslq; = mjllz2 (o,
=1

1/2 1/2

|| ||
< Z hq,llvj - AVu; — RO“J‘|\%2(8Q]-) Z hé:HuHDs - iji%an)

j=1 j=1

(%) (%)
Estimate (5.14) allows for

2
(%) < 8K s ( 1 1

il - D2 2 )
oo (4 2 D%l

The subsequent lemma allows for the control of ().

LEMMA 5.6 (trace inequality IT). Let Q be a quadrilateral or triangle with diame-
ter hg and shape regularity constants wo and k. Let w € Pi(Q) be affine with integral
mean m|p = f,w ds along any edge E € £(Q). Then it holds that

K

[w = m|Z200) < ho|[Vwll7zg)-

-3 sinwo
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Proof. Since Vw is constant on @, it holds that

ow\ 2
o —ml2aog = 3 /|a:—m1d <as) ds

Ece(Q
2 2

<35 SR he [IVwl[12(5g)
1 19Q|

= — h, Vw
12 A28 1 Jor 1Vl

Shape regularity results in
max hg |0Q| < 4k el O
ECE(Q) sinwp

Lemma 5.6 implies

R K
< E Vw — 2o
(#x) < . 3sinw0” PSHL2(QJ) 3smw0|wPS|NC

The combination of the aforementioned estimates of (x)—(#x) verifies

\/gﬁamax <1 +7

1/2
lanc(uo, wps) — Fno(wps)| < 75 sinwg \ 2 > [hD?ul| 12() lwps|ne-

Since wpg € PSo(T) is arbitrary, this proves (5.11).

5.6. Result. In the case b # 0 and b piecewise constant, we consider hy.y to
be as small as in (5.6). Then, the Strang lemma (5.9), the approximation error (5.10),
and the consistency error (5.11) lead to the a priori estimate

luo — upgllve < Cal(CuppllhD?uol| 12() + Coon|RD?ul| 12(0)
+ (Clhl/Q + CQh)||hD2u0||L2(Q)).

The constant C, is from Lemma 5.3, while C,,,, C1,Ca are from section 5.4 and

Coon = A Omax <1 + ﬂ-) v .

vV3Qmin Sinwg

The rest of this section is devoted to the discussion of |[|u — upgl|nc-

Approximation of Dirichlet boundary conditions. From section 5.4 we obtain the
constants for estimates of the form ||up — Jup| 12 < |F*D*up| 120, Ve (up —
JUD)HL2(Q) ,S HhD2uD||L2(Q) as well as

2

llup — Jupllne < (Cupp + C1h*? + Coh)[|hD*up || 2(q)-

Approzimation of lower-order terms. The discrete Friedrichs inequality (5.5) yields a
bound of ug — u%g in the L%-norm,

luo — upsllrzi) < CarlVve(uo — ups)ll L2 () =: Curluo — upg|ne-
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To bound the error in the H!-seminorm, let g € PSy(T) denote the best approxima-
tion of ug in PSo(T). Then, (5.7) implies

IVne(uo = upbg)l2@) < IVe(uo — o)l L2 ) + ||VNC ups — o)l 22 ()

< |[Vne(uo — Juo)lz2(a) + Vo |||Ups — dol[nc-

The best-approximation property of g leads to
llups = Golllie = anc(ups — wo, ups — o) = Fne(upg — o) — anc(uo, tpg — o),

i.e., the consistency error from section 5.5. This results in

C,
HvNc(uO — U%S)HL%Q) < %”hDQUOHL%Q) +Coon hDQuHLz(Q)

max
Estimation of complete error. Recall that the triangle inequality is not valid for
Il lll~ve- Also, the generalized triangle inequality from Lemma 5.3 cannot be used to
combine the two estimates since up ¢ H} () + PSo(T). Nevertheless,
llw = upslye = llup = Jupllie + lluo — upsliXe
+anc(up — Jup,ug — ubg) + anc(ug — ubg, up — Jup)
< lup = Jupl¥c + lluo — upsllxe
+ 20max|up — Jup|nc|uo — ubg|Ne
+ Bmax(|up — Jup|ncluo — upsll L2
+ [ug — upg|ncllup — Jup| L2())
+ 29max|[up — Jup| L2 lluo — ubsllL2@)
The combined calculations from above result in an a priori estimate with explicit
constants of the form

llu —upsline S |hD*ul 20y + [RD*up | £2(0) + [RD?uo| £2(0)

Remark 5.2 (example from the introduction). Consider the homogeneous Poisson
model problem (1.1) from the introduction with a uniform triangulation of = (0, 1)
into squares and right isosceles triangles of size h. This gives in particular am,n =
Omax = 1, Bmax = 0, Ymax = 0,k = 1,wo = 6y = 7/2. Thus, the approximation error
and the consistency error involve the constants

C.pp = C(m/2) <0.68, Coon =4/ /(1 4+ m)/3 < 1.5.

Because of b = 0, we can use the Strang lemma in its standard formulation and
obtain together with the convexity of 2,

ll — upsline < (Cunp + Coon/ VD [Dull 2y < 175k |l 22(c

6. Numerical experiment. The computer experiment of this section is beyond
the analysis of this paper in that the exact solution does not belong to H?(f2) and
the anisotropic mesh-refinement leads to degenerate constants as k — oo. Neverthe-
less, numerical evidence underlines that adaptivity and even anisotropy improve the
convergence rate significantly. Consider the Dirichlet problem

—Au=0in Q2 and u=wup on 9N
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N

Fic. 6.1. Triangulations of a Z-shape domain: (left) To, (middle) uniform refined mesh, and
(right) graded mesh.

—&—— uniform
—%—— graded = 1.7
—6—— adaptive
—+H—— graded p=2.75

Energyerror

10 10 10° 10
Number Degrees of Freedom

Fic. 6.2. Plot of the energy error for uniform, graded, and adaptive refinement strategies.

on the Z-shape Q = {z € (=1,1)?| 0 < argz < 7n/4} from Figure 6.1. In polar
coordinates the exact solution and its trace up = ulgn read

u(r,p) = P47 sin(4p/7)

with a typical corner singularity at the origin. The interpolation error estimate of
Theorem 4.2 leads to linear convergence for all element domains with positive distance
to the reentering corner at the origin. A standard argument for the singular part of
the solution leads to the interpolation estimate

4/7
= Jull 2 S g -

It is expected that the overall final error estimate for this singular solution leads to

llu = upslne S hild

This is in fact observed in the numerical experiment for uniform mesh-refinement
which results in an empirical convergence rate 0.28 ~ % 4/7 (two space dimensions);
see Figure 6.2. Graded meshes generate anisotropic elements and refine the mesh
near the origin; see the right side of Figure 6.1. A graded mesh of a unit square
into (N — 1)? rectangles is characterized by the sequence 0, (+)?,(%)?,...,1 with
parameter § > 1.

The error in the energy norm of the discrete solution using Park—Sheen elements
with graded meshes results in the empirical convergence rate 0.44 for § = 1.7 and
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0.49 for g = 2.75; cf. Figure 6.2. Also, the adaptive algorithm gains the convergence
rate 0.49, which is near the optimal convergence rate of 0.5 for first-order methods.
The marking strategy involves the purely heuristic (but optimal for Crouzeix—Raviart
elements [Rabl0]) estimator

(@)= Y. he [[Ours/0s|el} (g
Ee&(Q)

with jump [-]g. The marking process uses the Dorfler criterion [Dér96] and marks a
minimal number of elements M C 7 such that

1/2

i) = S @ | = .

QEM

The adaptive finite element cycle then reads SOLVE — ESTIMATE — MARK —
REFINE.

Remark 6.1 (smooth solutions). Unreported numerical examples for smooth
solutions show the optimal convergence rates with (almost) quasi-uniform meshes in
agreement with the theoretical results of this paper.

REFERENCES
[BMOS] R. BECKER AND S. MAO, An optimally convergent adaptive mized finite element method,
Numer. Math., 111 (2008), pp. 35-54.
[BS08] S. C. BRENNER AND L. R. ScoTT, The Mathematical Theory of Finite Element Methods,

Texts in Appl. Math. 15, 3rd ed., Springer, New York, 2008.

[CGR11] C. CARSTENSEN, J. GEDICKE, AND D. RIM, FEzplicit error estimates for Courant,
Crouzeiz-Raviart and Raviart-Thomas finite element methods, J. Comput. Math.,
submitted, 2011.

[CiaT8] P. G. CIARLET, The Finite Element Method for Elliptic Problems, North-Holland, Am-
sterdam, 1978.

[CRT73] M. CROUZEIX AND P.-A. RAVIART, Conforming and nonconforming finite element meth-
ods for solving the stationary Stokes equations, Math. Anal. Numer., 7 (1973),
pp. 33-76.

[Do6r96] W. DORFLER, A convergent adaptive algorithm for Poisson’s equation, STAM J. Numer.

Anal., 33 (1996), pp. 1106-1124.

[Gri85] P. GRISVARD, Elliptic Problems in Nonsmooth Domains, Monogr. Stud. Math. 24, Pit-
man, Boston, MA, 1985.

[Par03] C. PARK, A Study on Locking Phenomena in Finite Element Computations, Ph.D. thesis,
Seoul National University, 2003.

[PS03] C. PARK AND D. SHEEN, Pi-nonconforming quadrilateral finite element methods for
second-order elliptic problems, SIAM J. Numer. Anal., 41 (2003), pp. 624-640.
[PW60] L. E. PAYNE AND H. F. WEINBERGER, An optimal Poincaré inequality for conver do-

mains, Arch. Ration. Mech. Anal., 5 (1960), pp. 286-292.
[Rab10] H. RABUS, A natural adaptive nonconforming FEM of quasi-optimal complezxity, Comput.
Methods Appl. Math., 10 (2010), pp. 315-325.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


