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Notation

Q open domain in RY for N > 1
0N} topological boundary of €2
r=(x1,...,2,) point in RV for N > 1

dr =dxy...dzy Lebesgue measure in {2
Qr (0, T)xQfor T >0

t time variable

Yr (0, T) x 0f)

Du gradient of a function u
supp f support of a function f
frf max(f,0), min(f,0)
D(Q), D(Qr),... test functions in Q, Qr,...

D), DT (Qr),...

positive test functions in 2, Qr,...

C(2),C(Qr), ...

the function space of continuous functions in 2, Qr,...

C*().CF(Qr),s -~

for 1 < k < oo the function space
of k times continuously differentiable functions in 2, Qr,...

LP(92) {f : Q@ — R|f measurable, |, |f(z)[Pdx < oo} for 1 <p < oo
L>(Q) {f : Q2 — R|f measurable, esssup,.q |f(x)| < oo}
Whr(Q) {f:Q—=R|f € LP(Q), Df € (LP(Q))V} for 1 < p < +0
Wy (Q) Closure of D(Q2) in WP(Q) for 1 < p < 400
') [f:9—EJf € (), Df € ()]
H Q) dual space of H'(Q)
X arbitrary Banach space
X’ dual space of the Banach space X
LP(0,T; X) for 1 <p<oo, {f:Q— X| []f(0)|[fdt < oo}
L=(0,T; X) {f:(0,T) — XJ ess sup || f(t)|lx < oo}
C([0,T); X) function space of continuous functions

defined on [0, 7] with values in X
D((0,7); X) test functions with values in X
1 I : X — X identity mapping on X




Chapter 1

Introduction

Let ©Q be a bounded domain in RY (N > 1) with Lipschitz boundary o
if N > 2. Our aim is to prove existence and uniqueness of renormalized
solutions to the nonlinear elliptic equation

(B, f) {S(Z)O—Oiiva((c;(x,z)u) +Fw)>f inQ,

and to the corresponding parabolic problem

B(u)y — div(a(z, Du) + F(u)) o f in Qp,
(P, f,bo) s u=0 on Y,
B(u(0,-)) 3 by in Q

with right-hand side f € LY(Q) for (E, f) and f € L'(Qr) for (P, f,bp).
Furthermore, F' : R — R" is locally Lipschitz continuous and 3 : R — 2% a
set-valued, maximal monotone mapping such that 0 € 5(0).

a: QxRY — RV is a Carathéodory function satisfying the following as-
sumptions:

(A1) There exist a continuous function p : Q — (1, 00),
1 < min,gp(x) < N (the case min gp(z) > N is easy and can be
solved by variational methods) and a positive constant v such that
a(x,&) - & > v|€[P@ holds for all £ € RY and almost every x € €.

(A2) |a(x, )] < d(x)+]€P® 1 for almost every €  and for every £ € RY,
where d is a nonnegative function in L”*)(Q) and p/(z) := p(x)/(p(z) —
1) for a.e. z € Q.

(A3) (a(z,&) —al(z,n)) - (£ —n) > 0 for almost every = € €2 and for every &,
n e RN,
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Due to the assumptions (A1), (A2) and (A3), the functional setting involves
Lebesgue and Sobolev spaces with variable exponent LP()(2) and W0 (Q).
The theory of Lebesgue and Sobolev spaces with variable exponent has ex-
perienced a revival of interest, shown in a substantial amount of publications
over the past few years. An extensive list of references concerning the recent
advances and open problems can be found in Diening et al. [38].

The equation (F, f) can be viewed as generalization of the p(x)-Laplacian
equation

— div(|Du[P®=2Dy) = f in Q,
(1 gy [~ D) = 5
u =0 on 0f).

In case of a constant exponent p(-) = p, 1 < p < oo, and f € W19 (Q)
it follows from Minty-Browder Theorem that there exists a unique solution
u € WyP(Q) to (L, f) in the sense of distributions. For 1 < p < N and
right-hand side f € L'(€) we can not expect solutions v € W, ?(). Indeed,
supposing that for each f € L'(Q) there exists a solution u € W,?(Q) of
(L, f), as —div(|Dul[P~2Du) € W= (Q), it follows that L*(Q) Cc W1 (Q).
By duality, this implies W,?(Q) € L*®(2). From Sobolev embedding the-
orems we know that this is not true in general if 1 < p < N. Suppos-
ing 1 < p < 2 and that there exists a solution v € W,''(Q) of (L, f), as
|DulP~2Du € (LY®=D(Q))N we get —div(|Du|P~2Du) € W=L1/E=D(Q) and
therefore L'(©) ¢ W-11/®-1(Q). By duality, this implies Wo'/®™/(Q)
L>(Q2). By Sobolev embedding theorems, this is true if p > 2 — % Therefore
we can not even expect solutions u € Wy () of (L, f) for 1 < p < 2— + and
f € LY(Q). In the case of constant p > 2— + the existence of a distributional
solution u of (L, f) in the space

N W)
=
has been shown in [25]. As it has been shown in [70] and [62], the distri-
butional solution « is in general not unique. In order to get well-posedness
for L'(Q)-data, the notion of an entropy solution for problem (L, f) was in-
troduced by Bénilan et al. in [15] in the framework of a constant p(:) = p.
Moreover, existence and uniqueness of an entropy solution of (L, f) has been
established for 1 < p < N. In [67] the result of [15] has been extended
to nonconstant p € W1(Q). An equivalent notion of solution for problem
(L, f) is called renormalized solution. The concept of renormalized solutions
was introduced by DiPerna and Lions in [39]. This notion was then extended
to the study of various problems of partial differential equations of parabolic,
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elliptic-parabolic and hyperbolic type, we refer to [20], [23], [56], [32], [2] and
the references therein for more details. In [10], existence of renormalized
entropy solutions for quasi-linear anisotropic degenerate parabolic equations
has been shown and in [11] the notion of renormalized solution was adapted
to an anisotropic reaction-diffusion-advection system. In [12], existence and
uniqueness of renormalized solutions to (L, f) has been shown for continuous
functions p : Q — (1,00), such that 2 — + < min_q p(2).

(P, f,by) can be viewed as a generalisation of the parabolic p(x)-Laplacian
equation
uy — div(|Du|P™=2Du) = f in Qr,
(L, fyug) u =0 on Xp,
u(0,-) = up() in Q.

One of the motivations for studying (F, F') and (P, f,by) comes from ap-
plications to electro-rheological fluids (see [64], [49] for more details) as an
important class of non-Newtonian fluids. Other important applications are
related to image processing and elasticity (see [33], [75]). Note that (L, f,ug)
has a more complicated nonlinearity than the classical p-Laplacian since it is
nonhomogenous. In [13] existence and uniqueness of renormalized solutions
to (L, f,uo) was shown for arbitrary L'-data.

This thesis is organized as follows: In the next chapter we will present
some general definitions and results concerning the necessary function spaces.
Moreover, we will introduce some notation and functions which will be used
frequently. In the third chapter we will study existence and uniqueness of
weak and renormalized solutions to the elliptic problem (E, f). These results
will serve us as a basis for the study of the evolution problem associated with
the same convection-diffusion operator: More precisely, from these results
we deduce that there exists a mild solution of the abstract Cauchy problem
corresponding to (P, f,by) in the sense of nonlinear semigroup theory. The
nonlinear semigroup theory gives a general notion of solution, called ‘mild’
solution for abstract Cauchy problems of the form

% +Au> f
where A is (a possibly multivalued) operator in a Banach space X and f €
LY(0,T; X). The mild solution is, roughly speaking, the uniform limit of
piecewise constant approximate solutions of time-discretized equations given
by an implicit Euler scheme. This result will lead us to the appropriate energy
space for weak and renormalized solutions of (P, f, by) with variable exponent.
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At the end of the last chapter we will show existence and uniqueness of
renormalized solutions using the ideas developed in [18], [2], [68] and [22] for
the case of a constant exponent.

For all the basic definitions and results from nonlinear semigroup theory
we mostly refer to the unpublished book of Bénilan, Crandall and Pazy (see
[17]). Other references are [8], [72], [59], [58] [14], [36], [30]. Consider also
[16], [34], [9], [35] and [19] for furhter reading and applications to partial
differential equations.

For all basic definitions and results concerning (linear and nonlinear)
functional analysis and classical Lebesgue and Sobolev spaces we refer to,
e.g., [29], [66]. For the theory of vector-valued integration and Sobolev spaces
see, e.g., [40], [48].



Chapter 2

Function spaces and notation

2.1 Lebesgue and Sobolev spaces with vari-
able exponent

We recall in what follows some definitions and basic properties of Lebesgue
and Sobolev spaces with variable exponent (see for example [52], [44], [43],
[37], [38] for proofs and details and [60] for general theory of Orlicz spaces).
For an open set Q C RY let p: Q — [1,00) be a measurable function, which
is called the variable exponent, such that

1 <p :=ess infeqp(z) < p" = ess sup,cqp(r) < 0.

We define the variable exponent Lebesgue space LP()(€) to consist of classes
of almost everywhere equal measurable functions f : 2 — R, such that the
modular p,(f) := [, [f(z)P®dz is finite. On LFO(Q), f — [|fllpo0rq) =
inf{\ > 0 : p,(£) < 1} defines a norm, (LPO(Q), || - | 2001 (02)) 18 & Banach
space and D(2) is dense in LPO(Q). If p~ > 1, then LPO(Q) is reflexive
and its dual space is isomorphic to Lp/(')(Q), where ]% + ﬁ = 1. For any
f e LPO(Q) and g € LP)(Q), the Holder type inequality

/fg s

holds true. Convergence with respect to the modular is equivalent to conver-
gence with respect to the norm. We have the following relation between the
modular and the norm:

i {1 oy M sy } < [ P < max {1 1}
(2.1.2)

< (— ) 1 lomlglom (2.11)
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Since we always assume €2 to be bounded, we have
L1O(Q) — LPO(Q) (2.1.3)

with continuous embedding for all variable exponents ¢ € L>(2) such that
p(z) < q(z) almost everywhere in 2. We define the Sobolev space with
variable exponent

WrO(Q) = {f € L'O(Q) : |Df| € V().

For f € WO(Q), f — [ fllwietr) = 1oy + DIl oo 0y defines a
norm such that, for (WO (Q), || - [[y1ee) is a Banach space and we have a
continuous embedding

WO (Q) — WO (Q) (2.1.4)

for all variable exponents ¢ € L*(Q2) such that p(z) < ¢(x) almost every-
where in €. Moreover, if p~ > 1, then WP()(Q) is reflexive. For N = 1 and
Q= (a,b), a,b € R, a < b, it is an immediate consequence of (2.1.4) that

WhrO(a,b) < WP (a,b) — C([a, b]) (2.1.5)
with continuous and dense embedding. We define also
WO () = D) o,

For exponents p € C(Q,R*), p~ > 1 and f € Wol’p(')(Q) the Poincaré in-
equality
1Nl eer ) < ClID I Loty ) (2.1.6)

holds true and the embedding W, (')(Q) into LPM)(2) is compact (see [52],
[44]). In particular, W,* (')(Q) is a reflexive Banach space if p~ > 1. Its
dual space will be denoted by W12 ()(Q). According to [44] and [37], for a
bounded domain € with Lipschitz boundary and p™ < N, we have a compact

embedding
Wl,p(~)(Q) — 1,40 (Q)

for all measurable exponents ¢ : 2 — [1,00) such that ¢(z) < p*(z) — ¢
almost everywhere in 2 for some ¢ > 0, where p*(z) := Np(x)/(N — p(x))
almost everywhere in 2. Some more general Sobolev embedding results for
variable exponents p € L*(Q2) such that p— > 1 can be found in [52]. To
the best of our knowledge, no general necessary and sufficient conditions for
the Poincaré inequality (2.1.6) are known beyond continuity of the variable



CHAPTER 2. FUNCTION SPACES AND NOTATION 10

exponent. This is different in the particular case of one space dimension: If
Q= (a,b) for a,b € R, a < b, from Poincaré inequality in Wol’l(a, b) it follows
that W, (a,b) is continuously embedded into C([a,d]). Since Wol’p(')(a, b) C
Wy (a,b) there exists C; > 0 such that

I flloo(apy < CLlllDfll 21 (ap) (2.1.7)

for all f e W, (')(a, b). Now, from (2.1.7) and the continuous embedding of
LP0)(a,b) into L'(a,b) it follows that there exists Cy > 0 such that

[fllzoe 0y < ColllDF I 1o oy (2.1.8)

for all f € Wol’p(')(a,b). Since L*=(a,b) — LPY)(a,b), from (2.1.8) it follows
that
£ 1l e apy < C3IID I o (ap) (2.1.9)

holds for all [ € VVO1 P (')(a, b), where C3 > 0 does not depend on f. Hence,
the Poincaré inequality (2.1.6) holds for any p € L*(a,b) such that p~ > 1.
However, we will exclusively work with Lebesgue and Sobolev spaces with
continuous variable exponent p : 0 — [1,00) such that 1 < p~. We do not
assume p(-) to be log-Holder continuous:

Definition 2.1.1. The continuous function p : Q — [1,00) satisfies the
log-Holder continuity condition iff there exists a non-decreasing function
w: (0,00) — R such that limsup, ,+ w(t)In(1/t) < +o00 and

p(z) = p(y)] < w(|z —yl) (2.1.10)

holds for all z,y € Q, |z —y| < 1.

If log-Holder continuity condition (2.1.10) holds, C*(Q) is dense in

WtrO)(Q) and
Wy P(Q) = WO(Q) N Wy ().

Moreover, if 1 < p~ < pt < N, then the Sobolev embedding holds also
for q(-) = p*(-) (see [37] for more details). An additional difficulty to our
setting arises from the fact that W120(Q) 0 WA (Q) and W, " (Q) are in
general not equal, hence different duality frameworks for (E, f) are possible
and lead to different notions of solution (see [74], [73], [3] for more details).
We will restrict ourselves to the W, (Q)/W=12'0)(Q) duality. We refer to
[3] for some existence and uniqueness results to (F, f) in the case FF = 0
and p € L>*(Q) such that p— > 1 where different duality frameworks and
notions of solution have been considered. Note that VVO1 P (')(Q) is stable by
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composition with Lipschitz functions, even if for a function w € W1P0)(Q)
having trace zero does not guarantee that w € I/VO1 P (')(Q). Indeed, let
L : R — R be Lipschitz continuous such that L(0) = 0 and u € Wol’p(')(Q).
Then there exists a sequence (u,), C D(R), such that u, — u in W0 (Q)
as n — o0o. From the Lipschitz continuity of L it follows immediately that
L(u,) — L(u) as n — oo in LPO)(Q). Since L' is essentially bounded and
D(Lou,) = L'(u,)D(u,) almost everywhere in Q2 and in D'(Q2) for each n € N,
we have L(u,) € W," +(Q), hence in Wy” () (by continuous embedding

of I/Vol’p+ (Q) into Wol’p(')(Q)). Moreover, there exists a constant C' > 0 not
depending on n € N such that

DL (un))[lp() < C-

By reflexivity of W™ O(Q) it follows that there exists a (not relabeled)
subsequence of (L(uy,)), converging to L(u) weak in W,? (). Therefore,
L(u) € W™ ().

2.2 Function spaces for the evolution prob-
lem

If X is a Banach space, 1 < ¢ < oo and T" > 0, then L?(0,7; X) denotes
the space of strongly measurable functions w : (0,7) — X such that t —
llu(t)||x € L0,T). Moreover, C([0,T]; X) denotes the space of continuous
functions u : [0, 7] — X endowed with the norm

oy = Ol x.
llulleqo,r1:x) ax |u(t) |l x

The following density result will be used in the study of the evolution prob-
lem:

Proposition 2.2.1. Let X = LP(Q) or X = W'?(Q) and 1 < p < co. Then,
D((0,T) x Q) is dense in L1(0,T;X) for any 1 < ¢ < oo.

Proof: From [40], Cor. 1.3.1, p. 13 it follows that

7 = {En: di(x)bi(t), n>1, ¢ € D(Q), ;€ D(O,T)} c D((0,T) x Q)

is dense in L9(0,7; X) for any Banach space X such that D(Q2) is dense in
X and 1 < g < o0. O]
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For T > 0 let Qr := (0,7) x Q. Extending a variable exponent
p: Q — [1,00) to Qr by setting p(t,x) := p(x) for all (t,z) € Qr, we
may also consider the generalized Lebesgue space

LPO(Qr) = {u : Qr — R; w is measurable, / lu(t, z)|PDd(t, z) < oo} ,

T

endowed with the norm

wl| zoc = inf
Jullroan { |

which, of course shares the same properties as LP()(Q). Moreover, if p(-) is
log-Hélder continuous in €2, so it is in Q. Indeed, if p(-) satisfies the log-
Holder continuity condition in €2, according to Definition 2.1.1, there exists a
non-decreasing function w : (0,00) — R such that limsup,_,y+ w(t) In(1/t) <
+o00 and

u(t, x) p(@)

L

d(t,z) < 1},

Ip(t,z) — p(s,y)| = [p(x) — p(y)| < w(lz —y]) w(|(t,2) = (s,y)]) (2.2.1)

holds for all (t,z), (s,y) € Qr such that |(t,7) — (s,y)| < 1.

Let p : © — [1,00) be a continuous variable exponent and 7' > 0. The
abstract Bochner spaces LP* (0, T; L0)(Q)) and LP (0,T; L*V)(Q)) will be
important in the study of renormalized solutions to (P, f, ). In the following
we identify an abstract function like v € LP (0,T; LP1)(Q)) with the real-
valued function v defined by v(¢,z) = v(t)(x) for almost all ¢ € (0,7") and
almost all z € Q. In the same way we associate to any function v € LP")(Qr)
an abstract function v : (0,7) — LP1)(Q) by setting v(t) := v(t,-) for almost
every t € (0,7).

Lemma 2.2.2. We have the following continuous dense embeddings:
2750, T; LPO(Q)) <% LPO(Qr) <% 1P (0,T; LPO(92). (2.2.2)

Proof: For v € LP)(Qr), the corresponding abstract function v : (0,7) —
LP0)(Q) is strongly Bochner measurable (by the Dunford-Pettis Theorem,
since it is weakly measurable and LP()(€) is seperable). Moreover, using
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(2.1.2) and the Jensen inequality, we find the estimate

T
JRLECIAm
~/pt
_/ max /|vtx|p dz, </|vtx|p(x)d:p) dt
T T P~ /p"
S/ /|v(t,x)|p(z)dxdt+T1_”_/p+ (/ /|v(t,x)|p($)dxdt)
o Ja

< max [||v l|lv

HLP() (Qr)’ HLP() QT):|

+ TP /p* max[

(.

HUHLP( QT)’
(2.2.3)

Therefore, the embedding of LP")(Qr) into LP (0,T; LP1)(€)) is continu-
ous. If uw € LP"(0,T;LP)(Q)), from LPO(Q) — LY(Q) it follows that u €
Lp+(0, T; L*(€)), hence, according to [40], Prop. 1.8.1, p. 28, the correspond-
ing real-valued function u : (0,7") x 2 — R is measurable and using the same
arguments as above we find the continuous embedding of L?" (0, T; LP")(Q))
into LPV)(Qr). It is left to prove that both embeddings are dense. We
con31der the first embedding and fix v € LPV)(Qr). Since D(QT) is dense

PO)(Qr), we find a sequence (u,), C D(Qr) converging to u in LPO)(Qr) as
n — o0o. According to Proposition 2.2.1, D(Qr) is densely embedded into
LP"(0,T; L" (Q)), therefore u,, € LP"(0,T; LP0)(Q)) for all n € N. To prove
the denseness of the second embedding, we fix v € LP=(0,T; LPV)(Q)). Tak-
ing a standard sequence of mollifiers (p,), C D(R) and extending v by zero
onto R, from [40], Proposition 1.7.1, p. 25, it follows that the regularized (in
time) function

(pn x0)(+) == / P (- — s)v(s)ds (2.2.4)

is in " (R; LPO)(Q)) for each n € N, hence in LP0)(Qr) and converges to v
in LP" (0, T; LP1)(Q)) (see [40], Théoreme 1.7.1, p. 27). O

2.3 Notation and functions

Let us introduce some notation and functions that will be frequently used. If
A C Q) is a Lebesgue measurable set, we will denote its Lebesgue measure by
|A| and by x4 its characteristic function. For any u : Q@ — R and k£ > 0, we
write {|u| < (<,>,>,=)k} for the set {x € Q: Ju(x)| < (<,>,>,=)k}. For
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r € R, let r — r* := max(r,0), r — signy(r) the usual sign function which
is equal to —1 on | — 00,0}, to 1 on |0, 0o[ and to 0 for r = 0. r — signg (r) is
the function defined by signg (r) = 1 if r > 0 and signg (r) = 0 if » < 0. Let
hi; : R — R be defined by hy(r) := min((l +1 — |r|)*,1) for each r € R. For
any given k > 0, we define the truncation function 7 : R — R by

—k, if r < —Fk,

Ty(r) == qr, if |r| <k,
k, if r > k.

For § > 0 we define H; : R — R by

0, <0
Hi(r)=q3m 0<r <4
1, r>90
and Hs : R — R by
-1, r<—¢6
Hs(r)=q5m, —0<r <6
1, r>0.

Clearly, H is an approximation of sign{ and Hs is an approximation of
sign,,.

Remark 2.3.1. The following argument will be frequently used to treat
the ,convection® term F(u) - Du in (F, f) and (P, f,by): Observe that for

F=(F,...,Fy) € L°(R,RY) such that F(0) =0, u € Wy () we have

/FwyDu:o (2.3.1)

Proof: Let us deﬁne fo o)do = ([, Fi(o ., Js Fn(o)do) and
¢ : R — RV, = [, F da for s € R. Observe that ¢ is Lipschitz

continuous such that ¢( ) = O and therefore o u is in (W, p(')(Q)) . Hence,
0 0
=F
2 (Bou) = Flu) o
in D'(Q) for any i = 1,..., N. Consequently,
—div (/ F(a)da) = F(u) - Du (2.3.3)
0

in D'(Q2) and (2.3.1) follows using (2.3.3) and the Gauss-Green Theorem for
Sobolev functions from u = 0 almost everywhere on 0f).

u (2.3.2)



Chapter 3

The elliptic case

3.1 Renormalized solutions

Definition 3.1.1. A renormalized solution to (E, f) is a pair of functions

(u,b) satisfying the following conditions:

(R1) u : © — R is measurable, b € L'(Q), u(z) € D(B(z)) and b(z) €
Bu(zx)) for a.e. z € Q.

(R2) For each k > 0, Ty(u) € Wy (Q) and

/ bh(u)p + / (a(z, Du) + F(u)) - D / fhw)e  (3.1.1)
0 0
holds for all h € C1(R) and all p € W (Q) N Le(Q

) f{k<\u\<k+1} a(z, Du) - Du — 0 as k — oo.

Remark 3.1.1. We can easily check that all the terms in (R2) make sense.

We recall that a function w such that Ty(u) € Wol’p(')(Q), for all £ > 0,
does not necessarily belong to VVO1 1(Q) However, it is possible to define its
generalized gradient (still denoted by Du) as the unique measurable function
v: Q — RY such that
DTy (u) = vX{jul<k}

for a.e. x € Q and for all £k > 0, where y g denotes the characteristic function
of a measurable set E. Moreover, if u € W' (Q), then v coincides with the
standard distributional gradient of u. See [15], [67] for more details.

The main existence result of this chapter is the following theorem:

Theorem 3.1.2. For f € L'(Q) there exists at least one renormalized solu-
tion (u,b) to (E, f).

15
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3.2 Existence for L*°-data

To prove Theorem 3.1.2, we will introduce and solve approximating problems.
To this end, for f € L*(Q) and m,n € N we define f,,,, : & — R by

fmn(z) = max(min(f(x), m), —n)
for almost every x € Q. Clearly, f,,,, € L>(Q2) for each m,n € N, | f,,, n(2)| <
|f(z)] a.e. in Q, hence limy, oo limy, oo frnn = f in L'(Q2) and almost ev-
erywhere in 2. The next proposition will give us existence of renormalized
solutions (wm, n, bmn) of (E, f.n) for each m,n € N:

Proposition 3.2.1. For f € L®(Q2) there ezists at least one renormalized
solution (u,b) to (E, f).

The proof of Proposition 3.2.1 will be divided into several steps.

3.2.1 Approximate solutions for L°>°-data

At first we approximate (£, f) for f € L>(2) by problems for which existence
can be proved by standard variational arguments. For 0 <e < 1,let 5. : R —
R be the Yosida approximation (see [28]) of 3. We introduce the operators

Are : W™ (@) — (0" (@)
u — B:(T1)(u)) + e arctan(u) — div a(x, Du)

and

Age s Wo™ () — (W0 (@),

u — —div F(T/:(u)).

Because of (A2) and (A3), A;. is well-defined and monotone (see [55], p.
157). Since (. o Ty and arctan are bounded and continuous and thanks
to the growth condition (A2) on a, it follows that A, . is hemicontinuous
(see [55], p.157). From the continuity and boundedness of F' o T} . it follows
that A, is strongly continuous. Therefore the operator A, := A; .+ Ay, is
pseudomonotone. Using the monotonicity of ., the Gauss-Green Theorem
for Sobolev functions and the boundary condition on the ,,convection® term
Jo F(T1s(u)) - Du, we show with similar arguments as in [12] that A. is
coercive and bounded. Then it follows from [55], Theorem 2.7, that A. is
surjective, i.e., for each 0 < e <1 and [ € (Wol’p(')(Q))’ there exists at least
one solution u. € W™ (')(Q) to the problem

(E.., f) {fs(:T;/eO(rlltsa)z;r earctan(u.) — div(a(z, Du.) + F (T3 /:(u.))) = f in Q,
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such that

[0t + arctan(u)o + [ (ae. D) + F(Tiu(w)) - D = (£.9)

N N (3.2.1)
holds for all ¢ € W,* (')(Q), where (-, -) denotes the duality pairing between
WP (Q) and (Wy ™" (Q))".

In the next proposition, we establish uniqueness of solutions u. of (E., f)
with right-hand sides f € L*>(£2) through a comparison principle that will
play an important role in the approximation of renormalized solutions to

(E, f) with f € LY(Q).
Proposition 3.2.2. For 0 < ¢ < 1 fized and f,f € L>®(Q) let u.,u. €

Wol’p(')(Q) be solutions of (E., ) and (E., f), respectively. Then, the follow-
ing comparison principle holds:

s/ﬂ(arctan(ua) — arctan(a.)) " < /Q(f — f) signg (ue — ;). (3.2.2)

Proof: We use the test function ¢ = Hj (u. — 1) in the weak formulation
(3.2.1) for u. and .. Subtracting the resulting inequalities, we obtain
Ial,é + [3,5 + [35 + [f,a = 155,5
where

n, = / (Bo(Taye () — Be(Ts () H (s — i),

IZ; = /(5 arctan(u.) — ¢ arctan(a.)) Hy (u. — 4.),
Q

_7375 = /Q(a(x, Du.) — a(z, D)) - DHy (u. — ),
n, = / (F(Tye(us)) — F(Ti/2(32)) - DH (e — 2),

gy = [ (=D,
Q
Passing to the limit with 6 | 0, (3.2.2) follows. O

Remark 3.2.3. Let f,f € L>(Q) be such that f < f almost everywhere
in Q, £ > 0 and u., @ € W, *(Q) solutions to (S., f), (S., f) respectively.
Then it is an immediate consequence of Propsition 3.2.2 that u. < . almost

everywhere in ). Furthermore, from the monotonicity of 3. o T/, it follows
that also (.(7'/:(ue)) < B-(T1/(t.)) almost everywhere in €.
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3.2.2 A priori estimates

Lemma 3.2.4. For 0 < e < 1 and f € L>®(Q) let u. € Wol’p(')(Q) be a
solution of (E., f). Then,

i.) there exists a constant C; = Cy(||flleo, 7, 2(+), N) > 0, not depending

on €, such that
H’Dusl”LP(')(Q) < (. (3.2.3)

Moreover,
18 (T e (ue)) oo < [ £l (3.2.4)
holds for all 0 < e <1 and

iii.)

/ a(x, Du.) - Du, < k/ |f] (3.2.5)
{I<|ue|<l+k} {luc|>1}

holds for all 0 < e <1 and all I,k > 0.

Proof: Taking u. as a test function in (3.2.1), by (Al) we obtain

v / DuP® < C(p(), NI = lll Dl o0 (3.2.6)

where C(p(-), N) > 0 is a constant coming from the Hélder and Poincaré
inequalities. From (2.1.2) and (3.2.6) it follows that either

1

1 p——1
Dl lwrgey < (;||f||Loo<mo<p<->,N>)

or
_1

1 pt-1
1Dl ey < (;Hfummc<p<~>,zv>) |

Setting
1 Ao (1 =
Oy = max ((;Hf\le(mC(p('),N)) , (;HfHme)C(p(-), N)) ) ,

we get i.). Taking 3(This(B:(Th /e (uz)) — Ti(Be(Th/e(ue))) as a test function
in (3.2.1), passing to the limit with § | 0 and choosing k > || f||« we obtain
i1.). For k,l > 0 fixed we take T}, (u. — T}(u:)) as a test function in (3.2.1) to
obtain 4. ). O
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Remark 3.2.5. For £ > 0, from Lemma 3.2.4, 7ii.), we deduce
/ a(z, Du.) - Du. < k|| flll{uc] > ] < Colk)I> (3.2.7)
{l<|ue|<l+k}

for any 0 < ¢ <1 and a constant Cy(k) > 0 not depending on e. Indeed,

N
fudznl < [ HiCue)l”
(uelzry 1P

< cw,pr‘(/ D+ [ |D%W)
{|Duc|>1} {|Du|<1}

< 0@:Nﬂﬁ‘</umwmtwm), (32.8)
Q

where C'(p~, N) > 0 is a constant from the Poincaré inequality in Wy™* (Q).
Combining (3.2.6), (3.2.3) and (3.2.8), setting

<%mmp«%aw:cw,N>(““*fWﬂ@crum)>m

we obtain )
{luel = B <177 C(p(-), p~, 7, C).- (3.2.9)
Now, (3.2.7) follows from (3.2.9) with Cy(k) := C(p(:),p~, 7, C1)k| f|le > 0.

3.2.3 Basic convergence results

In the following it is always understood that ¢ takes values in a sequence in
(0,1) tending to zero. The a priori estimates in Lemma 3.2.4 and Remark
3.2.5 imply the following basic convergences:

Lemma 3.2.6. For 0 < e <1 and f € L*(Q) let u. € Wol’p(')(Q) be the

solution of (E., f). There exist u € WOLP(')(Q), b € L>(Q) such that for a
not relabeled subsequence of (ue)o<e<1 as e | 0:

u. — u in LPY(Q) and a.e. in Q (3.2.10)
Du, — Du in (LPO(Q))N (3.2.11)
and
Be(Thye(ue)) = b in L=(Q). (3.2.12)
Moreover, for any k > 0,
DTy (u.) — DTy(u) in (LPO(Q))N (3.2.13)
and

a(z, DTy (uz)) = a(x, DTi(u)) in (LPO(Q))V. (3.2.14)



CHAPTER 3. THE ELLIPTIC CASE 20

Proof: Since (3.2.10) - (3.2.13) follow directly from Lemma 3.2.4 and
Remark 3.2.5, (3.2.14) is left to prove. To this end, we fix £ > 0 and take
hi(ue)(Ty(us) — Tr(u)) as a test function in (3.2.1). Using Gauss-Green The-
orem for Sobolev functions and passing to the limit with € | 0 and then with
[ — oo we obtain

linelisoup/ga(:c, DTy (ue)) - D(Tg(ue) — Ti(u)) < 0. (3.2.15)

By (A2) and (3.2.3) it follows that given any subsequence of a(z, DT (u.))e.,
there exists a subsequence, still denoted by a(x, DTj(u.)). such that

a(z, DTy (u.)). — @5 weakly in (L0 (Q))V.
We show that
O (z) = a(z, DTi(u)) for almost every = € €, (3.2.16)

which allows us to conclude that the whole sequence a(x, DT (u.)). converges
to a(z, DT} (u)). To this end, we define the variational operator

A (L)Y — (@)Y

for G € (LPO)(Q))N by
(AG)(H) = /Qa(x, G)-H, Hc (LPY(Q)N.

By (A2), A ist well-defined and hemicontinuous, by (A3) it is monotone,
hence A is maximal monotone (see [65], Lemma 3.4, p. 88). Using (A3) and
(3.2.15), we calculate

/(CDk —a(x,H)) - (DTy(u) — H) >0 for all H € (LPO(Q)N.  (3.2.17)
Q

Since A is maximal monotone, (3.2.16) follows from (3.2.17). O

Remark 3.2.7. As an immediate consequence of (3.2.15) and (A3) we obtain

lig)l a(x, DTy (u.) — a(z, DTy (u)) - D(Txue — Ti(u)) = 0. (3.2.18)
¢ Q
Combining (3.2.7) and (3.2.18), using the same arguments as in [6] it follows
that

lim a(x, Du) - Du = 0. (3.2.19)

=00 Jlicju|<i+1}
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3.2.4 Proof of existence

Now, we are able to conclude the proof of Proposition 3.2.1:
Proof: Let h € C}(R) and ¢ € Wol’p(')(Q) N L>®(Q) be arbitrary. Taking
hi(us)h(u)g as a test function in (3.2.1), we obtain

D+ 2+ 2+ 12 =1, (3.2.20)

where
n, = / B(T o () Y (),
[627[ = 5/Qarctan(u€)hl(u€)h(u)¢,
B, = / a(z, Duz) - D(u(ue)h(u)d),
I, = / F(Tye(u2)) - D(u(us)h(u)d),
P, = / fhu(us) ().

Step 1: Passing to the limit with € | 0

Obviously,

15{51 12, =0. (3.2.21)

Using the convergence results (3.2.10), (3.2.12) from Lemma 3.2.6 we can
immediately calculate the following limits:

hg)l I, = / bhy(u)h(u)e, (3.2.22)
€ Q
11%1 12, = | fhu(wh(u). (3.2.23)
€ Q
We write
]ag,z = ]311 + —]53,7127
where

. / B (us)a(e, Dus) - Dush(u)o,

I} o= / hi(us)a(z, Du.) - D(h(u)e).
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Using (3.2.7) we get the estimate

i 23] < Al oo 9]l oL

22

(3.2.24)

Since modular convergence is equivalent to norm convergence in LP()(Q), by

Lebesgue Dominated Convergence Theorem it follows that

9, 9,

fuue) 5 - (A(w)) — hi(u)5 -

(h(u)9)

for any i € {1,..., N} in LPO)(Q) as ¢ | 0. Keeping in mind that

. / hu(us)a(e, DT (u2) - D(h(u)9),
Q
by (3.2.14), we get

i 127 = [ hwata, DTiaa(w) - D(b(u)o).

Let us write
4 741 4,2
‘[E,l - [g,l + ‘[5’[ 9

where
1= [ HaOF(T) - Duh(we,
1= [ WadF(Ty) - Dk,
For any [ € N, there exists £¢(l) such that for all £ < gq(l),

15 = [ BT () P(Ta (1) - D )}

(3.2.25)

(3.2.26)

Using Gauss-Green Theorem for Sobolev functions in (3.2.26) we get

4,1 TZH(UE) /
e / / W) F(r)dr - D(h(u)g).

(3.2.27)

Now, using (3.2.10) and the Gauss-Green Theorem, after the passage to the

limit with € | 0 we get

lim 17} = / Ry (u)F(u) - Du h(u)é.
Q

el0

(3.2.28)
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Choosing ¢ small enough, we can write

2= / hi(u) F(Ths (1)) - D(h(u))

and conclude

lim 12 = /Q ha(u) F () - D(h(u)o).

€l0

Step 2: Passage to the limit with [ — oc.
Combining (3.2.20) with (3.2.21) - (3.2.30) we find

' R+ + 34+ =17,

where
Il = /Qbhl(u)h(u)d),
o= [ (e, DT ) Dib(u)o).
B < 7 CGOlhlldl
o= | WP Do),
1= | P Du b
and

18 = /Q Fhu(w)h(u)p.

Obviously, we have
lim [} = 0.

l—o0

23

(3.2.29)

(3.2.30)

(3.2.31)

(3.2.32)

Choosing m > 0 such that supp h C [—m,m], we can replace u by T,,(u) in

I', ... IP. Therefore, it follows that

lim I} = / bh(u)é,,
Q

l—o00

lim I} = /Qa(x,Du) - D(h(u)g),

l—o00

lim [+ = /Q F(u) - D(h(u)g),

[—o0

lim I} =

l—o00

0,
lim If — / Fh(u)s.
Q

l—o0

(3.2.33)

(3.2.34)

(3.2.35)
(3.2.36)

(3.2.37)
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Combining (3.2.31) with (3.2.32) - (3.2.37) we obtain
/bh(u)(b + /(a(x,Du) + F(u)) - D(h(u)¢) = / fh(u)é (3.2.38)
Q Q Q
for all h € CL(R) and all ¢ € Wy (Q) N L>=(€).

3. Step: Subdifferential argument

It is left to prove that u(z) € D(B(x)) and b(z) € [(u(x)) for almost all
x € ). Since [ a is maximal monotone graph, there exists a convex, l.s.c.
and proper function j : R — [0, 0o], such that

B(r) = 9j(r) for all r € R.

According to [28], for 0 < & < 1, j. : R — R defined by j.(r) = [ B=(s)ds
has the following properties:

i.) For any 0 < € < 1, j. is convex and differentiable for all » € R, such
that
Ji(r) = B.(r) forallr e R and any 0 < e <1

i1.) je(r) T j(r) forallr e Rase | 0.

From ¢.) it follows that for any 0 < e <1

js(r> 2 js(Tl/s(us)) + (T - Tl/s(ua))ﬂs(Tl/s(ua)) (3239)

holds for all » € R and almost everywhere in 2. Let ¥ C €2 be an arbitrary
measurable set and y g its characteristic function. We fix g > 0. Multiplying
(3.2.39) by hy(u.)xg, integrating over €2 and using #i.), we obtain

i(r) /E hu(us) > /E oo (Ths () (1) + ( — T (1) V(1) B (T ()

(3.2.40)
for all r € R and all 0 < & < min(eo, %) As ¢ | 0, taking into account that
F is arbitrary we obtain from (3.2.40)

J(r)hu(w) = Jeo (Trgr (w)hu(u) + bhu(u) (r — Tiga (u)) (3.2.41)
for all » € R almost everywhere in 2. Passing to the limit with [ — oo and
then with g9 | 0 in (3.2.41) finally yields

J(r) = j(u(z)) + b(z)(r — u(z)) (3.2.42)

for all € R and almost every x € €, hence v € D(f) and b € [(u)
almost everywhere in (2. With this last step the proof of Proposition 3.2.1 is
concluded. 0
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3.3 Weak solutions for L°°-data

Definition 3.3.1. A weak solution to (S, f) is a pair of functions (u,b) €
Wol’p(')(Q) x LL () satisfying F(u) € (L ()Y, b € B(u) almost everywhere
in Q2 and

b—div(a(x, Du) + F(u)) = f (3.3.1)
in D'(Q).
Remark 3.3.1. Note that if (u,b) is a renormalized solution to (£, f) such
that u e Wy” (')(Q), then (u,b) in general is not a weak solution in the
sense of Definition 3.3.1, since we did not assume a growth condition on
F and therefore F'(u) in general may fail to be locally integrable. If (u,b)
is a renormalized solution of (E, f) such that u € L*(Q), it is a direct
consequence of Definition 3.1.1 that v is in Wol’p(')(Q) and since (3.1.1) holds
with the formal choice h = 1, (u, b) is a weak solution. Indeed, let us choose
¢ € D(Q2) and plug h;(u)p as a test function in (3.1.1). Since u € L*>®(Q), we
can pass to the limit with [ — oo and find that u solves (F, f) in the sense
of distributions.

In the next proposition we will show that renormalized solutions to (£, f)
for right-hand side f € L*(2) are weak solutions. In one space dimension
this follows immediately from Remark 3.3.1 since u € W,? (')(Q) implies
u € C(S2) (see Proposition 3.4.6). Therefore, for the rest of this section we
may assume N > 2.

Proposition 3.3.2. Let (u,b) be a renormalized solution to (E, f) for f €
L>®(Q). Then u € W'O(Q) N L>(Q) and thus, in particular, u is a weak
solution to (E, f).

Proof: From Lemma 3.2.6 it follows that u € W'?()(Q). It suffices to
prove that u € L>(Q). For e,k > 0, we take hy(u)T.(u — Tj(u)) as a test
function in (3.1.1). Neglecting positive terms and passing to the limit with
[ — o0, we obtain

1 —
S <l e, 332)
€ J{k<|u|<k+e}

where ¢(k) := |{|u| > k}| for £ > 0. Now we use similar arguments as in

[18]. We apply the continuous embedding of W, (Q) into LNN-D(Q) and
the Holder inequality to get

! o(k) = ok +)\ 17 (1 "
@HTE(@L_T’CW»H% = ( € ) (E /{k<u<k+a} D ) ’
(3.3.3)
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where Cy > 0 is the constant coming from the Sobolev embedding. Notice
that

1 - _0k) —dlkte) 1 ()
- Dul? - Dulf®@ . (3.3.4
€ /{k<|u|<kz+s} D" < € " € /{k<|u<k+e} Dl ( )
hence from (3.3.2), (3.3.3) and (3.3.4) we deduce
1
T = T, <
/(=) 1/p~

(3.3.5)
From (3.3.5) and Young’s inequality with o > 0 it follows that

b -y _ vy~ 9k) — ¢k +¢)
G g O+ )Y Sl (0(k) M <o
(3.3.6)
where

1 ol
C:= (a(p‘)’(p—)’ + = ) > 0.

The mapping (0,00) 3 k — ¢(k) is non-increasing and therefore of bounded
variation, hence it is differentiable almost everywhere on (0, 00) with ¢’ €

Li.(0,00). Since it is also continuous from the right, we can pass to the limit

with € | 0 in (3.3.6) to find
C"(p(k)) NN L6/ (k) <0 (3.3.7)

for almost every k > 0 and a > 0 chosen small enough such that

n._ CN B Ozp_

Now, the conclusion of the proof follows by contradiction. We assume that
¢(k) > 0 for each k > 0. For k > 0 fixed, we choose ko < k. From (3.3.7) it

follows that . q
—C"+ — (WY <0 3.3.8
O+ (60D < (33.8)
for almost all s € (ko, k). The left hand side of (3.3.8) isin L' (ko, k), hence we
integrate (3.3.8) over [kq, k]. Moreover, since ¢ is non-increasing, integrating

(3.3.8) over (ko, k) we get
(BN < 9lko) /X + 1-C"(y — B) (339)

and from (3.3.9) the contradiction follows. O
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3.4 Proof of Theorem 3.1.2

3.4.1 Approximate solutions for L'-data

The comparison principle from Proposition 3.2.2 will be the main tool in the
second approximation procedure. For f € L'(Q) and m,n € N let f,,, €
L>(Q2) be defined as in the beginning of Section 4. From Proposition 3.2.1 it

follows that for any m,n € N there exists uy,, € I/V1 pC) (Q), bynn € L>®(Q),
such that (U n, bm.n) is a renormalized solution of (E fmmn). Therefore

/Qbmmh(um,n)gb—{—/g(a(x,Dumm)#—F(um,n)) h(tmn)@ /fmn u;)nil)

holds for all m,n € N, h € CL(R), ¢ € Wy (Q) N L¥(€). In the next
Lemma, we give a priori estimates that will be important in the following:

Lemma 3.4.1. For m,n € N let (umn,bmn) be a renormalized solution of
(E, frun). Then,

i.) For any k > 0 we have

k
JALACASTEESTTN (34
Q Y
ii.) For k >0, there exists a constant C3(k) > 0, not depending on m,n €
N, such that
DTk (ttn )l < Ca(b) (3.43)
[bmnlle < 1£112 (3.4.4)

holds for all m,n € N.

Proof: Proof: For I,k > 0, we plug hy(tm. )Tk (tumn) as a test function in
(3.4.1). Then i.) and ii.) follow with similar arguments as used in the proof
of Lemma 3.2.4. To prove iii.), we neglect the positive term

LL@LanWmanmw

and keep

Q Q
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Since by, € B(Um,) a.e. in Q, from (3.4.5) it follows that

/ b | < / £, (3.4.6)
{lum.nl >k} 0

and we find 7ii.) by passing to the limit with & | 0. O]

By definition we have

fmﬂ’b S fm-l—l,n and fm,n—l—l S fm,n (347)
From Proposition 3.2.2 it follows that

Uy < Upyy o, and uy, 0y < g (3.4.8)

m m,n>

almost everywhere in () for any m,n € N and all € > 0, hence passing to the
limit with £ | 0 in (3.4.8) yields

U < Upmt1,n AN Uy i1 < Uy, (3.4.9)

almost everywhere in Q for any m,n € N. Setting b. := 5.(T1(u.)), using

(3.4.8), Remark 3.2.3 and the fact that b, — by, in L(Q) and this
convergence preserves order we get

bm7n S bm+1’n and bm,n+1 S bm,n (3410)

almost everywhere in 2 for any m,n € N. By (3.4.10) and (3.4.4), for any
n € N there exists b" € L'(Q) such that b,,,, — b as m — oo in L'(Q) and
almost everywhere and b € L'(Q), such that " — b as n — oo in L'(Q)
and almost everywhere in Q. By (3.4.9), the sequence () is monotone
increasing, hence, for any n € N, u,, , — u" almost everywhere in (2, where
u" : Q — R is a measurable function. Using (3.4.9) again, we conclude that
the sequence (u™),, is monotone decreasing, hence u" — u almost everywhere
in Q, where u : Q — R is a measurable function. In order to show that that
u is finite almost everywhere we will give an estimate on the level sets of u, ,,
in the next lemma:

Lemma 3.4.2. For m,n € N let (umn,bmn) be a renormalized solution of
(E, fmn). Then, there exist a constant Cy > 0, not depending on m,n € N,
such that

|| > 1} < Cy 17@ 7D (3.4.11)

foralll > 1.
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Proof: With the same arguments as in Remark 3.2.5 we obtain

(sl 2 01 < 0 N1 ([ DB+ 100), (412

for all m,n € N where C(p~, N) is the constant from Sobolev embedding in
LP (). Now, we plug (3.4.2) into (3.4.12) to obtain (3.4.11). O
Note that, as (um,,)m is pointwise increasing with respect to m,

nlg%o H{tmn > 1} = [{u" > 1}] (3.4.13)
and
T [ <~} = {u" < 1)1 (3.4.14)
Combining (3.4.11) with (3.4.13) and (3.4.14) we get
Hu" < =1} + [{u" > 1} < Cy 17 ) (3.4.15)

for any [ > 1, hence u" is finite almost everywhere for any n € N. By the
same arguments we get

{u < =D+ [{u>1} <Cy 7@ D (3.4.16

)
from (3.4.15), hence u is finite almost everywhere. Now, since by, ,, € 5(tm.n)
almost everywhere in €2 it follows by a subdifferential argument that " €
B(u™) and b € f(u) almost everywhere in €.

Remark 3.4.3. If (Un, bmn) is a renormalized solution of (E, f,,.,), using
Ry (W) Tie (W o — 11 () as a test function in (3.4.1), neglecting positive
terms and passing to the limit with v — oo we obtain

/ MLDWW»D%WSk</ |ﬂ+/‘ |ﬂ>
{I<|um n|<l+E} {lum,n|>03N{|f|<c} {If|>c}

(3.4.17)
for any k,1,0 > 0. Now, applying (3.4.11) to (3.4.17), we find that

/ 0 D) Dt < ohCy 0 D41 [ |f] (3019
{I<|um,n|<l+k} {lf1>0}

holds for any k,0 > 0, [ > 1 uniformly in m,n € N.

Lemma 3.4.4. For m,n € N let (Upn,bnyn) be a renormalized solution
of (E, fmun). There exists a subsequence (m(n)), such that setting f, =

fm(n),n> bn = bm(n),na Up = Um(n);n WE have

u, — u almost everywhere in €2. (3.4.19)
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Moreover, for any k > 0,

Ti(un) — Ti(u) in LPV(Q) and almost everywhere in €, (3.4.20)
DTy (up) — DTy(u) in (LPO(Q)Y, (3.4.21)
a(z, DTy, (uy)) = a(z, DTi(w)) in (LPO(Q))N. (3.4.22)
as n — o0.

Proof: Applying the diagonal principle in L'(£2), we construct a subse-
quence (m(n)),, such that

arctan (tm(n),») — arctan(u),

bn = bm(n),n - b7

Jn = fm(n),n — f
as n — oo in L'(Q) and almost everywhere in €. Tt follows that (3.4.19) and
(3.4.20) hold. Combining (3.4.20) with (3.4.3) we get Tj,(u) € W, (Q),
Ty () — Ti(uw) in LPO(Q) and (3.4.21) holds for any & > 0. From (3.4.2) and
(A2) it follows, that, for fixed k& > 0, given any subsequence of a(z, DT} (uy))n,
there exists a subsequence, still denoted by a(x, DTy (uy,))n, such that

a(x, DTi(uy,))n — P in (Lp/(')(Q))N

as n — oo. Since hy(uy,)(Tk(u,) — Tk(u)) is an admissible test function in
(3.4.1),

lim Sup/ﬂa(x, DTy(uyn)) - D(Tx(uy,) — T(u)) <0 (3.4.23)

n—oo

holds. Then, (3.4.22) follows with the same arguments as in the proof of
Lemma 3.2.6. O

Remark 3.4.5. With the same arguments as in Remark 3.2.7, we have

lim [ a(z, DTy (u,) — a(x, DTy (u))) - D(Tx(un) — T(uw)) =0, (3.4.24)

n—oo 0

lim a(z, Du) - Du = 0. (3.4.25)
=00 Jii<lu|<i+1}
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3.4.2 Conclusion of the proof of Theorem 3.1.2

It is left to prove that (u,b) satisfies

[ o+ [ (ale, Du) + Flw) - Dintwe) = [ shtwe,

31

(3.4.26)

for all h € CY(R), ¢ € Wy™(Q) N L®(Q). To this end, we take h € C1(R),
¢ € WOLP(')(Q) N L>(Q) arbitrary and plug h;(u,)h(u)¢ into (3.4.1) to obtain

L+ I+ 1, =1,

n,l»

where
I, = /Q bnhi(wn)h(w) e
2, = /Q aa, Dun) - D () () )
1y = [ Pl Dltn(un)hw)o)

Q
nl anhl(un)h(u)¢

Step 1: Passing to the limit with n — oo
Applying the convergence results from Lemma 3.4.4 we get

n—oo

lim I?, = hy(w)h(u)o.
m 72, = [ (o

n—oo

lim I}, = bh h
im 11, /Q (w)h(u)o,

Let us write
2 2,1 2.2
I - n,l + I

n, — n,l

where
1= [ lwate. Duy) - Dibu)o),
172”2 = /Qh;(un)a(:p,Dun) - Du,, h(u).
With similar arguments as in the proof of (3.2.25) it follows that

lim lsll = /th(u)a(x,Du) - D(h(u)o).

n—oo

(3.4.27)

(3.4.28)

(3.4.29)

(3.4.30)
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By (3.4.18), we get the estimate

| zim 122] < bl =@l (004 oy |f|) (3.4.31)
e {IfI>o}
forallnm € Nand all [ > 1, 0 > 0. Next, we write

3 _ 73,1 3,2
I A ]n,l + I

n n7l I

where

lim 13 = /Q () F(u) - D(h(u)o), (3.4.32)
lim 127 = /Q hy(u)F(u) - Du h(u)g (3.4.33)
follows with the same arguments as in (3.2.26) - (3.2.30).

Step 2: Passage to the limit with [ — oo.
Combining (3.4.27) with (3.4.28) - (3.4.33) we get for allc >0 and all [ > 1

I+ R+ B+ + =1 (3.4.34)

where
I = /Q bh () (1),
. / hi(w)a(e, DTiss (u)) - D(h(u)),

2] < Il élm (004 o | |f|),
{|f|>c}

for any o > 0 and
1= [ kP KweDu,
= | m@F@)- D)
5= | b

Q
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Choosing m > 0 such that supp h C [—m,m], we can replace u by T,,(u) in
I', ... I%, hence

Jim Il = /Q bh(u) e, (3.4.35)
lim 17 = /Q a(z, Du) - D(h(u)g), (3.4.36)
i 1] < Ilololim [ 191 (3.4.37)
Jim I} =0, (3.4.38)
Jim I = /Q F(u) - D(h(u)e), (3.4.39)
Jim Iy = ) fh(u)e (3.4.40)

for all ¢ > 0. Combining (3.4.34) with (3.4.35) - (3.4.40) we finally obtain
that (3.4.1) holds for all h € C}(R) and all ¢ € WHPO)(Q) N L=(9). O

3.4.3 Existence in one space dimension

For N =1, Q = (a,b) with a,b € R, a < b the following improved existence
result holds:

Proposition 3.4.6. For f € L'(a,b) there exists at least one weak solution
(u,b) to (E, f) in the sense of Defintion 3.3.1.

Proof: We fix f € L'(a,b). By the continuous embedding of Wol’p(’)(a, b)
into C([a,b]) we have L'(a,b) C (Wy*(a,b)). Now it follows from [55],
Theorem 2.7 that for any e > 0 there exists u® € Wy (')(a, b) such that

Be(u®) — (a(z, (u)z) + F(u®))e = f (3.4.41)

holds in D'(a,b). For right hand sides f,, € L>(a,b) as defined in Section
3.2, all a priori estimates stated in Lemma 3.2.4 hold uniformly in ¢ > 0.
Moreover, the sequence (us, ) is uniformly bounded in L>(a,b) for ¢ > 0

and m,n € N. Therefore, using similar arguments as in the conclusion of the
proof of Theorem 3.1.2, we find that (u,b) is a weak solution to (E, f).
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3.5 Uniqueness of renormalized solutions

In this section, we prove a unigeness result for renormalized solutions to the

problem (E, f) with f € L'(Q).

Theorem 3.5.1. For f. f e LYQ) let (u,b) be a renormalized solution of
(S, f) and (@,b) be a renormalized solution of (S, f). Then, the following
comparison principle holds:

/Q (b—b)* < / (f — F)signd (u— ) + /{ U Dsmio—b. @51

Proof: We choose 7 € Wol’p(')(Q) N L>*(Q) such that 0 < 7 < 1 al-
most everywhere in Q. For [ > 0 arbitrary, we use hy(u)H; (Ti41(u) —
T141(1) + 6m) as a test function in the renormalized formulation for (u,b)
and hy(@)Hy (Ti51(u) — Ti11(@) + 07) as a test function in the renormalized
formulation for (w, B) Subtracting the resulting equalities, we obtain

s+ 105 + I + Ll + I + I + 1[5 = I, (3.5.2)

where M = {0 < Tj11(u) — Ti41 (@) + 0 < 6} and

Hy = [ () = (@) (Tiss () = Tia () + 9,

Ifé = /Q(hg(u)a(a:, Du) - Du — hj(@)a(z, Du) - Da)Hy (Ti41(u) — Tiy1 (@) + 67),

1

s = S/M(hz(U)a(l“,DU)—hz(ﬂ)a(%Dﬁ))'D(Tz+1(U)—Tz+1(ﬂ)),

I = /M (ha(w)a(z, Du) — hi(@)a(z, D)) - Dr,

115’5 = /Q(hg(u)F(u) - Du — hj(u)F(a) - Da)Hy (Ti41(u) — T (@) + 67),

5 = = /M (hu(w) F () — hy(@)F(@)) - D(Tia () — Toa (8)),

1)
= [ ()P = ni@)F@) - Dr.
. / (Phu(as) — Fhu(@)) i (Toaa () — Toan (@) + 7).

1. Step: Passage to the limit as d | 0
Since ng(ﬂ+1(u)—ﬂ+1(ﬂ)+5ﬂ) - Signg_(Tl+1(u) —Ti1 (ﬂ))+X{Tl+1(u):ﬂ+1(a)}7T
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as 0 | 0 almost everywhere in € it follows that

lim 75 = /Q (bha(u) — bhu(@)) (signg (Tier (w) = Tira (@) + X134 ()= T2 (@7

(3.5.3)
. 7 _
lgigl Iis =0, (3.5.4)

~—

1;{{)1 Is = /Q(fhz(u) — fhu(@))(signg (Th1(u) — Togr () + X {731 (w)=Trsr (@) T)-

(3.5.
Let us recall that, because of the deﬁnition of h;, we can replace u by Tj1(u
and @ by T;41 (@) which belong to WO (Q) in Is,..., Is and so DT, (u)
DT, (u) almost everywhere in {7}, 1(u) = Tj41(@)}. Therefore,

ot
~— —

lin 17, = / (hi(u)a(x, Du)- Du—hy(@)a(x, Di)- Di)(sign (T (1) ~ T (@)

(3.5.6)
and
. 4
lgﬁ)l I;=0. (3.5.7)
Let us write f
Iis = Iy + 1y
where
1 - -
1= 5 [ () = m(@)a(e DT () - DT (1) = T @),
M
1 . - -
Iy = 5 / ha(@)(a(w, DTy (u)) = a(e, DTisa(@)) - D(Tisa(u) = Tiga ().
M

By (A3), IzZs is nonnegative. As ||h}|| < 1 foralll > 0, we have the estimate

e o, DTia (1)) - D{Tiaw) = Tia (@) (35:5)
{0<Ti 41 (u)=Ti41 (@) <6}

and from (3.5.8) it follows that

lim sup I}; > 0. (3.5.9)
510

Now, we write

Tyya(u)
Il‘% = /Qdiv (/ h;(r)F(r)dr) Hs(Tyy1(u) — Ty (@) 4 om)

Ty41(0)

51, 152
= Ly + 1},
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where
Ti41()
= —/ / hy(r)F (r)dr - D,
’ {0<Tip1 (u) ~Tip1 () +37 <8} J Trpa ()
5o 1 Tig1(u) ) 3
o= 3 [ @@ D) - T @)
{0<Ti41 (u)=Tiqa (@) +0m <6} J Ty 41 (d)
It is easy to calculate that
lim I} =0 (3.5.10)

610

and from

< _max (PO [ ID(Thia () ~ T ()] (3.5.11)
s€l—-1i+] {0<Ty41 (w)=Ti41 () <3}

it follows that
. 5
lgfgl Is=0. (3.5.12)

Let us write
6 __ 16,1 6,2
Is=1; + 1y,
where

Iy = %/Mhl(U)(F(TzH(U))—F(Tz+1(ﬂ)))'D(Tz+1(U)—Tz+1(fb))y

15 = 5 [ () = M@ @) - DTins(w) - Tina(@),

Let Lr > 0 be the Lipschitz constant of F'. Then we find

1< Le D) = Tia@)l,  (3:513)
{0<Ti41 (u)—Tiq1 (7)<}
1< _max (FG) [ ID(Tis (1) — Ths (@),
s€[-=1i+1] {0<Ty 1 (w)—Th 41 () <6}
(3.5.14)
hence, from (3.5.13) and (3.5.14) it follows that
lim I’s = 0. (3.5.15)

310
Combining (3.5.2) with (3.5.3) - (3.5.15) we obtain

I'+ I} < I}, (3.5.16)
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where
I = /Q(bh,(u) — bhy (@) (signg (Tip1 () — Tiea () + X{T141 (w)=Ti 2 ()} )

I = /Q(hg(u)a(a:, Du) - Du — hj(@)a(z, Da) - Du)(signg (Tr11(u) — Ty (@),
I} = /Q(fhz(u) — [hu(@))(signg (T (u) = Ti (@) + X1, (=115 @) 7)-

2. Step: Passage to the limit with [ — oo
Thanks to (3.4.25) it follows that

Jim I =0. (3.5.17)

Since we have h;(u) = 0 almost everywhere on {|u| > [+ 1} and k(@) = 0
almost everywhere on {|a| > [+ 1} it follows that

1 1,1 1,2
where

M= (bha(u) — bhy(0)) X u=iy T,

/{|u|<l+1}m{|a<l+1}
e = / (bhu(u) — Bha(@)) signg (Thya (u) — Tho ().
Q

Using that u, @ are almost everywhere finite, we have

lim M= / (b — D)X fuziy - (3.5.18)
— 00 Q
and

Jim signd (Th11(u) — Tiyq (@) = signg (u — @) (3.5.19)

almost everywhere in Q) and weak-x in L>°(2). Therefore,

Jim 177 = / (b— b)signg (u — ). (3.5.20)
—00 Q

With similar arguments we conclude

|—0o0

lim 1? = /Q (f = F)(sign (u — @) + Xgueay). (3.5.21)
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Combining (3.5.16) with (3.5.17) - (3.5.21) we get

[ b= Dsien = ) + xumsrm) < [ (7= Fsigng (u = 3) + xgumym)
Q Q

(3.5.22)
for any 7 € Wol’p(')(Q) N L>*(92) such that 0 < 7 < 1 almost everywhere in €.

3. Step:

Following the idea of [22], for n € N we choose m = T} (m,,) in (3.5.22), where
(Tp)n C C°(Q) is an approximation of signg (b — b) in L'(Q). Passing to the
limit with n — oo, we finally obtain (3.5.1). O
Remark 3.5.2. Let f € L'(Q). Given any two renormalized solutions (u, b),
(i1, b) of (E, f), it is an immediate consequence of Theorem 3.5.1 that b = b
almost everywhere in 2. If § is a strictly increasing, continuous function
then it follows immediately that v = u. If § is a monotone graph, F =
0 and a(z, Du) is strictly monotone, using the fact that (u,b), (i,b) are
renormalized solutions to (S, f) iff they are entropy solutions (see [67] for a
definition) we obtain u = @ almost everywhere in 2 by similar arguments
as in [67]. In the general case with convection, we cannot get u = @ almost
everywhere in € from Theorem 3.5.1 even if p(-) is assumed to be constant.
A one-dimensional counterexample can be found in [26].

3.6 Extensions and remarks

The condition that F' is locally Lipschitz continuous is not crucial for the
existence of renormalized solutions to (F, f) with f € L'(Q). Indeed, any
continuous function F : R — RY can be approximated uniformly on com-
pact sets by a sequence (Fy), of Lipschitz continuous functions Fj, : R — R,
Given f,, € L*(Q2) as in the beginning of Section 3.2, the weak solutions
uk™m of the approximate problems (E¥, f,,,) with locally Lipschitz contin-
uous flux function Fj will converge to a weak solution u" of (E., fy.n) with
continuous flux function F' and the comparison principle of Proposition 3.2.2
still holds for u"". Therefore, we are able to construct a sequence of ap-
proximate solutions (u,, b,), as in Lemma 3.4.4. Using the same arguments
as in the conclusion of the proof of Theorem 3.1.2, we obtain a renormalized
solution (u,b) of (£, f) with continuous flux function F. The uniqueness of
renormalized solutions of (E, f), however, is an open problem if F' is only
continuous. If @ = a(Du) does not depend on the space variable z (by (A1)
and (A2) this implies p(-) = p is constant), according to [32], uniqueness can
be proved by the method of doubling variables.
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Even if we assume a(z, &) = A(z)¢ for all £ € RY where A(z) = (4; (), €
RN*N for any z € Q, A;; € Wh(Q) for all 4,5 = 1,... N, v > 0 such that
ETA(x)€ > v|€]? holds for all £ € RY, z € Q, 8 to be the identity mapping
and L*°-data, the method of doubling variables does not apply. Note, how-
ever, the following uniqueness result which we have been able to establish in
the particular case of linear diffusion in one space dimension:

Proposition 3.6.1. For a,b € R, a < b, let F' : R — R be continuous,
A € L*(a,b) such that there exists v > 0 with A(x) > ~ for almost all
x € (a,b) and let f be in L*(a,b). Then the weak solution u € Hi(a,b) of

(PB) {“ — (A(@)ug)e — (F(u))z = f in (a,b),
u(a) = 0,u(b) = 0,

1S UNLQUE.

Proof: Let f bein L*(€2). From Proposition 3.4.6 it follows that there ex-
ists at least one weak solution to (PB). The proof is based on the continuity
of weak solutions of (PB). If u,v € H'(a,b) are two weak solutions of (PB)
with right-hand side f, we will identify u,v € H'(a,b) with their continuous
representatives u,v € C([a,b]) without changing notation. Assuming that
there exists xy €la, b] such that u(xg) # v(xp), from the continuity of w,v it
follows that there exist ¢,d € R, ¢ < d, an interval (¢,d) C (a,b), such that
u(c) = v(c), u(d) = v(d), xg € (¢,d) and u > v or u < v on (¢,d). Now, we
will show that our assumption leads to a contradiction. The proof will be
divided into several steps.

Step 1: First, we construct a family of test functions (&,)x>0, satisfying the
following conditions:

i.) 0<¢&, <1holdsforall 0 <h < (d—c)/2,
&, € Hi(e,d) for all 0 < h < (d — ¢)/2,

ii.)
i11.) &h — X(c,a) almost everywhere in (¢, d) as h | 0,
)

iv.) There exist constants C, Cy > 0 not depending on 0 < h < (d — ¢)/2,
such that
d ) Cl
/ |(€r)a| < C2 (3.6.2)

holds for all 0 < h < (d — ¢)/2.
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v.) If W € H}(c,d) is nonnegative, then

/ LA@)€ Wade > 0 (3.6.3)

holds for all 0 < h < (d —¢)/2.

The construction of the test functions &, for A > 0 has been introduced in [5]
for A(x) = 1. Tt is well-known that for any 0 < h < (d — ¢)/2, the problems

(PB}IZ) {(A(x)ux)m =0 on (C, c+ h)
u(c) = 0,ulc+h) = h,
(PB}) {iigm_ﬁ:))x::hou((’z) (i ;h, d)

have solutions u; € Hj(c,c+ h), ui € Hy(d — h,d) respectively, such that
(A(z)(u})z)e = 0 holds in H '(c,c + h) and (A(z)(u});). = 0 holds in
H=Y(d — h,d). Now, we define &, : (¢,d) — R by

2 min(u(z), %), for z € [c,c+ h),
En(z) = 1, for z € [c+ h,d — h, (3.6.4)
2 min(u}(z),2), forz € (d— h,d.

Therefore, i.) follows directly from (3.6.4). A short calculation gives

2
(€n)e = 7 ((ui)xX{{u}L<h/2}m(c,c+h)} + (ui)IX{{u;"L<h/2}ﬂ(d7h,d)}) (3.6.5)

in D'(c,d), hence &, € Hj(c,d) and supp(&n). C {z € (¢,c+ h) : uj, <
h/2y N {z € (d — h,d) : ui < h/2} for all 0 < h < (d — ¢)/2. Choosing any
x € (¢, d), there exists hg > 0 such that « € [c+ h,d — h] for all 0 < h < hy,
hence &,(z) = 1 for all h < hgy and 4ii.) follows. Note that u} is the unique
solution of the minimization problem

mn {5 [ A

where K := (z — ¢) + H}(¢,c + h) and i is the unique solution of the
minimization problem

min {5 [ )

ueK d—h
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where K := (d — x) + H}(d — h,d) (see [7], Theorem 6.5.1, p. 246). Using
(3.6.5) it follows that

e < g (7 ez [ aeois)
(Lt )

8| All oo (a,b)

< ; (3.6.6)

hence (3.6.1) holds. Applying the Hélder inequality to fcd |(€1).| and using
(3.6.1), we get (3.6.2). To prove v.), we choose W € Hj}(c,d) such that
W >0 in (¢,d) and write

/ A@)(E)Ws = I + I, (3.6.7)

where

c+h
h=:/ A(2) (€)W,

L= [ awe.w

In the next steps, we will show I; > 0 and I, > 0. Since W (-)Hy (h/2—u;) €
H}(c,c+ h) is an admissible test function in (PB}), we have

0 = / A() (up) (W (2)Hy (h)2 — up))s
_ / A(z)(ud), H+(h/2—u,§)wx+% /{ » <6}A(m)(u}z)iW(x)

(3.6.8)

neglecting the positive term and passing to the limit with ¢ | 0 from (3.6.8)
it follows that

2 c+h
o< [ A@ahlxy<amWe = 1o (3.6.9

h
Since Since W (-)Hy (h/2 — u}) € H}(d — h,d) is an admissible test function
in (PB?), we have
d

0==/ A(@)(up)o(W (@) H (h/2 = up))a, (3.6.10)
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therefore

2 d

and v.) holds.

Step 2: Conclusion. Let us assume u > v on (¢,d). As &, € Hy(c,d) for all
0 < h < (d—c)/2, we will identify &, with its extension by zero on (a, b) that
is in H}(a,b). Using &, as a test function in the weak formulations for u and
v respectively we find

/ (= 0)E+ / (F(u) — F(0))(En)s + / A() (g —v2) (E)e = 0. (3.6.12)

Now, the function u — v is nonnegative and in H}(c, d), since by assumption
we have u > v on (¢, d) and u(c) = v(c), u(d) = v(d). Hence the last integral
on the left-hand side in (3.6.13) is nonnegative by v.). Now we write

[ tFw - @ = 1+ 1, (3.6.13)
where
o= [ - renE. <,
o /d dh(F(u) CF) () < I8y + 1L (3.6.14)
and

I, = / IF(w) — Fu())] |(En)sl:
Cc—i—h

1, = / Fv) — Fo(@)] |(En)al.

= / F(u) — F(u(e)] |)al.

—h

d
1, = / F@) — ()] (€] (3.6.15)

—h

By continuity of F o w, (3.6.2) and iv.), for any € > 0 we find hy > 0 such
that
I+ Iy + 15y + I3y < 4eCh (3.6.16)
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for all 0 < h < hg. Therefore, using (3.6.14), (3.6.15), (3.6.16), #ii.) and
neglecting the nonnegative term we can pass to the limit with A | 0 in
(3.6.12) to obtain

d
/ lu —v| =0, (3.6.17)

hence u = v on (¢, d) and we have a contradiction. Assuming u < v on (¢, d)
and using the same arguments leads to the same contradiction, hence the
proof is completed. O

It is an open problem whether this result can be generalized to problems
with linear diffusion in several space dimensions replacing the continuity
of solutions by their cap-p quasicontinuity and using capacity theory (see
[45], [57]). Another possible object of future work is the generalisation of
Proposition 3.6.1 to nonlinear problems, i.e. replacing (A(x)u,) in (PB)
by, e.g., (Jus|"™2u,). This question is closely related to the question of
existence of solutions to the problems

(PRY) {(!ux\“@%)x =0 on (c;c+)
u(c) = 0,u(c+ h) = h,

(JueP®~2u,), = 0 on (d — h,d)

o]
u(d—h) = h,u(d) =0,

for h > 0 and ¢,d € R.



Chapter 4

The parabolic case

4.1 Mild solutions of the abstract Cauchy prob-
lem

4.1.1 Existence of mild solutions

It follows from Theorem 3.1.2 of the previous chapter that for all f € L'(2),
A > 0 there exists a renormalized solution (u,b) to

B(u) — Adiv(a(x, Du) + F(u)) > f in Q,

(52,1 {u =0 on 9.

For f,f € LY(Q) let (u,b) and (ﬂ,f)) be renormalized solutions of (S, A, f),
(S, A, f) respectively. Writing |b — b = (b —b)* + (b — b)" and applying the
comparison principle from Theorem 3.5.1, we find that

16 = bllrey < If = Fllve. (4.1.1)

In terms of nonlinear operators the preceeding results read as follows: If Az
is the nonlinear operator defined in L'(Q) by

Ag :={(b,w) € L'(Q) x L'(Q) : Ju : Q — R measurable, b € 5(u)
almost everywhere in {2 and u is a renormalized solution of (4.1.2)
— div(a(z, Du) + F(u)) = w}

then Ag is m-accretive in L'(Q), i.e., the resolvent mapping

fe LN Q) — (I+ M)~ f = J4,(f) € L'(Q)

44
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is a contraction in the L'-norm (because of (4.1.1)) and the range condition
R(I + \Ap) = LY(Q) (4.1.3)

holds for all A > 0. Indeed, for any f € L*(Q), A > 0 there exists (b,w) € Ag
such that
b+ w=f (4.1.4)

almost everywhere in Q: If (u,b) is the renormalized solution to (S, A, f),
then we have b € [(u) almost everywhere in 2 and w is the renormalized
solution to

—Adiv(a(z, Du) + F(u)) = f —b.

Therefore (b, %) € Az and (4.1.4) holds with w = f—;b. By the general
theory of nonlinear semigroups (see [17], [8]) we conclude that the abstract

Cauchy problem corresponding to (P, f, by)

db

D A fin (0.7),
() dat TSmO

b(0) = b

admits a unique mild solution b € C([0,T]; L*(Q2)) for any initial datum

by € D(Ag)”'”LI(Q) and any right-hand side f € LY(0,T;LY(Q))) = LY(Qr).
As we will see in the next subsection,

D(Ag)”“‘Ll(Q) = {b € L'(Q):be R(P) a.e. in Q} :

Roughly speaking, a mild solution is a continuous abstract function b €
C([0,T]; L'(Q)) which is the uniform limit of piecewise constant functions
be : (0,7) — L'YQ) defined by b.(0) = b3, b-(t) = b5 on |t ,t5] for i =

1,...,N(e) where (bf)i]\i(f) are solutions of time-discretized problems given
by an implicit Euler scheme of the form

b — by

1 — ¢ + Aﬁbf > ff37 1= 17 cee >N(5)7 (415)
i bi—1

where € > 0, N(¢) € N, 0 = #f < 1] < ... <ty < T and f7 € LY(Q),
i=1,...,N(e) such that, as ¢ — 0,

N(e) tf
3 / 1) = FEllredt — O,
=1 t;‘:71
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N(s)(tf —t5,)—0,T— t?\f(a) — 0 and ||by — bgHLl(Q) — 0.

.....

Let us recall that the mild solution of (ACP)(f, by) depends continuously
on the data, more precisely, if b,v € C([0,T]; L*(2)) are mild solutions of
(ACP)(f,bo), (ACP)(g,vp) respectively, then

||b(t)—v(t)||L1<m§||bo—vo||L1(sz>+/0 1f(s) = g(s)llryds  (4.1.6)

holds for any 0 < ¢t < T. Moreover, a function b € C([0,T]; L*(2)) is the
unique mild solution of (ACP)(f,bo), if and only if b is the unique integral
solution of (ACP)(f,by) in the sense of Bénilan ([14], [17], [8]), i.e. if b
satisfies the following family of integral inequalities: For any (v, w) € Ag, for
any 0 < s <t <T, we have

I8(6) = vll2i0) < 1066) ~ vlosy + [ [ulr) = . 5(r) — wldr,  (@.07)

where, for g, h € L'(2), the bracket [g, k] denotes the right-hand side Gateaux
derivative of the L'-norm at g in the direction of A, i.e.,

. lg = AhllLr) — 9]l o)

= /signo(g)h dx—l—/ |h| dz.
Q g=0

4.1.2 The closure of D(Ap)

The following proposition gives us a description of D(Aﬁ)H'”Ll(m:

Proposition 4.1.1. Let Ag be the operator defined in (4.1.2). Then
DAy e — {pe L@ :beRE) ae in0}. (4.1.8)
Proof: If we define

M := {bGLl(Q):bGWa.e. inQ},

then obviously D(Ag)”hl(n) C M. Therefore we will prove M C D(AB)H'”LI(”).
The proof will be divided into several steps.

Step 1: We choose an appropriate dense subset of M:
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Lemma 4.1.2. The set
D:={be L>*(Q):3Jue L*(Q):bec [(u) ae. in Q}
s dense in M.
Proof: We choose b € M and set
Q) = {z € Q: bx) € RO},
Q5 := {z € Q: b(x) € R(B) \ R(9)}.

Let b" := sup R((3), b~ := inf R((3). Assuming Q% is nonempty implies that
at most one among b, b~ does not belong to R(3), so b~ < b and therefore,
since [ is a maximal monotone graph,

Q5 = Oy U Qg
where
Qy:={reQ:bx)=0"}
and
Qy={xeQ:b(z)=0"}.

Clearly, 21, €25 and €23 are measurable subsets of (2 and 2 = Q; UQ,UQ3UN,
where N C  is measurable with |N| = 0. If r € D(f), let v° € 3(r) be the
element of #(r) with minimal norm. For € R we define

w0 e B(r), ifre D(B),

BO(r) :== { 400, if [r, +o0[ND(B) = 0,
—00, if | — oo, 7] N D(B) =0,
(Supﬁ(r), 1f7’€ D(ﬁ)7

ﬁmax(,r,) = <{ +o0, if [7“7 —|—OO[ﬂD(ﬁ) = ®7
[ —c0, if]—o0,7] N D(B) =0,
(inf 3(r), ifre D(B),

ﬁmi“(r) = { 4o, if [7’, —|—oo[ﬁD(ﬁ) =0,
| —o0, if] —o0,7]N D(B) =10,

By the definition of b* and b~, there exist sequences (b)),, (b,), C R(3),
(17 )y (rh)n € D(B), such that bt € B(rF), b, € B(r;,) for all n € N and
b 10t b, | b as n — .

We fix b € M. Now, we are ready to construct sequences (b,)n, (un)n C
L>(Q) such that u,, € D(3), b, € B(u,) almost everywhere in  for all
n € N and b, — b in L'(Q) for n — co. The construction depends on D(f3).
Keeping in mind that 0 € D(3) by assumption, we have the following cases:
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i.) D(B) = [c,d] for ¢,d € R, ¢ < 0 < d. Since 8 is maximal monotone it
follows that R(5) = R and we have:

(@) = (5 OE) A= )V e+ ), 1€,

by () == (b(x) A g (d — %)) v Bmm (e + %), x € (L

ii.) D(f) =R
(B79)°(b(x)) An)V —n, if ze€Q,
up(x) =1t if x € Qy,
T s if v € Qg.
(b(z) A Bm2(n)) v fmin(—n), if z € Q,
bn(x) :== < b, if © € Qy,
b, if & € Q.
iii.) D(B) = la,00] for a € R, a < 0. Since § is maximal monotone it

follows that €23 is empty and we have:

un(z) = {((61>°<b<x>> ARV (at L), ifze,

rr if z € Q.

n

() i 4 D@ ALV prin(a+ 1), if x € Qy
B itz € Q.

iv.) D(B) = [—00,a] for a € R, a > 0. Since [ is maximal monotone it
follows that €25 is empty and we have:

() = {((ﬂl)“(bm) Aa— 1)V —n, ifzew,

r- if x € Q3.

bo(a) i 4 D@ A B a = D)V EmR (), ifa e 0,
B itz e Q.
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Step 2: According to Lemma 4.1.2, it is left to prove that D C D(Aﬁ)”'HLl(“).
By general nonlinear semigroup theory (see [17]), since Ag is m-accretive in
L'(€2), this is true if, for each b € D and X\ > 0,

. A .
lﬁg Ja,(b) =10 (4.1.9)
holds in L'(2). To this end, we fix b € D and choose u € L*(Q) such
that b € B(u) almost everywhere in Q. For § := §+ I the operator Aj

A~

is m-accretive in L'(Q2), hence for each A > 0 there exist (bx, W) € Ag,
Uy € LY(Q) such that

holds in L'(Q),
by € B(uy) (4.1.11)

almost everywhere in 2 and uy is a renormalized solution to
—div(a(z, Duy) + F(uy)) = w. (4.1.12)
Step 3: A priori estimates and convergence.

Lemma 4.1.3. For all A >0, b€ D, u € L>(Q) such that b € $(u) almost

everywhere in Q, (by, Wx) € Ag, Uy € LN(Q) satisfying (4.1.10), (4.1.12) and
(4.1.11), the following holds true:

i)

@]z @) < 11D+ ull (@), (4.1.13)

il.) Uy € Wol’p(')(Q) NL>®(Q) and there exists a constant C' > 0 not depend-
ing on A > 0 such that

)\/ | DUy [P < CJb + ul| oo (g, (4.1.14)
Q
iii.)

i o |p@) -1

lﬁg)\/ﬂ|Du/\| 0, (4.1.15)
iv.)

[0Allz2) < (b + ul[z2(0) (4.1.16)

and by — b+ u in L2(Q).
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Proof: We fix A > 0. By the definition of 3 and (4.1.11), there exists
dy € L'(Q) satisfying dy € 3(wy) for almost all z €  and

by = dy + Uy (4.1.17)
almost everywhere in Q. By (4.1.10), (4.1.12) and (4.1.17),

[+ @(@0 + Male, DB) + F(@) - Dib@o) = [ b+ (s
N N (4.1.18)
holds for all h € CH(R) and all ¢ € Wy P (Q)NL*(Q). We choose hy(Tiy) L (Thy5(Tiy) —
Ty(uy)) as a test function in (4.1.18). Neglecting positive terms we pass to
the limit with 0 | 0 and then with [ — oco. Setting k& = ||b + u||1=(q), We
find (4.1.13) and ¢.) holds. Since u) is a renormalized solution to (4.1.12)

in follows from (4.1.13) that uy € Wol’p(')(Q) N L>=(2). Therefore, using the
same arguments as in the proof of Proposition 3.3.2, we can use u, as a test
function and find

Now, (4.1.14) follows from (4.1.19) and (Al). To prove (4.1.15), we choose
0 < A < 1. Then, using the Young inequality with p(z) and p/(z) =
p(z)/(p(x) — 1) almost everywhere in Q and (4.1.14) it follows that

A/|D@A]1’(z)1 < )\1(;;’1)/)\#%1)|Dﬂ)\|p(w)l
Q Q

< AT [ DB AT g
()~ Ja p
< Ao < ! Cllb+ ul| ;2 \Q\)
> P U L= —
®)- W -
where C' > 0 does not depend on A. Now, iii.) follows since 1 — ﬁ > 0. To

prove iv.), for € > 0, let . be the Yosida approximation of 3 and set Bg =
I + (.. Then for each g, A\ > 0, there exists a weak solution U € Wol’p(')(Q)

to
Bo(Tye (@) = Adiv(a(z, D@) + F(Ty (@) = b+ u. (4.1.20)

Choosing BE(TU&(@)) as a test function in (4.1.20), we find that
1B-(T1 e @D 22 < 116+ ull 2y (4.1.21)

holds for all €, A > 0. Using the same arguments as in the proof of Propo-
sition 3.2.1, it follows that (3.(Ty/(@2)) — by in L*(2) as e | 0. Therefore,



CHAPTER 4. THE PARABOLIC CASE 51

(4.1.16) holds for all A > 0. It is an immediate consequence of (4.1.15),
(4.1.10) and (4.1.12) that by — b+ u in D'(Q2) and now it follows by (4.1.16)
that by — b+ w in L*(Q) as A | 0, hence the proof of iv.) is complete. [

Step 4: Conclusion: From the proof of Lemma 4.1.3 we recall that by
(4.1.11), for each A > 0 we can write

/b\)\ = dy + Uy, (4.1.22)

where dy € L'(Q) satisfies d) € 8(uy) almost everywhere in Q. From (4.1.10)
and (4.1.12) it follows that (d,,w,) € Ag and

dy = J3,(b+u —1y) (4.1.23)

for all A > 0. Now, using the contractivity property of the resolvent mapping
J ;\16 and the contractivity of (3 + I)~!, we get the estimate

173, (0) = bl < 14, (0) = JA,(b+u— @)1 + [[ba — @ = bl
< 2fuy = ullpio) + 1oa = 0+ u)llrre)
< 3[lby = (b + u)llpr)- (4.1.24)

Applying iv.) from Lemma 4.1.3, (4.1.9) follows and the proof of Proposition
4.1.1 is complete.

4.2 Solutions and function spaces for the evo-
lution problem

For a constant exponent p(-) = p, the notion of renormalized solution to
(P, f,bo) is well known (see [2], [68], [22]) and (P, f,by) is well-posed in the
space LP(0,T; Wy (Q)). We remind that (u,b) is a renormalized solution to
(P, f,by) for f € L'(Qr) in this particular case, iff (u,b) is satisfying the
following conditions:

(1) w : Qr — R is measurable, b € LYQr), u(t,z) € D(B(t,z)) and
b(t,z) € B(u(t,z)) for a.e. (t,x) € Qr,

(2) b(0,x) = by(x) a.e. in 2,
(3) For each k > 0, Tj,(u) € LP(0,T; Wy P(Q)),
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(4)

- L/Tfifgﬁw)h0<ﬁﬂohﬁdnﬂmaﬂ

+ / (a(z, Du) + F(u)) - D(h(u)é)d(t,z) = g fh(u)éd(t, z)

holds for all h € C}(R) and all £ € D([0,T) x Q).
(5) fQTﬂ{k<|u|<k+1} a(x,Du) - Du d(t,z) — 0 as k — oo.

In the general case, the situation is more delicate. We will use the above
definition as a starting point in our study because we already know from
the previous section that there exists a mild solution to the corresponding

abstract Cauchy problem (ACP, f,by) for any by € D(Aﬂ)MLl(m and any
f € LY(Qr). This kind of data (f,by) will be called L'-data in the follow-
ing. In the next lemma we give a priori estimates on the solutions of the
discretized problem (DP.) associated to (P, f,by) for arbitary L!-data. From
these results we will deduce the generalised notion of renormalized solution
to (P, f, by) for variable exponents. Then we will define the appropriate func-
tional setting and the notion of weak solution to (P, f,by). In this approach
we tacticly assume an integration-by-parts Lemma for variable exponents
that will be proved later (see Lemma 4.2.11).

Another possible approach would be to start with data that allow weak so-
lutions in the discretized problems (D P.) and to obtain energy estimates and
function spaces for weak solutions. Then, the integration-by-parts Lemma
would naturally lead us to the notion of renormalized solution for variable
exponents.

Lemma 4.2.1. For f € L'(Q7), by € TAB)”'“LHQ); 0<e<1, N()eN
and

th=0<t] <...<tyy =T,

ti—ti <& T'—ly, <eVi=1...,N(e),

fE e LMQi=1,.. . N(e)y: DT L2 1F () = filmmodt < e

b5 € L'(Q) - ||1b5 — boll 1) < €
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let (bS us)i]i(f) be a solution of the discretized problem

(bs € L'(Q), uf : Q — R measurable, Tj,(u$) € W) Vk > 0,
f{n<|u§|<n+1} a(xz, Du$) - Du; — 0 as n — o0,
b —b; € € € € € €
(DF:) fg ﬁh(ul)w + fg(a(l} Dug) + F(us)) - D(h(u5)p) = fQ fih(us)e
Vo € Wyt (@) N 17(9), h € CL(R),
(05 € B(u7) a.e. in Q foralli=1,...,N(e).

For k > 0, we define the piecewise constant functions f. : (0,T] — L'(Q),
be : [0, T] — LY(Q) and Ty(u.) : (0,T] — Wol’p(')(Q) as follows: f-(t) = [,
b-(0) = 0f, b.(t) = b5 and Tp(u(t)) = Ti(us) for t € (t5_1,t] and i =
1,...,N(e). If the <T, o) be and u. are extended by setting fe(t) = fR@)

Ti(ue(t)) = Ti(ujy () and be(t) = by, for allt € (), T].

Then the following estimates hold true for all k >0 and 0 < e < 1:

i.) There exists a constant C1(||f||11(@q), |bollz1 (), k) > 0 not depending
on € >0, such that

T
| [ 10T asde < il ol k). (421)
0 Q

ii.) There exists a constant Co(||f|lr(@r), |bollzr@), k. T, p(+), Q) > 0 not
depending on € > 0, such that

||Tk(u€)”Lp*(mT;WOLP(‘)(Q)) < CQ(HfHLl(QT)v HboHLl(Q)v k, T,p<'), Q)
(4.2.2)

it1.) There exist constants Cs(|| f||c1(p): 0ol L1 (@), ks (), §2) > 0,
Co(CL(l fll 22 (@) Dol L1()- k) > 0 not depending on € > 0, such that

Ha(;z:, DTk<u€))||L(p/)_(07T;Lp’(-)(Q)) < C3(Hf||L1(QT)7 “bOHLl(Q)? k,p(~), Q)
(4.2.3)
and

T
| [ et DTGP < ClCollflsan ol b (424

Remark 4.2.2. Since Ag is m-accretive, by nonlinear semigroup theory (see
[17]), (DP.) has a solution (b5 ue)i]i(f) for every discretisation (D.),e > 0, f €

R
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LY (Qr) and by € D(Aﬁ)”'HLl(Q). Moreover, the piecewise constant function
b defined in Lemma 4.2.1 converges in L>(0,T; L*(Q)) as ¢ | 0 to the mild
solution b € C([0,T7; L*(Q2)) of (ACP)(f,bo).

Proof of Lemma (4.2.1): For i € {1,...,N(e)} we take Tj(u$)h(ui),
k,l >0, as a test function in (DPFP:) to obtain

L+ I + I3 = 1y,

.o /b.—.
1 Qt

L= | ale.Du) - Dl Tia),
I - / F (1) - D(hy(u) T (1)),
L - /Q Fha () T ().

By Gauss-Green Theorem, it follows that I3 = 0 for all [ > k. Applying (A1)
in I, we can pass to the limit with [ — oo and find

bs_bs
/ 1T (u +7/|DTk )P <k:/|f5 (4.2.5)

1

where

If we define the convex, Ls.c., proper function ¢r, : R — R U {+o0} by
_ L T (0))do,  ifr € R(B),
¢Tk (7“) = .
+00, otherwise,
then Ty (u5) C O¢r, (b5) for all i =1,..., N(e) and
o1, (b5) — op, (b)) < (05 — b5 ) T (u) (4.2.6)

holds almost everywhere in . Therefore from (4.2.5) and (4.2.6) it follows
that

ba
b

Integrating (4.2.7) over (t5_y,t5], and taking the sum over i = 1,..., N(e)
yields

/Q o7, (b(T))dz4- /0 ' /Q | DTy (uz) [P® dadt < /Q o1, (b-(0))+k / / | f-|dxdt.

(4.2.8)
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According to (D.), b-(0) = b§ converges to by in L'(2) and f. converges to
fin LY(0,T; LY(Q)) as € | 0. Therefore, the right-hand side of (4.2.8) is
bounded by a constant C (|| f||£1(@r), |bollz1(0), k) > 0 that does not depend
on €. Now, (4.2.1) follows from (4.2.8) if we neglect the positive term and
use (Al). To prove i.), we apply (2.1.2) and find

T
| IDT ) eyt

T p~/pT
< / max / |DTk(u5)|”(””>,( / |DTk(u5)|p(I)) dt,
0 Q Q

hence (4.2.2) follows from the Poincaré inequality in W, * (')(Q) and (4.2.1).
To prove iii.), we use (A2) and the same arguments as above. O

(4.2.9)

Remark 4.2.3. As we will see in the following, estimate (4.2.1) plays a
crucial role in order to get a well-posed problem. Note that, if p(-) = p
is constant, then, of course, (4.2.2) implies (4.2.1) and the problem can be
settled within the classical functional setting of the Bochner-Lebesgue SI))aCGS
LP(0,T; W,?(€)). In the general case, a function v € LP (0, T; Wol’p(' (Q))
does not automatically satisfy (4.2.1). As an example, consider N = 2,
Q= (-1,12 p(z,y) = 3/2 — |z|/4, (v,y) € Q. Then p* =5/4, p~ = 3/2
and the function v : [0, T]xQ — R defined by v(t, x,y) = t=2/3(1—|z|)(1—|y|)
is an element of LP~ (0, T; Wy *(Q)), but v,, v, ¢ LPO(Qy) (see [13] for more
details).

4.2.1 Renormalized solution

In view of the results in [2], [22], [68] and [13], the a priori estimates in Lemma
4.2.1 naturally lead to an appropriate notion of a renormalized solution to

(P7f7b0):

Definition 4.2.1. For f € L'(Q7), by € L'(Q) a renormalized solution to
(P, f,bo) is a pair of functions (u, b) satisfying the following conditions:

(P1) u : Qr — R is measurable, b € L'(Q7r), u(t,z) € D(5(t,x)) and
b(t,z) € B(u(t,z)) for a.e. (t,x) € Qr,

(P2) b(0,x) = bp(x) a.e. in 2,

(P3) Foreach k > 0, Tj,(u) € L (0, T; Wy *(Q)) and DTy (u) € (LPO(Qr))Y,
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(P4)
b(t,x)
- / 6 / ho (871 (r)drd(t, z)

n / (o, Du) + F() - D7) = [ ghyete

holds for all h € C}(R) and all £ € D([0,T) x Q).
(P5) fQTm{k<|u|<k:+1} a(z, Du) - Du d(t,z) — 0 as k — oo.

Remark 4.2.4. Using the embedding W'?()(Q) — WH1(Q), we can asso-
ciate to every measurable function u : Q7 — R satisfying

Ti(u) € L7 (0,T; WaP(Q)), DTi(u) € (LPO(Qr))N

for all & > 0, a generalized gradient (still denoted by Du), defined as the
unique measurable function satisfying Du = DT}, (u) a.e. on {|u| < k} for all
k> 0 (see, e.g., [15]). It follows that all the terms in (P4) are well-defined.
In particular, the first member of (P4) makes sense as

b(t,x)
/ ho (5-°(r)dr < |1~ lblt, 2) — bo

bo
almost everywhere in Q7 and b € L'(Qr), by € L' ().

Remark 4.2.5. A definiton of renormalized solutions involving the spaces
LX) (Qr) and LP (0,T; Wol’p(’)(Q)) has been recently proposed in [71] for
the special case when [ is the identity mapping F' = 0 and a(x, Du) =
div(|Du[P®)=2Du). But just a few comments about those spaces have been
made. To the best of our knowledge, the study of properties of the spaces
LX) (Qr) and LP (0, T} Wol’p(')(Q)) in Lemma 2.2.2, their introduction in Def-
inition 4.2.1 as a natural consequence of the a priori estimates on the solutions
of the time-discretized problems in Lemma 4.2.1 and the following study of
the energy space V for weak solutions is new. Note that the proof of the
main Theorem 1.1 in [71] is false. Nevertheless, the existence result holds
true as a special case of (P, f,by). A detailed proof and additional regularity
results can found in [13].

4.2.2 Functional setting and weak solutions

At the end of this subsection we will give a definition of weak solution
(u,b) to (P, f,by). The main problem is to find an appropriate energy
space for u. As we will see in the next remark, it is not enough to claim

we LP=(0, T; WP ().



CHAPTER 4. THE PARABOLIC CASE o7

Remark 4.2.6. According to the a priori estimates in Lemma 4.2.1 let
us assume that for given f € L®(Q7), by € L'(Q) there exists (u,b) €
Lr=(0,T; WP () x LY(Qr) such that Du € (LP(Q1))Y, b(0,z) = bo(x)

almost everywhere in Q, F(u) € (L*)(Qr))". Furthermore we assume
[ o-wat [ @i F@) D= [ e @)
Qr Qr Qr

to hold for all £ € D([0,T") x Q). From the embeddings of Lemma 2.2.2 and
(A2) we have a(z, Du) + F(u) € L®)7(0,T; LP9)(Q)) and therefore it follows
that (b — bo), € L) (0, T; W=7 )(Q)) in the sense of distributions. But

@ = esint (B2
1

ze \ p(z) — 1
= 1 — (pnTY
M (p")
1
< 1 =(p) 4.2.11
< oy (") ( )

and equality holds in (4.2.11) if and only if p(-) = p is constant, in general
LO(0, T W 0(Q)) G LU0, Ts w0 (@),

Hence we can not use test functions £ € LP (0,7 Wol’p(')(Q)) in (4.2.10) and
(P, f,bo) is not well-posed in L? (0, T} Wol’p(')(Q)).

In fact, the function u from the preceeding remark is indeed more regular
than L? (0,7} Wol’p(')(Q)). Since we claimed Du € (LPO(Qr))Y, u is an
element of the functional space

V= {fe L’ (0,T; Wy () : |Df| € L"(Qr)} (4.2.12)
which, endowed with the norm
1Ay 2= 161l ooty 11Dl an)

is a separable and reflexive Banach space. We state some further properties
of V in the following lemma:

Lemma 4.2.7. Let V be defined as in (4.2.12) and V' denote the dual space
of V.. Then,
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i.) we have the following continuous dense embeddings:
270, T; W Q) <L v <L 1 (0, 7; WY (). (4.2.13)

In particular, since D(Qr) is dense in LP" (0, T Wol’p(')(Q)), it is dense
in' V' and for the corresponding dual spaces we have

L0 (0, Ts W O(Q) = V! L0 (0,7 W0 (@), (42.14)

ii.) |fllv = 1Dl e @q) 18 an equivalent norm on V,

iii.) one can represent the elements of V' as follows: If T € V', then there
exists F' = (f1,...,fn) € (Lp/(')(QT))N such that T = div, F' in the
sense that

(T, &)vv Z/OT/QF-ngxdt

for any £ € V.. Moreover, an equivalent norm on V' is given by
IT|lvr = max{|| fill oo @ry» @ =1,-- - 1}

Proof: i.): The continuous embeddings in (4.2.13) follow immediately
from Lemma 2.2.2; (2.2.2). To prove the density of the first embedding in
i.), we fixv € V. Let (p,), be a standard sequence of mollifiers in R and v the
abstract function v extended by zero onto R. It follows from [40], Proposition
1.7.1, p. 25 and Théoreme 1.7.1, p. 27, that the convolution (only) in ¢ of p,
and T defined as v, := p, *T € L?" (R; Wol’p(')(Q)) for all n € N converges to
vin LP (0,7} Wol’p(')(Q)) as n — 00. Since %(pn x0)(t) = (pp * %)(t) for
allte Rand i =1,...,n, it is left to prove that '

ov,, ov ov

oz, " 0w o,

for each i = 1,...,n in LP0)(Qr) as n — oo. To this end, we fix ¢ > 0, i €
{1,...,n} and choose (by Lemma 2.2.2) a function v’ € L?" (0, T; L")(Q))
such that

; av p(x) e
Then @)
T p(z
v ov +
- dedt < 42P" (I + Iy + I 4.2.16
[ el s enen, aa
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where
T v ) p(x)
L = / / /pn(t —3) ( (s,z) — ué(s,x)) ds|  dxdt,
o JalJ/r Ox;
T ' ‘ p(z)
I, = / / / pn(t — s)us(s,x)ds —ui(t,z)|  dxdt,
o Jal/r
T p(z)
. Ov
I; = / / up — dxdt. 4.2.17
’ o Ja Ox; ( )

Substituting, applying the Jensen inequality and Fubini Theorem we get the
estimate

1 T v ' p(x)
I, < / p(o)/ / (t+o/n,z)—u(t+o/n,z)| drdtdo
-1 0 Q a&:z
T v ) p(z)
< / / (t,x) —uc(t,z)|  dxdt. (4.2.18)
o Jol|0x;

Since Iy — 0 as n — o0, choosing ny large enough and plugging (4.2.15),
(4.2.17) and (4.2.18) into (4.2.16) we have shown that the first embedding
in (4.2.13) is dense. To prove that the second embedding is dense, we fix
u € LP (0,T; Wol’p(')(Q)). Using the same arguments as in the proof of
Lemma 2.2.2, u, := p, * u is in L?" (0, T; Wol’p(')(Q)), hence in L) (Qr) for
all n € N and converges to u in P (0, T; W "(Q)) as n — oo. ii.) follows

directly from Poincaré inequality and Lemma 2.2.2. To prove iii.), note that
the mapping i : V — (L0 (Qr))Y defined by

() ou Ju

(u)={(=—,...,—

Oxy  Ozy
for v € V is linear, continuous and, by ii.), norm preserving. Identifying
each T € V' with T oi~! € (i(V))" and using Hahn-Banach Theorem, we can

extend T to a continuous linear functional on (LP®)(Qr))" and the assertion
follows by the LPO)(Q7)-LP'O)(Qr) duality. O

Remark 4.2.8. Note that, if u is a renormalized solution of (P, f, by), then
Ti(u), h(u) € VN L®(Qr) for all h € CL(R). Let us also remark that V N
L*>®(Qr) endowed with the norm

lWllvaz=@r =max {|vllv, [lWlz~@n}, v € VN L®(Qr)
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is a Banach space. In fact it is the dual space of the Banach space V'+L'(Qr)
endowed with the norm

lollvrsri@r = inf {luillv + JoallL1@ry; v =101+ 02, v1 € V', va € LNQr)} .

Moreover,
) b(t,x)
ot ),
Indeed, for any h € C}(R), k > 0 such that supph C [k, k] and £ € D(Qr)
we have

ho (B 1 (r)dr € V' + LY Q7). (4.2.19)

/ (a(x, Du) + F(u)) - D(h(u)&) + o fh(w)é =1+ I (4.2.20)

where, by Remark 4.2.4, there exist constants K;, Ky > 0 not depending on
¢ such that

= || htate DTiw) + FEG0) - DE| < KlIDEl e
Bl = | [ 0ol DT(w) + FT()) - DTt + Fh(w)e] < Kalllli o

hence, by Lemma 4.2.7, iii.) there exists G; € V' such that

[1 - <G17£>V’,V (4221)

and

Iy = (W'(u)(a(z, DTk (u)) + F(Ti(u))) - DTy (u) + fh(u)a@Ll(QT),Loo(f;)éz)
Now, by (P4), (4.2.21) and (4.2.22) it follows that B

9 o) —-1\0 /
/ ho(5~1)(r)dr = Gy-+H (u)(a(z, DTe(u))+F (Te(w)))- DTy (u)+ fh(u)

ot Jy,

(4.2.23)
in D'(Qr) and (4.2.19) holds. Since D(Qr) is dense in V, for any ¢ € VN L™
there exists a sequence (¢,,) C D(Qr) such that ¢, — ¢ asn — oo in V' and
weak-+ in L*>°(Qr). Therefore, replacing

-/ & /b :w) ho (37)°(r)dr
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by
b(t,x)
<% /b ho (87H°(r)dr, 5> (4.2.24)

in the left-hand side of (P4), where (-, -) denotes the duality pairing between
V'+ LY Qr) and VN L>®(Q7), we can also use test functions ¢ € VNL®(Qr).

Now, we are finally in the position to give a generalisation to the notion
of weak solutions to (P, f,by) for variable exponents:

Definition 4.2.2. For f € L'(Qr), by € L'(Q2) a weak solution to (P, f, by)
is a pair of functions (u,b) € V x L'(Qr) satisfying F(u) € (L”(Qp))V,
b € f(u) almost everywhere in Qr, b(0,z) = by almost everywhere in {2 such
that

—/ (b — by)&; +/ (a(xz, Du) + F(u)) - D§ = g fé (4.2.25)

holds for all £ € D([0,T) x Q).

Remark 4.2.9. Note that if (u, b) is a renormalized solution to (P, f, by) such
that u € L>(Qr) then (u,b) is a weak solution to (P, f,by). Indeed, as an
immediate consequence from (P1), and (P3) we get u € V. Now we fix £ €
D([0,T) x2) and choose h;(u) as a test function in (P4). As usual, we apply
the Gauss-Green Theorem and the boundary condition on the ,,convection®
term [, hi(u)¢ F(u) - Du and (P5) to estimate [, hj(u)¢ a(z, Du) - Du.
Passing to the limit with [ — oo, we find (4.2.2). The remaining conditions
for being a weak solution follow from (P1) and (P2).

Remark 4.2.10. For f € L>®(Qr), from (4.2.25) it follows that (b—by); € V".

If we replace
- [ @
T

((b="bo)e, E)vr,v

in (4.2.25), by density of D(Q7) in V' we can use test functions in V. There-
fore, the problem (P, f,by) is well-posed in V.

by

4.2.3 Integration-by-parts-formula

In the next Lemma, we prove an integration-by-parts-formula that will be
crucial in the following. The idea of the proof is the same as in [1] and
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the generalisations considered in [31] and [61]. The essential point is that
the Stekhlov average of a function v € V N L>®(Qr) defined by v,(-) =
%f'm v(o)do, n > 0, (appropriately prolongated outside (0, 7)) still belongs
to VN L>®(Qr) and converges to v in V' and weak-* in L>(Qr) as n | 0.

Lemma 4.2.11. Let § C R x R be a mazimal monotone graph, u € V,
b € LYQr) such that b € $(u) almost everywhere in Qr, by € L*(Q) with
b(0, ) = by almost everywhere in  and ug : @ — R be a measurable function
such that by € B(ug) almost everywhere in §). Furthermore, we assume that
there exists G € V' + LY(Qr) satisfying

/Q (b —bo)&: = (G, ), (4.2.26)

for all £ € D([0,T) x Q), where (-,-) denotes the duality pairing between
V' + LYQr) and V N L>®(Qr). Then,

b(t,x)
/gt / B((BY)(0))do = (G, h(u)€) (4.2.27)

for all h € CX(R) and ¢ € D([0,T) x Q).

Remark 4.2.12. Note that (b — by); € D'(Qr) is identified to G € V' +
LY(Qr) C D'(Qr) by formula (4.2.26).

Proof of Lemma 4.2.11: First note that there exist Lipschitz continuous
functions hy, hy : R — R such that h; is non-decreasing, hs is non-increasing
and h = hy + hy. Furhermore, there exists & > 0 such that supp h C [—k, k],
hence h(u) = h(T(u)) = h1(Tx(u)) + ho(Tk(w)) and obviously hy o Ty (u), hyo
Te(u) € VN L®(Qr). For £ € DH([0,T) x Q), (t,z) € Qr and 1 > 0 we set
¢ = hy(Tk(w))€ and

& (t ) = %/;Jm ((o,x)do. (4.2.28)

Note that ¢ € VN L>*(Q7) and the function &, : Qr — Risin VNWH>(Qr)
with &,(T,z) = 0 for all x € Q and n > 0. Using similar arguments as in
Remark 4.2.8, it follows that &, is an admissible test function in (4.2.26),
hence

(G.6) = / (b— bo)(&y)r

T

_ / %@(t +n,2) = C(t,2)) (b(t, ) — b(0, 7))

1
= 5([1 + Iy + I3), (4.2.29)
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where ((t,z) =0 for t > T, b(t,z) = by for t < 0, and

L - Ai&dﬂmw%@@zlfédﬁﬂw—m@

L = — /0 ' /Q C(t,2)b(t, z), (4.2.30)

o= - [t - cnanmo.n

- /OT[Z/tt+ng(a,x)da~0—/Q/tHnC(a,x)dmb(O,x)\f

= /On/ﬂg(t,x)b(t —1,T). (4.2.31)
From (4.2.30) and (4.2.31) we get
G6) =~ [ Clt.a)(b(t —m,2) — bit,2)). (4.2.32)
JQr

Now, since b(t, x) € B(u(t,x)) almost everywhere in Qr, hy 0T}, nondecreasing
and £ > 0 it follows that

1 1 b(t—n,z)
= [ C@a)(b(t —n,x) —b(t,x)) < — [ &) / hioTy o (87)°(0)do
,r] Qr /r’ Qr b(t,x)

(4.2.33)
If we define ¢y, : R — R U {+o0} by
mmm={£mOﬂow*www,ré7E,

400, otherwise,

from (4.2.32) and (4.2.33) it follows with the same arguments as in (4.2.31)
that

<G,€r]> < % 0 f(t,$)(¢h1 (b(t — n’x)) _ ¢h1 (b(t,l’)))
= %/T(é(t +1,2) = (8 2))(0n, (b(1, 7)) = dn, (0(0, 7))
1

b(t,x)
= .| €wrnn ) [ moTio 57 oo

(4.2.34)
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Passing to a subsequence if necessary, we have &, — £hy(T)(u)) asn | 0 in
V and weak-* in L*°(Q7), hence passing to the limit in (4.2.34) yields

b(t,x)
(G, hi(Ty(u))€) < / gt/b hioTy o (371)°(0)do. (4.2.35)

Note that since Ty (ug) € L>°(£2), there exists a sequence (ug ), C D(2) such
that Ty (uo,) — Tk(uo) in L'(Q) and almost everywhere in Q as n — oo.
For t < 0 and all x € Q we write u(t,z) = wup, and b(t,z) = by. For
¢ € DH([0,T) x Q) we define £(t,x) := &(—t,x) for t < 0 and all z € Q. If
¢ = hy(Tk(u))§, for (t,z) € Qr and n > 0 we define

~ 1/t

&t x) = — ((o,z)do, (4.2.36)

n t—n

then &, : Qr — R is in V N W'(Qr) such that &, (T,z) = 0 for all 2 € Q
and 1 > 0 sufficiently small. Using similar arguments as in Remark 4.2.8; it
follows that &, is an admissible test function in (4.2.26), hence

(G.E) = / (b— bo)(&)):
- / L¢tt2) — ¢t — ) (b(t. ) — b(0, 2))

1
_ %(J1+J2+J3), (4.2.37)
where
T T+n
no= [ [t = [ ] ce=nape -
Jy = —/0 /Qg“(t—n,x)b(t,x), (4.2.38)

and, for n > 0 sufficiently small,

W= ' [ et = 6t = n.0)p0.2)

T t t
= [ [ ] cowizo- [ [ comio 0]
0o JQJit—n Q Jt—n

= /_i/g{(t,x)b(t,x)

= /On /Q C(t—mn,z)b(t —n,x). (4.2.39)
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From (4.2.38) and (4.2.39) we get

(G, &) = %(h + Iy), (4.2.40)

where

C(t = n, ) (b(t —n,z) = b(t, ),

S~
I
S—
o)

n
f2=/ I (Te(uo) JE (bt — m, ) — b(t,2)
0

)

o [ tTiunn)) — b (T~ .2) ~ bt )

o
{O

Since —(hy o Ty, o (371)°) is nonincreasing, for any n > 0 we have

b(t,x)
/b —(hy o Ty 0 (57)")(0)do < —(b(t, @) = bt — 0, 2))ha (Ti(u(t — 1, )

(t—?’],l’)
(4.2.41)
almost everywhere in (n,7") x © and

b(t,x)
/b —(hy o Ty o (B 1)) (0)do < —(b(t,x) — bo)h1(Tr(ug))  (4.2.42)

(t_nv‘r)

almost everywhere in (0,7) x 2. Now, putting together (4.2.40), (4.2.41) and
(4.2.42) yields

(G.E) > % [ €t =000, (001, = on, blt = 0.2))

; / /Q<h1<Tk<uo,n>> — (T (uo))€ (b — bi(t, )

> l/ (§(t = n, @) = &(t,2))(n, (b(t, 7)) — &n, (0(0, 7))

Ui

A [ (T (uo.n)) = (T (u0)) €] (Jbo] + [b(¢, 2)])

1 ble.z) —1\0
= E/QT(f(t—n,x)—f(t,x))/bo hyoTyo(87) (0)do

-/ |71 (T (wo.n)) — ha(Te(uo))|IE[(J0o] + [b(2, z)]).
(4.2.43)
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Passing to the limit with | 0 an then with n — oo in (4.2.43) by Lebesgue
Dominated Convergence Theorem we get

(G, hy(Ty(u / gt/ " hy o Ty o (51)(a)do. (4.2.44)
T bo

Combining (4.2.35) and (4.2.44) finally we get

b(t,z)

for all h; : R — R non-decreasing and Lipschitz continuous and all ¢ €
DF([0,7) x Q). Replacing hy(Ty(u)) by —ho(Ti(u)) in (4.2.45) it follows
that (4.2.45) also holds for —hy(Ty(u)) and he(Tk(u)), hence we can also
replace hy(Tk(u)) by h(Tk(u)) = h(u) in (4 2. 45). For £ € D([0,T) x Q) we
have £ = £F 4+ ¢~ where 1 := max(0, ), £~ := min(0, ) are in WH(Qr).
By density, we can plug £, £ in (4.2. 45) to finally obtain (4.2.27) for all
h € C:(R) and £ € D([0,T) x Q). O

Remark 4.2.13. The integration-by-parts-formula of Lemma 4.2.26 still
holds for any h € Wh*(R). Indeed, there exists a sequence (h,), C C}(R)
converging to h in WP(R) for any 1 < p < oo and in L*(R) as n — oo.
Hence, for £ € D([0,T) x Q) and u € V, h,(u)¢ converges to h(u)¢ in V and
in L>(Qr) as n — 0o. Therefore we can pass to the limit in (4.2.27).

Proposition 4.2.14. For f € L'(Qr), by € L'(Q) such that there exists a
measurable function ug :  — R with by € B(ug) almost everywhere in § let
(u,b) be a weak solution to (P, f,by). Then (u,b) is a renormalized solution

to (P, f, bo)

Proof: Clearly, (u,b) satisfies (P1), (P2) and (P5).
Since u € L* (0,7} W(}’p(')(Q)), we have u € L'(0,T; W, (Q)) and Ti(u) €
LP~(0,T; LP)(Q)) for any k > 0. Moreover, the truncation function 7T} is
Lipschitz continuous for any k > 0, hence Ty(u(t)) € W,* (')(Q) for almost
all t € (0,T). According to the chain rule in Wy (Q) (see [76], Theorem
2.1.11, p. 48-49, [51], Corollary A.6, p. 54), it follows that

DT (u(t)) = D(T; o u(t)) = X{ju(t) <k Du(t)

in D'(2) for almost all ¢t € (0,7"), hence DTj(u) = X{juj<k}Du almost ev-
erywhere in Q7. By assumption we have u € V| hence u is finite almost
everywhere in Qr and it follows that [{k < |u| < k+ 1} — 0 as k — 0.
In particular, |Du[P®) € L'(Qr) and therefore (P3) holds. From (4.2.2) we
get that (b—bg); € V' + L' (Qr). Now, (P4) follows from the integration-by-
parts-formula in Lemma 4.2.11. L]
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4.3 Existence of renormalized solutions
The main result of this section is the following theorem:

Theorem 4.3.1. For each f € L'(Qr) and by € D(Ag)ll'HLl(Q) there exists a
renormalized solution to (P, f,bg).

To prove Theorem 4.3.1, we will use several approximation procedures.
First, we prove existence of weak solutions for L*>-data.

4.3.1 Existence for L*°-data

In a first step, for bounded data f € L>®(Qr), by € D(Ap )H et L>(Q),
we prove existence of a weak solution to our elliptic-parabolic problem with
an additional strictly monotone and continuous perturbation ¢ : R — R,

¥(0) =0, i.e.

B(u)y +¥(u) — div(a(x, Du) + F(uw)) 3 f in Qr,
(Pﬁwafabﬂ) u=>0 OHET7
B(u(0,-)) 3 bo in Q

To this end, we define the nonlinear operator

Agy :={(b,w) € L'(Q) x L'(Q) : Ju : @ — R measurable,
b e [(u) a.e. in Q, u is a renormalized solution of (4.3.1)
— div(a(z, Du) + F(u) u) =w},

where a definition of a renormalized solution to the above problem is obtained
from Definition 3.1.1 upon setting f = w — ¥ (u) — by. Using the same argu-
ments as in Subsection 4.1.1 it follows that Ag, is m-accretive in L*(2) and
D{A50) " = D{A;)"'" iie. to cach (f,by) € LX(Qr) x D(Ag,) *'
there exists a unique mild solution b € C([0, T]; L' (2)) of the abstract Cauchy
problem

db
+ Agyb>s fin (0,T
(ACP)(f,0.b0) d dt 0.
b(0) = b

corresponding to (P, v, f,by). Moreover, for f € L>®(Qr), by € D(Aﬁ)”'”“‘mm
L>(Q), b is the uniform limit of piecewise constant functions b. : (0,7) —
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LY(Q) defined by b. = b5 on Jt5_4,t], i = 1,...,N(e), b-(0) = b where
(ug, bs )fi(f ) is a solution of the discretized problem (see Proposition 3.3.2)

(bs € LM(Q),us € WP (Q) N L2(€),

€ €
f{n<|uf|<n+1} a(xv DUZ) : DUZ —0asn— o0,

b b,

Jo =0+ [olalz, Duf) + F(uf) - Do + Jod(uf)e = [, fie
Vo € Wy (Q)

b; € B(us) a.e. in

., N(e).

(DP&Q/,) 3

1 =1

\ .
given by an equidistant time discretisation of the form
h=0<t] <...<tlye =1,
te—t ,=¢ Vi=1,...,N(e),
(D) S e 7o )i — . Ne) [t e
Fre 5@ = 1o N SO [ 15(0) = Folsordt < =
by € L>=() : [|b5 — boll 1) < e
If we define the piecewise constant function w. : (0,7) — W, * (')(Q) by

us(t) = us for t € (t5_;,t5) and i = 1,..., N(¢), the following a priori esti-
mates hold:

Lemma 4.3.2. Let u. be defined as above. Then, the following results hold
for all e > 0:

i.) There exists a constant Cy(|| f||ze(Qy), |boll L)) > 0 not depending on
e > 0, such that

19 (ue)ll L= @r) < Crlllflloe(@r)» 0ol e ()- (4.32)

ii.) There exists a constant Co(|| f|lLe(@r): ol zee(02), %) > 0 not depending
on € >0, such that

[el oo @y < Colllf Nl oe(@r)s 1ol Lo (), ) (4.3.3)

iti.) There exists a constant Cs(7y, C1(|| f|lLeo(@r), |bollL=(0))) > 0 not de-
pending on € > 0, such that

T
| [1per® < cs.Culflimop Inllma). (@34)
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Proof: Asin [18], [2], fori = 1,..., N(&) we choose p(u$) as a test function
in (DP. ) where p € Py = {p € C*(R); 0 <p’ <1, supp p’ compact, 0 ¢
supp p}. Upon integrating over (t5_,,¢5) and summing over i = 1,... N(e)
we obtain i.) and from i.) we deduce ii.) since 9 is strictly increasing and
continuous. To prove iii.), for i = 1,..., N(e) we plug u{ a test function in
(DP.,) and use analogous arguments as in the proof of Lemma 4.2.1. [

In the next steps we will show that a subsequence (u.,b.)., converges
to a weak solution (u,b) of (P4, f,by) as € | 0. Since the (uniform) con-
vergence of (b.). is a straightforward consequence from nonlinear semigroup
theory, the main difficulty is to obtain almost everywhere convergence (up
to a subsequence) of (u.).. In general (see [2], [68] for the case of a constant
exponent), we have to solve approximate problems (Py, v, f,by) where we
replace § by 3+ %I , for £ > 0. The result of the following lemma allows us
to skip this approximation step in the particular case when (3 is a continuous,
non-decreasing function.

A technical lemma

Lemma 4.3.3. Let 3 be a continuous and non-decreasing function, f €

L®(Qr), by € D(A7) "™ A Lo(Q). Fore, 6 > 0 let (D.), (D) be

equidistant time discretisations and (u5, bf)iﬁ(f), (u?,b?)j]‘i(f) solutions of the
corresponding discretised problems (DPF: ) and (DPs,). Assume that the
piecewise constant functions b.,bs : [0,T] — LY(Q) defined by b.(0) = b,
bs(0) = b, be(t) = b5, bs(t) = b fort € (t;_y, ] andt € (t]_,,t}] respectively,

i=1,...,N(e), 7 =1,...,M(8) converge to a function b € C([0,T]; L'(2))
as €,0 | 0 in L>=(0,T; L (Q)). Then,

in | ' | 1ot = (g =0 (4.3.5)

£,010
holds for the piecewise constant functions ue,ugs : (0,1) — Wol’p(')(Q) defined

by ue(t) = us fort € (t5_,t5] andi=1,...,N(e), us(t) = ul fort € (£2_,,]
and j=1,...,M(9).

Proof: Let t, s denote two variables in [0, T, £ € D(0,T), £ > 0 and (pn)»
be a sequence of mollifiers. We write the variable ¢ in (D.) and the variable
s in (D). For j € {1,...,M(0)} fixed, we plug Ty (u — ul)pn(t; — s3)E(t5)
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as a test function into (DP.,) to obtain
1

bf _ bf_ g g g
. / S T (uf — ud)pa (£ — $D)E(t)
QO 15

1 1> € € &g 15
3 [ pults = e e D) + () - DT =)
i [ BT~ ot - e

1
- / FET (s — ud)pa (£ — $0)E(E9)

(4.3.6)

foralli =1,...,N(e). Fori € {1,...,N(e)}, fixed, we plug T (ud—us) p, (5 —
s2)E(t5) as a test function into (DPsy) to obtain

1 b? _ b?—l 1 € 15 é €
7 Tk(“j —ug) pn(t; — 5j)§<ti)
k Jo )

1 € 3 3
w3 [ pults = D e D) + Plad)) - DT =)

) (4.3.7)
[T — ot — e
1 15 g €
1 | BT = o = e
for all j = 1,...,M(§). If we define the piecewise constant functions f. :

(0,T) = L=(Q), & : (0,T) — Rand g5 (0,T)2 — Rby (1) = f5, &(t) =
(%) for £ € (15, 8] and p57(t, ) = pa (15 —58) for (1,5) € (15, ] % (s, 50,

n

integrating (4.3.6) over (t5_,, 1) and summing over i = 1,..., N(¢) yields
It + 5+ I5 =17, (4.3.8)
where
=g [ ] O - it s, (139)
0

e __ 1 T .
I3 = E/o /S)¢(u€(t7x))Tk(Ug(t,I’) - ug)pn‘s(t,sﬁ){s(t)dxdt, (4.3.10)

1 : £9(t, s° a(x, Du Ue)) - u(t, ) — ud)dx
B [ [ sDeiate Du) + Flu)) - DTiuc(t ) = )dar,
(4.3.11)
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Furthermore, for r € R and j = 1,..., M(0), we define
fzﬁ T.((B7H%0) — u?)da, if r € R(B)
¢Tk( —u5)< ) :

400, otherwise.
Since Tj(uf — uf) C Oy, (. ( ¢) forall i =1,..., N(¢) and almost every-
where in (2, we have
N(a

Now, observe that

Z(d)n(-w;ﬁ)(bf) = &y (—us) (V1)) pu (85 — $7)E(15)
= O, (—us) (05) (pn(t541 — $)E(tE1) — palt; — sDEEF))  (4.3.13)

= Y [ b @) alt = e,

hence setting b.(t) = b for all t € (—¢, 0] from (4.3.12) and (4.3.13) it follows
that

1 T—e
£z [ 5 / Oty (0 (palt2 = )€ (t2) 4, (e~ sD)E(t+)) .

(4.3.14)
If we define the piecewise constant functions us : (0,7) — W, " (), o, P

(0,7)> — R by us(s) = uf, p(t,s) = pu(t —s3), pls(t,s) = pl(t —s9)

for t € [0,7] and s € (s2_ 1,5?] j = 1,...,M(9), integrating (4.3.8) over

(s9_1.9) and summing over j = 1,..., M(8) from (4.3.9) - (4.3.14) it follows

that
_ _/ / 5/ ¢Tk —us(s)) ([)n(t + € S)é”(t + 8) + p:ws(t + e, S)f(t + E))dl’dtds
/()T]Z/ t S 55 (ZL‘, DUg) + F(UE)) . DTk(uE(t7qj) — U&(S,JT))dJTdtdS
- /[OT]2 / (u) Ty (ue(t, ©) — us(s, ) p=0 (¢, 8)E-(t)dudtds

=k /()T]z/ Fe ()T (uc(t, 2) — us(s, ) pi° (¢, 5)6c (1) dwdtds.
(4.3.15)
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Now, we define the piecewise constant function fs; : (0,7) — L*(Q) by
fs(s) = f) for s € (s)_;,s%], and j = 1,...,M(d), integrate (4.3.7) over

1555
(3?_1, 3?) and sum over j = 1,..., M () to obtain
B+B+15=1, (4.3.16)
where
1 [T
B=p | [ st — )it ¢ dads, @37
o Ja

1 T
. / / (us) Ti(us(s, @) — )i (15, $)€()dods,  (4.3.18)

and

B [ [ 5 96 el Du) + Flws) - DTufus(s ) — s
(4.3.19)

Setting bs(s) = b) for all s € (—4,0], with similar arguments as in (4.3.14)
it follows that

T—6
Bz [ onen @ = s+ 9)e)des
1
= 1 [ oncnGaoDm)e )z, (4.3.20)

where, for r e Rand i =1,..., N(¢g),
Ji T8 (0) — wi)do, if r € R(B)
~+00, otherwise.

¢Tk('7u§)(7ﬂ) = {

Next, we define the piecewise constant functions pf, p;, . : (0,7)*> — R by
Pt ) i= pu(t — ) and gl (1, 5) i= pl,(t —s) for all s € [0,T], t € (t_y, &),
i =1,...,N(¢). Integrating (4.3.16) over (¢;_;,t5) and summing over ¢ =

i—17 "4
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., N(¢e) from (4.3.17) - (4.3.20) it follows that

/ /T 6/ D1, (—ue) (05) 0, (t, 8 + 0)&(t)dwdsdt

/[OT] Qﬁka ey (05(0)) 5 (2, 0)&.(t)ddt

)

/ ]2/ (t,s)&:(t)(a(x, Dus) + F(us)) - DTy (us(s,x) — us(t, x))dxdtds
—Awlymmum@w—wwmm%@mwmmm

1 5
SE/[O’T]Q/Qf(;Tk(u(;(S,x) —ug(t, ) pP(t, 5)E.(t)dadtds.

(4.3.21)

Taking the sum of (4.3.15) and (4.3.21) we find
]{c,s,(s,n+I§,6,5,n_'_I:;c,e,é,n+If,s,é,n_i_IElf,s,&,n_i_Iéc,s,S,n S Iée,s,&,n (4322)

where

ke, A
kJo J_. Q

(P (t+e,9)E (t+e) + pls(t+e,8)E(t +¢e))dadtds,  (4.3.23)

1 T T—6
preon 1 / / 1y (bs) s (8, 5 + 8)EL(t)dardst,
ko Jos Ja ’

f“”:——/(/@ﬂﬂxmeﬁomwmm

eor=p [ [t st Du) ot pugy 4520
[0,7]2
- DTy (ue — ug)dxdtds,
phedn _ / / (t, 8)E (1) (F(uz) — F(ug))-
0,72
DT (ue — us)pS(t, s)E.(t)dadtds,
phedn 2 / / (ue) — W(ug)) T (ue — ug)p=0 (8, 8)Eo(¢)dadtds,
0,72

Ik € 671 o / / fé Tk _ u(s)pi";(t, S)SE(t)d.xdtdS
(0,772
(4.3.25)
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Now, we will pass to the limit with £ | 0in (4.3.22). Note that by (DPF. ),
(DPs,) and the continuity of 5 we have b. = ((u.) and bs = [F(us) almost
everywhere in Q. Since ;7T (u. — us) — signg(u. — us) almost everywhere in
Q7 as k | 0, by Lebesgues Dominated Convergence Theorem it follows that

T—e
1}551[“5" = / / /|b5 ) — b (B)|((t +€,8)E (t +¢)

+ st +e,8)E(t + ¢))dadtds,

T-6
1%1’”5” :// /ybg ) = be(t)] ol o(t, 5 + )& (t)dwdsd,
(4.3.26)

T
lim [550" = — / / 15(0) — bo(£)| 65 (£, 0)E. (£)dwdlt,

k[0
150 = [ o) — s )6 () dadras
k10 [0,7]?
lim I2*0" = / / — f5) signg(ue — us)pS0 (t, 8)E(t)dxdtds.
k10 0,7]2
(4.3.27)
Since F'is locally Lipschitz continuous, it follows that
. ke, bn
llggl I =0 (4.3.28)
and, by (A3) we have
lim sup /50" > 0, (4.3.29)
k10

hence, using (4.3.26), (4.3.28) and (4.3.29) from (4.3.22) we get

—/T /T/ bs(s) — ba(1)

(P°(t +e,8)E (t+¢) + py, 5(t + €, 8)E(t + €))dadtds

/ /T 5/|bé — b-(t)] 0, o(t, s + 0)&-(t)ddtds
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[ [ s0) = b0 00 oy
jQTV&/W¢)uE U(us)|p3 (t, 8)&(t)dudtds (4.3.30)

/[OTP/ |fo — f5lpE0(t, 5)E(t)dadtds.

By assumption, bs,b. — base,d | 0in L°°(0,T; L*(2)) and b € C([0, T]; L*(R)).
Moreover, as €,d | 0, we have &.(t) — &(t), p5(£,0) — p,(t) for all t € (0,7),
620 (,5), P21, 5) and pi(t, 5) — pult — ), ph.(t,5) and gl 5(t,5) — Pl (¢ —5)
for all (¢,s) € (0,T)* and all these function sequences are uniformly bounded
in (g,d). Therefore, we can pass to the limit with €, | 0 in (4.3.30) and

obtain
'+ 13 + 13 <0, (4.3.31)

where

- /[0 . 10 = b5t = )¢ 0.

I - / JCORGIAGRO
0 Q

Iy = limsup/ /W uz) — Y(us)|pS0 (t, )€ (t)dudtds. (4.3.32)
€,610 [0,772

Finally, n — oo in (4.3.31) yields

limsuplimsup/ / W (ue) — b (us)|pS° (L, 8)E(t)dadtds < 0. (4.3.33)
(0,77

n—00 £,010

Now we are in the position to conclude the proof: Choosing an arbitrary (not
relabeled) subsequence of

([ [ oo - tustaoat

by Lemma 4.3.2, (4.3.2) there exists a € L*(Qr), such that, extracting
another (not relabeled) subsequence if necessary,

(l(ue) = P(us)]). s — o (4.3.34)

weak-x in L®(Qr) ase,d | 0. Since fo P20 (-, 8)ds £.(+) converges to fOT ol —
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s)ds &(+) as €,6 | 0 in LY(0,T), it follows from (4.3.34) that

lim_lim / / / 5(t, 5)ds &(8)|1(ua(t)) — v(us(t))|dudt

n—o00 €,0]0

:y&A‘AZ:%@—@@§@ML@Mﬁ
_ /0 ' /Q ()alt, x)dwdt

— i [ [ elto) - vl ot

For 0 < 6 < 7' < T, we choose £ € D(0,T) such that 0 < ¢ <1 in [0,7] and
¢=1in [0, 7]. Now, using (4.3.2), (4.3.35) and (4.3.33) we get

lim / / 0(ue(t)) — (s (8)) | dudt

< lim / / 6 (e (1)) — (g (1)) € (1)l

€,010

(4.3.35)

~ Tim lim / / / 3, 5)ds € (1) (ua (1)) — (us(t))|dudt

n—o0 ,6]0

< limsup lim sup / / | 6 = s, ) ) dads

n—00 £,010

+limsuphmsup/0 /0 /mea(t)) — h(us(s))|p2°(t, 8)&5(t)dadtds

n—00 €,010

T /T
+11£ﬂ_)3£p111;171£3p/0 /0 /Q|¢(U6(t))_¢(ua(3))|

(P30 (t,9)8:(1) — P (1, 8)&5(t))drdtds
<0,

(4.3.36)

hence

lim / /Q (ue(t)) — W (us(t))|dadt = 0. (4.3.37)

€,010 0

Since we started with an arbitrary subsequence, (4.3.37) holds for the whole

sequence
(/ /W us) — Y (ug \dxdt)
€,0

and the proof of the lemma is completed. O
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Remark 4.3.4. In the general case When [ may be set-valued, we could
follow the idea of [22] to choose Ty (uf — uf + km) as a test function in (4.3.6)
and Ty (u} — uf — km) as a test function i 1n (4.3.7), where m € D(Q2). Then,

T ,T—¢ be
lim IP50" = — / / / / signg((871)"(0) — us) + X{(5-1)0()=us) TdO
k10 0 —€ Q Jbs

(Pt +e,8)E (t+e) + pls(t +e,8)E(t +€))dudtds
(4.3.38)

and

li Ikz—:&n o =0 bs d
ho 2 \ signg((871)°(0) — ue) = X{(5-1)0(0)=u.} 7O

pns(t s+ 5)55( t)dxdsdt.
(4.3.39)

To continue in the proof of Lemma 4.3.3, it would be necessary to choose
7 = m such that m — signg(u.(t) — us(s)) as I — oo in L'([0,T]* x Q).
Unfortunately, it is an open problem how to perform the former calculation
of the proof if 7 is assumed to be time dependent.

( continuous, non-decreasing

The a priori estimates of Lemma 4.3.2 and Lemma 4.3.3 imply the following
convergence results for the approximate solutions of (DP. ) for € | 0:

Lemma 4.3.5. Let ¢ > 0 take values in a sequence in (0, 1) tending to 0. For

feL>Qr), bp € D(As )H let@) L>(§2) let u., b. be the piecewise constant
functions defined by (DP- ). Then there exist functions b € C([0,T); L*(Q)),
u € VNL®Qr) and ® € (LPO(Qr))N such that for a not relabeled subse-
quence of (u:). we have the following convergence results for e | 0:

i.) u. — w almost everywhere in Qr, weak-+ in L*(Qr) and weak in

L (0,75 Wg " (),
ii.) be — b ain L>(0,T; L' () and b = B(u) almost everywhere in Qr.
iii.) Du. — Du in (LPO(Qr))Y,

w.) a(z, Du.) = @ in (L”(Qr))N
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Proof: If (¢,), C (0,1) is a sequence tending to 0 as n — oo, applying
Lemma 4.3.3 with u. = u,,, us = u.,, for m,n € N yields that (passing to a
subsequence if necessary)

|¢(uen> - ¢(uam)| —0

almost everywhere in Qr as m,n — oco. Hence, (u,, ), is a Cauchy sequence
almost everywhere in ()7 and there exists a measurable function v : Q7 — R
such that u., — wu almost everywhere in Qr as n — oo. By (4.3.3) and
(4.3.4) it follows that u € V' N L*>(Qr) and i.), éii.) hold. By definition of
the operator Ag,, assuming (3 to be a continuous, non-decreasing function
it follows that b.(t) = B(u.(t)) a.e. in (0,7) for all ¢ > 0. Keeping in mind
that by nonlinear semigroup theory, (b.). converges to the mild solution b €
C([0,T]; L*(2)) of (ACP)(f,,b) as € | 0 and using 7.) and the continuity
of (3, di.) holds. Applying (4.3.4) and (A2) (and passing to a subsequence
if necessary), we find that a(z, Du.) — ® in (L7 (Qr))YN for some & €

(L"O(Qr))". 0

Using the convergence results of the preceeding Lemma, we have the
following existence result:

Proposition 4.3.6. If 3 : R — R is a continuous and non-decreasing func-

tion, then there exists a weak solution (in the sense of Definition 4.2.2)

(u, b= B(u)) to (P, f,b) for any f € L=(Q7) and any by € TAg)H‘”Ll(Q)ﬂ

L®(Q) .

Proof: Let b, : [0, 7] — L*(Q2) be the piecewise linear function defined by
bo(t) = bf, + =L (be— b5 ) for t € [t5_,,#],i=1,...,N(¢). For arbitrary
1

E—ts_
€€ D(0,T) x Q) and t € [0,T) the function Q@ > = — £(¢,x) is in D(Q),
hence we can use it as a test function each equation of (DP. ). Integrating

over (t5_,,t5) and summing over i =1,..., N(e) we find

_ /O /Q b6+ (ale, D) + F(us) - DE + d(u)é — /Q B(0)€(0, )

=/OT/Qf£5.

Since b, — b in C([0,T]; L*(2)) as € | 0, using the convergence results of
Lemma 4.3.5 we can pass to the limit in (4.3.40) to obtain

(4.3.40)

. /0 ' [0+ @+ Flw) - DE + vl = /0 ' [ e @san
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forall £ € D([0,T) %), where b = ((u). It is left to prove that & = a(z, Du).
To this end let k be a non-negative function in C>*([0,7")). We discretise
k with respect to (DPHZ,) by setting k.(0) = x(0) and k.(t) = k(t5) for
te (5, t5]and i =1,..., N(e). Taking x(t;)us as a test function in (DP- ;)
yields:

ba - ba 1 e e e e\, € € €
() / %Pl (ale, Dug) + F(uf)) - Duk + p(ul)u = / feR(ts)u

£
(4.3.42)
foralli =1,...,N(g). If we define ¢,y : R — RU {+0o0} by
T —1\0 d f 7N
~+00, otherwise,
since b = (B(us) for all i = 1,..., N(e) it follows that
b — b 1 1 . .
A [ (o) = L(0ult) - dulti ) (4344)
bE

i—1

a.e. in Q. Now, integration over (t;_;,¢7) in (4.3.42) and summation over
i=1,...,N(e) yields:

Z / Dual05) — BualVE_))(E9)

n / he((a(er, Dus) + F(u)) - Dute + d(us)us) < | frnern,
T Qr

(4.3.45)

where u. : (0,7) — W,” (')(Q) is the piecewise constant function defined
by u.(t) = uf for t € (tf L], i =1,...,N(e) and f. : (0,T) — L>*(Q)
is the piecewise constant function defined by f.(t) = ff for t € (t5_, 5],
i=1,...,N(e). Using summation by parts in the first term of (4.3.45) and
setting b.(t) = b5 for t € (t5_, 5], i = 1,...,N(¢e), b-(t) = b for t € (—¢,0]
it follows that

/ kea(z, Du.) - Du,

o ke (t + ) dia(be a6 ko (0 (4.3.46)
</ ),

/ e (F(us) - Due + () — f2)u2).
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Using the convergence results of Lemma 4.3.5, there is no problem to pass
to the limit with € | 0 on the right-hand side of (4.3.46). Moreover,

lim sup/ kea(x, Du.) - Du,

€l0 T

> lim sup/ ka(x, Du.) - Du. + lim inf/ (ke — k)a(x, Du.) - Du.
T

€l0 el0 -

(4.3.47)

where the second term on the right hand side of (4.3.47) is 0 by (A2), (4.3.4)
and since ||k; — k| z0,r) — 0 as € | 0. Combining (4.3.46) with (4.3.47) and
passing to the limit with € | 0 we find

lim sup/ ka(x, Du.) - Du,

el0 T

< / (0t / bualbo)r / K (F(u) - Du+(u)u — fu).
(4.3.48)

Since (4.3.41) holds, we can apply the integration-by-parts formula of Lemma
4.2.26 with h(u) = v and £ = Kxq to obtain

b(t,x)
T bo

(4.3.49)
:/ K(F(u)- Du+ ® - Du+¥(u)u — fu)

for all Kk € C°([0,T")), x > 0. Combining (4.3.48) and (4.3.49) we finally get

€l0

lim Sup/ ka(x, Du.) - Du. < / Kk® - Du. (4.3.50)
T T
Therefore it follows that

lim sup / w(a(z, Du.) — a(x, Du)) - (Du. — Du) < 0 (4.3.51)
€l0 T

forall k € C*([0,T)), k > 0. Using (A3) and Minty’s monotonicity argument
we get & = a(z, Du) from (4.3.50) and (4.3.51). Moreover, choosing x =
X, for 0 <7 < T, from (4.3.51) we obtain a(x, Du.)- Du. — a(x, Du)-Du
weak in L'((0,7) x Q). O
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The general case of multivalued f3

Now, let # C R x R be a maximal monotone graph. To continue the proof of
Theorem 4.3.1, we proceed as in [68] (see also [69]) in the case of a constant
exponent and combine the techniques developed in [22] with the approach
from [2] so that we do not need the additional assumption that 37! is con-
tinuous and defined on R if we accept one more approximation procedure.
Once we have found the appriopriate energy space V', there will be no great
difficulties arising from the variable exponent. However, the following tech-
nical assumption on 3 will be needed later: To prove a comparison principle
that will be used instead of Lemma 4.3.3, we assume from now on that [ is
such that for any n € N, the number of points in [—n,n| N D(B) where the
image of § in an interval is M,, € N. Since [ is maximal monotone in R x R,
it follows immediately that the set of points in D(3) where 3 is set-valued
must by at most countable. Due to our technical assumption we exclude the
case that this set has an accumulation point in a finite interval of D((3).

For the first approximation procedure let us regularize 3 by G := 8+ %I ,
k > 0. Clearly the results of Subsection 4.1.1 still apply to the nonlinear
operator

Ag, v ={ (b, wy) € L' () x L'() : Juy, : Q@ — R measurable,
br € Br(ug) a.e. in  and wuy is a renormalized solution of
— div(a(z, Dug) + F(ug)) + ¢ (ug) = wy }

and therefore there exists a unique mild solution b* € C([0, T]; L*(Q)) of the
abstract Cauchy problem

db®

— + Ag 0" 2 fin (0,7),
(ACP) (v, f,bf) { dt

¥ (0) = b

corresponding to (P, ), f,bf) for any given f € LY(Qr), bl € D(Aﬁk’w)u'”“(m
and k£ > 0. Moreover, it follows from the results for the elliptic case (see
Theorem 3.1.2) that for any f € L'(Q)

B ([(7+ Ag, )7 f = (T + Ag) ™ fllzre) = 0. (4.3.52)

Applying the a priori estimates of Lemma 4.3.2 we get the following conver-
gence results for the solutions of the discretized problems (DPEIfw):
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Lemma 4.3.7. For f in L®(Qr), b € D(Az, ) " ®AL*(Q) and e, k > 0
let (6, w>YNO be o solution of the discretized problem (DPE,). Fork >
0, let b* € C([0,T); L*(2)) be the L>(0,T; L*(Q))-limit of the sequence of
piecewise constant functions (b¥). defined by bF : (0,T) — L'(2)), b¥(0) =
by*, bE(t) = bF for t € (t5,t5] and i = 1,...,N(e). If we define u* :
(0,T) — WP Q) NL=(Q) by u(t) = uSF fort € (154, t],i=1,...,N(e),

there exists u* € VN L®(Qr) and a subsequence of (uf). such that, ase | 0,

i.) uf — u* almost everywhere in Qr, weak-x in L>®(Qr) and weak in

L (0, T; Wy ™ (),

ii.) b% — b in L>°(0,T; LY (), in LY(Qr) and almost everywhere in Qr.
Moreover, b* € By(u*) almost everywhere in Qr,

iii.) Duf — DuF in (LPO(Qr))N,
iv.) a(x, DuF) — a(x, DuF) in (LPO(Qr))V.

Proof: Using the a priori estimates (4.3.2), (4.3.3) and (4.3.4), it follows
immediately that there exists u* € V N L®(Qr) such that, passing to a
subsequence if necessary, iii.) holds and u* — u* weak-* in L>(Qr) and
weak in L (0, T: Wo ") (€2)). The convergence of b¥ to b¥ in L=(0, T; L'(€2))
follows immediately from nonlinear semigroup theory and this implies the
other convergence results for a subsequence of (b}).. By (DPF,), we have
bF € Br(uF) almost everywhere in Q7. Since 3 is a maximal monotone graph,
(B+71)~" = k(kpB-+1)"" is single-valued and Lipschitz continuous in R, hence
ul = (B+ £1)71bE converges to u¥ = (B+ 11)71b* almost everywhere in Q7.
Therefore i.) and 4i.) hold. Finally, iv.) follows with the same arguments as
in the proof of Lemma 4.3.5 and Proposition 4.3.6. O]

Using the convergence results of Lemma 4.3.7 we can prove the following
result:

Proposition 4.3.8. For any k >0, f € L>®(Qr) and b} € D(Algk,w)”.”Ll(Q) N
L>=(Q) there exists a weak solution (u®,b*) to (Py, 1, f,bF). In particular, b*
is the mild solution of (ACP)x (v, f,bE).

Proof: The assertion follows according to the convergence results of

Lemma 4.3.7 and by similar arguments as in the proof of Proposition 4.3.6.
O

Next we want to obtain a weak solution (u,b) of (P, f,by) for f €
L>(Qr) and by € D(A@w)u'”“(m NL> () by passing to the limit with k& — oo
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in the approximate equations (P, v, f,by). The convergence of the sequence
(b¥)), is an immediate consequence of nonlinear semigroup theory:

Lemma 4.3.9. Ifby is in (Ag’w)MLl(m such that there exists (bf)r, C LY(Q)

with bE € D(Aﬁkvw)wwm for all k > 0 and bE — by in L' () as k — oo, then
V* converges in C([0,T]; LY(Q)) to the mild solution b of (ACP) (1, f,by) as

k — oo.

Proof: From (4.3.52) it follows that Ag,, C liminfy_ ., Ag, , and therefore
the assertion follows according to nonlinear semigroup theory (see, e.g. [17]).
O

The main difficulty of this step is to show almost everywhere convergence
of a subsequence of (u*),. As we have already mentioned in Remark 4.3.4,
it is not possible to genereralize the result of Lemma 4.3.3 directly. The
following comparison principle is a corresponding result for multivalued [
and was proved in [22] and [68] in the constant exponent case:

Lemma 4.3.10. For f € LY(Qr), I,k >0, b, b, € L*(Q) such that

Jim [bg — bl ) = 0

let (u*,b%), (u',b") be the weak solution of (Py,, f,bF), (P, v, f,bl) respec-
tively. Then,
0
i [ [ o) = wlw)] =0 (43.53)
T Q

k,l—oo

holds for all0 <7< 6 <T.

Proof: The proof of this lemma follows the same lines as the proof of the
corresponding result in the case of a constant exponent p as stated in [68],
Proposition 4.2.2., p. 104-114 and p.116 (see also [22], Proposition 4.2, p.
402-416) and is omitted here in detail. It is based on Kruzhkov’s doubling
of variable technique (see e.g. [53]) that has been adapted by other authors
(see [46], [47], [61], [31], [32], [2], [22], [68]) to prove uniqueness results and
comparison principles for elliptic-parabolic problems. In our particular case,
we only have to double the time variables: Let t,s denote two variables
in [0,7]. We write the ¢ variable in the weak formulation of (Py,1, f,b%)
and the s variable in the weak formulation of (P}, 1, f,b}). For § > 0, and
r € R we define the function r — ns(r) by ns(r) := 3T5(r). According
to the integration-by-parts formula of Lemma 4.2.11 we choose ns(uy(t, x) —
w (s, ) +0m(x))p(t) pn(t—s) as a test function in (Py, ¥, f,bF) and (B, v, f, b))
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where m € D(Q2) such that 0 < 7 < 1, ¢ € D([0,T)) such that ¢ > 0 and
(pn)n is a sequence of mollifiers in R. There is no problem to pass to the limit
with 0 | 0 in the diffusion and the convection term because F' is assumed to
be locally Lipschitz continuous. In order to pass to the limit in the parabolic
term, we have to distinguish between the points where [ is single-valued
and where it is set-valued and want the sums over the number of points in
[—n,n|N D(B) where the image of 3 is an interval to be finite for fixed n € N.
Here we need the technical assuption on  that these numbers have to be
M, € N < +o0 for [—n,n] N D(B) and n € N. Further we proceed with
similar arguments as in Lemma 4.3.3. O

Using this result, we can prove the following

Fawaymmmn HPA1

Proposition 4.3.11. For any f € L>*(Qr) and by € D(Azy) “ ¥ N
L>(Q) there exists w € V N L*(Qr) and b € C([0,T]; L*(Q)) such that
(u,b) is a weak solution to (P, f,by). In particular, b is the mild solution

of (ACP)(¥, f,bo)-

Proof: According to Proposition 4.1.1, we have
D(As0) " € D(Age)

for all k > 0. Therefore, if by is in D(Ag,w)wlmm) N L>*(Q) it is in

D(Ay ) 141@ A Lo(Q) for all k > 0 and by Proposition 4.3.8, (Py, . bo, f)
has a weak solution (u*, %) C (VN L>(Qr)) x C([0,T]; L*(2)) for all k > 0.
In particular,

/Q ~(H b+ o, D)+ () - DE v = [ g (4350

holds for any ¢ € D([0,T) x Q). By Lemma 4.3.9, b* — b as k — oo in
C([0,T]; L*(Q)), where b € C([0,T];L'(Q)) is the mild solution of
(ACP)(, f,by) and therefore b(0) = by almost everywhere in Q. From
Lemma 4.3.10 it follows with the same arguments as in the proof of Lemma
4.3.5 that there exists a measurable function v : Qr — R and a (not rela-
beled) subsequence of (u*); such that u* — u almost everywhere as k — oo.
Since the a priori estimates of Lemma 4.3.2 still hold for «*, independently
of k > 0, it follows that, as k — oo and up to a non-relabeled subsequence,
u* converges to u weak-* in L*(Qr) and weak in LP~(0,T;W,” ')(Q)),
Du* — Du in (LPY)(Q7))N, hence u is in V N L>(Qr). Moreover, there
exists ® € (L) (Qr))Y such that a(x, DuF) — & weak in (L") (Qr))" as
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k — oo. Using these convergence results we can pass to the limit in (4.3.54)
and find that

[ o-wer [ @rra)pes [ wme= [ ge s

holds for all £ € D([0,T) x 2). Next, we prove a(z, Du) = ®. To this end,
we fix 0 € D([0,T)), 0 > 0 and [ > 0. Since (4.3.54) holds, by Lemma 4.2.11
we can use oT;(u¥) as a test function and obtain

bk 1
oy Tio(B+ —1)"'(s)ds + oa(x, DuF) - DTy (u*)
/ . /bo k / r (4.3.56)
—— [ (P DT + (6(u) - 1)T().

There is no problem to pass to the limit with £ — oo on the right-hand side
of (4.3.56). To pass to the limit in the first term on the left-hand side, we
write

bk
/ Tio(B+ %1)—1(5)615 =L+ 1 (4.3.57)

bo

where, since b* € (3 + £I)u* almost everywhere in Qr,

b* Ti (u”)
L= [ e+ 0 s = KT - [+ 106 (1359

(see [1], [6], [61]) almost everywhere in Q7 and

bo
I = _/ Tyo(5+ %I)_l(s)ds. (4.3.59)
0

Now, setting uo := (371)%(by) we have (by + fuo) € (8 + 11)uo, hence

T (uo) 1 bo+3uo 1
I, = —boT(ug) +/ (8° + E[)(s)ds — / Tyo(B+ EI)_l(s)ds
0

b
’ (4.3.60)
almost everywhere in 2. Passing to the limit with k& — oo we find:
Ty(u)
klim I = =0T (u) +/ (8°)(s)ds
o 0 (4.3.61)

b
. / Tjo (37)0(s)ds
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almost everywhere in Q7 and

1) (uo)
lim T, = —boTi(ug) + /0 (8%)(s)ds

k—o0

. (4.3.62)
. / Tyo (57)"(s)ds

almost everywhere in (). Now, thanks to Lebesgue Dominated Convergence
Theorem it follows that

lim — at/Tl ﬁ+ /O’t/Tl s)ds
k=00 QT b T bo

(4 3.63)
and therefore
hin—igp/ oa(z, Du®) - DTy(u")
[ @ / Tio (57)(5)ds — | o(Plu)- DTi(u) + (6(u) ~ HTi(w).
Qr bo Qr
(4.3.64)

Now we use 0T;(u) as a test function in (4.3.55). By Lemma 4.2.11 we get

/ 0@ - DTy(u)

[ @ / Tio (57 (5)ds — | o(P(u)- DTi(w) + (6(u) — N)Ti(w).
o ' (4.3.65)

Subtracting (4.3.65) from (4.3.64) and choosing I = ||ul| (g, it follows that

limsup/ oa(z, Du*) - DuF < / o® - Du (4.3.66)
T T

k—oo

for all o € D([0,T")), 0 > 0. Furthermore, using (4.3.66) we have

klirn o(a(x, Du*) — a(x, Du)) - (Du* — Du) =0 (4.3.67)
T JQr
for all 0 € D([0,T)), 0 > 0. Now, & = a(x, Du) follows from (4.3.67) by
the Minty monotonicity argument. It is left to prove that b € B(u) almost
everywhere in Q7. Since we have b* € (. (u*) almost everywhere in Qr, for
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any k > 0 there exists B¥ € 3(u*) such that b* = B¥ + +u* and since B¥ — b
for k — oo almost everywhere in Qr. If we define j : R — R U {400} by

= [, B%0)do if r € D(f) and j(r) = +oo otherwise, it is easy to see
that j is a convex, l.s.c, proper function such that G = 9. Therefore,

§(r) = () + B (r — ) (4.3.68)

holds for any r € R and almost everywhere in Q7. Now, by the almost
everywhere convergence of B* to b and u”* to u, from (4.3.68) it follows that
b € f(u) almost everywhere in Q7. O

Remark 4.3.12. The weak solution (u,b) to (P,, f,by) for f € L®(Qr)

and by € D(Ag, )H lt@) L>°(§2) obtained in Proposition 4.3.11 is also a
renormalized solutlon Note that there exists a measurable function wug :
Q — R such that by € B(ug) almost everywhere in  and we can apply
Proposition 4.2.14.

4.3.2 L'-contraction and uniqueness of renormalized
solutions

The following L!-contraction result still holds true in the case of a variable
exponent:

Proposition 4.3.13. For fi, fo € LY(Qr), b, b3 € LY(Q) let (u1,b1), (ug,by)
be renormalized solutions of (P, f1,b}), (P, fa,b3) respectively. Then

/(bl( ) — byt +<//f1 fa)T /(bé—bé)* (4.3.69)

holds for almost all t € (0,T).

Proof: We can copy the proof in [22], Theorem 4.1, p. 401-416 for the
case of a constant exponent with slight modifications Such as exchanging the
space LP(0, T; Wy (Q)) by V. O

Remark 4.3.14. The result of Proposition 4.3.13 still holds if we replace
(P, f;,b%) by (P, v, fi, b)), where ¢; : R — R is a continuous, non-decreasing
function for ¢ = 1, 2.

Remark 4.3.15. Uniqueness of renormalized solutions is a direct conse-
quence of Proposition 4.3.13: If (u,b) is a renormalized solution to (P, f, by)

for f € L'(Q) and by € D(Ag)""‘L“Q), then b is unique. We cannot expect
uniqueness of the function u without additional assumptions on (.
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4.3.3 A comparison principle and weak solutions for
L>*-data

The proof following Lemma is a straightforward generalisation of the case of
a constant exponent and will be not given in detail:

Lemma 4.3.16. Let by, by be in LY(Q), f,f € LYQr), ¥,¢ : R — R be
strictly increasing, continuous functions and (u,b), (@i, b) be weak solutions
to (P4, f,bo) and (P, f,by) respectively. If we have by < by almost every-
where in Q, f < f almost everywhere in Qr and w( ) < (r) for all T € R,
then

u<u

holds almost everywhere in Qr.

Proof: As in the proof of the corresponding result in the case of a constant
exponent ([68], Lemme 4.3.1., p. 120 and [22], Proposition 4.2., p. 402-416)
we use the doubling of (time) variables: Let ¢, s denote two variables in [0, T7.
As in the proof of Lemma 4.3.10 and thanks to the integration-by-parts
formula of Lemma 4.2.11 we choose Hy (u(t, z) —a(s, z)+8¢(2))p(t) pu(t — s)
as a test function, where 7y is an approximation of the signg function, ¢ €
D(R2) such that 0 < ¢ < 1, ¢ € D([0,T)) such that ¢ > 0 and (p,), is
a sequence of mollifiers. Proceeding with similar arguments as in Lemma
4.3.10 we show that

n—oo

lim sup/ / @) pu(t — s)dzdtds < 0. (4.3.70)
T

The conclusion of the proof is similar to the end of the proof of Lemma
4.3.3. m

Thanks to Lemma 4.3.16 there is existence of a weak solution to (P, f, b)
for L*>-data:

Proposition 4.3.17. For f € L>(Qr), by € D(Ag’d,)”.”LI(Q) N L>®(Q) there
exists a weak solution (u,b) to (P, f,by). In particular, b is the mild solution

of (ACP)(f,bo)-

Proof: For n € N, we define the continuous, strictly increasing function
Yn : R — R by

Un(r) == %(arctan(r) + g), reR.

Then, by Proposition 4.3.11, there exists a weak solution (u,,b,) € (V N
L=(Qr)) x C([0,T); L*(2)) to (P,tn, f,by) for any n € N. Since Ag C
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liminf, .. Agy, and b, is the mild solution of (ACP)(¢n, f,bo), it follows
that b, converges in C([0,T]; L'(Q2)) to the mild solution b of (ACP)(f,bo)
as n — 00. Since ¥, > Y, 41 in R for all n € N, from Lemma 4.3.16 it follows
that u, < wu,y; almost everywhere in Q1 for all n € N, hence there exists
a measurable function u : @7 — R such that u, 1 u almost everywhere in
Q7. Moreover, arctan(r) — 7/2 < 1, < arctan(r) + 7/2 for all » € R and
all n € N and from Lemma 4.3.16 it follows that wu,/; < u, < u_r/; almost
everywhere in Qp for all n € N where (ur2,bx/2), (U—r/2,b_z/2) € (V N
L>(Q7)) x C([0,T]; L'(Q)) are the weak solutions to (P, arctan +m/2, f, by)
and (P, arctan —m /2, f, by) respectively. Therefore u € L>(Qr) and u,, — u
weak-+ in L>®°(Qr) for a not relabeled subsequence of (uy),. For 6 > 0 we
define ¢5 : [0,7] — R by ¢s(t) := min(; max(T — 6 —¢,0),1). Thanks to
the integration-by-parts formula of Lemma 4.2.11, can use ¢sTy(u,) as a test

function and obtain for k = |||~ (0,):
1 T—6 bn (t,z) 1o
g S /Q/O T||U||L0°(QT) © (ﬁ ) (O’)dO'

bo
—// T||u||LOO(QT)O(5_1)O(U)dU
o Jo (4.3.71)

+ ; os(((a(z, Duy) + F(uy)) - Duy,) + % arctan(uy, )u,)

= o Qbé'un(f_ g)

We neglect positive terms and use (Al), pass to the limit with § | 0 and
obtain

z m
[ 1w < Cllulimn (|14 3]

T

. |rbo||L1m>)  (4372)

LY(Qr

where C' > 0 is a positive constant not depending on n € N. From (4.3.72) we
get u € V and there exists a (not relabeled) subsequence of (uy,),, such that
Du,, — Du weak in (LP©)(Q7))N and a(x, Du,) — ® weak in (LP'O(Qp))N
for a function ® € (L7 )(Q7))". Now we can pass to the limit with n — oo
in the weak formulation for (P, f,,,by) and obtain

- [ -w+ @+ F@) pe= [ e (13.73)
Qr Qr
for all £ € D([0,T) x ). With the same arguments as in the proof of
Proposition 4.3.11 it follows that ® = a(x, Du) (by Minty monotonicity
argument) and b € G(u) (by a subdifferential argument).
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4.3.4 Proof of Theorem 4.3.1

To conclude the proof of Theorem 4.3.1, we use the ideas developed in [2] and
[68] for the case of a constant exponent. As in the proof of Theorem 3.1.2
for the elliptic case, we will construct monotone sequences of weak solutions
for L*°-data and show convergence (up to a subsequence) to a renormalized
solution. The comparison principles from Lemma 4.3.16 and Lemma 4.3.13
will be a main tool in this approximation procedure.

Approximate solutions and a priori estimates

Let f be in L'(Qr) and by € D(AZ) @ For m,n € N, let f, =
max(min(f,m)), —n), by"" := max(min(by, m)), —n). Furthermore, we define
Umm © R = R by ¢p0(r) := = max(r,0) — L max(—r,0) for » € R. By
Proposition 4.3.11, (P, Ym.n, frmn,by"") has a weak solution (m ,by.) for
all m,n € N. We have ¢, , > ¥y41, for all n € N and ¢y, < sy g1 O0
R. By Lemma 4.3.16 it follows that w,, , < 41, and Uy, 1 < Uy, almost
everywhere in Q) for any m,n € N. Hence, there exist measurable functions
u" : Qp — RU{+o0}, u : Qr — R such that Umn | ™ as m — oo and
u™ | uasn — oo almost everywhere in Q7. By Lemma 4.3.13, it follows that
b < bymi1n and by, ni1 < by, almost everywhere in Q) for any m,n € N.
Note that we have also ¥, ,(r) | ¥"(r) := —2 max(—r,0) as m — oo and
Y"(r) 1 0 as n — oo for all r € R. Therefore, Ay, 3 C liminf,, .o Ay,, .8
and Ag C liminf, .,y Ay, g. By nonlinear semigroup theory it follows that
b 1T 0" as m — oo in C([0,T]; L*(2)) where b" is the mild solution of
(ACP)(y", f,by) with ¢"(r) := —+max(—r,0), f* := max(f, —n), and
by := max(bg, —n) for n € N. Moreover, b" | b as n — oo in C([0, T]; L' (2))
where b is the mild solution of (AC'P)(f,by). In the next steps, we will prove
that (u,b) is a renormalized solution to (P, f,by). Therefore we need the
following a priori estimate:

Lemma 4.3.18. For m,n € N, f € LY(Qr) and by € D(Aﬁ)”'”Ll(ﬂ) let
(Wmms D) be the weak solution to (P, Ymn, fmm, by""). Then there exists a
constant C' > 0 not depending on m,n € N such that

T
/ /|DTk(um7n)|p(x)dxdtgCk(||f||L1(QT)+||bo||L1(Q)) (4.3.74)
0 Q

holds for any k > 0 and all m,n € N.

Proof: We fix k > 0. For 6 > 0 we define ¢s : [0,7] — R by ¢s(t) :=
min(3 max(T—d—t,0),1). Using the integration-by-parts formula of Lemma
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4.2.11 and density arguments, we plug ¢sTk(umn) as a test function into

(P, Ymmy finms bg”"). Then, for 6 > 0 small enough, we find
L+ L+ 13+1,=15, (4.3.75)

[ [, /bm"”Tko<ﬁl>°<a>da
%/ //mnm)Tko(ﬁ_l)O(a)da

m,n

// Ty o (871)°(0)do. (4.3.76)

[2 = ¢6a($ DTk(umn)) DTk(um,n)

where

By (A1) we get

T—26
> / / | DTy (w0 ) [P it (4.3.77)

Note that applying Gauss-Green Theorem and the boundary condition

/Q F(T(tn(£))) - DTi(ttun(£)) = 0

for almost all ¢ € (0,7). Hence,

/ ¢5/ (Tx(tmn)) - DTk () = 0. (4.3.78)

Moreover, by the monotonicity of 1, , we have

I4 = wm,n(um,n>Tk(um,n)¢6 > O,
Qr

Is = ST (Umn) P5 < HfHLl(QT)k' (4.3.79)
Qr

Now, plugging (4.3.76) - (4.3.79) into (4.3.75) and neglecting non-negative
terms we arrive at

m,n

T—26
/ / DTu(unma)P® < Kl fllsion + / / Ty o (37)(0)do

< (Ifllzr@r + lboll @)k (4.3.80)
for all £ > 0 and all m,n € N. For ¢ | 0, the assertion follows. O
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Remark 4.3.19. Using Lemma 4.3.18, we show with analogous arguments as
in the elliptic case (see Remark 3.2.5, Lemma 3.4.11 and the proof of Theorem
3.1.2) that «" and w are finite almost everywhere in Q7 (see also [6], p.2777,
Step 4 of the proof of Theorem 2.6 for the parabolic case with constant
exponent), more precisely there exists a constant C' > 0, not depending on
n,l € R such that

{ |t > 1} < CI7E 7D, (4.3.81)

and from (4.3.81) it follows that

lim [{Ju] > 1} = 0. (4.3.82)

Since by, € B(tmn) almost everywhere in Qr, it follows with subdifferential
arguments as in the proof of Proposition 4.3.11 that b € S(u") and b € B(u)
almost everywhere in Q7.

Convergence results

Now, applying the diagonal principle and Lemma 4.3.18 we get the following
convergence results:

Lemma 4.3.20. For m,n € N, f € LY(Qr) and by € D(Aﬁ)”'”Ll(ﬂ) let
(Um,ns binn) be the weak solution to (P, Ym.p, fin, by""). Then, there exists a
subsequence (m(n)), such that setting V" := Vmm)n, fo = fmm)n, bon =

bgn(")’n, by = bi(n)ns Un = Um(n),n we have the following convergence results

forn — oo:
i) fo— fin LYQr),
i1.) u, — u almost everywhere in Qr,

iii.) by, — by in L'(Q), b, — b in C([0,T]; L*(Q)) and b € [(u) almost
everywhere in Qr

and the uniform renormalized condition

l—oo

lim sup/ a(x, Duy,) - Du, =0 (4.3.83)
{I<]un|<l4+1}
holds true. Moreover, for any k > 0, we have
iv.) Ti(up) — Ti(u) in P~ (0,T, Wy " (),
v.) DTy(un) = DTy(u) in (LPO(Qr))™,
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vi.) a(z, DTp(u,)) — a(x, DTy (w)) in (LPO(Qr))V,

vii.) a(z, DTy (u,))  DTi(u,) — a(z, DTy (u)) - DTy (u) weak in L'((0,7) x Q)
forany 0 <71 <T.

Proof: i.) - v.) are direct consequences of the approximation procedure,
Lemma 4.3.18 and Remark 4.3.19. To prove the uniform renormalized condi-
tion, we take Ty (un)ds, ¢s(t) := min(s max(T —§—t,0),1) as a test function
and apply Lemma 4.2.11 in the weak formulation for (P,¢™, f,,b}). By
Gauss-Green Theorem for Sobolev functions and the boundary condition, we
have

/QF(un(t)) - DT} (up (t))dz = 0

almost everywhere in (0,7"), hence the ,convection® term vanishes. Then we
set k =141 and after k£ = [. Subtracting the corresponding equalities and
neglecting positive terms we obtain

[bo]
Duy,,) - Du,, < G (31 (s)d
S et D) Dus [ [ G s
(4.3.84)

where G; = T},1—T; and the uniform renormalized condition follows applying
(4.3.81) in (4.3.84). It is left to show that vi.) and vii.) hold. From Lemma
4.3.18 and (A2) it follows that for any & > 0 there exists ®, € (LP'O)(Qp))N
such that a(z, DTy (u,)) — ®; weak in (LP'O)(Qr))N as n — oo. To prove
that @, = a(x, DT} (u)), we proceed as in [68], p. 122-127 for the case of
a constant exponent (see also [13] for variable exponent and [22], Theorem
3.6., p. 394-398, [2], [6], [21] for constant exponent) and define a special
time regularisation of Tj(u) by the regularisation method of Landes ([54]).
For o > 0, we denote this time regularized function by (7} (u)), : Qr — R
defined by

t

(To(u))(t, 7) = 1 / DT (u(s, ))ds (4.3.85)

—0o0

where, for s < 0 and > 0 we extend u(s, z) by a function w# € Wy (Q)N
L*>*(§2) such that (wf), is a sequence of functions with |w{|| () < k for all
>0, i||wg||wg,p(.)(9) — 0 as p — 00, wh — Ti(ug) almost everywhere in
as u — oo and ug : 2 — R is a measurable function such that by € B(ug)
almost everywhere in Q. We can easily check that (Tj(u)), € V N L>®(Qr)
is the unique solution of the equation

O (The(u)) + p((Th(w)) = Tie(u),) = 0
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in D'(Qr) satisfying the initial condition (7} (u)),(0,z) = wf almost every-
where in €. In particular, (7} (u)),, is differentiable for almost every ¢ € (0,7)
with 0,(Ti(u)), = (Tk(u) — (Tk(w)),) € V N L*(Qr). Moreover, we have
D(Ti(6))u = (DT(w)), i D([0, T) X ), |(Te()) |l zcor) < F for all > 0,
(T (u)),, — Ty(u) almost everywhere in Q7, weak-* in L>°(Q)r) and strongly
in V as yu — oo. Now, for k € D*(][0,T)) we show that

lim sup lim sup/ ka(x, DTy (uy)) - D(Ti(un) — (Tr(w)),) < 0. (4.3.86)

pU—00 n—00 T

Therefore, we choose khy(uy, ) (Tx(un)— (1) (u)),, as a test function in (P, ¥", f,, bf)
and obtain
Li+ 1+ I3+ Iy + Is = I, (4.3.87)

where

Iy = ((bn = bg)e, £hu(un) (T (un) = (Th(w)) ) (4.3.88)
and (-,-) denotes the duality pairing between V' + L'(Qr) and V N L>®(Qr),

I = / it )a(z, D) - D(T (1) — (Ti(11)),),

T

o= [ ehfu)(Tudu) - (Zla)))ae, Dun) - Da,

T

I4 = / /ﬁ?F(Un> : D(hl(un)(Tk(un> - (Tk(u»ﬂ))a
Qr

I - / b (1 )" (1) (T (1) — (T (1)),.),

T

Iy - / b Fuht(10) (Ti (1) — (Ti(1)),)-

T

Now, we want to pass to the limit with n — oo and then with © — oco. To
handle I, we choose [ > k and apply the uniform renormalized condition.
It is easy to see that I, I5 and I, tend to 0 as n — oo, u — oo. Using
the uniform renormalized condition (4.3.83), it follows that I3 < w(l, k) and
w(l, k) — 0 asl — oo. To handle the parabolic term I, we need the following

Lemma 4.3.21.

lim inf lim inf((b,, — b7 )¢, Kl (wy ) (T (un) — (Tk(w)),)) > 0 (4.3.89)

n—oo  U—00
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Proof: The proof is similar to the proof of the corresponding result in the
case of a constant exponent (see [13] for the case of a variable exponent and
[68], [22], [2], [6], [21], [11] for the case of a constant exponent). O

If (4.3.86) holds, then, by (A3) it follows that

lim sup/ ka(x, DTy (uy,)) - D(Ty(un) — (Tr(w))) <0 (4.3.90)
n—oo T
and vi.) follows from (4.3.90) by the standard Minty-Browder argument. vii.)

follows from (4.3.90) by choosing x to be a smooth approximation of x (-
for0 <7 <T. O]

Conclusion of the proof of Theorem 4.3.1

Now, we are able to conclude the proof of Theorem 4.3.1: By Remark 4.3.19
and Lemma 4.3.20 it follows immediately that (P1), (P2) and (P3) hold
for all & > 0. For h € CL(R) and & € D([0,T) x Q) we can plug h(u,)E
into (P, Y™, fn,by) by the integration-by-parts formula of Lemma 4.2.11 and

obtain
L+ L+ I3+ 1, =I5, (4.3.91)

L = /T&/bjnho(ﬁ_l)o(s)dsa

L - / a(z, D) - D(h(u,)6),

T

where

Iy = " (un ) (un)§

Thanks to the convergence results of Lemma 4.3.20, we can pass to the limit
with n — oo in [4,..., I5: It follows immediately that

lim 7, / & /b:ho (3~1Y(s)ds. (4.3.92)

n—oo
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Now we choose M > 0 such that supp h C [—M, M]. Next, we write
[2 - 12’1 -+ 1272, (4393)

where

Ly = / B (Tag(un))a(, DTar(un)) - DTor (1),
(0,7)xQ2

for 0 < 7 < T is such that supp& C [0,7) x Q. By Lemma 4.3.20, vii.),
a(z, DTy (u,)) - DTyr(uy,) — a(z, DTy (w)) - DTy (u) weak in LY([0,7) x Q)
Since A'(u,)§ — h(w)€ almost everywhere in Qp and ||h(un)&|| Lo ((0,r)x0 <
||| oo (@) 1€ | Lo (@), We may pass to the limit in I and obtain

lim I, = / h'(u)éa(z, Du) - Du. (4.3.94)
T

Where Du denotes the generalized gradient in the sense of Remark 4.2.4.
By Lebesgue Dominated Convergence Theorem it follows that h(Ty(u,)) —
h(Ty(u)) as n — oo in LPO)(Qr). Using Lemma 4.3.20, vi.), we can pass to
the limit in

I — / B(Tos (un))a(, DTag () - DE, (4.3.95)
and find
71151010 Ly = / h(u)a(z, Du) - DE. (4.3.96)

T

Next we write I3 = I3; + I3 where

Is = / W (T (un))EF (Tar (un)) - DT (wn),

T

ha = [ hTulw)F(Tuwn) - Dg
Since A (Tas(un)) F (Tas(un)) converges to A (Tas(u)) F (T (w)) in (LPO(Qr))N

as n — oo using Lemma 4.3.18, v.) we have

nhﬂr{.lo I3 = / h'(uw)éF (u) - Du (4.3.97)

and moreover

lim I35 = / h(u)F(u) - DE. (4.3.98)

n—oo
T
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Note that u
[al = —=llhllz=n) €]l z=@r) — 0 (4.3.99)

for n — oo. Finally, we have

lim I5 = fh(u)é (4.3.100)

n—oo QT

and from (4.3.91)-(4.3.100) it follows that (u,b) satisfies the renormalized
formulation (P4). (P5) follows from the uniform renormalized condition
(4.3.83) and Lemma 4.3.20, vii.). O

4.4 Extensions and open problems

4.4.1 Strong L'-convergence

We can improve the convergence result from Lemma 4.3.20, vii.). For 0 <
7 < T and for any k > 0 from (4.3.90) it follows that

lim /0 /Q(a(x,DTk(un))—a(a:, DTy (u))) - (DTk(uy) — DTi(u)) =0 (4.4.1)

n—od
and since the integrand in (4.4.1) is nonnegative, this implies

Jirglo(a(x, DTy(uy)) — a(z, DT (u))) - (DTk(u,) — DTy (u)) =0 (4.4.2)
almost everywhere in Q7. If the function a is strictly monotone (this is
true in the case of the p(x)-Laplacian), it is well known that DT} (u,) —
DT (u) almost everywhere in Q. For the proof we refer to [13] in the case
of the p(x)-Laplacian, [27], [4] in the case of a constant exponent and [50]
for a proof using Young measures in the case of a constant exponent. If the
function a is only monotone and we have the convergence a(x, DTy (u,)) -
a(x, DTy (u,)) — a(x, DT (u)) - a(x, DT} (u)) as n — oo almost everywhere
in Qr, from Lemma 4.3.20, vii.) and [41], Lemma 8.4, p. 1099 it follows
that a(z, DTy (uy)) - a(x, DT (uy,)) — a(x, DTy(u)) - a(x, DT (u)) strong in
LY(0,7) x Q) for 0 < 7 < T.

4.4.2 A regularity result

We have an additional regularity result for the special case g = I if we assume
— g <p <pt<N:
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Lemma 4.4.1. Let p € C(Q) with 2 — N+r1 <p <pt <N and let v > 0.

Then there exists a constant ¢ > 0, depending on vy, such that, for any

function g € LP (0, T} Wol’p(')(Q)) N L>(0,T; LY(Q)) with

gl o= (0,01 (2)) = €ss sup / lg(t, x)|dx < 7, (4.4.3)
te(0,T) JQ
and
sup/ |Dg[P®) dadt < ~, (4.4.4)
1>0 B,

where, for 1 >0, By = {l < |u| <1+ 1}, it follows that

||9”qu (07T§W01'q(.)(ﬂ)) S c, (445)

for all continuous functions q(-) on Q satisfying

N(p(z) = 1) +p(x)

1< <
< q(x) N1

for all x € Q. (4.4.6)

Proof: See [13] for the case of a variable exponent and also [24] for the
case of a constant exponent. ]

From Lemma 4.4.1 it follows that if w is a renormalized solution to

(P, f,ug) with a variable exponent such that 2 — N+r1 <p <pt <N

and § = I, then w is in L7 (0,7} Wol’Q(’)(Q)) for all continuous functions g(-)

N(p(z)=1)+p(z

on 2 satisfying 1 < ¢(z) < N ) for all z € Q.

4.4.3 Entropy solutions

In the case of a constant exponent, a notion of entropy solution for the
classical p-Laplacian problem

u; — div(|DuP~2Du) = f in Qr,
(Le, fou0) § u =0 on ¥r,
u(0, ) = up(+) in
has been introduced in [63]. The next definition will be a straightforward
generalisation for the parabolic p(z)-Laplacian equation
uy — div(|Du|P™=2Du) = f in Qrp,
<L7f7u0) u=>0 on ET,
u(0, ) = ugp(-) in Q.



CHAPTER 4. THE PARABOLIC CASE 99

Definition 4.4.1. For k£ > 0, let us define 6, : R — R by Ox(r) =
Jo Te(o)do, r € R and

E:={peVNL®Qr);¢: €V +L"(Qr)}

An entropy solution to (L, f,ug) is a measurable function u : Q7 — R such
that

i.) Tr(u) € V for all k > 0,
i1.) The mapping
0,T]>t— / Oc(u— ¢)(t, x)dx
is a.e. equal to a continuous func?:ion forall k > 0 and all ¢ € FE,
iti.) If (-,-) is the duality pairing between V' + L'(Q7) and V N L,

Kﬁuu_@an—Afam—¢mn+wmnW—¢»

* / |Du[P™ 2Dy - DTy (u—¢) < [ fTu(u— o)
QT Qr

(4.4.7)

holds for all £ > 0 and all ¢ € E.
The following result is known for (Lc, f, 1) and can be easily generalized:

Proposition 4.4.2. A function u is a renormalized solution to (L, f,ug) iff
it 1s an entropy solution.

The proof of Proposition 4.4.2 follows the same lines as the proof of
the corresponding result in the case of a constant exponent (see [42]). In
particular, we use the same arguments as in the proof of Lemma 7.1 in [42]
to show that the following integration-by-parts-formula holds true:

Lemma 4.4.3. Let f : R — R be a continuous piecewise C' function such
that f(0) = 0 and f" is zero outside a compact set of R. Let us denote
F(s) =[5 f(r)dr. Ifu € V is such that u, € V*+L'(Qr) and if ¥ € C=(Qr),
then we have
(e 00} = | Pyt [ P [ ke, (148
T
where (-, -) denotes the duality pairing between V*+ LY (Qr) and VN L>®(Qr).

A natural way to generalize the notion of entropy solution of Definition
4.4.1 to the problem (P, f, by) is to exchange 6 by the function 6 53 defined
by Ors(r) == [3 Tio (67)(0)do for r € R(B). More precisely, we write
0k 5(b — ¢) instead of Oy (u — ¢) with b € L'(Qr) such that b € S(u) almost
everywhere in Definition 4.4.1. It is an open problem to show equivalence
between renormalized and entropy solutions to the general problem (P, f, by).
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