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Introduction

The objective of the present thesis is to study the small-time asymptotic behavior of diffusion processes
on general state spaces. In particular we want to determine the convergence speed of the weak law
of large numbers, so we study the asymptotics on an exponential scale, as developed starting with
the pioneering work of Cramér [C] (but already Khinchin [Kh] used in the early 1920s the notion of
'large deviations’ for the asymptotics of very improbable events). Moreover, we are interested in the
behavior of the whole path of the diffusion. So we consider a diffusion process (X;) on the state space
X, and define the family of diffusions (X§), e > 0, X7 = X;. For this family of sample paths we want
to prove large deviation principle

— inf J(w) <liminfelog P,[X® € A] <limsupelog P,[X° € A] < — inf I(w)
weA° =0 e—0 weA

for any measurable set A in the space of sample paths © := ([0,1]; X), with some rate function I
which will be determined.

First results in this direction were achieved by Varadhan [Va67b], who proved the small-time asymp-
totics on an exponential scale for elliptic, finite-dimensional diffusion processes. Generalizations to
the hypoelliptic case can by found in Azencott [Az81]. Schilder’s Theorem for Brownian motion can
be understood as predecessor. It states that for a Brownian motion (W) it holds that

— inf I(w) <liminfelog P[W* € A] <limsupelog P[W* € A] < — inf I(w)
wEA® e—0 e—0 weA

with rate function

o0 otherwise,

I(w) = { 1o lw@®Pdt we H;

where H is the Cameron Martin space of absolutely continuous functions with square integrable deriva-
tives. By the scaling /eW. ~ W,. it is equivalent to a statement of large deviations for an /e-spatial
scaling of Brownian motion (cf. [DZ], Chapter 5.2).

Our aim is now to extend this kind of results, assuming merely that X is a Polish space. In particular
we do not assume that it is finite-dimensional or locally compact. Some results for specific processes
in this setting were already proved, e.g for the Ornstein-Uhlenbeck process on abstract Wiener spaces
(Fang and Zhang, [FZ99]), the Brownian motion on loop groups (Fang and Zhang, [FZ01]), super-
Brownian motion (Schied, [Sch96]), diffusions on configuration spaces (Zhang, [Z01]; Rockner and
Zhang, [RZ]; compare also Réckner and Schied, [RSchi]), diffusions on Hilbert spaces (Zhang, [Z00])
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and Fleming-Viot processes (Xiang and Zhang, [XZ]). All these papers have in common that their
techniques of proof, in particular for the central property of exponential tightness, are very specific
and adjusted to these concrete settings. Our goal is to develop a general approach which does not
depend on the specific setting.

The only restriction we pose from the beginning is that we restrict ourselves to diffusion processes
generated by symmetric Dirichlet forms. Dirichlet forms, introduced by Beurling and Deny [BD] in a
pure analytical/potential theoretic context, are for us of interest due to their connections to stochastic
processes. The relation between strong Markov processes and Dirichlet forms was first pointed out
by Fukushima [Fu], a detailed analysis on this association was given by Albeverio, Ma and Rockner
([AM91], [AM92] and [MR)).

A cornerstone in our treatment are the available results on Varadhan’s principle on Dirichlet spaces.
This principle, the logarithmic (integrated) heat-kernel asymptotics in small time, goes back to Varad-
han [Va67a], who proved it for finite-dimensional elliptic operators. Important generalizations are, e.g.,
due to Léandre (for the hypoelliptic case, [L87a] and [L87b]) and Norris (on Lipschitz Riemannian
Manifolds, [No]); sharp bounds are due to Carlen, Kusuoka and Stroock [CKS] and Davies [D]. The
result for Dirichlet spaces over a probability space was proved by Hino and Ramirez [HR], based on
earlier, independent work of both authors ([H| and [Ra]) and preceeding results for abstract Wiener
spaces (Aida and Kawabi, [AK]) and path groups (Aida and Zhang, [AZ]). A generalization to general
o-additive measure spaces was given by Ariyoshi and Hino [AH].

The generality of our approach clarifies also the geometry implied by Dirichlet forms and their asso-
ciated diffusions. Stroock [St] claimed in his review of the books of Fukushima, Oshima and Takeda
[FOT] and Ma and Réckner [MR] for the Bulletin of the American Mathematical Society that

Sometimes the value of a theory is that it allows progress even in the absence of un-
derstanding, and, in many of its applications, that is precisely what the theory of Dirichlet
forms does allow.

While ironically exaggerated, Stroock’s claim is not completely false. One essential point in under-
standing Dirichlet forms, is to understand the geometry which they generate. In the case of local
Dirichlet forms over locally compact spaces, this understanding was achieved by Sturm ([S94], [S95a],
[S95b] and [S96]). We hope that by introducing a concept of pointwise distance also in the case of
non-locally compact state spaces, we can lay the ground for a better understanding of the geometry
of Dirichlet forms also in this broader setting.

The first part of the thesis is devoted to the proof of the small-time large deviation principle for the
sample paths of a diffusion on a Polish space with invariant probability measure. After a description
of the setting the setting (Section 1), we explore in Section 2 the geometry associated to the Dirichlet
form. We introduce a convenient notion of pointwise distance and give convenient sufficient conditions
under which it is compatible with the notion of a setwise distance introduced by Hino and Ramirez
[HR]. This enables us to define the notions of length and energy of a path on the state space and
give also an alternative description of energy. Section 3 discusses the associated Markov process. We
derive with Lemma 6 a crucial result for further work, based on techniques using the forward-backward
martingale decomposition by Lyons and Zheng [LZhe]. The main result is achieved in Section 4: First



we discuss the important property of exponential tightness and give with Assumption (D) a useful
criterion under which exponential tightness is satisfied: the distances from sets of a compact exhaus-
tion of the state space have to increase towards infinity outside of increasing sets of the exhaustion.
A central argument in the proof is the exponentially fast Jakubowski criterion and the exponential
Holder estimate by Schied [Sch95]. Based on this fact we derive then the upper bound of a large
deviation principle for the whole sample paths. The last part of this section provides an integral
representation of the rate function in terms of metric derivatives of absolutely continuous curves in
the sense of Ambrosio, Gigli and Savaré [AGS05]. Section 5 treats the degenerate case where the
set-distance is not even square integrable and discusses under which conditions the large deviation
principle can be achieved nevertheless.

The second part of this work is devoted to concrete examples. First we take up the case of the
Ornstein-Uhlenbeck process on abstract Wiener spaces, already treated by Fang and Zhang [FZ99].
Using earlier results by Hirsch [Hir] and a Rademacher theorem by Enchev and Stroock [ES] (compare
also the preceding results by Kusuoka, [Kus82a] and [Kus82b]), the proof of our assumptions reduces
to topological arguments. This applies also to the case of linear unbounded drifts, generated by a
strongly elliptic operator. The second example is the Wasserstein diffusion on the space of probability
measures on the unit interval, as introduced by von Renesse and Sturm [vRS]. We discuss first the
construction of this process - relying on the isometry of the space of probability measures to the space
of quantile functions - motivated by questions of optimal transportation. Then we prove the pathwise
small time asymptotics for both processes, the diffusion on the space of quantile functions as well as for
the Wasserstein process on the space of probability measures itself. Unifying this separate results, we
show the relation between Fréchet derivatives on the space of quantile functions and tangent velocity
fields along paths on the space of probability measures. Besides some concrete examples, we discuss
also the question of the existence of a flow of probability measures along sample paths.

Four appendices conclude the present work. The first one gives some results on backward martingales
and recalls the forward-backward martingale decomposition by Lyons and Zheng. The second one dis-
cusses contraction principles for large deviations and the Dawson-Gartner theorem for large deviations
of projective limits, the third one a lemma for the forthcoming proof of the lower bound. And the
last one gives some results on the geometry in the case of Dirichlet forms over o-finite measure spaces.
Following Ariyoshi and Hino [AH], the notion of intrinsic metric has to be generalized in this case.
Interestingly, in the case of locally compact state spaces this generalization of the intrinsic metric does
not change the notion of energy of a sample path. To make the reading of the present work more
convenient, we also provide a list of symbols.
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Chapter 1
Setting

First we give the setting in which we will work in the first part of the present text. Only in Section
D we will relax these assumptions to explore the chance of generalizations.

We consider a probability space (X, B, ) where X is a Polish space and B is the induced Borel-o-
algebra. Let L be an unbounded, self-adjoint and negative defined operator on L?(X, ;1) with domain
D(L) (i.e. (Lf,9) 1200 = (f:Lg)2() and (Lf, )2,y < 0 for all f, g € D(L)) associated with a
strongly continuous semigroup of operators (1;), Ty = e'* for t > 0, which is sub-Markovian, i.e.
0 < f<1implies0 < T;f <1 foreacht > 0and f € L?(X,u). Further let (£, D(£)) be the
corresponding symmetric Dirichlet form, defined as the closure of

5(f7.g) = <_Lf7g>L2(M)a fag € D(L)

We use the shorthand £(f) to abbreviate £(f, f). The Dirichlet space D(€) is endowed with the inner
product

<f7 g>5 = <f’ g>L2(,LL) +g(fvg)7

1
and thus a Hilbert space. The associated norm || fl¢ := (f, f)2 is called the £-norm.
We suppose that the Dirichlet form (€, D(E)) is quasi-regular, admits an opérateur carré du champ
I', is conservative and satisfies the local property. To make these assumptions concrete:

e Carré du champ: We say that a Dirichlet form (£, D(£)) admits a carré du champ operator, if
there exists a subspace D(I') € D(E) N L*®°(X, u), dense in D(E), such that for all f € D(I)
there exists a function v € L*(X, 1), such that for all y-a.e. bounded h € D()

28(fh. 1) = €0 1%) = [ by

In this case, there exists a unique continuous bilinear form I' : D(&) x D(£) — L' (X, u), such
that for all p-a.e. bounded f, g, h € D(E)

E(fhg) + E(gh, f) — E(h. fg) = /X WT(f,g) du. (11)

3



4 CHAPTER 1. SETTING

For T'(f, f) we use the shorthand I'(f). In particular, if for all f € D(T") it is the case that
f? € D(L), then our notion of the carré du champ operator boils down to the classical case
where

I'(f,9) = L(f9) = fLg —gLf
for all f, g € D(T") (compare [BH], Chapter 1.4).

e Quasi-reqularity: We define the capacity Capi(-) for U C X, U open, as
Capy(U) := inf{||w||g : we D), w>1 p-a.e. on U},
and for general A C X
Capi(A) := inf{Capy(U) : ACU C X, U open}.

Note that Cap; is a Choquet capacity and u(A) < Cap;i(A) for all A € X. We say that a
property holds £-quasi-everywhere, if it holds on X' \ N for some exceptional set N of capacity
zero. A function f € D(E) is said to be £-quasi-continuous, if for all & > 0 there exists a set
G C X with Cap; (X \ G) < ¢, such that the restriction of f to G is continuous. And a Dirichlet
form is called quasi-regular, if it satisfies the following three conditions.

i) There exists an increasing sequence (Ej)xen of compact sets (called compact £-nest), such
that Capi (X \ Ej) tends to zero for k — oo.
ii) There exists an || - ||¢-dense subset of D(E) whose elements have £-quasi-continuous p-
versions.
iii) There exists a countable family U = (uy,), u, € D(E), and a set a set N of zero capacity,

such that the family (a,) of £-quasi-continuous p-versions of the elements of U separates
points on X \ N.

In addition, we will impose a further assumption:

Assumption (BC). The family U can be chosen such that its elements have p-a.e. bounded
carré du champ.

e Conservativeness: We say that a Dirichlet form (£, D(E)) is conservative, if 1 € D(E) with
£(1)=0.

e Local property: We say that a Dirichlet form (£, D(E)) satisfies the local property, if for f,
g € D(E) with (f +a)g =0 for all a € R, it follows that £(f,g) = 0. Note that this is the easi-
est way to define locality in our setting, for a more general discussion compare [BH], Chapter L.5.

We note that the class of quasi-regular Dirichlet forms encompasses in particular the regular Dirichlet
forms on a locally compact space X, i.e. Dirichlet forms (£, D(£)) on L?(X, u) where Co(X) N D(E)
is dense both in D(&) with respect to || - [|¢ and in Cp(X') with respect to the supremum norm || - ||



(cf. [MR], Section IV .4.a)).

To every local, quasi-regular Dirichlet form (€, D(£)) there exists a diffusion process (X;) on X with
transition kernels (p;), pef(z) = E;[f(X¢)] for every positive measurable function f, which is properly
associated to (£, D(£)): For every bounded measurable function f € L?(X,u) and t > 0 it holds
that p;f is a u-version of T f and p; f is £-quasi-continuous, moreover p;f is u-almost surely unique.
Conversely, we can find to every diffusion process on X a properly associated Dirichlet form which is
local and quasi-regular ([MR], Theorems IV.3.5, IV.5.1, IV.6.4 and V.1.11). The conservativeness of
the Dirichlet form (&£, D(£)) is equivalent to the conservativeness of the associated diffusion process
in the sense that it has infinite lifetime.

Defining the first hitting time of the measurable set B C X by

7 = inf{t > 0 : X; € B},
it holds for any open set U that

Cap1(U) = Eple” V] = /XEx[e_TU]u(dm).

In particular every £-exceptional set N (i.e. a set of zero capacity) is an (X;)-exceptional set in the
sense that P,[Tn < oo] = 0 and vice versa ([MR], Theorem IV.5.29).
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Chapter 2

Geometry

Our first goal is to develop a concept of intrinsic geometry associated to a given Dirichlet form. For
this the notion of a pointwise distance will be crucial. It will enable us to define length and energy of
a path in the state space X.

2.1 DMetric

Hino and Ramirez prove in [HR] (see also [Ra], [H]) a general Varadhan large deviation principle for

local, conservative Dirichlet forms,

71i_r)r(1)tlogPt(A,B):—03(14723)2, A, B eB.
Here the integrated heat kernel P; is given by
P,(A,B) := /ATtﬂB du
and the metric functional d as
d(A, B) := sup(essinf u(z) — esssup u(y)) (2.1)

ueg  TEB yeA
with
G:={ueDE)NL®X,u) : 26(uh,u) — E(h, u?) < |2l L1(yry, for all he D(E) NL®(X, )} .

Note that there is a set distance d4(-) associated to the metric functional d, that is given in the
following way (cf. [HR], Theorem 1.2. and Section 2.3.): Define for a measurable set A

VM i={ueG:u,=00<u<Mpael, (2.2)

7



8 CHAPTER 2. GEOMETRY

and further
da(z):= lim esssupu(x). (2.3)

M—o0 UEV}]‘VI

Then dg A M € D(E) and
d(A,B) = essi]rglf da(x).
xre

This definition of the metric functional is elegant and applies to a quite general setting, since it requires
only, that the Dirichlet form is local and conservative. But in our situation we have a carré du champ
operator, so it is convenient to show that the metric functional d coincides with a more intuitive one.
We will show that we get the metric functional also if we maximize over the functions v € D(E) with
carré du champ bounded by 1 instead of the functions © € G. Moreover, we need a pointwise concept
of distance since we want to introduce the notions of length and energy of a path w : [a,b] — X.

Lemma 1. For u, v € D(E) it holds for the carré du champ operator I' that

ID(u, fol)| < [D(u,0)] - peae.

Proof: Following [BH], Corollary 1.6.1.3., the locality of the Dirichlet form implies for every continu-
ously differentiable and Lipschitz continuous function ¢ : R — R with ¢(0) =0

P(u,p(0) = ()T (w0) jrac,  wve DE).
In particular we have for ¢ with |¢/| <1
IT(u, p(v))| < |¢'(0)F(w,0)] < [T(u,v)] prace.

Hence we can find a sequence ¢,, of continuously differentiable and Lipschitz continuous even functions,
such that ¢, (0) = 0, [¢],(z)] < 1 and ¢p(z) — |#| for n — co. Thus |pn(u) — on(v)| < |Jul — |v]|
which implies by [MR], Theorem 1.4.12,

E(pn(u), pn(v)) = E(pn(lul), pn(lv])) < E(ul, v]).

Moreover,
(on(u), on(v))e < (ul, [v])e

and we have
llul = en(w)liz < 2(ulllf = (lul, on(w))e)- (2.4)
But since [MR], Lemma 1.2.12 implies

(w, pn(u))e = (w, |ul)e
for every w € D(E) and n — oo, we have ¢, (u) — |u| with respect to || - ||¢ by (2.4) and hence
P (u, [v))| < [T(u,v)]  p-ace.

(compare [RSchm92], Lemma 3.2). [ |



2.1. METRIC 9
Lemma 2. The set
G :={ueDE):T(u) <1lp-ace}

is directed upwards, i.e. with u and v, also uV v is in G'. Moreover also uw A v is in G'.

Proof: On the one hand the Dirichlet space is closed under extrema ([FOT], Theorem 1.4.2), so
uVov € D(E). On the other hand, following Rockner and Schmuland ([RSchm92], Lemma 3.2), we get
by Lemma 1

I'(u) vI(v) = %(F(u) +T(v) + [P(u) — F(U)D
= 1 (P +0) + 217 (w) ~ T()| + T~ v)
_ 3(1“(11—1—0) + 2|7 (u + v, u — v)| +F(u—v)>
> 1 (T v) + 20 + v, Ju—o])| + T(hu — o))
> %(F(u—i—v} + 20 (u + v, |u — ) +F(Iu—vl))
= {Tu+ v+ fu—vl) =P(uvo)

and hence also |I'(u V v)| <1 for u, v € G’. The proof for the minimum is analogous, I'(u) V I'(v) >
I'(uAwv) and [T'(uAv)| <1 for u, v eg. [ ]

Lemma 3. The metric functional d coincides with the metric functional d' given by

d'(A, B) := sup (essinf u(z) — esssup u(y)).
ueG’ TE€EB yeA

Proof: Note that it is sufficient to prove
G={ueDE)NL®X,pun) : I'(u) <1p-ae.}, (2.5)

since we can approximate all elements of G’ by bounded ones. Indeed, for u € G’ we can define its
cut-off up € G' N L>®(X, ) via

up = (—k) Vu Ak, k e N.

Note that I'(u) < 1 p-almost everywhere implies by Lemma 2 I'(ug) < 1 p-almost everywhere. Propo-
sition 1.4.17 of [MR] entails that u; — u with respect to || - ||¢ for £k — oc.

To prove (2.5), we suppose first that v is a function in the right-hand set. Then its carré du champ is
bounded by 1 p-almost everywhere and so it follows by (1.1) that

2€(uh,u)—5(h,u2)—/ KT (u) dp < [[Bl| 1 -
X



10 CHAPTER 2. GEOMETRY

Conversely, if for u € G there would exist a set of positive measure where I'(u) > 1, we could find
e > 0 such that p(E) > 0 for the set £ := {z € X : I'(u)(z) > 1+ ¢}. But since the Dirichlet
space D(E) is dense in L?(X, i), it is also dense in L'(X, ) and we can find for every § €]0, 1] some
h' € D(E)N L>(X, u) such that [|h' — 1|11,y < . Without loss of generality we can assume h’ > 0.
Indeed, otherwise we can take h' V 0 instead. Moreover, h” := h' v § € D(E) N L™ (X, u) satisfies

Hh”—nE\LumS/Ih’va_nE\dM/ [P+ 6 dp < 6 420 = 30.
E Ee

This implies
1(E) =38 < [|h"|| L1y < u(E) + 39,
since by the triangle inequality, we get on the one hand
w(E) =36 = |Mgllpr — 30 < ([T — W[l pay + 17|21y — 30 < 1R"]l L1
and on the other hand

1B 21y < 10 = Bl 2y + el 1 ) < R(E) + 3.

Thus we get

28 (uh',u) — E(H 12) = /

T () dp > (1 + z-:)/ W dp > (1+ ) (u(E) - 39).
X

E

Choosing now § such that

ep(E)
0<o<
S0=30 1)
we get by
28 (uh ,u) — E(W",u?) > p(E) + 38 > ||h"|[ 11 ()
a contradiction to the assumption v € G. [ |

In the next step, we show that we can write the essential extrema in 2.1 in terms of a single, two-
dimensional essential infimum. Therefore we recall that the essential extrema are defined as

esssup“u(z) :=inf {c : ¢ > u(z) p-a.e.},
zeX

essinf“u(x) :=sup {c : ¢ <wu(z) p-ae.}.
TEX

Lemma 4. Foru, v € LY(X, p),

essinf Au(x) — esssup“v(y) = essinf OF (u(z) — v )
sigt ) — sssupa(y) = essint 1 ux) — ()

Proof: Note that v(y) < esssup’_, v(z) p-almost everywhere and hence
essinf “ (u(z) — v > essinf "®*(u(x) — esssup”. . v(z
essinf 1 (u(a) () > essin 1 (ula) = esssup e o(:)

- esmsei/%f Pu(z) — esssup ) v(y).
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To prove the other direction, define for € > 0 the set

C = {(z,y) : u(z) < essinf u(z) + E; v(y) > esssuptu(y) — E}
TEX 2 yeEX 2

and note that for e small enough ©(C) > 0 by the definition of the essential extrema. It follows that

{eiu(z)—v(y) > cp@pae} C{c: p®p{u(z)—v(y) <c}nC) =0}
C {ec: esxseigrflf Fu(x) + % - (esses,}ylp Hu(y) — %) > ¢ p® p-ae. .
Since the function in the right hand set is constant, taking the supremum on both sides and sending
€ to zero yields the result. |
Since we can restrict ourselves to functions u > 0, we choose the functions ulls, ullg € L°(X, 1) to
get

d'(A, B) = sup (essinf *u(z) — esssup u(y))
ueg’  *EB yeA

= sup (essinf #(ullg)(z) — esssup*(ulla)(y))
ueg!  TEX yeXx

— inf 8 ((y1 — (ul
Sup goaing " (wls)(@) — (wla) )

— inf MO _

= 51618 (x?ys)se%iA (u(z) — u(y)).
In the following we drop the superscripts p and p ® p if it is clear to which measure the essential
extremum refers. Now we want to go further and construct the pointwise intrinsic distance p. Here,
the quasi-regularity plays an essential role since it implies that every function v € D(E) has an &-
quasi-continuous u-version o ([MR], Proposition IV.3.3), i.e., a py-version which is continuous on every
set of an increasing sequence (E}') of closed sets E}' with Capy (X \ E}') — 0. However, note that
we have by definition of quasi-regularity even an increasing sequence of compact sets Ej with this
property. So we can for every countable family of £-quasi-continuous functions assume that they
have p-versions continuous on every of these compact sets (since otherwise we could create a sequence
of smaller compact sets with vanishing capacity - ¢f. [MR], Proposition II1.3.3.). In particular the
point-separating family (@) is continuous on every Fj. From now on we fix a compact E-nest (Ej)
and let N = (.2, Ef.

Definition 1. The pointwise distance p on X is given by

sup (a(z) —a(y)) z,y € X\ N;
pla,y) = uee
00 otherwise.

The distance of some point = from a set A is hence given by
x) = inf p(x,y).
pa(x) = inf p(z,y)

Next we will show that p defines an extended pseudometric, i.e. a pseudometric which admits also co
as value.
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Proposition 1. p(-,-) defines an extended pseudometric on X and it holds that dg < pa for any set
AeB

Proof: Symmetry and triangle inequality are obvious. The dominance over d4 follows from

pa(z) = inf sup (a(z) — a(y)) > inf lim esssup (a(z) — a(y))

yGAueg/ yEA M—oc0 GVM
> inf lim esssupu(x) = lim esssupu(z) = da(x)
yEA M—o0 GVJM M—o0 wevM
A

for every x € X and AC X\ N. If A¢Z X\ N, it is enough to take the supremum over A\ N, since
for y € N, p(z,y) is trivially infinite for every x € X. |

Remark 1. Note that the mapping (x,y) — u(x) — a(y) is continuous on N¢ x N€¢, so p(-,-) is as
supremum lower semi-continuous on N¢ x N€. However, it is not clear that it is also lower semi-
continuous on X x X, e.g. if p(-,-) is bounded on N¢x N€¢, but N is closed with respect to the original
topology.

Length L and the energy E of a path w € Q := C([a, b]; X) with respect to p are given by

Lo = sup Z p(we, |, wr,);

t’L 17t EA
wtz 17wti)
Eap = sup ,
. Z t _ tz—l)
71— lzt EA
where the supremum is taken over all partitions A = {tg,...,tp}, a =ty <ty <--- <t, =b,neN.

2.2 Energy

Lemma 5. The energy functional is additive, i.e. for any c, d, e € [a,b], c < d < e, it holds for any
path w € Q that

Ecd(w) + Ege(w) = Ece(w)

Proof: The set of all partitions of [c, €] is of course larger then the set of all partitions which contain
the point d, so “<“holds. To prove the other direction, we claim that adding an additional partitioning
point, the energy can only increase. It remains to show that

pz(wtlthz) p2(wt2th3) > p2(wt1th3)
(t2 —t1) (ts —t2) — (t3—t1)

Choosing A € (0,1) such that to = At; + (1 — A\)t3, we get that the above inequality is equivalent to

P2 (wt1 ) wtz) P2 (wt27wt3)
1—AX A

Z PQ (wt1 ; Wt )
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which is clearly true by the triangle inequality and since

A 11—\ 2
<\/:p(wt1)wt2) - \/Tp(wtwwtgo > 0.
|

This result can be used to give an alternative characterization of the energy of a path w. Therefore
we define for a path w : [a,b] — X and u € D(&) the functional

1

b
Top () = (n) — i) — 3 / () (w,) dr

and .
jg(w) = Z Jtiflati(ui’w)
i=1
for fixed n € N, @ = (uy,...u,) € D(E)™ and a partition A = {tg,...,tpn}, a =tg <t1 < -+ <ty =0,
n € N.
Theorem 1. Given a path w : [a,b] — X,

Euu) = sup TE(w). 26)

20

Proof: We can assume that w stays in Ej, for some set Fj, of our compact E-nest (since otherwise both
sides of the equality would trivially be infinite). Note that the set H := {u € D(€) : I'(u) is bounded}
is point-separating by Assumption (BC) and it is a sub-algebra of D(E) by

L(u+v) =T(u) + T(v) + 2T (u,v) < 2(T(u) + T(v)). (2.7)

So it is a point-separating sub-algebra which contains the constants, whence it is dense in C'(Ej) with
respect to the uniform topology by the Stone-Weierstrafl theorem. But since every u € D(E) has a
p-version which is continuous on Ej (and in fact we take the supremum only over this modifications),
it is enough to consider the supremum over 4 € H".

So for any path w : [a,b] — E} and ¢, d € [a,b], ¢ < d, we get on the one hand by maximizing over A

d
sup Jeq(u,w) = sup  (Ai(wq) — Ai(we) — % / L'(Aw)(wy) dt)

ueH u€G’, AeR
oy ()~ (0)?
a ueg 2fch(u)(wt) dt (28)
(@(wa) — @(we))* _ p*(we,wa)
S TS T (29)

Summing up and taking the supremum over all partitions yields ”<* in (2.6).
On the other hand we can choose for some u € H, ; := sup,, | <, <5, ['(u)(w,) < oo and every given
€ > 0 a partition a < c= sy < --- < 8, =d < b, such that

m

d
S (i = si)u < e+ / () () dt. (2.10)

i=1
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With Hélder’s inequality we get by (2.10) and (2.9)

n

ii(wg) — i(we) = Y (iws,) = G(ws,_,)) = > LGVl CRY (si — si—1)vi

=1 i=
= (U(ws;) — a(ws,_,))?
<Z (86 — si—1)vi )

s L) ([ T +e)

Si — Si—1

</Cd1“(u)(wt)dt +5>%

since I'(u/\/7i)(ws;) = T'(w)(ws;) /v < 1. Taking the infimum over all € > 0 and, after rearranging the

IN

IN

N

IN

(2 Ec,d(w))

inequality, the supremum over u € G’, we get by (2.8)

Eca(w) > sup Je q(u,w).
ueEH

The additivity of the energy (Lemma 5) yields the result. |

2.3 More on the Distances p and d

To prove the small-time large deviation principle, we need more than the dominance of p4 over dg
(as proven in Proposition 1). Actually we need (besides lower semicontinuity) that the distances pg,
from the sets of the compact E-nest are in G'. We can prove this only for locally compact state spaces.
Therefore we will need an additional assumption for the infinite dimensional setting. But it is not
clear whether it holds in full generality.

2.3.1 I. The Locally Compact Case

We assume that the state space X is locally compact and the Dirichlet form (€, D(£)) is regular, i.e.
D(E)NCy(X) is dense in D(E) with respect to || ||¢ and in Cyp(X') with respect to || ||oc. The geometry
of this setting was studied by a series of papers by Sturm ([S94], [S95a], [S95b] and [S96]; actually
his setting is more general, since he considers local Dirichlet forms on Hausdorff spaces) under the

following additional assumption:

Assumption (A). The topology induced by p is equivalent to the original topology on X .

This implies in particular that p is not degenerate and that the open p-balls Bf(z) := {y € X :
p(x,y) < r} are relatively compact - at least if X’ is connected, since X is as Polish space complete
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([S95b], Theorem 2). Moreover, the pointwise distance p, is for every € X’ continuous and lies in
the Dirichlet space D(E) ([S94], Lemma 1’). But even more, also the setwise distances p4 satisfy these
properties for every measurable subset A C X and I'(p4) < 1 p-almost everywhere ([S95a], Lemma
1.9 and the following remark). Moreover, he proves, that for compact sets A, B C X it holds even
that p(A, B) = d(A, B) ([S95a], Lemma 1.10).

But in fact, using the results by Hino and Ramirez [HR], we can prove even more:

Proposition 2. Let A C X a subset with u(A) > 0. Then pg = dag p-almost everywhere.

We will give the proof below, together with that of the infinite-dimensional version.

2.3.2 1I. The Infinite-Dimensional Case

For the prove of the upper bound of the large deviation principle the following assumption will be
sufficient.

Assumption (B). For all sets Ey, of the compact E-nest it holds that pg, € G'.

To have a result on the equality we will need a little bit more, actually

Assumption (B*). For all sets A, closed and of positive measure, it holds that py € G'.

We note that all closed balls (with respect to the original topology) around points in the support of
the measure are of positive measure. Moreover, we can easily see that this implies also Assumption
(B) since we can choose the compact E-nest in such a way, that all Fj, are of positive measure: Since
Capi(Ef) — 0 for k — oo there exists a ko such that u(Ey) > 0 for all & > kg. So starting the
sequence only at kg yields such an E-nest.

Proposition 3. Let A C X a closed set of positive measure. Then pa = da p-almost everywhere.

Proof: By Hino and Ramirez (cf. [HR], Theorem 1.2), the set distance d4 defined in (2.3) is p-almost
everywhere 0 on A, the truncated functional d4 A M lies in G (and so in D(E)) for every M > 0 and it
is the p-almost everywhere largest function which satisfies this two conditions. But for the functional
pa it holds obviously that p4 = 0 on A. But since (by the consequences of Assumption (A) resp.
Assumption (B*)) pa € D(E) with I'(p4) < 1 p-almost everywhere, it follows that for every M > 0
also pa A M € D(E) with

F(paAnM)<T(pa) =1 prae.

by Lemma 2. Hence da > pa p-almost everywhere and equality follows by Proposition 1. |
A partial weakening of Assumption (B) will be discussed in Section 5.
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Chapter 3

The Associated Markov Process

In this section we want to look on the probabilistic counterpart of our Dirichlet form (£, D(£)). Since
it is quasi-regular, there exists an associated Markov process (X;) (cf. [MR], Section IV.3) which is
by locality in fact a diffusion ([MR], Section V.1). We are interested in small time asymptotics, so we
define for € > 0 the process X¢ by X7 := X,;. Further we define for n € N, @ € D(L)" and a partition
A = {tg,...,t,} the process M; by

. AL
M= (0(X,) — wa(X5,) < / Lui(X3) ds) Uy
ti—1
n

Mg =" M.
=1

We denote the exit times when X§ leaves Ej, by
T, = inf{t : X{ & Ex}.

We know that the (Mf)™ are real-valued, continuous L?(P,)-martingales and since (Ej) is a compact
E-nest, 17, — 0o Py-almost surely for & — oo (cf. [MR], Theorem IV.5.29). So My is a continuous
local martingale with quadratic variation

n tAL;
(M%), =S el oy / T'(us) (XS) ds. (3.1)
i=1 i1

We shift our attention to the Doléans-Dade exponential exp (Mf — £ (M¢),); it is well known that a
sufficient condition that this continuous local martingale is a true martingale, is given by Novikov’s

criterion .
E, [exp (5 <M5>tn)] < 0.

This criterion holds true by (3.1) for those @ where the I'(u;) are p-a.e. bounded - moreover, then

B, [exp (A (M®), )] < o0

17
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holds for every A € R.

In the following we will use the forward-backward-martingale decomposition of Lyons and Zheng
[LZhe]: Given a diffusion X}, then for every continuous f € D(L) there exist a continuous forward
martingale

t
M = £~ f00) — [ Lf(X)ds teloT)
0
and a continuous backward martingale
. T
5t = f(Xr) — f) - [ Li(Xds, te o1,
T—t

both square integrable and starting in 0, such that
1 - .
J(X0) = [(Xo) = 5 (M] + 8tf_, — M),

This decomposition extends to f € D(E); for details we refer to Appendix A.2. To apply this to our
situation, we introduce for u; € D(L) and T = t; the backward martingale associated to M;":

t;

M = (ﬂi(Xfti—t—i—ti_l)/\t,-) — a(X3) — 6/ Lui(X5) ds) L, s <<ty

(ti—t4ti_1 )AL

The Lyons-Zheng decomposition is then given by

3 . 1 L .
(ui(XtE/\ti) - uz‘(XZ,l)) I 1<y =3 (Mf’l + My - Mti’z) Ly y<osniys
and we get by summing up
n "1 ‘ . . 1
3 (a,;(x;) _ ai(ngl)) =35 (Mf + M - Mf) -2 (an . an)
=1 =1

where we write Mf for > Mf’z As shown in the Appendix A.2 this generalizes to @ € D(E)™.
We denote by (M¢); the quadratic variation of the backward martingale M¢ at time ¢ and note that

(MF),, = (M), .

Lemma 6. For every e >0 and @ € D(E)" with I'(u;) p-a.e. bounded it holds that
U xe
E, [exp (‘7A(€)>] <1 (3.2)

Z 1 1 1 ~ 1,
JA(XF) = i(Mtan - 27€<Ma>tn> + §<_Mtan - £<M6>tn)

Proof: By

it follows that

s (B0 (3. - o)) s (-~ 25 0019,))
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since the quadratic variation is of course non-negative. So the Cauchy-Schwarz inequality implies with
Lemma 18

TR(XE 1. 1 . 3 1. 1, - 3
E, [exp (Ai)ﬂ < E, [exp (205, — 55 (M >tn)} E, [exp (=28, — 5 (o >tn)]

<1
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Chapter 4

Large Deviations

4.1 Exponential Tightness

The aim of this section is to find a sufficient and tractable condition which implies the exponential
tightness of (X ) with respect to the compact-open topology on the path space 2 := C([0, 1]; X'). This
means that for every N > 0 there exists a compact set Ky € Q with

limsupelog P,[X® ¢ Kny] < —N.

e—0

In this generality this will not be possible, unless there exists a compact set with p-full measure.
Instead we will show exponential tightness for families (X¢) of diffusions starting out of the compact
E-nest. This means to show that for every set Fj of the compact £-nest and every N > 0, there exists
a compact set K € € such that
limsupelog P,[X® ¢ Ky | Xy € Ey] < —N.

e—0
Subsequently, we will work under the following assumption (only noticing that in the case that X is
compact it has not to be imposed).

Assumption (D). We require that for every k € N and N > 0 there exists some | € N, such that
pE, > N on the complement of one of the sets Ej in the compact E-nest (Ey).

We will first show that this Assumption is equivalent to the assumption of this property for pointwise
distances and that each of them implies lower semi-continuity of p(-,-) on X x X.

Lemma 7. Suppose p(-,-) is lower semi-continuous on X x X with respect to the original topology,
then for any compact set K the set distance pg(+) is lower semi-continuous.

Proof: Since K is compact, the infimum in the definition of the set distance is attained. Thus there
exists to every z € X a point y, € K such that px(z) = p(y», ). Fix now a point z € X and take a

21
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sequence (xy,), , — « for n — oco. Since K is compact, there exists a subsequence (z,, ) and some
Yy’ € K such that Yo, — y' for k — oo. Now it follows by the lower semi-continuity of p(-,-) that

liminf pg () = iminf pys, ,2n,) > p(y',2) > pr(z),
k—o0

k—o0

hence pg(-) is lower semi-continuous. [ |

Proposition 4. Assumption (D) is equivalent to the fact that for every x € X and N > 0 there
exists some | € N, such that p, > N on the complement of one of the sets E; in the compact E-nest
(Ex). Moreover, it implies that p(-,-) is lower semi-continuous on X x X with respect to the original
topology.

Proof: We show fist that Assumption (D) implies the growth condition for p,: For z € N the
assumption holds trivially, for € N¢ there exists a compact set Fj of the compact £-nest such that
x € Ej. So it follows by Assumption (D) that there exists to every N > 0 some [ € N that

Pz > pE, > N on Ef.

Next we show that the condition on the groth of p, implies the lower semi-continuity of p. This
property is clear on N¢ x N¢ by Remark 1 and trivial if one of the points is in the interior of N. So
it remains to prove the lower semi-continuity in the case that z € (N N9N) and y € X. We note
that to every neighborhood U of x, also Uy, := U N Ej is a neighborhood. Thus we can extract of any
sequence (xy) with z, — x a subsequence (z, ) with z,, € U C Ef. So we have by the assumption
on the growth of p, for every N > 0 some [ € N that

P(fb”nk,y) = py(xnk) >N for all £ > l’

whence lim infy_, p(zn,,y) = 0o, proving the lower semi-continuity.
Finally the growth assumption on p, together with the derived lower semi-continuity imply Assumption
(D) by Lemma 7. [

Lemma 8. Let Assumption (D) hold, then we can find for every N > 0 and every Ey, of the compact
E-nest a compact set Ay € X with

limsupelog P,[3t : X; ¢ An, Xy € E;] < —N.

e—0

Proof: Note first that the set {3t : X7 ¢ An, Xo € Ej} is measurable, since every set {3t : X; ¢ A}
is Borel-measurable given that A is open or closed (cf. [J], Proposition 1.6.(v) and [Sch95], Remark
3). We define now the stopping times

7 :=inf{t : X; ¢ E;}

and the corresponding stopped processes Yt‘s’l := Xirr,- Let n; the smallest number such that pg, > ny
on Ef for the sets E; O Ej, of the compact £-nest. The sequence (n;) converges to infinity for [ — oo
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by Assumption (D). Note now that
PH[Ht : Xte ¢ B, Xo € B < PH[Ht : ,OEk(XtE) > ny, Xo € Fg]

= ) >
By Llél[gff] pE (X7) =i, Xo € Ek}

=P, {PE;C(Yf’l) >y, Y5 € Ek]

1 el np
:PM[espEk(Yl ) > e ,Yog’l EEk}
e Lop, (Y el
<e = EN ePEEATL ,Yb S Ek

n 1 rl el 1 PE el
< 6_%Eﬂ |:€£ fO F(pEk)(Y’" )dTeEJO,l (Yt )7 Yoavl c Ek
pEk 1-2n,

1 e,l
<e Byl 0T yEl e | < e

by Chebyshev’s inequality, Lemma 7, since I'(pg,) < 1 p-almost everywhere by Proposition 2 /
Assumption (B), and an application of Lemma 6. So for every N > 0 we get a compact set Ay with

limsupelog P,[3t : X ¢ An,Xo € Ex] < —N

e—0

directly as the appropriate Ej. |
We denote by

u(XE) — u(XE
|fL(X8)‘a = sup ’u( t) UOE s)’
s,t€[0,1] ‘t - S‘
s#t

the Holder-norm of the real-valued process u(X;) on [0, 1] with exponent «.

Lemma 9. For every u € H (i.e. uw € D(E) with bounded carré du champ), o €]0,1/2[ and N > 0,
there exists an R > 0, such that

limsupelog P,[|a(X?)|o > R] < —N.

e—0

Proof: Fix s, t € [0,1], s # ¢, and set G(u) := esssup ,cp I'(u)(z). We define v’ := a/+/|t — s|, then
I'(v') < G(u)/|t — s| and Lemma 6 implies for every € > 0

~ ey _ ~ e w B Ju/ X‘E
ox (u(Xn u<X3>>] <, eXp( i >)

ev/|t — s

G(u)

E <eze .

m

By exp|z| < exp (z) + exp (—z) it follows that

w(Xf5) —u(X¢E | G(u)
exp [ D) —aXDNY | oo _
e/ |t — s

E,

for € €]0,1] and a certain constant k. Now we can use Corollary 7.1. of [Sch97a] and get that for all
0 < a < 1/2 there exists a constant C' > 0 (depending only on «), such that

P, [lu(X%)|, > R] < (1+r)ee 26
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for all R > 0. So we can set R := C(N +log (1 + x)) and choose K as in the Lemma above to get the
result. [ |

Theorem 2. Under Assumption (D) the family (X¢) is exponentially tight in Q with respect to every
of the probability measures P,[-| Xo € Ei] and the compact open topology.

Proof: To prove exponential tightness, we will use the exponentially fast Jakubowski criterion
([Sch95], Theorem 1) which states that the family (X¢) is exponentially tight in the Skorohod space
D(]0,1]; X), exactly if on the one hand (X¢) satisfies an exponential compact containment condition
and on the other hand there exists an additive family of continuous, real valued functions, separating
points on X, such that for every function f of this family f(X¢) is exponentially tight in the Skorohod
space D([0,1];R).

In our case it is easy to adopt the above lemmata under the conditions given there to get the existence
of Ay and R such that

e—0

limsupelog P,[3t : X7 ¢ Ay | X € E] < —N;
—N.

limsupelog P,[|a(X%)|a > R| Xo € Ei] <

e—0

This follows, since 0 < u(Ey) < 1, simply from
limsupelog P,[3t : X7 ¢ An | Xo € Ej]

e—0

=limsupelog P,[3t : Xi ¢ An, Xo € Ey|/p(Ey)
e—0

=limsupelog P,[3t : X§ ¢ Ay, X € Ey] < —N
e—0

and

limsup e log P,[|a(X?®)|a > R| X € Ej]

e—0

=limsupelog P,[|u(X®)|a > R, Xo € Ei|/p(Ey)

e—0

<limsupelog P,[|u(X®)|« > R] < —N.

e—0
Moreover, even if U itself has not to be additive, the Q-vector space U over U is an additive family
of quasi-continuous functionals on X. Indeed, by (2.7) we have I'(u + v) < 2(T'(u) + I'(v)) for u,
v € D(E). Lemma 9 implies the exponential tightness in D([0, 1]; R) by Theorem 3 of [Sch95] since
lim limsupelog P,lu(Xo) > R| Xo € Ej] = —o0,

R—oo ¢0

as the function @ is continuous on the compact set Ej, and hence bounded. (Note that in Theorem 1 of
[Sch95] continuity for the members of the point-separating family is required, but quasi-continuity is
sufficient, since in the proof continuity is used only on compacts. Compare also [Sch99], 7.Appendix,
in particular Proposition 4.). The exponential tightness in the Skorohod space is of course inherited to
the subspace €2 endowed with the compact-open topology since the Skorohod and the compact-open
topology coincide on Q (cf. [J], Proposition 1.6.). [ |
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4.2 Upper Bound

The proof of the upper bound relies on the characterization of the energy in Theorem 1 an the
estimate for the J-functional, Lemma 6. Using these results we can adapt a general approach (cf.
[DZ], Theorem 4.5.3) to our setting. This yields the upper bound for compact sets, but having already
established exponential tightness it holds all closed sets in the path space.

Proposition 5. Given @ € H"™ and a partition A for some n € N. Then for any path w and § > 0
there exists a neighborhood V,, of w such that

_gi _
limsupelog P,[X® € V,,] < { JA(w) +0 wo € supp K;
—00 else.

e—0

Proof: 1. If wy ¢ supp p, then there exists a neighborhood Uy, wy € Uy, such that u(Up) = 0. Hence
we can choose V,, as the set of all paths { such that {y € Uy. Thus P,[X® € V| = 0 and the statement
holds true.

2. If wg € supp p, we define

Vo o= {¢ + TR(C) > TA(w) — 6}

which is open in the compact-open topology by the definition of the functional 7, Aﬁ (+). Thus we can
conclude by Lemma 6

—Jg(w) > lirgljélpelogE exp( éjﬁ )} + htgl_%lpalogE {exp (—éjﬁ(xs))}
:lirgl_%lpelogE exp( é ju(XE))ﬂ
zlimstl)lpelogE exp( é jA(X‘S))>; X‘SGVw}
e—
> limsupelog £, exp( é) XEEV}
e—=0 €

= —0 + limsupelog P,[X® € V,,].

e—0

Proposition 6. For any compact set K in the path space €2 it holds that

weK

limsupelog P,[X® € K] <
—00 else.

e—0

{ — inf Eg1(w) Jw € K with Wy € supp u;

Proof: Note first that for every w € K and § > 0 we can find by (the proof of) Theorem 1 some n € N
that there exists a partition A and some @ € H" such that Jf(w) > I°(w) for the §-rate function by

(W) = min(Eo,l(w) — 9, %)
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Moreover, we can find for now for this path w € K an open cylinder set V,,, such that Lemma 5
holds. So (V,,) constitutes an open cover of K and since K is compact there exists a finite subcover
(Vi)i=1,.., Vi :={C : JE(C) > jg(wi) — d}. Thus we get by the above lemma

limsupe log P,[X® € K] <limsupelog P,[X® € UV
el0 el0 i—1

<limsupelog <r max P,[X° € V]>
€10 1<5<r

=limsupelogr + limsup € log Jmax P,[X*® e V]

€0 el0 <J<
max —jA(wJ) +4 Jdo € K with @y € supp p;
< 1<5<r
—00 wo ¢suppp Vw € K.

By the definition of the §-rate function we have also

2, TR +0 < o TN < sup —I) = = Inf '),

whence we can conclude that

— inf I%(w Jw € K with @y € supp u;
limsupelog P,[X® € K] < wekK )
l0 —00 wo ¢suppp Vw e K.
Sending now ¢ | 0 yields the result. |

Since we have established in Theorem 2 exponential tightness for the case that we start out of the
compact E-nest, it is immediately clear (cf. [DZ], Lemma 1.2.18 (a)) that the general upper bound
holds true.

Theorem 3. For every closed thet F' C Q it holds that

limsupelog P,[X® € F'|Xg € E}] < — 1nf IEk( )

e—0

with rate function

Ep1(w wo € su N Ey;
IEk(UJ):{ 0,1(w) 0 € supp 1N By

00 else.

If we assume now for a moment that also the lower bound would hold in general (which it actually
does in many cases), we can derive the following corollary.

Corollary 1. For x, y € supp p joined by a path of finite energy, we can describe the intrinsic metric
p by

pP(x,y) =2 inf {Eo1 (W) : mo13(w) = (2,9)}-
Furthermore

pla,y) = nf{Lo1(w) : mo13(w) = (2, 9)}-
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Proof: Note first that since x and y are joined by a path of finite energy, there exists a compact set Ej,
of the compact £-nest such that € Ej. If we look at the projection 7(q 1y, the contraction principle
(cf. [DZ], Theorem 4.2.1, resp. Appendix B, Proposition 16) entails a large deviation principle on
X x X with respect to P,[- | Xo € Ej] with good rate function

f(:p’y) = { inf{‘*’m{o,l}(w):(r,y)} Eo,1(w), x € supp N By
o0 else.

But by Propositions 6 there holds also a large deviations principle upper bound with good rate function

P2(z,y)
B xesuppu Nk
Loy (2, y) = { 002 olse p

More precisely: Proposition 6 states the upper bound only for compact sets, but the exponential
tightness implies that it holds for all closed sets. The respective lower bound was assumed to hold
true as well.

By the definition of the energy it is clear that I > I. To prove the converse, we will mimic the proof
of the uniqueness of the rate function of a large deviation principle (cf. [DZ], Lemma 4.1.4). Suppose
now that there would exist a (zq, o) € X2 with I(zo,50) > I(zo,y0). So we can find for § > 0 small
enough a neighborhood B of (xg,yo) such that

inf I(z,y) > (f(:ro,yo) —0) A<
(z,y)€B

On the other hand side the respective large deviation principles imply

— inf I(z,y) > limsupelog P,[(Xo, X{) € B| Xo € Ex]

(xvy)eB e—0
> liminf e log P,[(Xo, X5) € B| X0 € Ex] > — inf I(x,y).
=0 (z,y)eB

So we get

I(xo,y0) > inf I(z,y) > infﬁf(x,y) > (f(xg,yo) — 5) A =
(z,y)eB (z,y)€B

for delta arbitrarily small and hence a contradiction to the Assumption I (o, y0) > I(zo,Yy0)-
To prove the second statement, we remark that the Cauchy-Schwarz inequality implies

n 2
<; p(wti71 W ) (Z /71_1 ;z_ \/ —t 1>
. Q(Wti—1?wti) . . i—13
S<Zpti—ti_1 )(Z(tz’—ti1> 2Zp2t—t,1

i=1 =1

whence Lo 1(w)? < 2Eg1(w). But p(z,y) < Lo1(w) holds trivially, so also the second result follows.
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4.3 An Integral Representation of the Rate Function

In this chapter, our aim is to give an integral representation of the rate function. For this purpose we
recall the notion of absolutely continuous curves in a metric space (cf. [AT], [AGS04], [AGS05]).

Definition 2. Given an complete metric space (E,dg), we define the space ACP(E) of p-integrable
absolutely continuous curves on E as the set of all curves (i.e. continuous paths) w € C([0,1]; E),
such there exists a non-negative M € LP([0,1],\), p € [1,00], such that

t
dp(wr,wt) < / M(s)ds, forall 0 <r<t<1. (4.1)

We say that a curve is absolutely continuous, if it belongs to ACY(E).

Given an p-integrable absolutely continuous curve w, we can define its metric derivative |w’| by

dp(wp,w
|w'|(t) := lim dplwr, @)
r—t |T — t|

which exists (Lebesgue-)almost everywhere, lies in LP([0,1],\) and |o’| is the (almost everywhere)
smallest p-integrable function for which (4.1) holds ([AGS04], Theorem 2.2, [AGS05], Theorem 1.1.2).
A direct application of this result is not possible, since our intrinsic metric functional p defines only
an extended pseudo-metric on X. But a close inspection of the proof shows, that in reality, it is only
required that dg restricted to any absolutely continuous curve has to be a true metric. To show that
this holds true in our setting, we prove the following lemma.

Lemma 10. Given a continuous path w : [0,1] — X, that satisfies p(wy,w;) < oo for every 0 < r <
t < 1. Then the restriction of p to the range R, of w, R, := w([0,1]), is a true metric.

Proof: By the assumption it is clear that p is finite on R,. But this implies that w lies completely in
one of the sets Ej of the compact E-nest (since otherwise the distance from at least one point would
be infinite - cf. proof of Theorem 1). But on Ej we have by Assumption (BC) a point separating
family with £-quasi continuous p-versions which separates points and has bounded carré du champ.
By simple scaling, the family can be chosen to have carré du champ bounded by 1, and so p(x,y) > 0
for « # y by definition of p. [ |
This enables us to point out the relation between finite energy and absolute continuity.

Proposition 7. Given a curve w on X, then the following statements are equivalent:
(i) Eo1(w) is finite;
(i) w belongs to AC%(X).

If one (hence both) of these conditions holds, the energy functional is given by

1 1
Eo1(w) = 4/ W' (t) dt.
0
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Proof: To prove that (i) implies (i¢), we note first that Eg(w) < oo implies d(wy,w;) < oo for all
0 <r <t < 1. Thus p is a true metric on R, by the above lemma. We want now prove first that
every path of finite energy is absolutely continuous. To do so, we define for every open interval I in
[0, 1] the set-function m by
m(I) ‘= Ssup Z p(wti—uwti)'
A L heAnl
We denote by Z the algebra generated by the open intervals and define for A € B([0, 1])

m*(A) := inf{im([k) : AC G I, I, € I}.
k=1

k=1

Moreover, since

m*([0,1]) = m([0,1]) = Lo1(w) < 1/2Ep1(w) < o0
by Corollary 1, m* defines an outer measure on ([0, 1], B(]0, 1]) which is in fact a true measure by [Bo,
Section 1.5.
In a next step, we want to show that m is absolutely continuous with respect to the Lebesgue measure
A. We take some I € 7 and assume without respect of generality that it is the disjoint union of finitely
many intervals I}, =|rg, sg[. So it follows that

m <U Ik:) < Zm I) = Zsup Z p(wti—17wti)

k=1 k=1 ti—1,t;€ANI
n
1y W
= Z sup Z \/ i — ti— 1 /775 Zi 7
k=1 A ti—1,t; EANIE 1

2
P W, _q, W,
Y it (s Y L)

t t;_
ti—1,t; EANIE A ti—1,t;€EANI ’Z v 1|

\/ Ik \/ ’I‘k,Sk

whence the finiteness of the energy implies that m < A. Thus there exists a Radon-Nikodym derivative

M = dm/dX and we have
t
d(wy, wy) S/ M(s)ds

Thus it remains only to show that M € L?([0, 1], A). Defining (using techniques analogous to [Sch96],
Lemma 26) the functions F(s,t) := Es;(w) and f(t) := F(0,t), f is a non-negative, non-decreasing
and bounded function. Moreover, F(r,t) = F(r,s) + F(s,t) for 0 < r < s <t < 1 by Lemma 5
and f is almost everywhere differentiable with almost everywhere non-negative derivative f’(t) which
satisfies f() t)dt < f(1) = F(0,1). So it holds that

1 2 1 /1 - pwepn,ws) ) /1 1
- t)dt = - lim ———— | dt < li F h)ds
JJ“'U oy Qo Pt ) s e

— /01 f(s)ds < F(0,1) = Eg1(w) < oo. (4.2)
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To show that (ii) implies (i) we fix some w € AC?(X). It follows by Jensen’s inequality that

2

1 17 1 b /
Eo,1(w —SUP Z <SUP Z (M/ W'l (s) 5) (ti — tic1)

i —
ti— 1t1€A i 1 ti—1,t; €A

1 ti
< - - 12 (t — / N
< sup | Z At —ti1) /ti_1 |w'*(s)ds - ( |w'|?(s) ds < oo (4.3)

Combining (4.3) and (4.2) yields the integral representation of the energy functional. |
This integral representation of the rate function is elegant, but note, that in the case where X' is e.g. a
manifold, we are rather interested in an integral representation via paths in the tangent bundle. Such
a representation has to be done case by case, cf Chapter 7.

Remark 2. We note only the case that X is a reflexive Banach space (X, || - ||x) (with respect to the
norm generating the intrinsic metric!): The fact that w € AC?(X) is equivalent to almost everywhere
Fréchet differentiability of w with w € L*([0,1]; X) and

t
wt—wr:/wsds, 0<r<t<l1.
T

Here w denotes the Fréchet derivative and the integral is understood as Bochner integral (cf. [AGS05],
Remark 1.1.8). So we get as integral representation of the finite energy of a path

Foa) = [ llias.



Chapter 5

Degenerate Cases

In this section we consider the degenerate cases, ruled out by Assumptions (A) and (B). We start with
a little example, a degenerate Ornstein-Uhlenbeck process on R2.

Example 1. We consider (R? B(R?),v) with

1 _of+a3
:%e 2 dxidzs,

dv

the two-dimensional Gaussian measure. We define on C’f(RQ,R) the operator D by Df = 68—;1 and

compute its adjoint operator D* by

J:%-FJ:%

1 oo [o.¢]
<Df7g>L2(u):27T/ / Joi (1, 22)g(21, m2)e” ~ 2 daydas

2,2

1 o0 [e'e] 8 oz +x
= —%/Oo/oof(m,xz)axl(9@1;962)6 E 2>dx1d952

2 .2

! - ~ _zitey
- 2/ / f(@1,22) (=g (21, 22) + @19(21,22))e” "2 dardzy
T )oo)oo

=(f D*9>L2(u)a

where D* is given by D*f = —Df +x1f. So we can define a degenerate Ornstein-Uhlenbeck operator
L as L := —D*D. By construction this is a self-adjoint operator on L*(R?,B(R?),v). The form
E(fr9) = (—Lf,9) 120y = (Df, D)2y, f, g € D(L), is closable, since L is negative definite and
self-adjoint (cf. [MR], Proposition 1.3.3). Thus we can define the Dirichlet form (£,D(E)) as its
closure. Obuviously this Dirichlet form is local and conservative and has as carré du champ operator
L(f) = 2(Df)?. But it is also quasi-reqular: We define the compact €-nest simply as Ey, := [k, k]?.
By the conservativeness of the Dirichlet form we have

Cap; (R?) = [ 1gzle = 1.
But equally we have for k — oo the convergence

Capy (Ex) 2 |Ug, 22y = 1,

31
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so &€ is quasi-reqular. The intrinsic metric generated by this Dirichlet form is

lz1—y1] if 29 = Yo
2 = Y2;
00 else.

So every set A for which it holds that pa € L*(R?,v) has to have the property that its projection to the
x9-axis covers this axis up to a null set. Hence there exists no compact set K such that px € D(E).

This example indicates also what we can yet expect as result when we drop the Assumptions (A) and
(B): If we start in a compact set, then we will get exponential tightness, since the diffusion process
generated by L evolves only along lines parallel to the z;-axis. This intuitive consideration we can
make rigorous, so back to the general setting.

Definition 3. To a given closed set F' of positive measure we define the set of F-accessible points as
acc(F):={x € X : P,[Xo € F, X1 € By(x)] >0 for every r > 0},

where By.(x) denotes the open ball of radius v around x with respect to the original topology. Measurable

subsets C' C acc(F)¢ we will call F-inaccessible.

We note that this definition has several different formulations, we note here

acc(F)={zx e X : 3t >0, P,[Xo € F, X; € B.(z)] > 0 for every r > 0}
={reX : P,[Xy€F X, €B.(x)] >0 for every t >0 and r > 0}
={x e X : dp(By(x)) < oo for every r > 0}.

This follows from [AH], Proposition 5.1 resp. [HR], Lemma 2.16. Note that acc(F') C supp p since
P,[Xo € F, X € B.(x)] = P,[Xo € By(x), X1 € F| < u(By(x))
which vanishes for some small enough r if z is not in the support of the measure pu.

Proposition 8. The Assumptions (A) and (B) imply that for every closed set F' of positive measure
it holds that acc(F') = supp p.

Proof: Fix z € supp u and some r > 0. Then pu(B,(z)) > 0, so there exists some z € B,(z) with
pr(z) < oo (otherwise this would be a contradiction to pr € L2(X, it)). This implies by the definition
of the setwise distance and Assumption (B) (resp. Assumption (A)) dp(B,(z)) = pr(B.(x)) < 0o, so
accf (X) D supp p. But since acc’ (X) C supp p holds in general, this yields the result. [ |
That is also exactly what fails in Example 1. There we have on the one hand supp 1 = R? but on the
other only

acc(F) =R x ma(F),

where 7y is the projection on the xs-axis, ma(z1,x2) = xe. So acc(F') # supp p for every compact set
F.
In the next lemma we collect a few additional facts of accessible sets:
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Proposition 9. For any closed set F' of positive measure the following properties of acc(F) hold:

acc(F) is closed,

P,[X; ¢ acc(F); Xo € F] =0 for every t > 0;
P,[3t € R>o : Xy ¢ acc(F), X € F|=0;
Tace(F)e = 00 P,[-|Xo € Fl-a.s.;

dr(acc(F)°) = pr(acc(F)°) = oc.

Proof: We start by proving that the set acc(F') is closed: Given a sequence (x,,), x, € acc(F'), which
converges to some ¥ € X. Then for every r > 0 there exists a x,, such that x,, € B, )5(x). But since
Ty, € acc(F) and B, (z) 2 B, /2(zn), we have clearly u(B,(x)) > p(B,/2(7,)) > 0 and so x € acc(F).
By the definition of accessible sets, we can find for every = ¢ acc(F') a radius r, > 0 such that

P,Xo€e F; Xy € B ()] =0

for the open balls B, (z). So the collection of these balls constitutes an open cover of acc(F)¢. Since
X is as Polish space Lindeldf (cf. [E], Corollary 4.1.16), we can extract a countable subcover B, (x;),
i € N. And since the countable union of null sets is again a null set, we can conclude by

P,[X; ¢ acc(F); Xp € F] < PH[U{Xt € By, (z;); Xo € F}] =0. (5.1)
=0

Since acc(F)¢ is open, the continuity of the paths of X; imply

P, 3t eR>p : Xy ¢ acc(F), Xo € F|] = P,[3t € Q>0 : X; ¢ acc(F), Xo € F]
=P,| U {X: €acc(F), Xoe F}|=0

tEQZO

by (5.1) as countable union of null sets. That the first hitting time of acc(F)¢ is P,[-|Xo € FJ-a.s.
infinite is a direct consequence.
The last statement follows directly from Varadhan’s principle and Proposition 1,

B % (acc(F)°) o p(acc(F)°)
> 5 .

—00 = %ir%tlogPu[Xt ¢ acc(F); Xo € F| =
%

|
Note in particular that every X-inaccessible set C' is an (X;)- and E-exceptional set (of zero capacity
and with P,[rc < oo] = 0 for the first hitting time 7¢). So we can understand the notion of F-
inaccessible sets as a generalization of exceptional sets.
The moral is hence that for the large deviation principle we do not have to care about inaccessible
sets. To make this rigorous, we have to find a weaker alternative to Assumption (B) which allows
also to treat degenerate cases. Since Assumption (B) was needed to prove the exponential compact
containment condition (Lemma 8), we have to prove these results then under the new Assumption.

Assumption (B’). For all sets Ej, of the compact £-nest and all M > 0 it holds that pg, NM € G'.
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Note that this implies immediately that pg, itself is lower semi-continuous. It remains only to prove

the exponential compact containment condition. To do so, we need the following Lemma.

Lemma 11. Let Assumption (B’) hold, then we can find for every N > 0 and every Ejy of the compact
E-nest a compact set Ay € X with

limsupelog P,[3t : X; ¢ An, Xy € Ei] < —N.

e—0

Proof: Note first that the set {3t : X7 ¢ An, Xo € E)} is measurable, since very set {3t : X; ¢ A}
is Borel-measurable given that A is open or closed (cf. [J], Proposition 1.6.(v) and [Sch95], Remark
3). We define now the stopping times

7 :=inf{t : X; ¢ E;}

and the corresponding stopped processes Yf’l := Xirs,- Let n; the smallest number such that pg, > ny
on Ef for the sets E; O Ej, of the compact £-nest. The sequence (n;) converges to infinity for [ — oo
by Assumption (D).

So for every given n; we can set pg, := pg, A (n;+1). Then pg, € G’ by Assumption (B’) and we can
conclude

w3t pE (XF) >y, Xo € Ej]

PM[Ht : Xte ¢ B, X € E] <P,
P [3 ﬁEk(XE) >n;, Xo € Ek]
P

) >y, Xo € E}
Lléﬂ[g)f] pE (X ny, Ao k

[ (VY > g, Y eEk]
{ Py, () >es YaleEk}

<e ?’Eﬂ[espmy )YsleE}

Se_?E [e%fo (P, )( Ysl)dr lJ o )YOE’IGEk

pEk 1—2n,

1 e,l
<e 2 E,u |:65J0,1 (Y, )7}/05,1 EEk] <e 2

by Chebyshev’s inequality and an application of Lemma 6. So for every N > 0 we get a compact set
Apn with
limsupelog P,[3t : X; ¢ An,Xo € E] < —N

e—0

directly as the appropriate Ej. |
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Chapter 6

Ornstein-Uhlenbeck Process on
Abstract Wiener Space

In this section we apply our general results to derive the pathwise small-time large deviation principle
for the Ornstein-Uhlenbeck process on an abstract Wiener space. We then generalize this result to
the case of Ornstein-Uhlenbeck processes with linear unbounded drift, given by a strongly elliptic
operator.

6.1 Abstract Wiener Spaces and Malliavin Calculus

Let (H, (-,-)m) a real separable Hilbert space endowed with a mean zero Gaussian cylinder set measure
fi. We take a measurable norm || - || to get a Banach space (E, || -||) as closure of H with respect to ||-||.
Note that this implies that || - || is weaker then || - ||z, i.e., there exists ¢; > 0 such that |[z]| < c1|z|| g
for all z € H. (cf. [Ku], Lemma 1.4.2). [ induces a mean zero Gaussian cylinder measure p on the
on the o-ring R generated by the cylinder subsets of E. Then F, endowed with the o-algebra F
generated by R (which is in fact the Borel-o-algebra on E) and the measure pu, is a measure space.
The embedding ¢ : H — F is dense and continuous, the triple (F, H, u) is called abstract Wiener space
in the sense of Gross ([G]). Note that ¢/ : E' — H' as embedding of the dual space is also dense and
we can present the whole structure in the following diagram:

ES H o HSE.

In particular, given a separable Banach space (E, ||-||) endowed with a mean-zero Gaussian measure f,
we can find an Hilbert space H (the reproducing kernel Hilbert space), such that (E, H, ) is an abstract
Wiener space (cf. [Ku], Theorem 1.4.4). A stochastic process W indexed by the Hilbert space H is
called an isonormal Gaussian process, if the random variables W (hy), ..., W(hy,) are jointly mean zero
Gaussian for every finite choice hi, ..., hy, € H and the covariance is given by E[W (g)W (h)] = (g, h) u-

37
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(cf. [Nual, [CT], [Le]).

Example 2. As concrete example we consider the classical Wiener space E = (Co([0, T]; R), || - ||oo)
as probability space (E,B,~) with Borel-c-algebra B (induced by the norm || ||« ) and Wiener measure
~v. The Hilbert space H is in this case the Cameron-Martin space

H:= {h € CY([0,T];RY) = h(t) = /t B'(s)ds, h(s) € LQ([O,T];]R{d)}
0

endowed with the inner product (f,g)pg = fOT 1'(s)g' (s)ds. If (X¢) denotes the coordinate process
Xi(z) = z(t), © € E, and (F;) the filtration generated by (X:), then X(h) := fOT B (s)dXs is an
isonormal Gaussian process.

Define now the set of smooth functions
Si={f(W(m),....W(ha)) : | €CF(RYR), hi € H,neN}.

Their directional derivatives are given for g € H and F € S by

lim F(W(hl) + €<ga h1>H7 .- 7W(hn) + E<g7hn>H) B f(W(hl)a . 7W(hn))

e—0 £

= <DF7g>H-

The gradient DF is called the Malliavin derivative, H plays here the role of the tangent space of F.
For F, G € § we define the bilinear form

(F,G\pr2 := E[FG] 4+ E[(DF, DG) ],

the completion of S with respect to the associated norm | - ||p12 is the Hilbert space D2, The
integration by parts formula reads here for F € D2, G € S and h € H

E[G(DF,h)y] = E[FGW (h)] — E[F(DG, h) ).

Note that the Malliavin derivative D is a mapping L?(E) 2 D2 — L2(E; H). The adjoint operator
§ : L2(E;H) O D(8§) — L%*(E), defined via

E[(DF,u)g] = E[F§(u)], for all F' € D2, u € D(6),

is called the Skorohod integral.
The operator L := —¢§ o D is the Ornstein-Uhlenbeck operator on the abstract Wiener space, it is for
F = f(W(hy),...,W(hy)) € S concretely given by

" 9%f i

(W k1), W (b)) (his ki) = > 5

LF=(-6oD)F =
( ) 9y 0y, ~ yi

(W (h)s o, W (ha) )W (hi).
i,j=1

It holds that
E(F,G) = E[(-LF)G] = E[(DF, DG) g, F.GeS,
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so this defines a Dirichlet form (£, D(€)) with domain D(£) = D'? and inner product (F,G)s =
(F,G)p12 (cf. [Nua], Chapter 1). It is quasi-regular by [MR], IV.4.b), and obviously conservative and
local, the associated carré du champ operator is given by

D(F) = 2| DF|[3.

The diffusion process (X;) associated to the Dirichlet form (£, D(£)) is the Ornstein-Uhlenbeck process
on the abstract Wiener space (E, H, ). It is the weak solution of the stochastic differential equation

1
dX; = dW; — S Xy dt,

where (W;) is a Brownian motion on E, starting in 0 € E, with covariance (-, )y (cf. [FZ99]). The
corresponding intrinsic metric on E is given by the Cameron-Martin distance p?

(e wugen

H
p(f,9) =
(/.9) otherwise.

6.2 Small-Time Asymptotics for the Ornstein-Uhlenbeck Process on
Abstract Wiener Spaces

Now we want to prove the small-time large deviation principle for the Ornstein-Uhlenbeck process on
an abstract Wiener space. Therefore we need some topological preliminaries.

Lemma 12. Given a compact E-nest (Ey), then (Ey) defined by
Ep:={xcE : |z—Eu <k}

18 also a compact E-nest.

Proof: Note first that the || - || z-closed unit ball is || - ||-compact (cf. [Le], Chapter and [Kue], Lemma
2.1). Moreover, it is clear that

~ —H —H
Ey=FEy+B, ={r+y:z€Ey,yc B},

where EkH denotes the closed || - || z-ball of radius k around the origin. Thus so Ej, is || - ||-compact as
sum of two || - ||-compact sets (cf. [E], Theorem 3.2.3). However, since £ D Ej, also Capi(E \ Ey)
tends obviously to zero, so (Ey) is a compact E-nest. |

We define the space of absolutely continuous paths on E with square integrable derivatives in H by

. t . 1 .
H(E) := {hEC([O,l],E) : 3h e LY([0,1]; H), ht:hg+/0 hrdr,/o \|hr||%{dr<oo}.

The integral fot ﬁr dr is an H-valued Bochner integral and h can be understood as Fréchet derivative.
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Proposition 10. The Ornstein-Uhlenbeck process (X;) on the abstract Wiener space satisfies a small-
time large deviation principle upper bound

limsupelog P,[Xf € B| Xy € Ek] < — inf Ig (h)
e—0 heB 7k

for any set B C C([0,1]; E') with rate function

I (h) = %fol 1l dt h € H(E), ho € supp p N Ej;
Ex 00 otherwise.

Proof: Proving the proposition means essentially to show that the Assumptions (BC), (B) and (D)
are fulfilled.

For any o-compact positive measure set K C FE the distance functional p% is p-almost everywhere
H-Lipschitz continuous in the sense of Enchev and Stroock ([ES], cf. also Kusuoka, [Kus82a] and
[Kus82b]). This means that there exists a C' > 0 and a p-version gl of p such that

|ﬁ§(x+h)—[)§($)‘ < Clhl &, forall x € F and h € H.

This implies that pif € D(€) with carré du champ bounded by 1 (cf. [Hir], Proposition 4.4, Proposition
4.5 and Theorem 4.2, compare also [ES] and [FLP], Proposition 4). Assumption (BC) is satisfied, since
we can easily construct a point-separating family: Let ) a countable, dense subset of E\ N (such a
set exists by construction of the E-nest (Ey), cf. [MR], Proposition IV.4.2) and take z, y € ) with
x # y. Then we can separate x and y by open || - ||-balls, i.e. there exists an r € Q, r > 0 such that
BE(z) N BEF(y) = 0. Thus, by the separation version of the Hahn-Banach theorem (cf. [W], Theorem
I11.2.4) we can found a linear functional I’ € E’ such that

U'(z) <1'(w) Vz € BE(x), w e BE(y).

However, these linear functionals are of course || - || g-Lipschitz and thus also || - || g-Lipschitz, so they
are in the Dirichlet space with bounded carré du champ (cf. [Hir], Theorem 4.2). Hence this countable
family of Lipschitz functionals separating balls of rational radius around points in the countable dense
subset ) is our point-separating family. (An alternative family is given directly by (ujq)renzey,

Uk 1= ng ( )() A M for some M > 0. The rational balls are closed sets of positive measure, so
1/k\T
the set distances are (by Assumption(B) proved below) in the Dirichlet space with bounded carré du

champ.)
For Assumption (D) we construct to (Ej) the sequence (E}) of the above lemma. Then it holds by
construction of the compact £-nest (Ek), that for every y € E¢, | > k,

o e —ylla 1k
pg, (y) = inf z
and so Assumption (D) holds true.
Let now A be a closed set of positive measure. Then ps = py\n since N is a null set where the
distance is infinite. But since Ay := AN Ej, is a compact set, it follows that A\ N = [Jp—; Ak is
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o-compact and hence Assumption (B) holds true, since p4\n € D(E).
So the large deviations principle holds with rate function

Hhti - hti—l H%I

A ti—1,t;€A 2(ti _ti_l)

Moreover, Proposition 7 provides the integral representation of the rate function. [ |

6.3 Ornstein-Uhlenbeck Process with Unbounded Linear Drift

Now we want to generalize this process. We take therefore a self-adjoint, strongly elliptic (i.e. A >
¢z Id g, for some ¢3 > 0) operator A on H with domain Hy := D(A) C H and we define L4 := —doAoD.
The space Hp with inner product (-,-)p, = <A%‘, A%> g is another Hilbert space contained in H; the
embedding Hy — H is dense and continuous. So we can define the Dirichlet form (£4,D(€4)) as
closure of

EA(F,G) = E[~(LAF)G] = E[(A2DF, A2 Dg)y] = E[(DF,DG)y,], F, G€S.

This Dirichlet form is also quasi-regular ([AR], Section 7.I) and [R92], Section 6.(a)), local and con-
servative, it admits a carré du champ operator given by

D(F) = 2||DF|%,.

The associated diffusion (X;) we call generalized Ornstein Uhlenbeck process. The intrinsic metric is
given by

00 otherwise.

p™(f.9) = { A if (f = 9) € Ho;

The generalized Ornstein-Uhlenbeck process can be understood informally as weak solution of the
SDE .
dXy = dW; — iA(Xt) dt, (6.1)

therefore we can look at A as a drift. But to be more precise, let’s define X, for h € H and a sequence
(1), ln € E', I, = hin || - ||, as L3(E, p)-limit X}, := lim, o0 g {(ln, )g. Let now B : E — E an
F-F-measurable mapping that satisfies

E/<k:,ﬁ>E = X4 p-ae forall k € E'N Hy

and [ [|B|ldp < oo. (Note that such a mapping exists at least in the case where the embedding
H — F is Hilbert-Schmidt and E' is chosen as particular Hilbert space, cf. [R92], Proposition 4.15
and Section 6.(a). The proof relies on the Gross-Minlos-Sazonov theorem, for generalizations see [Y],
Section 3) Then (X}) is the solution of the SDE

1
dX; = AW, — S(X,) dt, (6.2)
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where (W}) is a Brownian motion on E, starting in 0 € E, with covariance (-, -) . The reason why we
called the equation (6.1) an “informal expression” of (6.2) is the following: In the case that A(E’) C E’
and A|g : B/ — E' is || - || gr-continuous, it holds that 3(z) = A’(z) for p-a.e. z € E for the operator
A’ defined as

E/<k:,A’(z)>E = El<Ak’,Z>E forall ze E, k € E.

(cf. [R], Section 6.(a); for a different approach to the SDE via “second quantization” we refer to [AR],
Section 7.I) and [FZ99)]).
In the following we will show that the generalized Ornstein-Uhlenbeck process obeys a large deviations

principle.
Lemma 13. The closed || - || g, -unit ball

—Hy

B, ={zx€E: |z|g, <1}
is weakly-|| - || i, -compact and || - ||-compact.

Proof: Weak compactness holds for every unit ball of a reflexive Banach space (cf. [W], Satz
VIIIL.3.18). To prove || - ||-compactness, we note that strong ellipticity implies directly

1
lzlZ, = A2l > ol

So E{IO - Efi@ which is a || - ||-compact set. So E{{O is relatively || - ||-compact.
But E{{O is also || - ||-closed: Fix a sequence (xy,), z, € E{{O converging to some x € F in || - ||. Since
B’ is weak-| - ||g,-compact, so there exists a subsequence () which converges weakly to some

z € By". E’ separates points in E, so x = z € B; ", whence the unit ball is || - [-closed and so
|| - [[-compact. [ |

Lemma 14. (€4, D(E4)) satisfies Assumption (D), Assumption (B’) and Assumption (BC).

Proof: Since Lemma 13 states the compactness properties required in the proof of Lemma 12, we can
copy directly this proof to get to a given compact E-nest (Ey) a compact E-nest (Ek) given by
Ek = {l’ cFE: ||{L‘ _Ek’HHo < ]{2}

So (analogously to the proof of Proposition 10) Assumption (D) holds.
To prove Assumption (B’), we note that for every M > 0 it holds that

PO (2 4 ) A M — () A M| < p™0 (@, 2+ h) = |l . (6.3)

Indeed, suppose first that K is compact and without loss of generality pgo (z) > pg‘) (y). Since K is
compact, it holds that pg‘) (y) = p™o(y, k) for some k € K. Then

p"o (2, y) A M > pM(, k) A M — p™(y, k) A M > pi°(x) A M — pi°(y) A M



6.3. ORNSTEIN-UHLENBECK PROCESS WITH UNBOUNDED LINEAR DRIFT 43

and (6.3) holds. If K is merely o-compact, we can write it as increasing union of compacts K, so
pgfl (z) is a decreasing sequence and the inequality (6.3) remains true. Thus we can conclude that
pgo € D(€4) with carré du champ bounded by 1.

Again we can fix a countable dense subset ) of E'\ N by construction of the compact E-nest (Ey) (cf.
[RSchm95], Proposition 3.1). To prove now Assumption (BC) we can repeat the proof of Proposition
10, since the point-separating linear functionals are also Hyp-Lipschitz by the ellipticity of the operator
A. |

Remark 3. If A is additionally of trace class, then (Ea,D(E4)) satisfies also Assumption (B): Since
A is of trace class, it holds for z € H for any orthonormal basis (eg)r of H that

o o0 oo
1 1 1 1
2l = 422015 = D (Azz ety = Y (= AZen)ly < 213 ) Az exll
k=1 k=1 k=1
oo
= |I211% Y _(Aex, ex) i = ||2[17 - tr (A). (6.4)
k=1

by Parseval’s identity and Cauchy’s inequality. So we get for every o-compact set K C E, u(K) > 0,

2 2
T — tr(A) - ||z —
pi(x) = inf 7“ Yy < inf r(A) -z =yl

yek /2 T yek V2

whence pgo € L?(E, ). But by (6.3) with (6.4) it follows even that p%o € D(E4), so Assumption (B)
1s fulfilled.

— tr (4) - (),

So we can collect all these results and define
. L. 1.
HY(E) := {h e C([0,1], E) : 3h € L([0,1]; Hy), hy = ho +/ h, dr, / [ |7, dr < oo} .
0 0
The integral representation of the rate function holds by Proposition 7, so we get the following propo-
sition.

Proposition 11. The generalized Ornstein-Uhlenbeck process (Xi) on the abstract Wiener space sat-
isfies a small-time large deviation principle upper bound

limsupe log P,[X{ € B| Xo € Ex] < — inf I2°(h)
e—0 heB “k

for any set B C C(|[0,1]; E) with rate function

o(p) = L el dt h € H°(E), hg € supp pu N Ej;
Bk 00 otherwise.

Note that this result generalizes the work of Fang and Zhang ([FZ99], Proposition 2.5), who proved the
pathwise large deviations for a fixed starting point by a direct approach via the associated semigroup
in the case that the embedding Hy — F is trace class.



44 CHAPTER 6. ORNSTEIN-UHLENBECK PROCESS ON ABSTRACT WIENER SPACE



Chapter 7

Wasserstein Diffusion on P([0,1])

The Wasserstein diffusion (ut)¢>0 on the space P([0,1]) of probability measures over the unit interval
[0,1] equipped with the L2-Wasserstein distance was introduced by von Renesse and Sturm in their
paper [vRS] whose presentation we follow closely. The L2-Wasserstein distance is given by

dw (p,v) == inf (// |z — y|*(dz, dy)>
yer#v [0,1]2

where ~ ranges over all probability measures on [0, 1]> with marginals ; and v,
P = {3 € P(0,112) + 7(A x [0,1]) = u(A), 7(0,1] x B) = v(B), A, B C [0,1]}.

The Wasserstein diffusion on the space (P([0,1]),dw ) is constructed via a Dirichlet form defined in
terms of an entropic measure on P([0, 1]) and a gradient on a convenient tangent space in such a way,
that the associated intrinsic metric is the L?-Wasserstein distance.

The construction draws heavily on the isometry between P([0,1]) and the non-decreasing, right-
continuous functions on [0, 1]: Define

Go :={g: [0,1] — [0,1] : g is right-continuous, non-decreasing with g(1) = 1},

then there exists a bijection

X ¢ (g07 H ’ HL2(>\)) - (P([Ov 1])7dW)

given by the push-forward of the Lebesgue measure

X(9)() = (g:M)() = Mg~ ()

The inverse of x is given by the quantile function

X (P[0,1]),dw) = (Go, ||+ 2 ()
gy :=inf {s € [0,1] : p([0,s]) >t}

45
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(with inf ) = 1). Moreover, this bijection is in fact an isometry,

dw (1, v) = llgu — gullL2(n)-

Indeed, this is nothing else than the Fréchet-Hoeffding theorem for optimal transport of probability
measures on the real line with quadratic cost functional. For the background we refer to Villani’s
book [Vi]. The concrete statement there is Theorem 2.18 (cf. also [AGS05], Theorem 6.0.2). The

L?-topology on Gy and the image of the Wasserstein topology on P([0, 1]) under the map x ! : g — g,

coincide and Gy is compact with respect to this topology ([vRS], Section 2.1).

7.1 Entropic Measure

Using this isometry, we can construct the desired objects on Gy and pushing them forward to P(]0, 1]).
To construct the entropic measure on Gy we fix some g > 0. Then for N € N, a partition Ay :=
{to, e ,tN+1}, 0=t <t; <...<ty <tnyq1 =1 and the simplex

Yy :={(z1,...,zn) € [0,1]N 0=xo<x1<...<zNy <N =1},
we define the marginals of the measure Qg by requiring

/g WGty s Gtn) ng(g)

N+1

— F(B) o /3(751'*151'71) dﬂ?l cee dl‘N
T T30 — ) AT [] o= i) T oy Y

for every bounded and measurable u : [0,1]Y — R. Here I' stands for the Gamma function. We define

G’ as the set of mappings A; — ;. The above family of marginals is consistent, so Kolmogorov’s
extension theorem implies the existence of a unique measure Qg on the projective limit ngz The

canonical projections p; : Gop — G* are consistent with the canonical projections 7! : G/ — G*, j > i.
So Gy is homeomorphic to a subset of HiGN G' and we can embed G continuously into @Q’Z The
restriction of the measure Qg to Go defines the measure Qg on Gy (compare Appendix 2).

Note that the measure Qg is nothing else then a Dirichlet distribution. To show this, we define the
measure v on the unit interval by

b
v(la, b)) := | PBds, 0<a<b<l

Applying the substitution y; := z; —x;—1,i=1,...,N, to (7.1), we get

/g u(gtl,...,gtN)ng(g)

! (7/(]0, 1])) / = v(Jti—1,ti])—1
= e || A ) - dyn)dyn—1 - - dyx,
IEV_—JEIF(V(]Q—MU])) [0,1]V ulon o) i=1 g e iy yk( yN)dyn -1 Y1
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which is the Dirichlet distribution on the unit interval with parameter v (cf. [Sch02], (6)).
The entropic measure POB on P([0,1]) we get by pushing Qg forward, hence by requiring that

/ u(p) dPy (1) = / u(g:\) dQj (9)
P((0,1]) Jo

for all bounded and measurable u : P(]0,1]) — R ([vRS], Section 3.3). We note that the measures
Qg have full support on Gy, that Qg -almost surely the function s — g(s) is strictly increasing, but it
increases only by jumps (by heights adding up to 1, the jump locations are dense in [0, 1]), and that
for every fixed sg € [0, 1], the function s — g(s) is Qg -almost surely continuous in sp. The asymptotics
of the family (Qg )geo,oof i B are the following: For 3 — oo the measures Qg converge weakly to
the Dirac measure J, on the identity map e of [0,1]; for § — 0 they converge weakly to the uniform
distribution on the set {1, : s €]0, 1]}.

In terms of POﬁ , this means that p € P([0,1]) is P(’)B -almost surely singular continuous (i.e., it has no
atoms, is not absolutely continuous and behaves 'Cantor-like’) and the measures P(’)g converge weakly
to gy for 8 — oo and to the uniform distribution on the set {(1 —s)d;0y + 571y : s € [0,1]} for 3 — 0
([vRS], Section 3.5).

For both measures, Qg and Pf , a Girsanov style change of variable formula holds. Let h € Gy a
CZ%-isomorphism, hence an increasing homeomorphism h : [0,1] — [0,1], such that h and h~! are
both bounded in C?([0,1]). Then under the translation 7, : Go — Go given by g + h o g for every
g € Go, the measure Qg is quasi-invariant, so is Poﬁ under 7, : P([0,1]) — P([0,1]) given by p — hyp.
More explicitly, the densities (bounded and bounded away from 0) are given by

dQg(hog) _d(mh-1).Qf(9)
dQ;(9) Q5 (9)
Lo b (a(s)) ds —l-))
—eB [y logh'(g(s)) d H \/h(g ) h ( -

, )
VRN Q) e = Lahees

where J; C]0, 1] denotes the set of the jump locations of g on ]0, 1[; Analogously

Py (hp) _ GBS logh(s) u(ds) 1 11 W(I-)h (14)

APy () ROy PO/

where gaps (1) denotes the set of intervals I =]I_, I, [C [0, 1] of maximal length with (/) = 0 and |/]
denotes the length of such an interval ([vRS], Section 4.3).

7.2 Directional Derivatives and Integration by Parts on G

For each ¢ € C*°([0,1]; R) with ¢(0) = ¢(1) = 0, we define the flow generated by ¢ as the map

e, : R x[0,1] — [0, 1],
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that assigns to each x € [0, 1] the function

eo(, ) + R —[0,1];
t —ep(t,x).

e, (t,x) denotes here the unique solution of the ordinary differential equation

dxt
A p(xt),
Trog =x.
The property e,(t,z) = en(1,2) allows us the use of the shorthand e;,(x) = ey(t,z). For every

@ € C™([0,1];R), the family (es,)ier is a group of order-preserving C'*°-diffeomorphisms of [0, 1].
Note that e4,(0) = 0 and ey, (1) = 1 for all t € R and %ew(x)h:o = ().
Given a function u € Gy, we can define for every ¢ the directional derivative along ¢ by

in the case that this limit exists.
This is in particular the case for the following family of functions u : Gy — R, for which the derivative
Dgu(g) exists for every point g € Gy in every direction ¢: Define 3%(Go) by

3%(Go) =

{u tu(g) = U(/O1 a1(g(s))ds, ..., /01 am(g(s)) ds),ai € C*([0,1],R),U € C*(R™ R), m € N},

then we get for u € 3(Go)

Do) =Y ([ aatoe s [ amtateas) - [ altatenetate) ds
i=1 7"

This operator is closeable in L?(Gy, Qg ) and we will denote the closure by (D, D(D,)).
Denoting for ¢ € C*°([0,1];R) by D7, the operator adjoint to Dy in L?(Go, Qg), we get for u in the
family 3'(Go) the integration by parts formula

Diu=—Dyu—VF - u.

The drift operator Vf : Go — R is given at the point g € Gy by

3 (90’(9(%)) +¢'(gla=))  plglat)) — @(g(a—))> L5

T, 2 gla+) — gla—) 10,1] 2

(cf. [vRS], Section 5.4).
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7.3 Gradient and Dirichlet Form on G,

To define a gradient for functionals on Gy, we have to specify the tangent space in the points g € Gy.
In accordance to our definition of the directional derivatives we choose

ol = ( [ 1 ¢<g<5>>2d5>;

ngﬂ = L2([05 1]7g*>‘)

to get

So we can define the gradient Du(g) € T,Go by
Dyu(g) = (Du(g), <P>Tg for all ¢ € T,.

It exists if and only if

D
oeT, 1 o gl

This definition of a tangent space is isometrically isomorphic to another one: If we understand Gy as
subset of L2([0,1],\), we can choose

T,Go := L*([0,1], \)

and define the the directional derivative Dy for u : Gg — R in direction f € T, as Gateaux derivative

which is in fact a Fréchet derivative and so Du by
Dru(g) = <]Du(g),f)Tg , for all f € T,.

It exists if and only if

D
sup su(g)

I < .
rety Iz

In particular we get
Dyu(g) = Dgogu(g)  and  [|Du(g)]|r, = [Du(g)|,
(cf. [VRS], Section 7.1). For u € 3'(Gy) we can understand the gradient Du as mapping

Du : Gy x [0,1] =R,
(9, 1) =Du(g)(t). (7.2)

So (D, 3'(Gp)) is an operator

D : 34Go) — L2(Go x [0,1],QF ® \)
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and as such it is closable in L?(Gy, Qg) with closure (D, D(DD)).
For u, v € 3'(Gp) we can hence define the so called Wasserstein Dirichlet integral

E(u,v) = /g Du(g), Do(9)) 12 ) AQ(5).

(E,3%(Go)) is closeable, too, and its closure (E, D(IE)) defines a regular, recurrent and local Dirichlet
form. Its domain coincides with D(ID), since both are the closure of 3'(Gy). We get the representation

E(u,v) = / Du - Do d(Qg ® N),
go><[0,1]

understanding the gradient as mapping Gy x [0,1] — R as in (7.2). Furthermore (E, D(E)) admits a
carré du champ operator I'(u,v) € L'(Go, Qg) with domain D(I') = D(E) N L* (G, Qg) which is given
by
I'(u,v)(g) = 2(Du(g), Dv(g)) 12
(cf. [VRS], Section 7.2). We note two important classes of functions which are contained in the domain
of the Dirichlet form. On the one hand, for every f € Gy the function
ug)c : Go —R;

9= {f,9) 20

belongs to D(E). And on the other hand also the function
U}' 1 Go —R;
1f = 9gllz20n
R
V2

belongs to D(E) with the additional property F(u}) <1 Qg -almost surely. Moreover, we have for func-

(7.3)

tions in the domain of the Dirichlet form the following Rademacher property: Every 1/v/2-Lipschitz
function u on Gy is contained in D(E) with I'(u) < 1 Qg -almost surely. Vice versa, every continuous
function v € D(E) with I'(u) <1 Qg—almost surely is 1/4/2-Lipschitz. The intrinsic metric p on Gy
generated by the carré du champ T is the L?-metric:

=gl

(cf. [vRS], Section 7.3, compare also [RSchi]). The Dirichlet form has a generator 3L and an associated

for all f,g € Gg

Markov process, the diffusion (g¢)¢>0 on Gy starting in some gy € Gp.

7.4 Wasserstein Dirichlet Form and Wasserstein Diffusion

Now we can push forward the Dirichlet form from Gy to P([0, 1]) by means of the isometry . Therefore
we define the set 3%(P([0,1])) by

3*(P([0,1])) =
1

{u:u(,u)—U(/Olaldu,...,/O amdu),aiECk([O,l],]R),UECk(Rm,R),mEN}.
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For any p € P([0,1]) we can identify the tangent space T),P([0,1]) with L?([0,1],). So for u €
34(P([0,1])) the gradient Du(p) is given by

with norm

1
HDU HT </ aq d/’L77/ amd:u> 'CY/
0 0
The associated flow by means of ¢ € T}, is given by the push-forward ¢, u.
Pushing the Dirichlet form (E, D(E)) on Gy forward yields the Wasserstein Dirichlet form (£, D(E))
on L?(P([0,1]), POB) which is regular, recurrent and local and on 3'(P([0,1])) given by

dp

£(u,v) = /p oy (P D)y AP, v € 3P0, 1))

The associated carré du champ operator is defined on D(E)NL>®(P([0,1]), POB) and has on 3'(P([0,1]))
the representation

D(u,0)(1) = 2(Du(p), Do(p) gy, wv € 31 (P([0,1]).

The Rademacher property is here given in the following sense: Every 1/v/2-Lipschitz function u on
P([0,1]) (the Lipschitz property is understood with respect to the L2-Wasserstein distance dy) is
contained in D(&) with I'(u) <1 P(/)B -almost surely. Conversely, every continuous function v € D(E)
with T'(u) <1 POB -almost surely is 1/v/2-Lipschitz. The intrinsic metric on P([0, 1]) generated by T is
the L2-Wasserstein metric:

. dW(:u’a l/)
p(p,v) = V2

Moreover, we can represent the generator 2L of the Dirichlet form (£, D(€)) on 32(P([0,1])) defined
by

for all pu,v € P([0,1]).

32(P([0,1])) := {u e 32(P([0,1]) : al(0) = al(1) =0 foralli € {1,...,m}, m e N}
as sum L = Ly + Lo + L3 with

1 1 1
Liu(p Zzaylay] (/0 ozldu,...,/o amd/,t>-/0 aga}d,u

=1 i=1

m 1
LQU(/'L) :Z 83U</0 a1 d/L?a/O Oémdﬂ)
i=1 7

(062’(1) +oi(ly)  of(l-) - aé(h)) a7 (0) + o (1)
2 1]

o
Q UQM
[}
el
@
=




52 CHAPTER 7. WASSERSTEIN DIFFUSION ON P([0, 1))

Here L; describes a diffusion on P([0,1]) in all directions, Lo is the drift part due to the change
of variable formula and L3 is the generator of the deterministic Neumann heat flow (Hy);>o on
L3(P(Jo, 1]),POB) given by

Hyu(p) = u(hep).

h is the heat kernel on [0, 1] with reflecting boundary conditions and

1
me =/0 he (- y) p(dy).

Note that for f — oo we have the convergence 1/8L — Ls.

For PO’B -almost every po € P([0,1]) we can associated a Markov process (u¢):>0 starting in o to the
generator 3 L. This process (ut);>0 we will call the Wasserstein diffusion on (P([0,1]), Poﬁ). Note that
it is related to the diffusion process on Gy by

pt = (ge)s A,

where (g¢)¢>0 is the Markov process associated to the Dirichlet form (E, D(E)) on LQ(QO,Qg) with
starting point go := x~(u0) (cf. [VRS], Section 7.5).

7.5 Small Time Large Deviations on G

Now we want to apply our general results on pathwise small-time large deviations to the case of the
Wasserstein diffusion. We start with Gy and define the space H(Gy) as subspace of the sample path
space C([0, 1], Go) by

H(Gy) =
. t. 1.
{hEC([O, 1]ag0) : HhELl([O, 1];L2([07 1]aR))7 ht:h0+/ hy dr, / ”hTH%Q(A) d’I"<OO}.
0 0
Note that the integral fot hy dr is an L?([0, 1]; R)-valued Bochner integral; H(Gp) is the space of ab-

solutely continuous paths on (Go, || - [ z2(y)) with square integrable Fréchet derivative (cf. Remark 2).
Furthermore we denote by Hgy,(Go) the subspace of all sample paths starting go.

Proposition 12. The diffusion process (gi)i>0 on (Go, || - [|z2(x)) associated to the Dirichlet form
(E, D(E)) and starting in go obeys a large deviation upper bound with rate function

00 otherwise.

.
Eo1(h) = Iy (h) = { 30y IhelZaydr for h € Hyy(Go):

Proof: To prove this result means essentially to check if our conditions for the large deviation principle
hold. The Dirichlet form is quasi-regular (since regular), local, conservative (since recurrent, cf.
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[FOT], Theorem 1.6.3) and admits a carré du champ operator. So Assumption (A) is fulfilled. A
point-separating family with bounded square field operator is given by (u}) fey

ub(9) = If = glli2n/V2 = p(f,9) = p(9)

for a countable dense subset ) of Gy (see (7.3) above). In particular py € D(E) for every f € Go; the
exponential compact containment condition holds true (even without Assumption (D)) since Gy itself
is compact (cf. Section 5). The integral representation holds true by Proposition 7. |
But our general results imply in fact more, we can randomize the initial condition to get the following
Corollary.

Corollary 2. The diffusion (g¢)i>0 on Go satisfies the small time large deviation upper bound

limsupe log P, B[gt € A] < — inf I(h)
e—0 heA

for any set A C C([0,1]; Go) with rate function

00 otherwise.

F() { o WnaBagydr e H(Gy), ho € supp Qf:

7.6 Small Time Large Deviations on Wasserstein Space

Now we want to derive the corresponding small time large deviation principle on the Wasserstein
space. The isometry between Gy and P([0, 1]) implies that such a principle holds with rate function

d3 (wt;_y>wt;)
I(w) :==Ep1(w —sup —W s R
) Z At — ti1)
w a sample path on Q := C([0,1]; P([0,1])). In particular p, € D(E) for every p € P([0,1]) and (pu),
separates points with I'(p,) < 1. But instead of directly carrying over the integral representation on
Go, we prefer to give first a representation directly in terms of the Wasserstein geometry.
To introduce the notion of a tangent velocity field, we look at the so called continuity equation: We

say that a curve w on P([0,1]) solves the continuity equation

0
awt + div(vwy) = 0,

for a Borel vector field v, v; € L2([0,1],w;), ve(x) : [0,1]x]0, 1[— [0, 1], (x,t) = vi(x), if it solves the
equation in the sense of distributions. This means that for every smooth test function ® on [0, 1]x]0, 1]
with compact support, the equation

/01 /01 <%cb(x,t) + (ve(x), Vm(I)(.’L',t)>L2(wt)> wi(dz)dt =0
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is satisfied. If w is absolutely continuous, then there exists a vector field v with [jv[|z2(.,) < |w'|(t)
almost everywhere such that w solves the equation with respect to v. Conversely, if w satisfies the
continuity equation for some Borel vector field v with [[v¢|lz2(,) € L*([0,1],A), then w is absolutely
continuous and |w'[(t) < [lv¢][12(s,) almost everywhere. (cf. [AGSO04], Theorem 3.6 and [AGSO05],
Theorem 8.3.1). To a given curve w there exists indeed no unique vector field v such that w solves the
continuity equation with respect to v. If w is a solution with respect to v, then it is also a solution
with respect to v + w for every w which satisfies div(wuw;) = 0. But there exists a minimal solution,
that is unique up to (Lebesgue-)null sets and for which

vell L2 (wp) = [W'[(2) A-almost surely (7.4)

holds (cf. [AGS04], Section 3.2 and [AGS05], p.167). This vector field v is called the tangent velocity
field associated to w. It can be understood as a sample path on the tangent bundle of P([0,1]), t — v
defines a mapping [0,1] — TP([0, 1]).

Proposition 13. Given a curve w on P([0,1]), the following statements are equivalent:
(i) Eo,1(w) is finite;
(ii) w belongs to AC?(P([0,1]));
(i4i) there exists a tangent velocity field v associated to w such that ||vt 2., € L2([0,1], ).

If one (hence all) of these conditions holds, then the energy functional is given by
L[, e 2
Eo1(w) = 1), |w'|“(t) dt = 1), [vell 22 (eop) -

Proof: The equivalence of (i) and (ii) is true by Proposition 7. That implication (ii) entails (i7)
is clearly true: Since v is the tangent velocity field such that w solves the continuity equation, w is
absolutely continuous. But since [|v¢l12(,) € L*([0,1], A), it follows that [w'|(t) € L*([0,1], A) and so

t
plwr, wy) < / || (s) ds, 0<r<t<l
T

Conversely, the existence of a tangent velocity field implies that w is absolutely continuous. Hence the
metric derivative exists, and since |lv¢ r2(.,) € L?([0,1], ), it is square integrable by (7.4), proving
the equivalence of (ii) entails (ii7). The integral representation follows also directly by Remark 2 and
(7.4). [ |
From this proposition, we can directly derive the small time asymptotics of the Wasserstein diffusion.

Theorem 4. The Wasserstein diffusion (ut)e>0 satisfies a small time large deviation upper bound

limsupelog Pps(p; € A] < — inf I(w)
e—0 0 weA

for any set A C Q = C([0,1];P([0,1])) with rate function

Hw) = { L Jo Hlvel2aq,,,) dt w e AC2(P([0,1])), wo € supp PY;

o0 otherwise,

where v is the tangent velocity field associated to w.
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Proof: This is straightforward from Proposition 13 and our general result Theorem 3. |
A remarkable result gives the reformulation of Corollary 1 in terms of the Wasserstein geometry, it
recovers actually the celebrated Benamou-Brenier formula (cf. [AGS04], Theorem 3.9, [AGS05], p.168
and [Vi], Theorem 8.1):

Corollary 3. Suppose that also the lower bound of the large deviation principle holds. Let pg, p1 €
P([0,1)) two measures connected by a curve in AC*(P([0,1])). We define by w1y = © — P([0,1])?
the projection w — (wo,w1) to get

1 1
d% (o, 1) = inf - / vel|22,, ., dt.
W0 ) = oo 2 Jo 17270

7.7 More on the Relation between §; and the Wasserstein Space

Till now, we used extensively the isometry of (Go, || - [[z2(n)) and (P([0,1]),dw) to construct the
Wasserstein diffusion, but developed the large deviation principles in both cases independently. Now
we want to relate this two approaches and point out the relation between the vector fields v and the
derivatives g.

Proposition 14. Suppose that a curve w € AC?(P([0,1])) solves the continuity equation with respect
to the tangent velocity field v. Then (g¢), g¢ = x “(w¢), lies in H(Go) with derivative g, = vy o
gi. Conversely, if g € H(Go) with derivative g, then the curve w on P([0,1]), wi = x(gi), is in
AC?(P([0,1])) and solves the continuity equation with respect to the tangent velocity field v, vy =

9i°9; L
Proof: We note first the equivalence of the integrability conditions,

0tll L2y = lve 0 gell L2y = Nlgell L2y



56 CHAPTER 7. WASSERSTEIN DIFFUSION ON P([0,1])

Assume now that g € H(Gy) with derivative g. Then w, w; = x(g¢) = (g¢)+A, solves the continuity
equation with respect to the vector field v, v; = g, 0 g; ! since for any test function ®

/01 /01 (@(x, t) + (vy(z), Bz, t))Lz(wt)> wi(da) dt
1

:A <1, (pt('7t)>L2(wt) + <'Ut, @x('7t)>L2(Wt) dt

1

:/0 (L, @e(ge: 1)) L20n) + (ve 0 gt, Pulgt, 1)) p2(n) dt
1

—/0 (L, ®(ge,t)) r2(n) + (9es Palge,t)) L2 dt

1
= [ (1.0lgr8) + 90 )20
0
! 0
— [ {1, L (@t > dt
/0 < Bt( (9¢ >> L2(\)
=(1,®(g1,1) — ®(g0,0))r2(x) = 0.
But v is also the minimal vector field which solves the continuity equation, since

gt+h — Gt

[0l 22wy = N1ellz2n) = }1lim h

—0

so it is the tangent velocity field to w.
To prove the other direction, assume that w € AC?(P([0,1])) solves the continuity equation with
respect to the tangent velocity field v. The above considerations imply

1 1
0
/0 <vtogt,<1>x(gt,t)>L2(/\) + <17q)x(gt7t)>L2()\) dt = A <17a(1)(gt7t)>L2()\) dt

for every smooth test function on [0, 1]x]0, 1] with compact support. So v; o g; is a weak derivative
of g;. Moreover, it is clear that we have by the isometry between (P([0,1]),dw) and (Go, || - [[z2(n))
the identity Egi(w) = Ep1(g) for the energy functionals defined by the respective metrics. Thus,
since w € AC?(P([0,1])), it has by Proposition 7 finite energy; so has g, which is thus in AC?(Gy) by
Proposition 7. It follows that g; is Fréchet differentiable, and since the Fréchet derivative has to be
the same as the weak derivative, we have g, = v o g;. |
This machinery allows us to calculate in an easy way the tangent velocity field v, avoiding the messy
task to find a vector field for which w solves the continuity equation.

7.8 Some Examples

We start with an easy example:
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Example 3. We consider the curve w; = d; on the Wasserstein space. Direct calculations yield that

the distribution function is given by g; *(z) = Iy, 1)(z) and the quantile function by g; = tljg1((z) +

(1 =)y (z) with derivative g,(z) = i, 1p(w) — Tg13(z). So the tangent velocity field is given by
vr(x) = (g0 97 (@) = L g(w) — Dppyy().

In this case, divergence free vector fields are given by wy = f o gt_1 for every f : [0,1] — R, that
satisfies fol f(x)dx = 0: For any test function ® it holds that

1 1 1 1
/ <wt7<bx('at)>L2(wt) dt = / <f) (I)x(gtat»LQ()\) dt = / fd>\/ (I)z(tat) dt =0,
0 0 0 0

so any vector field of the form v+ w satisfies the continuity equation.

The following example is intended as warning that regularity properties in the space variable (as
Lipschitz continuity) are not preserved under the transformation mapping g, L

Example 4. We consider the path g(x) = x*>Tt. The derivative with respect to time t is g,(z) =
x?ttInz which is for every t € [0,1] globally Lipschitz in x with some Lipschitz constant uniformly

bounded in t. The inverse of g: is gt_l(aﬁ) = a:%ﬁ, so the tangent velocity field is given by

zlnz
v(w) = 2+t

which is for every t € [0,1] clearly not globally Lipschitz in x (and in particular also not locally
Lipschitz in 0, with exponentially exploding Lipschitz constants approaching this value): Thus v does
not induce a flow in the sense of Ambrosio and Gigli (cf. next section) along the curve wy (given by

1
their distribution functions x2+t ).

7.9 Flows along Regular Curves in the Wasserstein Space

One question remains yet open, namely if the velocity field v induces a flow of the curve w on P([0, 1]).
Note that till now, we had only the notion of a flow with respect to some ¢ € C°°([0,1]; R) which
was pushed forward from Gy. But now we need a definition of a flow that is associated to the tangent
velocity field v, so v; belongs to a different tangent space for every t. So we will understand now
under a flow along w a mapping T(s,t,z) : [0,1]? x [0,1] — [0, 1], that is absolutely continuous in ¢,
Lipschitz in z, and satisfies

T(s,s,2) = «x for all z,s € [0,1];
% ., T(s,m2) = w(T(s,t,x)) for all x, s, and almost every t € [0, 1];
T(s,t,T(r,s,2)) = T(rt,x) for all z,r,s,t € [0,1];
T(s,t, )sws = we(*) for all s,t € [0, 1].

In general, we cannot associate to every absolutely continuous curve w a flow T which is Lipschitz
in the space variable (cf. Example 4); so to describe the results, we introduce the notion of regular
curves ([AG], Definition 5.1).
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Definition 4. Let w an absolutely continuous curve on P([0,1]) with associated tangent velocity field
v, v € L?([0,1],w;). We call w regular, if

1
/ Lip(vy) dt < 0.
0

If a curve w is regular, then there exists a flow T induced by the tangent velocity field v of w, that
pushes the probability measure wy forward along the curve w (cf. [AG], Section 5). Regularity is in
general not fulfilled, as pointed out in Example 4. As shown there, we have also no direct relationship
between the Lipschitz properties (in x) of g and v. But we can at least formulate a sufficient condition
for regularity:

Proposition 15. Suppose that g, and gt_1 are Lipschitz in x for almost every t and that it holds for
the respective Lipschitz constants

1
/0 Lip (3,) - Lip (g7 dt < oc.

Then the absolutely continuous curve w, that solves the continuity equation for v, vy = g, o gt_l, s
regular.

Proof: The proof is straight forward,

ve(1) — ve(2)| =(gs 0 97 1) (@1) — (94 0 97 ') (w2)]
<Lip () - lg; "(z1) — g; ' (x2)| < Lip(g,) - Lip (g; ) - |21 — @2l

which implies the integrability condition. |
Moreover, Ambrosio and Gigli [AG] pointed out, that the set of regular curves on P([0,1]) is dense
in the set of absolutely continuous curves. More precisely: Given an absolutely continuous curve w
with tangent velocity field v, we can construct a sequence of regular curves w™ with associated tangent
velocity fields ™, such that for n — oo both supycjo 1) dw (wi'swe) — 0 and |07 [ L2wp) = [[vell L2 (w,)-
For details on this rather tricky approximation result we refer to [AG], Section 6.
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Appendix A

Backward Martingales and the
Lyons-Zheng Decomposition

A.1 Backward Martingales

In the following we consider a probability space (2, F, P) and a symmetric diffusion process (Xt).e[o,7]
on some Polish space X' as introduced in Chapter 1. We define the filtration (F);co,m) by 7t =
0(Xs, 0 < s <t)and the backward filtration (ﬁt)te[O,T] by Fpi= o(Xr—s, 0 < s<t).

Definition 5. A martingale with respect to the filtration (ﬁt) we will call a backward martingale, while
a “classical” martingale (hence with respect to the original filtration (F;)) we will call forward mar-
tingale. More precisely: (My) is a backward martingale, if it is an integrable, (Fy)-adapted stochastic
process such that

E[Mt|fs]:Ms forall0<s<t<T

holds.

Note that this definition of a backward martingale is in accordance with that of Lyons and Zhang
[LZha], in particular it is a special case of the two-parameter backward martingale of Kunita (cf.
[Kun], pp. 111f.) with the second parameter fixed at 7. Next we will assemble some results on the
It6-calculus for backward martingales.

Definition 6. For a given backward martingale (Mt) and some continuous function f, we define
the stochastic backward integral with respect to (Mt) as L?-limes along a refining sequence ((,) of
partitions of [0,T] with mesh tending to zero,

n—oo
TiECn
T <t

/ t F(MG) dM, = lim > f(My,) (M, — My,).
0

61
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Of course this definition generalizes straightforward to integrals with respect to a local backward
martingale by stopping along an increasing sequence of stopping times diverging to infinity almost
surely. Remark that by definition the stochastic integral is anticipating with respect to the filtration
(F), but it is non-anticipating for our backward filtration (F;). This is also in accordance with the
definition of Kunita [Kun] who defines the backward integral as

~

/ F(My)dM, = lim f(Myy,) (M., — M)

t €Cn
ti>r

for the refining sequences ¢, = {0 = tg < t; < --- < t,_1 = t, = T} (although requiring only
convergence in probability!). This on the one hand from

T
/ F(My)dM, =~ [ f(M,)dM,
T—t
and on the other, setting for the partition ¢, t; :== T — Th_;
Tim Y Oy — M) = dim S f(Wrog, )Ny, — N, )
i ti€Cn
Ti+1<t tn—i=>T—t
- nlLH;o Z f(MT*tnfz‘fl)(MTftn,i - MT*tnﬂ;J‘

tiGCn

tn—iZT*t

Since we are thus in the framework of classical Ito-calculus, we can use straightforward the classical
proofs of the following statements

Lemma 15. For every continuous function f the stochastic backward integral is a local martingale,

e

Lemma 16. The backward Ité formula reads for g € C%(R) and a (F;)-semimartingale S = M + A

S
}‘S]:/f(MT)dMT 0<s<t<T
0

oS0 = a(50)+ [ g8 a8+ 5 [ o'(5) atin)..

Lemma 17. The backward stochastic exponential exp (Mt — %(M >t) s a local backward martingale.

Lemma 18. For the backward stochastic exponential we have

Eexp (Mt - %(M)t)] <1

Lemma 19. Suppose that

Efexp (N1, — 5 (0).)] < oo.

Then exp (Mt — %(M >t) 1 a uniformly integrable backward martingale, in particular

Bfexp (V — 5{31))] =1.
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A.2 Lyons-Zheng Decomposition

In the following we want to present the Lyons-Zheng (cf. [LZhe]) forward-backward martingale de-
composition, relying on the approach given by Lyons and Zhang ([LZha]). We will remain in the
setting laid out in Chapter 1.

Theorem 5. For every continuous f € D(E) there exist a continuous forward P,-martingale Mtf
and a continuous backward P,-martingale ]\thf, both square integrable with respect to P, and with
M({ = M({ =0, such that
1 ~ ~
F(X0) = f(Xo) = 5 (M{ + Mrf_, — 21f). (A1)

Proof: In a first step we restrict ourselves to the case f € D(L). Then it is clear that

M= 60 = F(¥0) - [ Li(X)ds e T

is a square-integrable (forward) P, martingale. But since the operator L is self-adjoint, it follows that
X7_¢ has under P, the same law as X; and hence

NI = (X)) — f(Xr) - /0 Lf(X,)ds

—f(Xr_) — [(Xr) - /0 Lf(Xr_)ds
T

—F (X)) — f(Xp) — / Lf(X)ds,  te[0.T),

T—t

is a square-integrable backward P,-martingale and <M f >T = <M f >T. Putting these equations to-

gether, this yields
M{ + M, = M =2(f(X2) = f(X0))

and hence (A.1).
The extension to the general case f € D(E) relies on the isometry

T T
B (1] =B [(M')r] = B[ [ T(n(Xas] = [ B s

0
T
:/ / L(f)duds =2TE(f). (A.2)
0o Jx
For f € D(€) we can choose a sequence f, € D(L) in such a way that

5(f—fn)+/X|f—fn|2du—>o.

Since the f,, have £-quasi-continuous p-versions fn, there exist by [MR], Proposition II1.3.5 a subse-
quence (fp, ) such that (fy,) converges £-quasi uniformly to f, an £-quasi-continuous p-versions of f.



64 APPENDIX A. THE LYONS-ZHENG DECOMPOSITION

Since we have by the quasi-regularity of the Dirichlet form on the other hand for the diffusion process
X; and 7y its first hitting time of the £-exceptional set N, we have P, [ty < oo] = 0 for £-quasi every
z € X (cf. [MR], Proposition IV.5.30), we can conclude that for the subsequence (f,,) we have for
E-quasi-every r € X.

P, fn,(X¢) converges uniformly in ¢ on every compact interval of [0, 00[] = 1.

Now we define Mtf = lim, oo Mtf " and, analogously, Mtf = lim,, oo Mtf " as L2(9, P,)-limits via the
isometry (A.2). Since, of course, also f,(X;) converges almost surely to f(X;) for each ¢t € [0,T], the
decomposition extends to all continuous functions in the domain of the Dirichlet form. |

Remark 4. We note that the result in [LZha] is even more precise: For the above constructed decom-
position it holds that A given by
Ay =M — N, + M,

s a continuous additive functional of zero energy, i.e.

1
A) = lim — F,[A?] = 0.
e(A) i= lim = F,[47
Moreover, requiring that A is a continuous additive functional of zero energy, the decomposition is

UNIQUE.
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Projective Limits and their Large
Deviations

B.1 Contraction Principles

For convenience we note here some results on the transformation of large deviation principles under
continuous mappings, proofs can be found in [DZ], Section 4.2. We start with the contraction principle.

Proposition 16. Suppose we have given two topological Hausdorff spaces X, Y and a continuous
function f : X — Y. Suppose further that the family of probability measures (piz)e>0 satisfies a
large deviation principle on X with good rate function I. Then the family of probability measures
(pe o f7Hes0 on Y satisfies a large deviation principle with good rate function

inf  I(x), e
z€f~1({y}) (@) Y

In the case that the function is a bijection, we can derive also the so called inverse contraction principle.

Proposition 17. Let X, Y two topological Hausdorff spaces and g : Y — X a continuous bijection.
If (ve)e>0 is a family of exponentially tight probability measures on Y such that (veog™!).>0 satisfies a
large deviation principle on X with rate function I, then the family (v:)e>0 satisfies a large deviation
principle on Y with good rate function

Iy)=1I(g(y), ye.

An easy corollary of this theorem is the following possibility to strengthen a large deviation principle
to a finer topology.

Corollary 4. Suppose we have given two Hausdorff topologies o, 7 on the topological Hausdorff space
X, T finer then o. If the family of probability measures (pe)e>0 on X is exponentially tight with respect

65
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to T and obeys a large deviation principle with respect to o, then it satisfies also a large deviation

principle on X with respect to T.

B.2 Projective Limits

Let (J, <) a partially ordered, right filtering (i.e. for ¢, j € J there exists k € J with ¢ < k and j < k)
index set such that for every ¢ € J we have a topological space X; given in such a way that for 4,
j € J,i < j a continuous mapping m : X; — A; is defined. Furthermore we require the following

fowf = 7% and for every i € J the mapping 7!

is given by the identity map on Aj. The family (X}, 7Tg )i, jes is called the inverse system of the spaces

consistency: Given i, j, k € J with ¢ < j <k, we have 7

X; under the bonding maps w. The subspace of [];.; &; consisting of those elements (called threads)
{zi}ies € [l;cs &, that satisty ﬂf(mj) = x; for any i, j € J, i < j, is called the limit of the inverse
system (Xi,ﬂ'g)iyjel] and is denoted by @(Xi, ﬂg)i,jej or shortly @XZ The canonical topology on
@Xi is the topology induced by the product topology on ;. ; &;.

Note that the limit of an inverse system of topological Hausdorff spaces & is a closed subset of the
Cartesian product [],.; A; and as such Hausdorff itself. In the case that m; is the projection 7; :
I jes X — Xi, we denote by a slight abuse of notation the continuous mapping wi\@;{j : @Xj — X;
also by m;. For any i, j € J, 1 < j, the projections m; and 7; are consistent in the sense that m; = TI'Z om;.
The mappings m; are called projections of the limit of (X;, 7rg)m€‘] to X; and @Xj the projective limit.
A basis of the the projective limit is given by a family of open subsets 7T;1(U ;) where Uj is an open
subset of X; and j ranges over the cofinal subsets J' C J (this means that there exists a k € J' such
that j < k for any j € J).

Every closed subset F' of @Xi is itself a projective limit, indeed the system (F;, 7?{ ) with Fj := m;(F),
fr{ = 71{ |F; is an inverse system with projective limit @Fj = F. Moreover, a projective limit of non-
empty, compact sets is non-empty. Given a topological property P that is hereditary with respect to
closed subsets and finitely multiplicative. Then a topological vector space X is homeomorphic to a
projective limit of topological Hausdorff spaces with property P exactly iff X is homeomorphic to a
closed subspace of a Cartesian product of topological Hausdorff spaces with property 3. For proofs
of these statements we refer to Engelking ([E], pp. 98ff.).

B.3 Large Deviations for Projective Limits

Projective limits as tool to lift large deviation principles from projections to the whole space were
introduced by Dawson and Gértner ([DG], Section 3.3; see also [DZ], Section 4.6). Here the spaces
AX; are topological Hausdorff spaces and we require that the projective limit X := @Xi is not empty.
Suppose now that (uc)e>0 is a family of probability measures on X and define p’ := . o s L so pe
can be regarded as kind of projective limit of the probability measures pt.

Theorem 6. The family (1:)e>0 satisfies a large deviation principle on X with with speed 1/e and
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good rate function I exactly if for every i € J, the family (ul)e>o satisfies a large deviation principle
on X; with speed 1/ and good rate function I;. Moreover, the rate functions are related by
I(x) zsupli(m(a:)), x € X;
i€J
Ii(z) = inf I(z), z € Xji e
zem; 1 ({z})

Proof: That the large deviation principle on the projective limit implies the large deviation principles
on the spaces X; with good rate function I; is a direct consequence of the contraction principle
Proposition 16.

Assume now that the large deviation principles on the spaces X; hold with good rate functions I; and
the function I is given as above. First we want to show that I is a good rate function; therefore we
define for « € [0, 00| the level sets

Ur(a) :={x; € X; : I(z;) < a}, Urla) ={z e X : I(z) < a}.

Since the mappings 77{ are continuous and consistent with the families (u!)c>0 in the sense that
pt =7l o pl for i < j, we can write the rate function I; as

L(z)= if  I(y), ceX.i<j
yie(@)~1({z})

again by contraction principle. So it follows for the level sets that ¥ (a) = 7rg (¥7,()) and hence
(U, (), 7 )i jes is a projective system with projective limit

() = lm¥, (@) = lim (% N ] 9 ()).
i€
But as product of compact subsets, the set [[,.; ¥r,(a) is compact by Tychonov’s theorem and so is
V() as closed relative compact set in a topological Hausdorff space. So the rate function I is good.
Since the rate function [ is good, it is sufficient to show that for any measurable set A C X and any
x e A°
liminfelog u:.(A) > —1I(x)
e—0

to prove the lower bound. Note that a basis of the topology of X is given by the collection {w;l(Uj) :
U; C Xj, Uj open, j € J', J' C J cofinal} (see above). So there exists some j € J and some U; C X
such that 7T;1(Uj) C A° and we get by the lower bound on X

.. S i ) > — ] > T (. S .

hg(l)lf&log pe(A) > hrsnjélfslog wl(U;) > yléléj Ii(y) > —1I(mj(x)) > —1(x)
Finally, to prove the upper bound, we note that the upper bound holds trivially if inf,cp I(x) = 0 for
some non-empty, closed set F' C X. Otherwise we can find some « € [0,00[, a < infep I(x), such
that F N ¥ (a) =0 . Since F is closed, we have for F; := m;(F) the representation F' = l'&nfi, and
since moreover W () = limWy, (e) it follows that

FnN ‘1/[(04) = @(F, N \Ilji(oz)).
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Our assumption that F N ¥ (a) = @) implies the existence of some i € J with F; N ¥, (a) = 0, since
the projective limit of non-empty compact sets would be non-empty (cf. [E], Theorem 3.2.13). So the
upper bound on &; implies
limsup € log 1 (F) = limsup ¢ log p’(F;) < —a
e—0 e—0

which conversely implies the upper bound on X" since I is a good rate function. |
The following version of the large deviation principle for projective limits by Schied (cf. [Sch96], Lemma
19) is in particular useful for our setting since it is based on the notion of exponential tightness.

Corollary 5. Suppose we have given a topological Hausdorff space E and a family of mappings (p;)ic,
p; : E — X that is point-separating on E and consistent with 775 in the sense that p; = wf opj fori,
jeJandi < j. If (ue) is an exponentially tight family of probability measures on E, such that for
every i € J, (Mé)szo; UL i= pe o p;, satisfies a large deviation principle on X; with speed 1/¢ and rate
function I;, then (pe)e>0 satisfies a large deviation principle on E with speed 1/ and rate function

I(z) = sl,gyll(pl(x)), RSO

Proof: Since the set P(y) := {z € [[,c; : =7 ' opi(y), y € E} is well defined and not dependent
on ¢ by the consistency of p; and m; with ﬂf , the space E is homeomorphic to a subset of [[,; &;
and we can find a continuous embedding ¢ : £ — +F C X of F into the projective limit X = @XZ
Since the family of measures (u.) is exponentially tight on FE, it is also exponentially tight on X and
so a fortiori the family (ul) on X;. So the large deviation principle on X; holds with rate function
I;. Moreover this rate function is good: Fix some a € [0,00[, so exponential tightness implies the
existence of a compact set K, with limsup,_,qclog - (K§) < —a and hence ¥y, (o) C K, which yields
the compactness of the level set. Theorem 6 implies also a large deviation principle on X with good
rate function
I(%) = sup I; (m;(Z)), TeX.

ied
Fix now some y € X' \ tE, then I(y) = oo by the exponential tightness of (y.). So for any measurable
set A C X we have

inf I(z) = inf I
inf I(w) = dnf 1(z)

and so both bounds, upper and lower, hold for all measurable subsets of +E. But since the level sets
V() are closed subsets of tE, the rate function remains also lower semi-continuous when restricted
to tE. So the large deviation principle on ¢F holds with rate function

f(aﬁ) = sup I, (m(i)), T €LF,
e

with respect to the topology induced by the product topology. But Corollary 4 enables us to strengthen
the topology to the topology induced by the original topology on E via ¢ and hence a large deviations
principle holds on E with good rate function
I(z) = sup I; (pi(z)) = sup INl(m(Lm)) = I(ux), reF,
iceJ e

with respect to the original topology on FE. |



Appendix C

Preliminary results for the lower bound

Till now we have no complete prove for the lower bound of the large deviation principle, but we will
recollect yet a lemma which will play a prominent role therein: an estimate in the spirit ofLemma 6,
which gives a bound for the second moment of the Doléans-Dade exponentials.

Lemma 20. For every i € D(E)"™ with T'(u;) p-a.e. bounded it holds that
2 v G(u)
-JR < . .
E, [exp (EJA(X ))} _exp( . ) (C.1)

with G(@) 1= maxj<j<n €sssup ,ecy 1/tnI'(u;). Moreover, we have thus

lim ¢ log £, [exp <§j§(xa)>] < G(@). (C.2)

Proof: We start by giving a moment estimate for the stochastic exponential Since the exponential
satisfies the stochastic differential equation

1 € 1 € tn 1 € 1 € 1 €
exp (205, = 5z (M%), ) = 1+ [ exp (20 = 55009, ) a(C g

we can derive that

1 € 1 € 2
exp (thn — 2—62<M >tn>

Ey,

—E, _<exp GMS - §<M8>) >tn]
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by (3.1). Applying now Gronwall’s inequality leads to

(e (L - 2;<Ms>8)>2] < o (CD),

By

such that we can conclude

< G(@).

(eXp GME - 21€2<M8>s>>2

The same reasoning applies of course for the stochastic backward exponential

lim elog £
liy Loz £,

exp (1/6an — 1/(252)<M‘E>tn).
Thus we can conclude as in Lemma 6 by Cauchy’s inequality,

. 2 u € . 3 1 € 1 (3 2
il_r}(l)slogEu {exp <EJA(X ))] Sil_l)l(l)glogEu [(GXP (thn - 27€2<M >tn>) ]

€ 1o L ’
 tim Stow B | (exp (<23, 5007, )) ]

< G(1).



Appendix D

Some Remarks on the Geometry
Generated by Diffusions on o-finite
Measure Spaces

In this appendix we will give some remarks on the intrinsic geometry generated by diffusions on o-
finite measure spaces. Thus u is no longer a probability measure but merely a o-finite measure. This
implies of course, that the Dirichlet form will be no longer conservative. As classical example one
can think of Brownian motion on R?. Hence we will now consider quasi-regular, local Dirichlet forms
(€,D(E)) defined on a o-finite measure space (X, B, ;1) which admit a carré du champ operator.

A Varadhan type large deviation principle for local Dirichlet forms was proved (generalizing the work
of Hino and Ramirez, [HR]) by Ariyoshi and Hino ([AH], compare also [ERS]). They insist, that also
in the case we drop only conservativeness, another concept of distance is necessary, since, roughly
speaking, the set G of Section 2.1. is to small. A convenient example herefore is Brownian motion on
the interval [—1,1] killed in 0 (cf. [AH], Example 2.9.(i)).

The work of Ariyoshi and Hino is built up on the concept of a (topology free) measure theoretic nest.

Definition 7. An increasing sequence (E}) of measurable sets is called a measure theoretic nest, if

i) for every k € N there exists a function xg, € D(E) such that xg, > 1 p-almost everywhere on
Ek;

i1) the union of the sets
D(E)g, :={f € D) : f=0 p-ae onE;}
is dense in D(E) with respect to || - ||¢.

In particular we can choose the function xg, in such a way that 0 < xg, < 1, since 0V xg, A1 is
also in D(&) and satisfies 7). We define the domain of local Dirichlet forms D(E’“)(E ) with respect to

loc
a given measure-theoretic nest (FEj) as the set of all measurable functions u € LO(X, 1), that there

71
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exists a sequence (uy)x such that ux € D(E) and up = u p-almost everywhere on Ej. The set of all
such functions that are bounded will be denoted by D(Ek)((‘: ).

loc,b

For u, h € D(E) N L*™°(X, 1) we define the functional
L,(h) == 2E(uh,u) — E(h, u?).

The locality of (£, D(E)) implies that I,,(h) = 0 whenever (a + h)u = 0 p-almost everywhere for some
a € R. So we can extend the definition of I,,(h) to u € D(E)Z(OEC’“ZZ and h € D(€)g, NL>®(X, p) for some

E}, by setting I,,(h) = I, (h) where up, € D(E) N L>®(X, 1) and u, = u p-almost everywhere on Ej.
We can hence define the set

G = {u € DI(E) : Lu(h) < |||y, forall he | (DEk(E) N LOO(X,M)>}
k=1

and the metric functional d as

d(A,B) := sup (essinf u(z) — esssupu(y)).
ued T€B yEA

Note that the definition of G (and hence cZ) does not depend on the particular choice of the measure-
theoretic nest (Ej) (cf. [AH], Proposition 3.9).
As in Chapter 2, we can associate a set distance d4 to the metric functional d. We define analogously
for Ae Band M >0

V%::{ueé tuly =0,0<u< Mpae}

and
da(z) ;= lim esssupu(x).
oo uevy
Again da A M is the almost everywhere maximal element of f/jlw and

I(A, B) = essinfd
d(A, B) essin da(z)

(cf. [AH], Proposition 3.11).
The main result of the article by Ariyoshi and Hino([AH], Theorem 2.7.) is that this metric is the
correct generalization of d, so it holds for all sets A, B € X with positive, but finite measure that

d(A, B)?

}gi%tlogPt(A, B)=-— 5

In accordance with the definition of G we will also relax Assumption (BC), requiring only

Assumption (BC’). There exists a countable family U = (uy), un, € LO(X, 1), point-separating on
X\ N, such that u, = v¥ p-almost everywhere on Ej for functions vE € D(E) with carré du champ
uniformly bounded on Ej, i.e.

sup esssup I'(vF) (z) < oo.
keN zeEy,
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In the same spirit we can weaken Assumption (B’), where p is the generalized pointwise distance
defined later on:

Assumption (B”). For all sets A of positive measure and closed with respect to the original topology
and all M > 0 it holds that pa AN M € G and pAa N M is lower semi-continuous.

Moreover, we will require, of course, Assumption(D).

D.1 Generalized Pointwise Distance

The first task in generalizing the small time large deviation principle to this setting is to establish the
connection to the pointwise distance. To do so, we need first the correct definitions of quasi-regularity
(and hence capacity and compact E-nest) in this case (cf. [MR], Chapter IIT and [AM91]). Let (Ga)a>0
denote the resolvent of the semigroup (73). We define the set

H={heDE): h=Gif, feL*X,n),0< f<1pael.
The h-weighted capacity Capy(+) is given for h € H, U C X', U open, by
Capn(U) := inf{||w[le : w € D(E), w > h p-a.e. on U},
and for general A C X by
Capp(A) := inf{Capy(U) : ACU C X, U open}.

For h, h' € H, h < I/, it follows that Capy, < Cap;, and in particular Capy,, < Cap; (but note that 1
has not to be in H).

Capy, is again a Choquet capacity and we will call an increasing sequence of closed sets (F}) a closed
E-nest, if for some h € H the capacities Capy, (X \ F) tend to zero for k — co. Note that this implies
the asymptotic vanishing of the capacities for every h € H. Moreover, by [MR], Theorem III.2.11,
(see also [AMO91], Proposition 1.5) this is equivalent to the fact that |J;—; Dg, (€) is || - ||s-dense in
D(&). With this definition of capacity we can define the notions compact £-nest, £-quasi-everywhere,
E-quasi-continuity and quasi-regularity as in Section 1. Note that for a compact E-nest (Fy), also
(XU, Er) = 0.

Now we have to join the different notions of nests, compact £-nests and measure theoretic nests.

Lemma 21. There exist measure theoretic nests which are also compact £-nests. Moreover, every
measure theoretic nest consisting of compacts is a compact E-nest.

Proof: Note that if (F}) is a compact E-nest, then it satisfies condition i) of the definition of the
measure theoretic nest. Fix now f € L?(X, ) and define h = G4 f, then (E}) defined by Ej := {h >
1/k} is a measure theoretic nest by [AH|, Lemma 3.1. In particular the sets Ej, are closed. Take now
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an arbitrary compact £-nest (F}) and define Ej, := Ej N F}. Then (E}) is also a compact E-nest, since
E}. is as closed, relatively compact set compact itself and

Capy(E},") = Capy(Ej U Ff) < Capy(Ej) + Capn(Ff)

by the subadditivity of the capacity. But for & — oo we have Capy(E}) — 0 by definition and
Capy(F) — 0 by the above characterization of closed £-nests. Moreover, xg, > 1 p-almost every-
where on E/,'C C Ej, trivially, so (E,’C) is also a measure theoretic nest. |
So from now on, if we mention a compact £-nest, we assume implicitly that it is also a measure
theoretic nest. We define for a given compact E-nest (Ej)

G = {ue D(E")(S) 2 Vk Jug € D(E), T(up)|p, <1p-ae., u=uyp-a.e. on Ej}.

loc

Lemma 22. The metric functional d coincides with the metric functional d given by

d'(A, B) := sup (essinf u(z) — esssupu(y)).
ued’ zeB yeA

Proof: As in the proof of Lemma 3, we can approximate elements of g by bounded ones, since with
wy and wy also wy A we and wy V wy are elements of é’ (the proof of Lemma 2 remains true in our
generalized setting): Given v € G, vp = (=k) Vv Ak, k €N, converges for k — oo to v p-almost
everywhere and on every Ej also in | - ||¢. So it is sufficient to prove

G = {ue Dl(ffb)(c‘f) : Yk Juy € D(E), I(ug)|p, <1p-ae., u=ugp-ae. on Ei}. (D.1)

Suppose now that u is a function in the right-hand set. Then for a given compact £-nest, the carré du
champ of the approximating functions wug is bounded by 1 p-almost everywhere on E}, and so it follows
by the definition of the carré du champ operator in (1.1) that for every h € [ Jp—, <DEk (E)NL> (X, u))

Ly (1) = 26 (uh, ug) — E(h, ) = /X BT (ug) dp < [[Bl] 1.

Choose now hy in D(E)g, N L>®(X,u) and hy — h in || - ||¢ such that (hy) is uniformely bounded.
(This is possible by taking an arbitrary approximating sequence (gi) in D(E) which converges with
respect to || - ||¢ and setting hy := 0V g A h.) Then it holds true that

Ly (hi) = Tu(hi) < [Pl 1)

Sending k to infinity, Lemma 3.3.(iii) of [AH] implies I,(h) < ||A||11(,) and so u € G.

Conversely, suppose that for u € G there would exist for some k£ € N a set of positive measure where
D(ug)|g, > 1 at least for one uy, of the approximating sequence (uy), ux, € D(E), with respect to some
compact E-nest (Ey). Then we could find £ > 0 such that there exists a set E C Ej, of positive, but
finite measure on which T'(ug)(z) > 1 + . But since the Dirichlet space D(E) is dense in L(X, u),
it is also dense in L'(X, u) and we can find for every § €]0, 1] some b’ € D(£) N L>®°(X, u) such that
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[A" —1g|[L1(u < . Without loss of generality we can assume i’ > 0. Indeed, otherwise we can take
R’V 0 instead. Moreover, b := h' Vv 5x%k € D(E) N L™(X, ) satisfies

Hh"—nEHLl(u)g/ |h’v5—11E\du+/ !h’véx%kldu<5+/ h/dﬂ+5/ XE, A
E Ec Ec Ec

<26 + 5/E X, din < 62+ |Ixm172(,) -

Since xg, € D(E), |IxE,llL2(y) is finite, so from here on we can copy the proof of Lemma 3 to get a
contradiction to the assumption u € G. |
Note that (D.1) and the approximation result imply in particular that G’ does not depend on the
choice of the compact E-nest. So we can introduce the pointwise distance p as

} sup (a(z) —a(y)) =,yeX\N,
plx,y) =< ued
00 else.

Here 4 is of course the p-version of w such that @ is continuous on every Fj. Indeed, such a pu-

version exists: Since we can restrict ourselves to the case that u is nonnegative, it is directly given

as supgey kg, . Moreover we note that by the p-a.e. identity with functions in the Dirichlet space

(Ex)
loc

Lemma 4 remains true exactly as it is, to show Proposition 1, we substitute the generalizations g ,

on every Ej, also the carré du champ operator is p-a.e. well defined for u € D(E), *’. The proof of

DA, d4 and ‘v/j\/[ for G', pa, da and ijl\/[ . So immediately we get the following Proposition:

Proposition 18. j(-,-) defines an extended pseudometric on X and it holds that dy < pa for an
arbitrary set A € B.

But by Assumption (B”) we can conclude exactly as in Section 2.3:

Proposition 19. Let A C X a closed set of positive measure. Then pa = da u-almost everywhere.

The only difference in the proof is that we have to use now the corresponding result by Ariyoshi and
Hino ([AH], Proposition 3.11) on the characterization of d4 instead that of Hino and Ramirez ([HR],
Theorem 1.2). Clearly, the energy functional associated to p is given by

(w w
E —Sup Z fiot t).

2(t; — t;
tl 17t1€A b 1)

Lemma 5 (additivity of the energy functional) remains still true, to show Theorem 1 (characterization
of the energy via 7, g) in this generalized setting, we have to adapt the proof slightly. We define for a
path w : [a,b] - X and u € D(S)l(f:’“) the functional

b
Jap(u, w) = t(wp) — U(we) — ;/ (u)(wy)

and

n
- Z Jti—hti (ui7 w)
i=1
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for fixed n € N, 4 = (u1,...up) € (D(S)l(ik))” and a partition A = {tg,...,tp},a =ty <t;1 <--- <
t, =b,neN.

Theorem 7. Given a path w : [a,b] — X,

Eup(w) = sup JE(w). (D.2)

A;

2o

Proof: We can assume that w stays in Fj, for some set Fj of our compact E-nest (since otherwise
both sides of the equality would trivially be infinite). Note that the set

H:={uc D(E)l(fc’“) D u = vy pra.e. on By, v € D(E), supesssup I'(vg)(z) < oo}
keN J?GEk

is point-separating by Assumption (BC’) and it is a sub-algebra of D(E) by
D(u+v) =T(u) + T(v) + 2I'(w,v) < 2(T(w) + T'(v)). (D.3)

So it is a point-separating sub-algebra which contains the constants, whence it is dense in C'(Ey) with
(Ex)

loe has a

respect to the uniform topology by the Stone-Weierstrafl theorem. But since every u € D(E)
p-version which is continuous on Ej (and in fact we take the supremum only over this modifications),
it is enough to consider the supremum over o € H".

So for any path w : [a,b] — Ek and ¢, d € [a,b], ¢ < d, we get on the one hand by maximizing over A

- . 1 [d
b Jegl,) = sp (i) = Ni() — 5 | rowen )
=su (#i(wa) — (we))? .
wedr 2 [TT(u)(wp) dt (D-4)
(@(wa) — @(we))®  P(werwa)
= 325, 2(d—c) T 2d—c¢) (D.5)

Summing up and taking the supremum over all partitions yields ”<* in (D.2).
On the other hand we can choose for some u € H, v; = Supg, , <r<s, ' (u)(w;) < 0o and every given
g >0 apartition a < c=s9 < -+ < 8§, = d < b, such that

d
Z(si —Si—1)vi < e+ / (u)(wy) dt. (D.6)

i=1
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With Hélder’s inequality we get by (D.6) and (D.5)

~ — alw :n ilw) — dlw.. _ . ﬂ(wsz')_ﬂ(wsiq) 5 — 5: ]
( d) ( c) Zz;( ( 81) ( 5171)) £ (Si—SZ'_l)’}/i (7, 7,—1)’72
" Giwn) — i )P (o)
S(; (si — si—1)Vi ) (lZI(Sz SZ_I)FYZ)
2\ 3

IN
3
—~
Eﬁx
»
S
—
»
g
-
~——
VRS
T
o
—
—~~
<
N~—
&
N
QL
~
+
0
N~~~
(V)

< (280ae)) ' ([ T e+ )

since I'(u/\/7i)(ws;) = I'(u)(ws,;)/vi < 1. Taking the infimum over all € > 0 and, after rearranging the
inequality, the supremum over u € G', we get by (D.4)

Eca(w) > sup Jea(u,w).
uE?—vl

The additivity of the energy yields the result. |

D.2 A Note on the Locally Compact Case

In the locally compact case (under Assumption (A)) we can even prove that the two notions of energy,
E and E coincide: By Assumptions (A) and (D) we can find to every compact set Ej, of the compact
E-nest another compact set E; such that

Ey C E C Ey.

Lemma 23. Suppose that x € E}, for some set E}, of the compact E-nest. Then we can find a finite
family v; € D(E) with bounded carré du champ such that

Wy : 0ily) —i(2) > e} € B
i=1

Proof: Assumption (D) implies that we can find a set E; of the compact E-nest such that Ej C ;?l.
By Assumption(BC’) there exists to every y € 0E}, a function u, € D(£), such that 4,(z) = —1 and
Uy (y) = 1. We set now

Vy =1z : 4y(2) > 0}.

The family (V}), constitutes now an open cover of the compact set E). So we can extract a finite
subcover (V;)i=1,.n generated by functions (@;)i=1,.n. Set now W :=(J; ; V;. Since W \ E}, is open,
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we can define a function x € D(€), 0 < x < 1, with x|g, = 1 and x|genwe = 0 which has bounded
carré du champ. Indeed, we choose a compact set F,, of the compact E-nest (E})) such that

E,CECECE, CE,

and set

W im (B \ E)) U (B \ W).

This is a closed set of positive, but finite measure. Moreover, p(W, Ej) > 0 by the compactness of Ej,
and since p(W,x) > 0 for every z € Ej. So we can define the required x € D(E) directly by setting

Py () .
x(x) = { sy N T E B

0 else.

Set now v; := u; - , then v; lies in the Dirichlet space D(£) and has bounded carré du champ, so the
v; satisfy the required condition. [ |

Lemma 24. Let x € Ey for some fired E}y, and u € G'. Then there ezists a neighborhood U(x) and a
function w € D(E) such that

i) aly) — u(z) < w(y) — w(z) for ally € U(z);
it) T'(w) <1 p-almost everywhere.

Proof: By the introductory remark of this section there exists a set Ej of the compact £-nest such

that x € l%l. The function u coincides on E; with a function in the Dirichlet space with carré du
champ bounded by 1, its continuous version we will denote by #;. Moreover, by the previous lemma
there exists functions v;, i = 1,..., k with bounded carré du champ of the point separating family U
and € > 0 such that

k
Vi={y : 4(y) —wyx) <e}n m{y : 0i(y) — vi(x) < e} C B
=1

We define now a function v € D(E) by

Since v(x) = 0, it follows that

k

o(y) —o(z) = \/ ((vily) — vi(@)) v ((wly) —w()) > wly) - w(x)

i=1

globally. Moreover, we have by Lemma 2

['(v) < max G(v;), G(vi) = esssup yex I'(v;)(2),

i=1,..n
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and it follows that
2£

{v:iim<Scven

Defining now v(y) := v(y) A 2¢/3 and U(z) := {y : 9(y) < §}, we have U(z) C V C E;. Again by
Lemma 2, I'(v) = F(T))]lb% < max;—1_ n G(v;) p-almost everywhere, and furthermore
l

gooe

o(y) — 0(x) = v(y) — 0(x) > W(y) — W(z) = a(y) — a(x)

holds in U(z). The same is true for w := v/(max;=1, » G(v;) V 1) with the additional property that
I'(w) <1 p-almost everywhere. [ |
This implies immediately the following lemma.

Lemma 25. Let x € Ej, for some fized Ey, then there exists a neighborhood U(z) where p(y,x) =
p(y,x) for ally € U(x).

Proof: Take an arbitrary function u € g By the previous Lemma there exists a function w € G’
such that @(-) — w(x) > a(-) — @(x) on a neighborhood U(z). So p(y,z) > p(z,y) for y € U(z), but
the other direction holds trivially, so the metric functionals coincide. |

This corollary implies the equivalence of the two notions of energy.

Proposition 20. For every path w € Q = C([a,b]; X) it holds that E4(w) = Eqp(w)

Proof: Suppose first that {w; : a <t < b} NN # ), then we have trivially E,,(w) = 00 = Egp(w)-
Otherwise {w; : a <t < b} C Ej for some set Ej of the compact E-nest. But by the previous lemma
we can find to every point x € {w; : a <t < b} a neighborhood where the metric functionals coincide.
But since {w; : a <t < b} is compact, we can extract a finite subcover U(wy,), t; € [a,b],i=1,...,n.
Set A" = {t1,--- ,t,}. So for any partition A of [a,b]. AUA’ is a subpartition and

Z ﬁQ(thl?wti) _ Z p2(wtif1awt¢)
2(t; — ti—1) 2(t; — ti—1)

ti—1,t; EAUA ti—1,t; EAUA/

Clearly also the suprema coincide, too, so the Proposition holds true. |
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