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Abstract

In this thesis, we develop numerical schemes for the accurate and efficient computation of band structures
of two-dimensional photonic crystal waveguides, which are periodic nanostructures with a line defect.

The perfectly periodic medium on both sides of the line defect has to be modelled mathematically.
For this, we employ Dirichlet-to-Neumann and Robin-to-Robin transparent boundary conditions. These
boundary conditions are transparent in the sense that they do not introduce a modelling error, which is
in contrast to the well-known supercell method. The numerical realization of these transparent boundary
conditions in terms of high-order finite element discretizations addresses the first objective of this work,
i.e. to improve the accuracy of photonic crystal waveguide band structure calculations. The realization
of Robin-to-Robin transparent boundary conditions is more involved than the realization of Dirichlet-
to-Neumann boundary conditions. However, in contrast to Dirichlet-to-Neumann boundary conditions,
they do not exhibit any forbidden frequencies for which the boundary conditions are not well-defined or
their computation is ill-posed.

Since the eigenvalue problems with Dirichlet-to-Neumann or Robin-to-Robin transparent boundary
conditions are nonlinear, efficient numerical schemes for their solution are crucial. We propose an indirect
scheme based on Newton’s method that is ideally suited for the eigenvalue problems under consideration.
Moreover, we develop a path following algorithm, which we apply for the efficient approximation of the
eigenpaths of the nonlinear eigenvalue problems, the so-called dispersion curves of the photonic crystal
waveguide band structures. This path following algorithm is based on the fact that the dispersion curves
are analytic, and hence, a Taylor expansion can be applied. For this, we introduce formulas for the
derivatives of the dispersion curves and an adaptive selection of nodes at which a Taylor expansion is
computed. With this adaptive selection we can resolve the dispersion curves in full detail while saving
computation time.

Our proposed numerical scheme, that includes these two ingredients, i.e. the high-order finite element
discretization of the transparent boundary conditions for periodic media and the adaptive path following
algorithm, allows for efficiently resolving physical phenomena with high accuracy. For example, we show
how to identify mini-stopbands, i.e. avoided crossings of dispersion curves, and we discuss the behaviour
of dispersion curves at band edges, which is not possible with standard methods such as the supercell
method and an equidistant sampling of dispersion curves.







Zusammenfassung

Diese Dissertation befasst sich mit der Entwicklung von numerischen Verfahren fiir die akkurate und
effiziente Berechnung der Bandstrukturen von zweidimensionalen Photonenkristallwellenleitern. Photo-
nenkristallwellenleiter sind periodische Nanostrukturen mit einem Liniendefekt.

Das perfekt periodische Medium an beiden Seiten des Liniendefekts muss mathematisch modelliert
werden. Hierfiir werden transparente Dirichlet-zu-Neumann- und Robin-zu-Robin-Randbedingungen ver-
wendet. Diese Randbedingungen sind in dem Sinne transparent, als dass sie, im Gegensatz zu der be-
kannten Superzellenmethode, keinen Modellierungsfehler verursachen. Die numerische Umsetzung dieser
transparenten Randbedingungen in Form von finiten Elementen hoher Ordnung adressiert das erste Ziel
der vorliegenden Arbeit, also die Verbesserung der Genauigkeit von Bandstrukturberechnungen fiir zwei-
dimensionale Photonenkristallwellenleiter. Die Implementation der Robin-zu-Robin-Randbedingungen ist
komplizierter als die der Dirichlet-zu-Neumann-Randbedingungen, jedoch haben sie den Vorteil, dass sie
fiir alle Frequenzen wohldefiniert und ihre Berechnung wohlgestellt ist.

Da die Eigenwertprobleme mit Dirichlet-zu-Neumann- oder Robin-zu-Robin-Randbedingungen nicht-
linear sind, sind effiziente Methoden fiir ihre Losung unabdingbar. Dafiir wird ein neuartiges, iteratives
Verfahren vorgeschlagen, das auf der Newton-Methode basiert und das ideal auf die zu 16senden Probleme
abgestimmt ist. Ferner wird ein Pfadverfolgungsalgorithmus entwickelt, der fiir die effiziente Approximati-
on der Eigenpfade der nichtlinearen Eigenwertprobleme, den sogenannten Dispersionskurven, angewendet
wird. Dieser Pfadverfolgungsalgorithmus basiert auf der Tatsache, dass die Dispersionskurven analytische
Funktionen sind und somit eine Taylor-Entwicklung moglich ist. Dazu werden Formeln zur Berechnung
der Ableitungen der Dispersionskurven eingefithrt und eine adaptive Auswahl der Knotenpunkte vorge-
schlagen, an denen eine Taylor-Entwicklung berechnet wird. Durch diese adaptive Auswahl kénnen die
Dispersionskurven bei gleichzeitiger Zeitersparnis fein aufgelost werden.

Das vorgeschlagene, numerische Verfahren fiir die Berechnung der Bandstrukturen von zweidimensiona-
len Photonenkristallwellenleitern, welches sowohl die Diskretisierung der transparenten Randbedingungen
mit finiten Elementen hoher Ordnung sowie den Pfadverfolgungsalgorithmus enthélt, ermoglicht die ef-
fiziente Auflésung physikalischer Phinomene mit hoher Genauigkeit. So wird gezeigt, wie mit Hilfe des
vorgeschlagenen Verfahrens Ministoppbénder identifiziert werden kénnen. Das sind Bereiche der Band-
struktur, in denen sich zwei Dispersionskurven sehr nahe kommen, ohne sich aber zu schneiden. Ferner
kann mit dem vorgeschlagenen Verfahren das Verhalten in einer sehr kleinen Umgebung der Bandkante
analysiert werden. Fiir beide genannten Phénomene gilt, dass sie mit Standardmethoden, wie der Super-
zellenmethode und einem #quidistanten Abtasten der Dispersionskurven, nicht aufgelést werden kénnen.
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1 Introduction

Photonic crystals (PhCs) are periodic nanostructures of dielectric material. The periodicity, whose lattice
is in the order of the wavelength of visible light, is induced by alternating refractive indices, or in other
words, by a periodic dielectric function [JJTWMOS].

Depending on its frequency light either propagates through PhCs or it is reflected. Intervals of fre-
quencies for which the PhC prohibits the propagation of light, and the light is totally reflected, are called
(photonic) band gaps or stop bands. If the propagation of any polarization and any direction is prohibited,
we speak of complete (photonic) band gaps, see for example the complete band gap in Figure 1.1. This
is why PhCs are sometimes also called photonic band gap materials. The PhC band structure describes
the different behaviour of light propagation and reflection. It shows the dispersion relation, which is the
relation of the frequency of propagating light in dependence on its direction, which is given in parame-
terized form in terms of the quasi-momentum or wave vector. The functions, that describe the dispersion
relation, are called band functions or, if the quasi-momentum is scalar, we speak of dispersion curves.

Due to the definition of allowed and forbidden frequencies of light, PhCs can be regarded as the optical
counterpart of crystalline solids, whose periodic potential opens up forbidden energy bands in which
electrons cannot propagate through the crystal [Kit04]. See also [Blo62] for more details on band theory
for crystalline solids.
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Figure 1.1: Band structure of the 2d PhC related
to the 2d PhC waveguide that we will present in
Example 2 in Chapter 2. The red area shows the
complete band gap of the PhC.

Figure 1.2: Band structure of the 2d PhC wave-
guide that we will present in Example 2 in Chap-
ter 2. The red lines are dispersion curves that cor-
respond to guided modes, and the grey color shows

areas for which propagating PhC modes exist.

In general one has to distinguish between one-dimensional (1d), two-dimensional (2d) and three-
dimensional (3d) PhCs, where the number of the dimension stands for the number of axes of periodicity.
For example, a stack of dielectric layers is a 1d PhC, whose ability to open up band gaps was already
explained in 1887 by Lord Rayleigh [Ray87]. In this work we shall focus on 2d PhCs whose periodicity is
usually induced by periodically spaced, straight holes in a dielectric material, or by periodically spaced,
straight rods of a dielectric material. In practise, these 2d PhCs have finite extend but it is a common sim-
plification to assume that the device is infinite in the plane that is perpendicular to the holes/rods. These
perfectly periodic structures with finite height are called planar PhCs or PhC' slabs. The propagation of
light in the plane is determined according to the PhC band structure with its band gaps. Using a stack of
layers with different refractive indices, the light in 2d PhC slabs can also be confined in vertical direction,
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which is known as index guiding [JJWMO8]. In Figure 1.3 we present a sketch of such a 2d PhC slab with
index guiding in vertical direction. The radiation, or, in other words the loss in vertical direction of PhC
slabs is — to the best of our knowledge — still an open question. For homogeneous, open waveguides,
however, this question has already been studied in detail [BBDHC09, JH08, JHN12]. Instead of directly
studying the properties 2d PhC slabs, it is a usual simplification to consider the corresponding, ideal
2d PhCs [JJWMOS8]. As we will elaborate in Chapter 2, this leads to a 2d problem whose geometry is
sketched in Figure 1.4.

Figure 1.3: Sketch of a 2d PhC slab with index guiding in vertical direc- Figure 1.4: Sketch of the 2d
tion. The refractive indices are chosen such that the light is confined approximation of the 2d PhC
in the centre layer [JJWMOS]. slab in Figure 1.3.

The mathematical properties of PhC band structures, and in particular 2d PhC band structures, have
been studied extensively in the past decades, see for example the review article by Kuchment [Kuc01].
One of the main mathematical questions in the context of PhCs is the existence of band gaps. Even though
it is experimentally and numerically evident, that gaps can exist, see for example [FG97, JJWMO08] or
the computer-assisted proofs in [HPWO09], there is only little analytical knowledge for 2d PhCs [Kuc01].
However, there are specific cases for which the existence of gaps could be proved, e. g. high-contrast me-
dia [FK96a, FK96b]. If gaps exist the question remains how many gaps can exist. Bethe and Sommerfeld
conjectured, that the number in 2d and 3d settings is finite [BS67]. For the 2d case this was shown rather
recently in [Vorll].

The numerical computation of PhC band structures is addressed, for example, in the review article by
Busch [Bus02]. While finite differences time domain (FDTD) calculations are well-known and established
in the engineering community for simulations of finite PhCs, there has been much progress recently in
2d PhC band structure calculations in frequency domain using the finite element method (FEM). The
proposed methods range from edge FEM [BCGO6] over adaptive hp-FEM [SK09, GG12] to generalized
FEM [BSS11, Bral3]. In this thesis we will follow the ideas in [SK09] and use high-order FEM for our
2d computations.

Due to the existence of band gaps in 2d PhCs light can be guided efficiently in 2d PhC waveguides.
That are PhCs with a line defect, that is usually created by omitting one (PhC W1 waveguide), two
(PhC W2 waveguide), or more rows of holes/rods. Inside the PhC band gaps there can exist modes, so
called guided modes or trapped modes, that propagate along the line defect while decaying exponentially
in the PhC, i.e. in perpendicular direction to the line defect, see for example the band structure of a
2d PhC W1 waveguide with its dispersion curves corresponding to guided modes in Figure 1.2. For
homogeneous line defects, as obtained when omitting one or more rows of holes/rods, e.g. for PhC W1
waveguides, the existence of guided modes was shown in [KO04], while the mathematical justification of
this observation in full generality is still under investigation, see for example [AS04] for an approach using
Green’s functions to describe the band gap structure of 2d PhCs with a line defect. An important feature
of 2d PhC waveguides is the possibility to tailor the dispersion of guided modes, and hence, obtaining,
for example, slow light modes [Kra08, LWOT08], i.e. guided modes with a small group velocity [Bri60].
Slow light modes lead to a simultaneous enhancement of the light intensity and are thus relevant for the
construction of devices in nonlinear optics [SJ04]. The group velocity of PhC modes and guided modes in
PhC waveguides can be determined with the help of band structure calculations, since the group velocity




is equal to the slope of the dispersion curves, i.e. the derivative of the dispersion curves with respect to
the quasi-momentum [KKEJ13].
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Figure 1.5: Sketch of a 2d PhC W1 slab waveguide with index guiding Figure 1.6: Sketch of the 2d
in vertical direction. The refractive indices are chosen such that the approximation of the 2d PhC
light is confined in the centre layer [JJWMOS]. slab waveguide in Figure 1.5.

Again we note that in practise 2d PhC waveguides have finite extend. Using index guiding in ver-
tical direction, i.e. along the holes/rods as sketched in Figure 1.5, motivates, however, the assumption
of vertical invariance. For 2d PhC waveguides with infinite extend in the plane perpendicular to the
holes/rods, that we will deal with in this work, for example see the 2d representation of a 2d PhC W1
waveguide in Figure 1.6, a plane wave expansion [Giv99], as used in [BSS11] for the homogeneous exte-
rior domain of 2d PhC waveguides with finitely mainly rows of holes/rods parallel to the line defect, or
as in [NS10, NS13] for PhC fibers, is not appropriate since it cannot account for the periodicity of the
infinite medium. Moreover, note that homogenization techniques for periodic structures, see for exam-
ple [BLP78], cannot be applied to the approximation of the periodicity of PhCs, since the wavelength
of visible light, which is considered in PhC band structure calculations, is in the order of the lattice of
the periodicity, and hence, asymptotic techniques for the approximation of the periodic domain by a
homogeneous domain will fail.

Objectives of this work

The frequently used supercell method [Sou05, SK10] is a simple procedure for the approximative compu-
tation of guided modes in PhC waveguides. While giving good results for well-confined modes, that are
guided modes with a large decay rate in perpendicular direction to the line defect, the supercell method
lacks accuracy for modes that are close to the boundaries of the band gaps, the so called band edges, since
the decay rate for these modes is significantly smaller [Sou05]. Apart from the problem of accuracy, a full
band structure calculation is very time-consuming if one aims to resolve all phenomena like crossings of
dispersion curves, avoided crossings, also known as anti-crossings [ORBT01, OBS*02], and the behaviour
at band edges in full detail. This shows that there is both, a need for
(i) accuracy, and
(ii) efficiency

in calculating PhC waveguide band structures. This thesis is concerned with these two objectives. The
goal of accuracy is addressed by introducing transparent boundary conditions at the interfaces of line
defect and perfectly periodic medium. Boundary conditions are called transparent if the solution of the
problem with these boundary conditions is identical to the solution of the original problem restricted to
the truncated domain. Transparent boundary conditions for periodic media using Dirichlet-to-Neumann
(DtN) maps were introduced in [JLF06] for 2d PhCs, see also [FJ09, FCB10, FJL10]. In [Flil3] this
approach was rigorously extended to the computation of guided modes in PhC waveguides. Depending
on the periodic medium, these DtN maps may not be well-defined at all frequencies and their computation
can be ill-posed. Robin-to-Robin (RtR) maps resolve this problem [F1i09]. In this thesis we will present
both, DtN transparent boundary conditions and RtR transparent boundary conditions. Note that the
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DtN and RtR approaches in [JLF06, F1i09] are different in concept and objective from the DtN maps
developed in [YL06, YLO7, HLOS]. The latter DtN maps are employed for size robust computations in
finite periodic structures, while the DtN and RtR maps, that we will deal with in this work, model the
infinite periodic medium of PhCs.

The DtN and RtR transparent boundary conditions are an alternative to the frequently used supercell
approach. In contrast to the supercell approach they do not introduce a modelling error. In this sense
they allow for an ezact computation of guided modes in PhC waveguides. In this work we will develop
the numerical realization of the DtN and RtR approaches, ranging from discretization to the numerical
solution of the nonlinear eigenvalue problems.

The second objective of this thesis is — as mentioned above — to improve the efficiency of PhC and PhC
waveguide band structure calculations. For this we will develop an adaptive path following algorithm,
that can be applied to the linear problems in 2d PhCs and 2d PhC waveguides using the supercell
approach as well as to the nonlinear problems of 2d PhC waveguides with DtN or RtR transparent
boundary conditions. The proposed method is based on the fact that the dispersion curves in band
structures are analytic functions and hence, a Taylor expansion of these functions is possible. We will
show how to compute the group velocity as well as any higher derivative of the dispersion curves. Our
approach differs significantly from the perturbation theory employed in [SS88, Sip00, HFBWO01] for the
computation of the group velocity and the group velocity dispersion, which is the second dispersion curve
derivative, since we develop closed formulas that do not need to be truncated such as the infinite sums
in [SS88, Sip00, HFBWO01] for the computation of the group velocity dispersion. Moreover, our approach
is unique, since it allows for an extension of the formulas to arbitrary orders.

Outline of the thesis

This thesis is organized as follows: In Chapter 2 we elaborate on the mathematical modelling involved
in PhC and PhC waveguide band structure calculations, we will review the spectral properties of the
associated differential operators, comment on the discretization of the eigenvalue problems using high-
order FEM and introduce problem settings of PhCs and PhC waveguides, that we will consider in our
numerical examples throughout this thesis. In Chapter 3 we give a very brief review of algorithms for
the numerical solution of matrix eigenvalue problem. Apart from reviewing well-known methods, we
will also propose a new iterative solver for nonlinear eigenvalue problems that is based on Newton’s
method. Chapter 4 is dedicated to the computation of the group velocity and any higher derivatives of
the dispersion curves of the linear eigenvalue problems related to PhC band structure calculations and
PhC waveguide band structure calculations when using the supercell approach. Chapter 5 then deals with
the adaptive path following algorithm. First we will generalize the procedure developed in Chapter 4 for
the computation of dispersion curve derivatives to general, nonlinear, parameterized matrix eigenvalue
problems. Then we propose the adaptive scheme and apply it for an efficient computation of the band
structure of a PhC W1 waveguide. In Chapters 6 and 7 we introduce transparent boundary conditions
based on DtN and RtR operators, respectively. We will comment on their computation, differentiability
and discretization, before employing them to truncate the domain of the eigenvalue problem. We elaborate
on the numerical solution of the resulting nonlinear eigenvalue problems using the methods, that we
reviewed and proposed in Chapter 3. Finally, we will present extensive numerical results including the
application of the adaptive path following algorithm. In Chapter 8 we give concluding remarks and
comment on the perspectives of future research.




2 Mathematical modelling of photonic crystal
waveguides

In this chapter we will introduce the mathematical formulation of the problems that we shall deal with
in this thesis: the computation of modes in 2d PhCs and the computation of guided modes in 2d PhC
waveguides. We present the mathematical modelling of these problems and comment on their mathe-
matical properties. Before we start with the introduction of the two problems, we shall elaborate on the
description of electromagnetic waves in devices with invariance in one direction, which is assumed to be
the case for 2d PhCs and 2d PhC waveguides.

2.1 Electromagnetic waves in two dimensions

The propagation of light in PhCs is described by the macroscopic Maxwell equations without free charges
and currents

V x E(t,x) = —%B(t,x)7 (2.1a)
V x H(t,x) = £D(t,x), (2.1b)
V-D(t,x) =0, (2.1c)
V-B(t,x) =0, (2.1d)

where E : RT x R? — R? and H : Rt x R? = R? are the macroscopic electric and magnetic fields, and
D:Rf xR?® = R3 and B : R x R? — R? are the displacement and magnetic induction fields. The
macroscopic Maxwell equations (2.1) are completed by the linear material laws

D(t,x) = goe(x)E(t, %), (2.2a)
B(t7 x) = MO/’L(X)H(t7 X)a (2'2b)

with the vacuum and relative dielectric permittivities g and €, and the vacuum and relative magnetic
permeability po and pu. These linear material laws are reasonable approximations to the actually nonlinear
relations of the fields in case of small amplitudes. See for example the textbook by Jackson [Jac98] for a
comprehensive introduction to electromagnetic fields and Maxwell’s equations.

In PhCs the material can assumed to be nonmagnetic, i.e. we may set u = 1. Hence, Egs. (2.1)
and (2.2) reduce to

V x E(t,x) = —MO%H(t,X),
V x H(t,x) = €0€<X)%E<t,x),
V-e(x)E(t,x) =0,
V- -H(t,x) =0.

Due to the time-independence of the coefficients our considerations can be reduced to time-harmonic
electric and magnetic fields

E(t,x) = Re (E(X)e_i“’t) ,

H(¢,x) = Re (ﬁ(x)e_th) ,
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with frequency w € R™, that satisfy the time-harmonic Maxwell equations

V x B(x) = iwpoH(x), (2.3a)
V x H(x) = —iwege(x)E(x), (2.3b)

where the time-harmonic versions of Egs. (2.1¢) and (2.1d), i.e.

V- e(x)E(x) =0, (2.4a)
V-H(x) =0

are implicitly satisfied, which can easily be seen by applying the divergence operator to Egs. (2.3a)
and (2.3b), and considering the fact that w > 0.
Applying the curl operator to (2.3a) and using (2.3b), we obtain

(JJ2 =

V x (v x E(x)) — 5 e(0B(x) =0, (2.5a)

where we substituted egug = ¢~ 2, with the velocity of light c. On the other hand, applying the curl
operator to (2.3b) and using (2.3a), we arrive at

V x <E(1X)V X H(x)) — —=H(x)=0. (2.5b)

As elaborated in Chapter 1, we shall consider 2d PhCs and 2d PhC waveguides as approximations
to realistic PhC slabs and PhC slab waveguides. While the latter have finite height, 2d PhCs and
2d PhC waveguides are invariant in the direction of the holes/rods, the z3-direction, say. In other words,
the relative dielectric permittivity e satisfies e(x) = e(z1,72,0) for all x = (z1,72,23) € R?, which
motivates that we only look for solutions of the electric field E and the magnetic field H that also
satisfy this condition, i.e. E(x) = E(ml,mg,O) for all x = (21,79,73) € R® and ﬁ(x) = ﬁ(xl,xg,O)
for all x = (z1,22,23) € R3. Then all x3-derivatives in the differential operators vanish and it is
straightforward [Kuc01] to verify that Egs. (2.5a) and (2.3a) decouple into equations for (Es, Hy, Hy),
the transverse magnetic (TM) mode, for which the electric field in zs-direction satisfies the 2d scalar
Helmholtz equation

—e(x)E3(x) =0, x € R?, (2.6)

~ 1 ~
9 E

Hy(x) = iw,uoaixz (%),
1 0 =
Hy(x) = _iw,uo 87:101E3(X)

Similarly, Eqgs. (2.5b) and (2.3b) decouple into equations for (ﬁg,El,Eg), the transverse electric (TE)
mode, for which the magnetic field in x3-direction satisfies the 2d scalar Helmholtz equation

1 w? ~

-V e VH;(x) — —=Hs(x) =0, x€R? (2.7)

and the electric field components El and Eg satisfy

~ 1 0 ~
Ei(x) = _iwsos(x)T@HB(X)’
~ 1 0 ~
EQ(X = 7H3(X)
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Remark 2.1. The curl operator has an infinite-dimensional null-space [Mon03], which yields spurious
zero eigenvalues of the eigenvalue problems (2.5) for the time-harmonic electric and magnetic field, re-
spectively, if the divergence equations (2.4) are not explicitly taken into account. For 8d Mazwell equations
this issue can be resolved by applying the Helmholtz decomposition [Mon03]. In our case, the infinite-
dimensional null-space of the curl operator is implicitly removed by the transformation of the 3d Mazwell
eigenvalue problems (2.5) to the 2d scalar Helmholtz eigenvalue problems (2.8), which was motivated by
our assumption of a x3-independent dielectric permittivity and hence, a restriction to xs-independent
solutions.

In this thesis we shall consider both modes, the TM mode (2.6) and the TE mode (2.7), simultaneously
and choose
— V- a(x)VU(x) — w?B(x)U(x) =0, x € R?, (2.8)

as our governing equation. In the TM mode, U describes the electric field in xs-direction and the
coefficients a(x) and B(x) are determined through

alx) =1 and B(x) = Cizs(x). (2.9a)

On the other hand, in the TE mode, U denotes the magnetic field in x3-direction and the coefficients are
defined by

alx) = — and B(x) = —. (2.9b)

Note that, for simplicity of notation, the velocity of light ¢ is incorporated in the coefficient 3.

Finally, we note that (2.8) satisfies important scaling properties. On the one hand, it can easily be
verified that a coordinate stretching x’ = sx, with s € R, results in the same system when rescaling
the frequency w’ = s~'w. On the other hand, one arrives at the same rescaling of the frequency when
choosing the rescaled permittivity ¢’(x) = se(x). These properties illustrate that the problem under
consideration does not have a specific length scale.

2.2 Modes in two-dimensional photonic crystals

PhCs have a discrete translational symmetry [JJWMO08]. More precisely, there exist two linearly inde-
pendent vectors a;,as € R? such that the permittivity epne of 2d PhCs satisfies

Epnc (X +a; + 3-2) = €pnc (X) (2'10)

for all x € R?. The vectors a; and ap with smallest possible lengths a; = |a;|, i = 1,2, such that (2.10)
is satisfied, are called lattice vectors and their lengths are called lattice constants. These lattice vectors
span a parallelogram — the wunit cell C' of the PhC. The lattice vectors are not defined uniquely by the
pattern, or lattice of the PhC. Without loss of generality, we can set a; = a;(1,0)*. The lattice vector
as, however, is not fixed by this choice. For example, it is conventional for the square lattice shown
in Figure 2.1a that the lattice vector ay is chosen to be as = a4 (0, l)T with lattice constant as = a;.
However, it can also chosen to be ay = a1(1,1)T with length a; = v/2a;. On the other hand, for the
hexagonal lattice, sometimes also called triangular lattice, shown in Figure 2.2a, two different choices of
as are common: while the choice a; = \/§a1(0, 1)T is orthogonal to a; and has length as = \/gah we
shall prefer ay = % (1, v/3)T, which has lattice constant as = a;. Hence, in case of a square or hexagonal
lattice we can choose a unit cell with lattice vectors that have the same length. In this case we may write
a = a1 = ay. Even though the scaling properties described above allow for choosing a unitary lattice
constant a = 1, we will explicitly use the lattice constants a, a; and as in the sequel of this work.

In the context of PhC we may assume that the permittivity is a piecewise constant, positive function
€pno ¢ R?2 — RT, that is bounded from below and above. All theoretical results that we will refer to or
develop in this work are also applicable to permittivities that are not piecewise constant. However, all
our numerical results are computed for such configurations where ey, takes some constant value in the
dielectric material and g = 1 in air.
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(a) Unit cell C' of PhC with square lattice. (b) Brillouin zone B.q4 of reciprocal lattice.

Figure 2.1: PhC of square lattice (a) with unit cell C, lattice vectors a; = a(1,0)T and ay = a(0,1)7,
and its reciprocal lattice (b) with Brillouin zone B,,, irreducible Brillouin zone §2d and reciprocal lattice
vectors by = 22(1,0)T and b, = 27(0,1)T. The irreducible Brillouin zone B,, has vertices T' = (0,0)7,
X =2(1,0)" and M = Z(1,1)T.

(a) Unit cell C' of PhC with hexagonal lattice. (b) Brillouin zone B.q of reciprocal lattice.

Figure 2.2: PhC of hexagonal lattice (a) with unit cell C, lattice vectors a; = a(1,0)T and ap = 4(1,v/3)7,
and its reciprocal lattice (b) with Brillouin zone B,,, irreducible Brillouin zone B,, and reciprocal lattice
vectors by = 22(1,-1/v/3)T and by = 2%(1,1/v/3)T. The irreducible Brillouin zone B,, has vertices

a

I'=(0,0T, K =25(1/3,1/v/3)" and M = 22(0,1//3)".

Considering the periodicity of the permittivity ep,c and hence, of the coefficients ap,c and fp,c, that
can be determined depending on the mode using (2.9), we can apply the Floquet theory [Kuc93] to (2.8).
The Floguet transform of U reads

ﬁ(x, k) = Z U(x —mia; — m2a2)eik~(m1a1+m232),

mi,m2€Z

where k = (ky,k2)T € R? is called quasi-momentum or (Flogquet) wave vector. The Floquet transform
can be regarded as analogue of the Fourier transform for periodic media. However, note that the Floquet
transform — in contrast to the Fourier transform — still depends on the spatial variable x. Shifting the
Floquet transform U in space by mia; + meoas, with my, my € Z, gives the Floquet condition

U(x + mia; 4+ moay, k) = el (martmzaz) fj(x k), (2.11)
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which shows that is sufficient to study U (x,k) only in the unit cell C' spanned by the lattice vectors
a; and as. Moreover, we can see easily that the Floquet transform U is periodic with respect to the
quasi-momentum k, i.e.

(7()(, k + miby + m2b2) = ij(X, k),

for all m1, mo € Z, where by, by € R? are the reciprocal lattice vectors of the reciprocal lattice that satisfy

%az . bj S/
for all 4, j = 1,2. The reciprocal lattices of the PhCs with square and hexagonal lattice and its reciprocal
lattice vectors are shown in Figures 2.1b and 2.2b. For a detailed description of how to construct
the reciprocal lattice the reader is referred to, e.g. the books by Kittel [Kit04] or Joannopoulos and
coworkers [JJWMO8]. The periodicity of the Floquet transform U with respect to the quasi-momentum
k implies that we can restrict the choice of k to a subset of R?, the so called (first) Brillouin zone B,
which is equal to the Wigner-Seitz cell [Kit04] of the reciprocal lattice centered at the origin k = 0.
Using the periodicity of the Floquet transform with respect to the quasi-momentum and employing the
Floquet condition (2.11) we can deduce that the problem (2.8), which is posed in R?, can be transformed
to a family of problems in the bounded domain C), i.e. for all k € B,, the Floquet transform U satisfies

— V- Qo (X)VU (%, k) — w? B (x)U(x, k) = 0, x € C, (2.12a)

with quasi periodic boundary conditions

U K) |5, =T K)|x, . (2.12D)
rnc Ong U (4 K) |5 = =€ e Ony U (- K) |5, (2.12¢)
U(K) |5, =e™2U( k) |5, (2.12d)
Qonc OnaU (4 K) [57 = =€ pc Ong U (-, K) |5 (2.12¢)

on the left, right, bottom and top boundaries ZL, YR, 2 and X7 of C, where d, (',N/ On Tj’ On Tj’ and
8HTU denote the outward normal derivatives of U on the boundarles YL, 2R, EB and ZT, respectlvely,
i.e. anL =ny, - VU 8nRU =ng - VU 6nBU =ng - VU and 8nT =ng - VU with the outward unit

normal vectors
ny; = i 0 _1 a: ng — —nNni, = i 0 1 a:
L — (Z2 1 O 2 R — L — CLQ _1 0 2

mn = (). wr = o = (J).

Now we introduce some function spaces to rigorously reformulate (2.12a). Let H!(C) be the usual
space of square integrable functions in C' whose weak gradient is also square integrable. Then we define
the periodic space

H;(C’) = {u € H'(C) with u|s, = uls, and u|s,= uln,}.

Moreover, let H(A, C) be the subspace of H!(C) with functions whose Laplacian is square integrable.
Then we define

HY(A, C ) :== {u € H'(A,C) NHL(C) with adn u|s, = —adnu|s, and adnyuls,= —adn,uls, } -
With these definitions and the substitution U(x, k) = e®**u(x, k), the quasi periodic problem (2.12a)
is equivalent to the eigenvalue problem: find (w?, k) € R* x B,, such that there exists a non-trivial

u € Hllj(A, C, ap,c) that satisfies

—(V+ik) - appo(V +ik)u — w?Bppeu =0 in C. (2.13)
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The eigenvalues w2, n € N, of (2.13) in dependence of the quasi-momentum k € B,, define the

band structure of the PhCs. The functions w2 (k) are continuous [Kuc01] and their projection onto the
frequency axis defines the spectrum opy,c of the operator

1

PhC

JZ(PhC = V- opcV

related to the eigenvalue problem (2.12a) with quasi periodic boundary conditions. Let op,c(k) denote
the spectrum of the operator
1
/BPhC

defined on H} (A, C, apyc) and related to the PhC eigenvalue problem (2.13) with periodic boundary
conditions. Then the spectrum op,c of Ap,c satisfies

5PhC: U O'Phc(k)-

ke Bag

Apo(k) = (V + 1K) - apno(V + ik)

The spectrum op,,c can have gaps, that correspond to the band gaps of the PhC, i.e. intervals of frequen-
cies for which light does not propagate in the PhC.

At this point it seems necessary to distinguish between the meanings of the values w? and w. While the
former is the linear eigenvalue of (2.13) and hence, is by definition an element of the spectrum op,c(k)
of Ap,c(k), the latter is the frequency and thus, the relevant quantity in sense of physics. Since we
introduced a band gap as being a frequency interval for which no light propagates in the PhC, we shall
distinguish in this thesis between a gap of the spectrum and a band gap, i.e. if w? is in the gap of the
spectrum, w is in the band gap. In this respect, only the function w, (k) shall be called band function,
while in literature also w? (k) can be denoted by this name.

The band functions w, (k) show several mirror symmetries in the Brillouin zone B,, allowing for a
successive reduction of the Brillouin zone to the so-called irreducible Brillouin zone B, [JTWMO8], see
the red triangles in Figures 2.1b and 2.2b for the irreducible Brillouin related to PhCs with square and
hexagonal lattice, respectively.

It is widely accepted that for almost all PhC lattices that are of interest, it is sufficient to follow the
band functions along the edges of the irreducible Brillouin zone B in order to compute the spectrum and
thus, the band gaps of PhCs [JJWMO08], see for example the spectrum and the complete band gap of a 2d
PhC with hexagonal lattice that we already illustrated in Figure 1.1. However, this cannot be guaranteed
in general and in fact, it has be shown [HKSWO07] that there exist academic counterexamples.

Finally, let us present the variational formulation of the eigenvalue problem (2.13) of finding modes in
2d PhCs. Multiplying (2.13) with the complex conjugate of some periodic and smooth test function v,
integrating over C' using integration by parts, where we take the periodicity of u and v into account,
and weakening the smoothness requirements on w accordingly, we find that the variational formulation
of (2.13) reads: find (w? k) € R* x B,y and a non-trivial u € H} (C)) such that

/ a(V +ik)u - (V —ik)v — w?Buv dx = 0 (2.14)
c

for all test functions v € HJ(C), where we can choose HJ(C) as the space of test functions due to a
density argument of the space of periodic and smooth functions in HII)(C). Using the sesquilinear forms

ac(u,v) := /CaVu - Vo dx, (2.15a)
& (u,v) = /C ia (u(9;0) — (Qu)v) dx,  i=1,2, (2.15b)
me (u, v) ::/Cauﬁdx, (2.15¢)
mg(u,v) ::/Cﬁuﬁdx, (2.15d)

10
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and

be (u,v;w,k) = a@(u,v) + kicg" (u,v) + kacl? (u,v) + [k|*m& (u, v) — wzmg(u,v), (2.15¢)

the variational formulation (2.14) can be rewritten in the form: find (w? k) € R* x B,, and a non-trivial
u € HL(C) such that

bo(u,v;w, k) =0 (2.16)

for all v € HL(C).
With this understanding of 2d PhCs, their mathematical modelling and related spectral properties, we
can now address the problem of finding guided modes in the following section.

2.3 Guided modes in two-dimensional photonic crystal waveguides

2d PhC waveguides can be constructed by introducing a line defects in 2d PhCs. Usually these line
defects are introduced by omitting one (PhC W1 waveguide), two (PhC W2 waveguide), or more rows of
holes/rods. However, we shall give a more general description of the geometry of 2d PhC waveguides by
a piecewise definition of their permittivities. As explained above, the permittivity ep,o : R? — R of 2d
PhCs is bounded from below and above, and satisfies the periodicity condition (2.10). Let the line defect
be parallel to and centered at the x;-axis, and let it have height agz > 0. Moreover, let €450 : RZ2 = RT
denote the permittivity in the line defect that is bounded from below and above, and which is periodic
in xq-direction, i.e. it satisfies €gepece (X + 1) = Egereet (x) for all x € R?, where a; = a;(1,0)T. Then we
choose the piecewise definition

- if ag2
EPhC(X)7 Ir za < T2
0 0
Ewg(x) = { Cactear (x), if — a% <xo < %, (2.17)
0
El-rhc(x)’ if zg > %7

for the permittivity e,, : R? — R of a 2d PhC waveguide, where £Z. , are two possibly disjoint permit-

tivity functions that each satisfy the periodicity condition (2.10) with possibly different lattice vectors agt
but matching lattice vectors ai = a1(1,0)T, see Figure 2.3a. The vector aJ = (a3;,a3,)" can be chosen
to match the choices of the unit cells C:¥, n € N, on top and bottom of the defect.

As explained in the previous section, the spectrum of PhCs can exhibit band gaps, i. e. frequency inter-
vals in which there are no eigenvalues of (2.13) for all values of the quasi-momentum. In PhC waveguides
there can exist guided modes, which are eigensolutions of the time-harmonic Maxwell’s equations and
which propagate along the line defect (i.e. along the z1-axis) while decaying in the directions orthogonal
to the line defect (i.e. along the zo-axis).

As discussed in Section 2.1 the time-harmonic Maxwell’s equations decouple in 2d into a TM mode
and a TE mode that satisfy a 2d scalar Helmholtz equation. Considering both modes we choose (2.8) as

governing equation, i.e.
~V - a(x)VU(x) — w?B(x)U(x) = 0, x € R?,

where in the TM mode U describes the electric field in z3-direction and the coefficients o and 3 are
given by a(x) =1 and B(x) = ¢ 2¢,,(x), cf. Eq. (2.9a). On the other hand, in the TE mode, U denotes
the magnetic field in xs-direction and the coefficients are defined by a(x) = e }(x) and 8(x) = ¢ 2,
cf. Eq. (2.9b). Note that for simplicity of notation, we do not use the subscript “wg” for the coefficients
« and [ that are defined using the permittivity e, of the PhC waveguide.

Due to the periodicity of the coefficients @ and [ in zi-direction, we can again apply the Floquet
theory. However, in contrast to the case of PhCs in the previous section, the periodicity is broken in
the direction of ay and hence, the Floquet transformation is only one-dimensional. Revisiting all steps
in Section 2.2 while neglecting all parts related to the periodicity of the permittivity in the direction

of ay, we find that we can transform the problem in R? into a family of problems in the infinite strip

11
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(a) Sketch of a PhC waveguide with homogeneous line defect, semi- (b) Notation of cells and boundaries of
infinite PhC of square lattice below the defect, and semi-infinite PhC the periodicity strip S.
of hexagonal lattice on top of the defect.

Figure 2.3: Sketch of a PhC waveguide and its periodicity strip S.

S illustrated in Figure 2.3. Introducing the 1d Brillouin zone B = [—:—1, all], and the quasi-momentum
k € B, the problem reads
—V-a(x)VU(x, k) —?B(x)U(x, k) =0, x€8, (2.18a)
with quasi periodic boundary conditions
fj('v k) |ER = eikalfj('v k) |EL7 (2‘18b)
@Oy U( k) |5y = =5 0n, U(- k) |5, (2.18¢)

on the left ¥, = EE UX? UX, C dS and right g = S} UXS Uy C 05 boundaries of S. A guided
mode is, by definition, a non trivial solution of (2.18) that satisfies a decay condition for |zo| — co.

Similarly to the spaces HI(C) and HL(A, C, apne) of periodic functions in C, we define the function
spaces

Hip(S) = {u € HY(S) with u|y, = U|2R} ,
whose functions implicitly satisfy a decay condition for |zo| — oo, and
H%p(A, S,a) = {ueHY(A,SN H%p(S) with afn, uly, = —aOng |5y }

of functions in S that are periodic in z;-direction.

With these definitions and the substitution U(x, k) = e**1u(x, k), the eigenvalue problem (2.18) of
finding guided modes is equivalent to: find couples (w?,k) € RT x B such that there exists a non-trivial
u € Hi (A, S, a) that satisfies

— (V4ik@}) -V +ik(3))u —w?Bu=0  inS. (2.19)

Then we call (w?, k) an eigenvalue couple of (2.19) with associated eigenmode u. We shall distinguish
two different problem formulations:

12
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e the w-formulation, where we fix k € B which yields a linear eigenvalue problem in w?, and

e the k-formulation, where we fix w € R™ and obtain a quadratic eigenvalue problem in k.
However, note that this problem is posed in the unbounded domain S. Therefore, we will later in
Chapters 6 and 7 introduce DtN and RtR transparent boundary conditions to truncate the infinite domain
S. More precisely, let Hi;(ﬂ?) be the Dirichlet trace spaces of H} (A, Co, ) on I'E and let HI;/Q(I‘SE)
be the corresponding dual spaces. Then we will show in Chapter 6 that under certain assumptions there
exist linear DtN maps D*(w, k) € E(Hif(f%), H;;/Q(I%)) such that the eigenvalue problem (2.19) is
equivalent to: find (w?, k) € RT x B and a non-trivial u € Hj (A, Co, ) that satisfies

—(V +ik(}) - oV +ik(}))u — w?Bu =0 in Cp, (2.20a)
+adyu = DF (w, k) u on T'E. (2.20b)

On the other hand, in Chapter 7 we will show that the eigenvalue problem (2.19) is equivalent to: find
couples (w?, k) € RT x B such that there exists a non-trivial u € Hj (A, Co, o) that satisfies

—(V +ik(})) - oV +ik(h))u — w?Bu =0 in Cy, (2.21a)
(Fads +ip)u = RE (w, k)(£ady + ip)u on I'E, (2.21b)

where R*(w, k) € E(HI;/Q(FSE)) are linear RtR maps and p € R\ {0} is an arbitrary, real, nonzero
constant.

In the remainder of this section we will summarize the results of the spectral theory for the eigenvalue
problem (2.19) in w-formulation. To this end, we introduce the operator

1 . .
A(k) = —E(V +ik(g)) - AV +ik(5)),

k € B, defined on the function space H%p(A, S, «) of the whole strip S, that is related to the eigenvalue
problem (2.19) with permittivity €,,, as defined in Eq. (2.17). Furthermore, we introduce the operators

1
- pE
k € B, defined on H%p(A, S*, ), that are related to eigenvalue problems of the form (2.19) posed in the
+ _ of the top and bottom PhC respectively.

A= (k) = (V +ik(3)) - a™(V + ik (3),

infinite half strips S* with perfectly periodic permittivities €onc
Let o (k) denote the spectra of the operators AZ (k) related to the eigenvalue problem (2.13) when
replacing the coefficients o and 3 by a* and 5% that correspond to the permittivities e . of the top and
bottom PhCs of the waveguide. Then the spectra of the operators A¥ (k) are connected to the spectra
o (k) through

ot (k) =o(A (k) = |J omolk k).

kQG]*%,%

The following results were shown in [F1i13] for the TM mode operator, i.e. for « = 1. However, using
the same arguments as in [Kuc93, FK97] for operators with perfectly periodic coefficients, in particular
for the TE mode operator called acoustic operator in [FK97], and applying the Weyl theorem [RS78], we
can show

Proposition 2.2. For all k € B the operator A(k) is self-adjoint and positive, i. e. its spectrum satisfies
o(k) C RT. Moreover, its essential spectrum o®3(k), i. e. the spectrum o (k) minus its isolated eigenvalues,
satisfies
o®(k) = o (k)Uo (k)

with

N (k)

(k) =R\ |J GE(k),
n=1

where the gaps GE(k) C RT are open intervals and N* (k) € Ny is the number of band gaps.
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2 Mathematical modelling of photonic crystal waveguides

According to a result [Vorl1] on the Bethe-Sommerfeld conjecture [BS67] for periodic Maxwell operators
in 2d, we note that the numbers N* (k) of band gaps are finite.
We conclude that there exists a number N (k) € Ny of gaps G, (k) C R*Y, n=1,..., N(k), such that

N (k)
o (k) =R\ | Gu(k),
n=1

with the set of gaps Ug:(li) Gn(k) = Ug:l(k) Gr(k)n Uﬁ:l(k) G, (k).
Using the theory of self-adjoint operators [RS78], we deduce

Proposition 2.3. Inside the gaps G, (k), n =1,...,N(k), k € B, there exist only isolated eigenvalues
of finite multiplicity, which can only accumulate at the boundaries of the gaps G (k).

Let the isolated eigenvalues w2, (k) € RT, m = 1,..., M(k), of A(k) inside the gaps G,(k), n =

m

1,...,N(k), be ordered such that
0 <wi(k) <... <wirp(k) (2.22)

with 0 < M (k) < co. Then the functions
ki—s w2 (k)

are Z—’I—periodic, even and continuous in k [Flil3]. Note that they are not necessarily continuous in B

since the number M (k) of eigenvalues w2, (k) is not constant in B. Using the fact that the self-adjoint
operator A(k) is analytic with respect to the quasi-momentum k, its domain H%p(A7 S*, a) is independent
of the quasi-momentum k, and the eigenvalues of A(k) in the band gaps G, (k) are isolated and have
finite multiplicity, we can apply the analytic perturbation theory for self-adjoint, linear operators, see
Chapter 7 in [Kat95], and prove a result that is fundamental for the numerical procedures, that we will

develop in this thesis.

Theorem 2.4. Let M = max{M (k) : k€ B}. Then there exists a mapping j(-; k) : {1,...,M} —
{1,...,M(k)}, for all k € B such that the functions

k }—MUJ'(]{Z)

are analytic. These functions are called dispersion curves, or band functions. Moreover, the magnitude
and phase of the corresponding eigenmodes u;(-;k) can be chosen such that the eigenmodes are also
analytic with respect to the quasi-momentum k.

Note that Theorem 2.4 is valid for all k£ € B, i.e. the dispersion curves are also analytic at crossings.

It is well known that the first dispersion curve is not analytic in k& = 0, see for example the band
structures in Figures 2.7 and 2.9, that we will present in Section 2.6. Note that this case is explicitly
excluded in Theorem 2.4 due to the assumption that the eigenvalues wjz (k) are positive, see Eq. 2.22.

Finally, we shall state a result related to the eigenfunctions of A(k) proven in [FK97].

Proposition 2.5. Let k € B and let w? ¢ 0°3(k) be an eigenvalue of (2.19). Then the associated
eigenfunction u € H%p(A, S, @) decays exponentially with |xs|, where the decay rate is proportional to the
distance of the eigenvalue w? to the essential spectrum o (k).

This motivates the notion of the confinement of guided modes. We speak of well-confined modes, if
the decay rate is large, which is in the sense of Proposition 2.5 equivalent to the distance to the essential
spectrum. Thus, guided modes close to the band edge, i.e. the boundary of essential spectrum and band
gap, are not well-confined.

Proposition 2.5 gives the mathematical justification for the supercell method, which we will explain in
the following section.
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2.4 Model reduction using the supercell approach

Before we will elaborate in Chapters 6 and 7 on the definition and numerical realization of DtN and
RtR transparent boundary conditions that are employed for the transformation of the eigenvalue prob-
lem (2.19) in the infinite strip S to the eigenvalue problems (2.20) and (2.21) in the defect cell Cy, we
will now briefly discuss the frequently used supercell method. The supercell method provides access to
approximations of guided modes. Based on the observation in Proposition 2.5, that guided modes decay
exponentially with |zo| — oo, the eigenvalue problem (2.19) is posed in a bounded supercell S,, C S
instead of the infinite strip S. The computational domain S,, is obtained by simply cutting the infinite
strip S after n € N periodicity cells of the PhCs on top and bottom, and prescribing periodic boundary
conditions at the top and bottom boundaries X := F,‘f and Xy, :=I',. Thus, the problem solved reads:
find couples (w?, k) € R* x B such that there exists a non-trivial u € H\ (A, S,,, o) that satisfies

— (V4ik(Q) -V +ik())u —w?Bu=0,  in S,. (2.23)

Since guided modes decay exponentially as |x2| — oo, cf. Proposition 2.5, it can be expected that
the modelling error, that is introduced when prescribing periodic boundary conditions after a certain
number of holes, is reasonably small. In fact, Soussi [Sou05] showed that the solutions of the supercell
method converge exponentially towards the solutions of the exact problem (2.19) if the number n of
periodicity cells, that are included in the supercell, tends to infinity. However, as we shall demonstrate in
Chapter 6, where we present a comparison of the results of the supercell method with the results of the
problem (2.20) with DtN transparent boundary conditions, it is a not possible to control the modelling
error of the supercell method for a fixed the number n of periodicity cells, if no a priori knowledge about
the confinement of the guided mode is available.

The eigenvalue problem (2.23) of the supercell method is again linear in w? (w-formulation) and
quadratic in k (k-formulation) allowing for standard numerical techniques of PhC band structure calcu-
lations to be applied [SK10]. However, note that the eigenvalue problem (2.23) of the supercell method
has eigenvalues also inside the essential spectrum o°%(k) of A(k). These eigenvalues have to be excluded.
To this end, one needs to have access to the essential spectrum, i.e. a full computation of the spectra
0% (k) = o(A*(k)) of the operators related to the PhCs on top and bottom of the guide is needed.

It is important to note that we may not replace the periodic boundary conditions on ¥t and Xp
by, e.g. homogeneous Dirichlet boundary conditions, even though we know that guided modes decay
exponentially as |xa| — co. The reason is that homogeneous Dirichlet boundary conditions will produce
spurious modes, so called surface modes, that are confined at the boundaries ¥t and Yg, and that may
— like guided modes — appear outside the essential spectrum in the band structure calculations and
hence, cannot be distinguished from guided modes without taking the mode profile into account.

Note that the number of eigenvalues inside the essential spectrum grows with the number of periodicity
cells that are included in the supercell. Using an iterative eigenvalue solver, this implies that one should
restrict the eigenvalue computation — as far as possible — to the band gap by a shift and invert strategy,
in order not to spoil the performance of the iterative solver.

Similarly to Theorem 2.4, we can state a result on the eigenvalues and corresponding eigenmodes
of (2.23). Considering that the differential operator related to (2.23) is self-adjoint and analytic with
respect to the quasi-momentum k, and that its domain H%p(A, S« ) is independent of the quasi-momentum,
we can again use the theory presented in [Kat95] and show

Theorem 2.6. For all k € B the eigenvalues wjg(k) ERT, j €N, of (2.23) can be ordered such that the
dispersion curves
ke w; (k)

are analytic. Moreover, the magnitude and phase of the corresponding eigenmodes u;(-; k) can be chosen
such that the eigenmodes are also analytic with respect to the quasi-momentum k.

Finally, we present the variational formulation of (2.23). Analogously to the procedure applied to
derive the variational formulation (2.14) of the eigenvalue problem (2.13) of finding modes in 2d PhCs,
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2 Mathematical modelling of photonic crystal waveguides

we arrive at the following formulation: find (w?, k) € RT x B and a non-trivial u € H.(S,) such that
/ a(V +ik({)u - (V —ik(}))? — w?Buv dx = 0 (2.24)
Sn

for all test functions v € H})(Sn), or, using the sesquilinear forms

ag (u,v) := /S aVu - Vo dx, (2.25a)
&t (u,v) = /S i (u(017) — (O1u)T) dx, (2.25b)
mg (u,v) ::/S ouv dx, (2.25¢)
mgn (u,v) ::/S Buv dx, (2.25d)
and
bs, (u,v;w, k) == ag (u,v) + kcg.;bl (u,v) + k*m$ (u,v) — (,u2m§n (u,v), (2.25€)

we can write: find (w?, k) € RT x B and a non-trivial u € H}(S,,) such that
bs, (u,v;w, k) =0 (2.26)

for all v € H(S,).

2.5 High-order finite element discretization

This section is dedicated to the spatial discretization of the variational formulations (2.14) and (2.24)
of the eigenvalue problem (2.13) of finding modes in 2d PhCs, and the eigenvalue problem (2.23) in the
supercell S,,. As elaborated in the introduction, we employ the finite element method (FEM), or shortly,
finite elements (FE).

The FEM provides discrete subspaces for Sobolev spaces involved in variational formulations. For the
variational formulations (2.14) and (2.24) we need to provide FE space of functions that are periodic. To
this end, we first elaborate on the FE meshes of the domains C' and 5,,, respectively.

Let the domains C' and S,, be partitioned into non-overlapping possibly curved, triangular or quadri-
lateral subdomains, the geometrical cells. Each geometrical cell K is defined as a smooth map Fg of
the reference cell I?(K), which is for triangular cells the convex hull of the points (0,0), (1,0) and (0,1)
and for quadrilaterals the square [0,1]2. The sets of the geometrical cells, the meshes, are denoted by
M(C) and M(S,,), see for example the coarse meshes of PhC unit cells with curved, quadrilateral cells
in Figure 2.4 and the mesh of a supercell in Figure 2.5. These meshes are assumed to be periodic in
direction ay, i. e. for each edge of a geometrical cell on the left boundary Xy, there is an edge on the right
boundary Yg, which is only shifted by a;. In particular, this means that the corresponding geometrical
cells need to have the same parameterization on the boundaries 3j, and ¥g. Moreover, we assume the
mesh M(C) of the PhC unit cell to be periodic in direction ag, i.e. for each edge of a geometrical cell on
the bottom boundary Xp there exists an edge on the top boundary X, which is shifted by as. On the
other hand, the mesh 91(S,,) is assumed to be periodic in direction a§ + n(a; +a; ), i.e. for every edge
on the bottom boundary ¥ := T, there is an edge on the top boundary Yt := I';, that is shifted by
ad +n(al +ay).

Based on the meshes M(C) and M(S,,) we define discrete subspaces of H(C) and H}(S,) as

SP(Q) == {v € HL(Q) N CY(Q) : v|k o Fi € PP(K(K)) VK € M(Q)},
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2T

B
(a) Unit cell of PhC with square lattice.

Y

XL 2R

Xp
(b) Unit cell of PhC with hexagonal lattice.

Figure 2.4: Meshes with curved, quadrilateral cells Figure 2.5: Mesh with curved, quadrilateral cells

of PhC unit cells C with top, bottom, left and of a supercell Sy with top, bottom, left and right

right boundaries ¥, ¥g, X1, ¥r C 0C. boundaries X, X, X1, Xr C 054 of a PhC W1
waveguide with hexagonal lattice.

where p is a chosen polynomial degree, €} stands for one of the computational domains C' or S,, and
PP(K) is the space of polynomials with maximal (total) degree p

span{Z4Z | 0 < max{¢,m} < p}, if K is a quadrilateral,
PP(K) = span{z{27 | 0 < £ +m < p}, if K is a triangle, (2.27)
span{z‘ |0 </ <p}, if K is an interval.

Note that the last case in (2.27) is not needed for the FE spaces introduced above, but it is useful for the
FE spaces that we will introduce later in Section 6.1.5 for the discretization of the variational formulations
with DtN and RtR transparent boundary conditions.

If the maximal polynomial degree is p = 1 the basis functions of SP(Q) are hat functions, that take the
value one at a single node of the mesh () and that vanish at all other nodes. In this case we speak of
linear FEM. For polynomial degrees larger than one the FEM is said to be of high-order [Sch98]. Besides
the hat functions, the basis of a high-order FEM consists of functions, the so-called edge functions, that
can be identified to an edge and that vanish on the closure of all other edges in the mesh. Furthermore,
in 2d, high-order FE bases comprise so-called bubble functions, that are identified to one cell of the mesh
and that vanish in the closure of all other cells.

Let

N(C) := dim SE(C),
N(Sy) := dim S2(S.,)

denote the dimensions of the FE spaces SE(C) and SE(S,,). Furthermore, let

boi, -5 ben(e) € SE(C),
bSn,la DR bsn7N(Sn) € Sf’(Sn)

denote the basis functions of SB(C') and SE(S,,), respectively. Then the discrete form of the variational
formulation (2.14) of the eigenvalue problem (2.13) of finding modes in 2d PhCs can be written in the
form: find (w?, k) € RT x B,, and a non-trivial u € CN() \ {0} such that

(Ag OO+ By OO+ [KPME — wQMg) u=0, (2.28)
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2 Mathematical modelling of photonic crystal waveguides

where the real symmetric matrices A%,M%,Mg e RN(OIXN(C) and the purely imaginary, Hermitian
matrices Cg’l, C%’z € iIRN(C)XN(C) have entries

?J,ij = ag(bc,j,bc,i)
1

)
bc’j ? bCJ)?

nglg = (

Cgfg = C%’Q(bc,j, bc.i)s
M¢ ;; = m¢(be,s,bei),
Mgm = mg(bC,ja bci),

i,7=1,...,N(C), with the sesquilinear forms as given in Eq. (2.15). Similarly, the discrete form of the
variational formulation (2.24) of the eigenvalue problem (2.23) of finding guided modes in the supercell
S, reads: find (w?, k) € RT x B and a non-trivial u € CV(5») \ {0} such that

(Ag" + kcgf + k2Mgn _ WQM/Z") u=0, (2.29)

where the real, symmetric matrices Ag , Mg , Mgn € RN(En)xN(Sn) and the purely imaginary, Hermitian
matrix Cgl € iRN(Sn)xN(Sn) have entries

S, = a3, (bs, j: s, i),
S = <5 (0s,5,bs,.0),
Mg, ;; =mg (bs, j,bs, i),
5,y = s, (bs, s bs,.i),

i,j=1,...,N(S,), with the sesquilinear forms as given in Eq. (2.25).

With the help of the FEM, we are able to compute approximations to the solutions of the eigenvalue
problems (2.13) and (2.23) by solving the matrix eigenvalue problems (2.28) and (2.29). There are
basically three strategies to improve the accuracy of an existing FE approximation:

e refining the mesh of the computational domain (h-FEM),

e increasing the polynomial degree of the basis functions (p-FEM), or

e a combination of both (hp-FEM).
While A-FEM provides algebraic convergence, p-FEM converges exponentially if the solution is analytic in
subdomains that are resolved exactly by the cells of the mesh [Sch98]. This motivates the need of curved
cells in our FE mesh in order to exactly resolve the holes/rods of the PhCs. A comprehensive study of the
convergence of p-FEM in the context of PhC band structure calculations can be found in [SK09]. Note,
that in case of non-smooth material boundaries we can extend the previous and following definitions to
hp-adaptive FE spaces.

Concepts — A numerical C++ library for partial differential equations For the implementation of
the high-order FEM we employ Concepts, which is a C++ library for the numerical solution of partial
differential equations [Conl5, FL02]. Originated from a software package for the boundary element
method, Concepts has been extended with high-order FEM as well as discontinuous Galerkin methods.
Concepts is based on concept-oriented design, i. e. mathematical concepts such as the FE meshes, the FE
spaces, the bilinear forms, matrices and vectors are implemented as C++ classes. The object-oriented
structure of the library allows the programmer to re-use these concepts in a very flexible way.

Concepts allows for FE meshes with curved cells, such that the circular holes of PhCs can be resolved
perfectly, e. g. by the meshes sketched in Figures 2.4 and 2.5. For a detailed description of how curved cells
are realized with Concepts, the reader is referred to [Sch08]. There is no upper bound for the polynomial
degree of the FE spaces other than the prohibitively increasing condition number of the resulting FE
matrices. This enables us to use p-FEM on the coarse meshes sketched above.

Since we assume the permittivity to be piecewise constant, it proves useful to compute separate FE
matrices for the dielectric medium and its complement. These matrices can then be exported to Matlab’s
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binary mat-files using the Concepts’s class concepts: :MatfileIO. The matrices are loaded into Matlab
with which all further computations, in particular eigenvalue computations, are done. For plotting FE
solutions such as eigenvectors, the coefficient vectors, computed with Matlab, are again saved in mat-files
which are imported into Concepts using concepts::MatfileI0. For this purpose the integration rule
of the FE space is set to a rule that comprises endpoints, e.g. the trapezoidal rule, and a pointwise
evaluation of the FE solution is performed at all quadrature points. This delivers three vectors, the
vectors of the z1- and xs-components of the quadrature points as well as the vector of the values of
the FE solution at the quadrature points. These vectors, together with information on the mesh, is
exported to a mat-file, from which the data can be loaded into and plotted with Matlab. Both, the
pointwise evaluation of the FE solution as well as the export to a mat-file is bundled in Concepts’s class
graphics::MatlabBinaryGraphics.

2.6 Examples

In this section we introduce examples of a PhC and a PhC waveguide, that we will use in the following
chapters when numerically testing the proposed methods.

Example 1. We consider the TM mode in a PhC of square lattice with lattice constant a, holes of
relative radius © = 0.46 and permittivity e = 1 that are surrounded by dielectric material of permittivity
e = 8, see Figure 2.6. We shall only consider the I'-X-interval of the irreducible Brillouin zone Ezd, i.e.
we consider ky € B := [0, %] and ky = 0. In other words, the eigenvalue problem under consideration is
equivalent to the supercell problem (2.23) when replacing the domain S,, by the unit cell C' of the PhC
described above and sketched in Figure 2.6. For illustration, the band structure of the TM mode along

the [-X-interval B is presented in Figure 2.7.
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Figure 2.6: Sketch of the PhC with Figure 2.7: Band structure of the TM mode along the I'-X-
square lattice in Example 1 and its unit interval B = [0, Z] of the irreducible Brillouin zone B4 for
cell C' with FE mesh of nine quadrilat- the PhC of square lattice described in Example 1.

erals.

Example 2. We consider the TE mode in a PhC W1 waveguide with hexagonal lattice, i.e. with
a) =al =a; =a(1,0)T and a = aj = a, = % (1,v3)". The dielectric medium of the device has

r

permittivity ¢ = 11.4 and holes of relative radius o =031 with permittivity e = 1. Figure 2.9 shows
the band structure computed with the help of the supercell method using five periodicity cells on top and
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2 Mathematical modelling of photonic crystal waveguides

bottom of the guide. The black lines represent the dispersion curves while frequencies with propagating
PhC modes are shaded in grey. Note that the complete band gap of the 2d PhC was already shown in

Figure 1.1.

Figure 2.8: Sketch of the PhC W1 wave-
guide with hexagonal lattice of Exam-
ple 2 and the supercell S5 with FE mesh
consisting of 95 quadrilaterals, that was
used for the computation of the band
structure in Figure 2.9.

normalized frequency wa, / 2mc

0.0 0.1 0.2 0.3 04 0.5

normalized quasi-momentum ka; /27

Figure 2.9: Approximation to the band structure of the TE
mode in the PhC W1 waveguide of Example 2 using the su-
percell method with five unit cells on top and bottom of the
defect cell Cy. Areas shaded in grey correspond to the essen-
tial spectrum o°**(k), i. e. they show the set of frequencies for
which propagating PhC modes exist and the supercell results
(grey lines) are spurious. The essential spectrum was com-
puted separately by computing the eigenvalues of a propaga-
tion operator, see Definition 6.16. On the other hand, blank
areas represent the band gaps, i.e. areas where the eigenval-
ues of the supercell method (black lines) correspond to guided
modes.
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3 Numerical solutions of eigenvalue problems

Besides the discretization of the eigenvalue problems related to PhC and PhC waveguide band structure
calculations, the solution of the resulting matrix eigenvalue problems is the main numerical task. These
matrix eigenvalue problems can either be linear or nonlinear, which rules the choice of the algorithms for
their numerical solution. In this chapter we will give a brief review of algorithms for the numerical solution
of eigenvalue problems. Furthermore, we shall propose a new iterative procedure to solve nonlinear
eigenvalue problems that will prove useful in the context of PhC waveguide band structure calculations
with DtN and RtR transparent boundary conditions.

Solution techniques for linear eigenvalue problems are standard [GVL96] and many software packages
are available [ABBT99, LSY98|. Similarly, the solution of quadratic eigenvalue problems is well under-
stood [TMO1]. Nevertheless, we shall comment on their numerical solution and implementation issues in
Section 3.1.

In PhC and PhC waveguide band structure calculations we also have nonlinear eigenvalue problems,
e.g. when employing DtN and RtR transparent boundary conditions or when considering dispersive
material. Algorithms for the numerical solution of nonlinear eigenvalue problems, in particular of non-
polynomial eigenvalue problems, on the other hand, have been a topic of extensive study in the recent
decades. While there has been much progress in the development of a wide range of numerical methods,
appropriate software packages for nonlinear eigenvalue problems, like those for linear eigenvalue problems,
are not yet available [MV04]. In Section 3.2 we will briefly introduce some algorithms, that we will later
use in this work, and comment on their requirements and implementation. In Section 3.3 we will finally
propose a new iterative solver for nonlinear eigenvalue problems, that is based on Newton’s method.

3.1 Algorithms for linear and quadratic eigenvalue problems

The FE discretization (2.29) of the eigenvalue problem (2.23) of finding approximations to guided modes
in PhC waveguides by using the supercell approach is a matrix-valued eigenvalue problem that is

e linear in w? when keeping k € B fixed, and

e quadratic in k when keeping w € RT fixed.
Similarly, the FE discretization (2.28) of the eigenvalue problem (2.13) of finding modes in 2d PhCs is a
matrix-valued eigenvalue problem that is either linear (in w? when keeping k € B,, fixed) or quadratic
(in either component of k when keeping w € R* and the other component of k fixed).

Let N € N denote the number of degrees of freedom. Then the linear eigenvalue problem in w?

can be

written in short form like
(MO — )\Ml) u=20

with eigenvalue A = w?, associated eigenvector u € CV \ {0}, and Hermitian matrix My € CN*¥ and
symmetric, positive definite matrix M; € RY*N . For this simple sort of generalized, linear, Hermitian,
sparse eigenvalue problem we employ the comprehensive software package ARPACK [LSY98, LMSY15].
The FE software Concepts offers an interface to the C++ wrapper of ARPACK [Conl5], which allows for
a straightforward implementation of the PhC and PhC waveguide band structure calculation, only writing
one main program. However, as we elaborated in Section 2.5, we use the possibility of Concepts to export
the FE matrices to Matlab’s binary data format mat and then use Matlab for the post-processing including
the solution of linear eigenvalue problems using Matlab’s eigs function, which is a reimplementation of
the ARPACK functions.
The quadratic eigenvalue problem in k, or k;, i = 1,2, respectively, takes the form

(Mo + AM; + A*M;) u =0 (3.1)
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with eigenvalue A = k, associated eigenvector u € CV \ {0}, symmetric, positive definite matrices
My, My € RVXN " and purely imaginary, Hermitian matrix M; € iRV*¥ . If we want to solve (2.28)
for either component of k € B,, while keeping the other component fixed, My is instead a complex-
valued, Hermitian matrix with positive definite real part. Quadratic eigenvalue problems can easily be
transformed to linear eigenvalue problems of double size [TMO01]. Since the three matrices Mg, M; and
M, are Hermitian, we know that the eigenvalues \ are either real or they come in complex conjugate
pairs. A suitable linearization that preserves the structure of the spectrum is obtained by substituting

A =i, introducing
= (Au> e C¥V,
u

(Ao +XA1) i=0

and solving the linear eigenvalue problem

with matrices

In case of the supercell eigenvalue problem (2.29) the matrices Ay, A; € R2V*2N

and symmetric, respectively, while in the case of the eigenvalue problem (2.28) the matrices Ag, A; €
C2N><2N

are skew-symmetric

are skew-Hermitian and Hermitian, respectively. This linearization is structure preserving in
the sense that the skew-Hamiltonian, isotropic, implicitly restarted shift-and-invert Arnoldi algorithm
(SHIRA) [MWO1] can be applied, that allows for finding the complex conjugate pairs of the eigenvalue A
simultaneously. However, note that we are only interested in the real eigenvalues A of (3.1), and hence,

the linearization [TMO1]
M1 MO MQ )\11 .
o ™) A" )] () =0

proves reasonable when applying ARPACK’s algorithms for generalized, Hermitian eigenvalue problems.

3.2 Algorithms for nonlinear eigenvalue problems

Now we consider nonlinear eigenvalue problems as they appear when using DtN or RtR transparent
boundary conditions for the exact computation of guided modes in PhC waveguides. To this end, let us
consider the nonlinear eigenvalue problem

N(A)u=0 (3.2)

with eigenvalue A € Q C C and associated eigenvector u = u()\) € CV \ {0}, where
N:Q - CVV (3.3)

is a nonlinear, matrix-valued, holomorphic function. There exists a wide variety of methods to solve (3.2),
see for example the comprehensive review of Mehrmann and Voss [MV04]. This variety of methods ranging
from projection methods like Arnoldi-type methods or Jacobi-Davidson-type methods, to Newton-type
methods and inverse iteration, has been extended in recent years by methods that rely on the concept
of invariant pairs that allow for the simultaneous computation of several eigenvalues [Kre09]. This idea
was also extended to the continuation of eigenvalues of parameterized, nonlinear eigenvalue problems
in [BEK11]. The simultaneous computation of several eigenvalues of (3.2) is also addressed in [Bey12],
where an integral method is proposed to solve (3.2) for all its eigenvalues inside a given contour in
the complex plane. As an alternative there is the possibility of linearizing the nonlinear matrix func-
tion (3.3). For this, Effenberger and Kressner [EK12] proposed an elegant procedure based on Chebyshev
interpolation that does not increase the overall size of the system that needs to be solved.

For the numerical solution of nonlinear eigenvalue problems related to waveguides in homogeneous
media truncated by DtN transparent boundary conditions Jarlebring and coworkers recently proposed a
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tensor infinite Arnoldi method [JMR15]. This method is a computationally advantageous variant of the
infinite Arnoldi method [JMM12], i.e. a method that transforms the concept of Arnoldi methods for linear
eigenvalue problems to nonlinear eigenvalue problems. It is based on a Taylor expansion of the nonlinear
matrix function N and can be applied to any nonlinear eigenvalue problem with differentiable N. However,
problem specific adaptions are crucial for its application. For the waveguide problem these adaptions
were presented in [JMR15].

In this work we do not aim to give an extensive study and comparison of methods to solve the nonlinear
eigenvalue problems related to PhC waveguide band structure calculations. Instead we will briefly review
and apply two methods:

e the method of successive linear problems (MSLP), and

e the linearization based on Chebyshev interpolation.
The former method, which is a widely used variant of inverse iteration [MV04], shall deal as a benchmark
for the Newton-type method that we will propose later in Section 3.3. The latter method, on the other
hand, is an easy to implement, yet elegant way to simultaneously compute several eigenvalues of (3.2)
and will be used later in Chapters 6 and 7, particularly for the k-formulation.

Method of successive linear problems

The MSLP is based on a Taylor expansion of the nonlinear matrix function N, [Ruh73]. Let Q C R,
which is the case for both, the w-formulation and the k-formulation of PhC band structure calculations.
Then, writing (3.3) in the form

N+ £) = N(A) + IN'(A) + R(\, 0)

and neglecting the matrix R, whose norm is bounded by

)

IR, 0| gg sup [N"(A+0)
0<i<t

we can proceed as described in Algorithm 3.1 to compute an eigenvalue of the nonlinear eigenvalue
problem (3.2).

Algorithm 3.1. Method of successive linear problems.
1: Choose start value A(©) € R.
2: for i =0,... do
3: Solve the generalized, linear eigenvalue problem

(NO@) + N'(AD)) w =0

for its eigenvalue h with smallest magnitude.

4: if h ~ 0 then

5: exit, \() is an eigenvalue of (3.2).
6: end if

7: Compute new value \0+1) = X0 4 p,
8: end for

The MSLP as sketched in Algorithm 3.1 converges quadratically [Ruh73] and its convergence factors
were studied in [Jar12].

Chebyshev interpolation

Effenberger and Kressner [EK12] proposed a linearization of nonlinear eigenvalue problems using the
Chebyshev interpolation that allows for a simultaneous computation of several eigenvalues that lie on a
curve in the complex plane. We consider the nonlinear eigenvalue problem (3.2) with the matrix-valued,
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3 Numerical solutions of eigenvalue problems

nonlinear function N : Q — CV*N_ cf. Eq. (3.3). We aim to find a polynomial approximation Ny of
order d to the nonlinear function N, that is valid on a closed curve I C €. For simplicity, let I be an
interval on the real axis. In fact, we will later in Chapters 6 and 7, where we employ the Chebyshev
interpolation, only be interested in real eigenvalues, and hence a choice Iy = [Aa, Ap] C R is reasonable.
On this interval I we project the d + 1 Chebyshev nodes cos(ij_gfw) €[-1,1,4=0,...,d, of the first
kind to obtain the d 4+ 1 projected Chebyshev nodes

/\b_)\aCOS i+0.5ﬂ_ Aa+ A
2 d+1 2

Let ¢; : In = R, At>c¢;(A), 1 =0,...,d, denote the first d + 1 Chebyshev polynomials defined on the
interval I, i.e.

A = € I, 1=0,...,d.

Then we approximate
d
N(A) & Na(d) = > Cjc;(N) (3.5)
§=0

where the d + 1 matrices C; € CV*¥ are given by the interpolation condition

ZC 10 ZC cos +015)

foralli =0,...,d, which can be solved efficiently for C; using the discrete cosine transformation [ANRT74]
of the second type, i.e.
d

_ %ZN(A

=0
J(i+0.5)7

2 < (
C] = m ;N(AZ) COS

W, jzl,,d

Substituting u;(A) := ¢;(A)u and searching the kernel of N4(\) defined in (3.5), we obtain the polynomial
eigenvalue problem

d
> Ciu;(\) =
7=0

that can be linearized into the general linear eigenvalue problem

0 I I
I 0 I uy 21 uy
: g Cof=A : (3.6)
I 0 I Ug_1 21 Ug_1
—Cy -+ —Cy_3 C4—Cy_o —-Cy_y 2Cy

of dimension d- N, where we used the three term recurrence relation (3.4) of the Chebyshev polynomials.
Applying a shift and invert strategy to compute the eigenvalues of (3.6) the matrix of the left hand

side needs to be inverted. However, due to the structure of this matrix its inverse can be determined by

simply inverting a matrix of size N x N, cf. [EK12]. To explain this, let us assume we want to solve

0 I
I 0 I X0 Yo
I 0 I Xq—1 Yd-1
-Gy -+ —Cy3 C4—-Cyo —-Cy,
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3.3 A new Newton-type method for nonlinear eigenvalue problems

We can then deduce that

X1 = Yo, Xoj+1 = Y2j — X25-1, Jj=1,...,[d/2] -1,
and
Xgj = y2j—1 + (—=1)x0, j=1,...,[(d-1)/2],
with
Y1 =Yy, Y2j+1 = ¥Y2j+1 — Y21, J=1,...,[(d-1)/2] —1.

Finally, xq is determined as solution of the N-dimensional linear system

Ld/2] _ ld/2]-1 [(d—1)/2]
Z (=1)t1Cy; | X0 = ya—1 + Z Cojr1Xojt1 | + Z Cyy2i—1 | — Caz,
=0 i=0 =1

with

Ya—3, if dis even,
7z =
Xq_9, if dis odd.

Thus, it simply remains to invert the matrix (Z]Ld:/OQJ (_1)j+102j> € CNxN,

3.3 A new Newton-type method for nonlinear eigenvalue problems
Let us rewrite the nonlinear eigenvalue problem (3.2) in the form
(NO(/\) + /\N1(>\))u -0 (3.7)

with eigenvalue A € Q C C and associated eigenvector u = u(\) € CV \ {0}, N € N, where Ny and N;
are matrix-valued, holomorphic functions

N, : Q — CV*N, i=0,1,

and Nj is regular for all A € Q.

For the nonlinear eigenvalue problem (3.7) we propose an iterative solution technique that employs
Newton’s method. In every iteration we solve a linear eigenvalue problem that is related to the nonlinear
problem (3.7) in fixpoint-like fashion. Keeping XeQ fixed, we introduce the linear eigenvalue problem

(NO(X) + ANl(X))u(X) —0, (3.82)

with eigenvalue A = A()\) € 2 and associated right eigenvector u(\) € CV \ {0}, and

v (NO(X) + ANl(X)) ~0, (3.8)
with associated left eigenvector v(X) € CN\ {0}. If this linear eigenvalue problem admits an eigenvalue A
that is equal to the parameter X, then A is an eigenvalue of the nonlinear eigenvalue problem (3.7). On
the other hand, for all eigenvalues X of the nonlinear eigenvalue problem (3.7) we can construct a linear
eigenvalue problem of the form (3.8) that has an eigenvalue A which is equal to X. In this sense, the
nonlinear eigenvalue problem (3.7) is equivalent to finding the fixpoints of the function

We shall state the following assumption.

Assumption 3.1. The eigenvalues \j(\), 1 < j < N, of (3.8) can be ordered such that the functions

A— A;(N)

and the corresponding right eigenvectors u;(\) = u(}; (X)) are differentiable with respect to X in Q.
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3 Numerical solutions of eigenvalue problems

Remark 3.2. From the theory presented in [ACL92, ACL93] we know that the eigenvalue \; and its
associated right and left eigenvectors u; and v; are analytic in a neighbourhood ofX € Qif A (X) s a
stmple eitgenvalue, which is equivalent to

(i) No@) + )\J(X)l\’{l (A) has rank n —1, and

(i) v (AN (\)u;(A) # 0.
Thus, if conditions (i) and (ii) are satisfied for all XeQ, Assumption 3.1 is fulfilled.

Due to Assumption 3.1 we can differentiate (3.8) with respect to X, which yields

(NO) + 2 CONG () + A 0N (V) Jus () + (No() + A (ON: () ) dywy (3) = 0. (3.9)

Multiplying (3.9) from the left with the conjugate transpose V?(X) of the left eigenvector v;(A) and
considering (3.8b), we arrive at

S V) (NGO + A CONG () s (V)

== V)N (s () | 1)

Remark 3.3. From the formula (3.10) for the derivative N} (A) of the eigenvalue Aj (X) with respect to A
we can see that N L
VIOON, (R () 40

is a necessary condition for the analyticity of the functions A )\j(X), i. e. a necessary condition for
Assumption 3.1 to be satisfied.

Remark 3.4. If the matrices Ng and N1 are Hermitian, the left eigenvector is identical to the right
eigenvector, and hence, it is sufficient to solve (3.8) for its right eigenvector.

The formula (3.10) for the derivative A’()) of the eigenvalue A;(A) will be used in the iterative scheme
that we shall explain in the following.
We introduce the signed distance functions

dj(A) = A= X;(A), (3.11)

1 < j < N, that are — thanks to Assumption 3.1 — continuously differentiable. Hence, we can apply
Newton’s method to compute the roots of (3.11) for 1 < 5 < N, which are — due our above considerations
— eigenvalues of the nonlinear eigenvalue problem (3.7). The global signed distance function

dX) =X = A= (), (3.12)

with

7 =7\ = arg min

d (X)’ : (3.13)

however, is only continuous and piecewise analytic, but its roots are by definition also eigenvalues of (3.7).
The advantage of computing the roots of the global signed distance function d is that we only have to
find the roots of a single functions, instead of computing the roots of the N signed distance functions
d;. Note that the outer min-operator in the definition (3.13) is needed in the case that two or more
eigenvalues of (3.8) have the same distance to X in magnitude.

The proposed iterative scheme is then as easy as shown in Algorithm 3.2, where the derivative of the
global signed distance function (3.12) is defined as

d(A) = d. (AD) = 1= XN, (AD)

with j* = j*(A(") as given in (3.13) and with the derivative A}. of ;- with respect to A) as presented
in Eq. (3.10).

Even though the global signed distance function d is not continuously differentiable, Newton’s method
as sketched in Algorithm 3.2 converges quadratically [KS86], since the global signed distance function d
is piecewise identical to some continuously differentiable signed distance function d;, 1 < j < N.
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Algorithm 3.2. Newton’s method applied to global signed distance function.
1: Choose start value \(©) € R.
2: for i =0,... do
3: Evaluate global signed distance function d(A(*).

4. if d(A¥) =~ 0 then

5: exit, A) is an eigenvalue of (3.7).

6: end if

7: Compute derivative d’(A(V).

8. if d'(A?) = 0 then

9: exit, \()) is a saddle point, retry with new start value.
10: end if A

11: Compute new value \0+1) = \() — j,(()‘T(:))).

12: end for

The computational effort of the proposed method is comparable to the effort of the MSLP, see Sec-
tion 3.2 as in each iteration a linear eigenvalue problem of size N x N has to be solved for one eigenvalue.
Moreover, both methods have the same convergence rate, which can also be seen later in numerical results
presented in Chapter 6.

The proposed Newton-type method to solve nonlinear eigenvalue problems of the form (3.7) will later
be employed in Chapters 6 and 7 for the nonlinear eigenvalue problems that result from truncating the
domain of PhC waveguides using DtN or RtR transparent boundary conditions.

An alternative application of this method in the context of PhC band structure calculations is the
eigenvalue problem of finding modes in PhCs with dispersive material, i.e. with frequency-dependent
permittivity. When considering the w-formulation this eigenvalue problem becomes nonlinear and it
satisfies the form (3.7) we studied in this section. Note that the k-formulation still remains a quadratic
eigenvalue problem. The reader is referred to [ER09, Engl4] for this formulation.
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4 Group velocity and higher derivatives of
dispersion curves

The group velocity is the first derivative of the dispersion curve w(k). Guided modes of small group
velocity, also denoted by slow light modes, are of special interest in optics since the reduction of the
group velocity simultaneously yields an enhancement of the light intensity [Kra08]. In this chapter, whose
results were already published in condensed form in [KS14b], we will derive a closed formula for the group
velocity of guided modes in PhC waveguides. This formula can be used for an exact computation of the
group velocity for example in waveguide optimizations [LWO™08], replacing the difference quotient to
compute the slope of the band functions.

Our approach does not only allow for deriving a closed formula for the group velocity but also for
the second derivative, the so-called group velocity dispersion, and for any higher-order derivative of the
dispersion curves. In this sense our approach is different from the perturbation theory employed in [SS88,
Sip00, HFBWO01], where the vector k - p approach of electronic band structure theory is transferred to
PhC band structure calculations. Our computational procedure has two main advantages:

(i) it is “exact” in the sense that no additional modelling error is introduced in comparison to the
perturbation approach in [SS88, Sip00, HFBWO01] where an infinite sum for the computation of the
group velocity dispersion has to be truncated, and

(ii) it allows for a successive computation of derivatives up to any order with marginal extra computa-
tional costs for each additional order.

The latter point motivates an algorithm for efficient band structure calculations that employs these
derivatives and that we will present in Chapter 5.

Before we shall derive the formulas for the dispersion curve derivatives in Section 4.2, we will elaborate
on the differentiability of the dispersion curves and their corresponding eigenmodes in Section 4.1. A proof
of the eigenmode differentiability, that only uses the variational formulation of the eigenvalue problem,
is then presented in Section 4.3, and in Section 4.4 we will give concluding remarks.

4.1 Differentiability of dispersion curves and eigenmodes

In this chapter we simultaneously consider the eigenvalue problem (2.13) in the PhC unit cell C, the
eigenvalue problem (2.19) in the infinite strip S of a PhC waveguide, and the eigenvalue problem (2.23)
in the bounded supercell S;, with n € N PhC unit cells C’ii7 t < n, on top and bottom of the defect cell Cy.
All these eigenvalue problems are linear in w?. For the sake of simplicity, we shall assume ky = 0 in the
2d PhC eigenvalue problem (2.13). Then we employ the Floquet transform in z;-direction, considering
the 1d Brillouin zone B = [—%, :—1], and hence, all mentioned eigenvalue problems are identical except
for the domain, which is either C, S or S,,. In the sequel we shall use C for the domain, keeping in mind
that it can be interchanged with S and S,,.

In Chapter 6 we will introduce DtN transparent boundary conditions for the interfaces Fgﬂ of Cy to
the semi-infinite periodic strips S* on top and bottom of the guide. In that chapter we will also extend
the formulas for the dispersion curve derivatives that we will now introduce for the case with periodic
boundary conditions.

Let k € B. Directly considering the variational formulation, we search for eigenvalues wf(k‘) € R* and
corresponding non-trivial eigenmodes u; (k) = u;(-; k) € HL(C) such that

bo(u;(k),v;w;, k) =0 (4.1)
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4 Group velocity and higher derivatives of dispersion curves

for all test functions v € H(C), where the sesquilinear form be reads

bo(u,v;w, k) = ag(u,v) + kcg"l(u, v) + k*m@ (u,v) — meg(u,v)

with

ag(u,v) = / aVu - Vv dx,
c

L, v) = / o (W(O1T) — (O1w)T) dx,
c

m%(u,v):/ ouv dx,
c

mg(u,v):/ﬂuﬁdx.
C

Now we give the main result, the proposed formulas rely on.

Theorem 4.1. The eigenvalues wjz(k) € RT, j € N, of (4.1) can be ordered such that the dispersion
curves
kt—— wj (k)

are analytic. In addition, the magnitude and phase of the corresponding eigenmodes u;(-; k) can be chosen
such that the eigenmodes are analytic with respect to the quasi-momentum k.

Proof. This theorem is a direct consequence of Theorems 2.4 and 2.6, where the same result is shown
for the eigenvalue problems (2.19) and (2.23) in operator formulation using the perturbation theory for
linear operators [Kat95]. Since the sesquilinear form in (4.1) is bounded in H}(C) and the corresponding
linear operator is bounded in H%,(A, C,a), we conclude that the spectral results of the operator theory
directly transfer to the eigenvalue problem (4.1) in variational formulation [Kat95]. O

In addition to the well known eigenvalue analyticity, Theorem 4.1 also guarantees that the correspond-
ing eigenmodes are analytic. Nevertheless, we shall present in Section 4.3 a proof of the differentiability
of the eigenmodes only using the variational formulation.

4.2 Dispersion curve derivatives
4.2.1 First derivative of dispersion curves — The group velocity
Thanks to Theorem 4.1 we can take the derivative of Eq. (4.1) with respect to k and obtain
bo(dyuz, viws, k) = O (v) (4.2)
for all v € HJ(C), with the linear form
#0 (v) = § (v; k,wj, Wi, ug) = —2km@(uj,v) — cg’l(uj, v) + 2ij;mg(uj,v) (4.3)

and the short notations wj(k) := 3527 (k) and dju,(-; k) = %(-;k) € HJ(C). Taking v = u; as test

function in Eq. (4.2) yields

f(l)(uj;k',wj,w’- u;) =0 (4.4)

VR

since the sesquilinear form b¢ is self-adjoint, and hence,

bc(dkuj,uj;wj, k) = bc(Uj,dej;wj',k) = O

2

as u; is an eigenmode of (4.1) at k with associated eigenvalue wf. We can solve (4.4) for the group

velocity wj and obtain

2km (1 - U ale, o
w;(k): km@ (uj, uj) + ¢ (u],uj). (4.5)

ijmg (Uj, Uj)
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Note that the group velocity is real-valued since the bilinear forms mg, mg and cg’l are self-adjoint, and
thus, e. g.

1 [—
1 1 1
Im(cg (Uj,Uj)) = 5 (Cg (Uj,Uj) - Cg (Uj,Uj)) =0.
Considering that c%’l(uj, u;) is real-valued, using integration by parts and the fact that u; is periodic,
we can write

Cac’l(’LLj7Uj) = /Cla (’U,j(alﬂj) - (81uj)ﬂj) dx = 2Lian(alﬂj) dX+Li(ala)|Uj|2 dx

:2Re< /c iauj(aluj)dx) :-21m( /C auj(aluj)dx>. (4.6)

Note that the derivative of «, that appears in the above equation, has to be understood in distributional
sense and thus, it is well-defined even though we assume only o € L°(R?). Moreover, it is obvious, that
Jo(01a)|uj]? dx is well-defined since all other integrals of the equation are well-defined. Thus, we can
rewrite the group velocity formula (4.5) in the form

kb Joaluy? dx — Im( [ ccu; 0175 dx)

wh(k
j( ) w]' fcﬂ|uj|2 dX

Remark 4.2. The formula (4.5) for the group welocity contains the eigenmode u; associated to the
2

eigenvalue wy (k). However, the eigenmode is not uniquely defined. If the eigenvalue has multiplicity
equal to one, any non-trivial, scalar multiple of an eigenmode is also an eigenmode. However, such a
scalar cancels out in (4.5) and the group velocity formula is well-defined. If the eigenvalue has multiplicity
larger than one, the situation is more involved. Nevertheless, we claim that the eigenmodes in (4.5) can
be chosen as the limit of the eigenmodes associated to the eigenvalues of multiplicity one, that lie on the
dispersion curves which intersect at (wj(k), k). For this, it is important that the approxzimation quality of
the eigenmodes is not influenced by the distance to a crossing of dispersion curves. For example, when
using the software package ARPACK [LSY98, LMSY15], i.e. an implementation of implicitly restarted
Arnoldi iterations, for the numerical solution of the corresponding matriz eigenvalue problem, we can
expect that the approximation of eigenvectors of multiple eigenvalues and of eigenvalues that are close
to a multiplicity larger than one is of the same quality like the approximation of eigenvectors of simple

eigenvalues, since a deflation technique [LS96] is used, [LSY98].

4.2.2 Higher derivatives of dispersion curves

To simplify the presentation and in accordance to Remark 4.2, we shall assume in the sequel, that the

eigenvalue wjz(k) has multiplicity one and is sufficiently far away from a crossing. In Section 4.2.3 we

will discuss what is meant by “sufficiently far away from a crossing” in practise. If the multiplicity of
2

wj(k) is larger than one or if the distance of wf(kz) to a crossing is not sufficient, the reader is referred to
Remark 4.5.

In order to extend the procedure to higher order derivatives of the dispersion curves, we have to compute
the derivative d u; of the eigenmode u; with respect to the quasi-momentum. However, the computation
of dju; € HY(C) using Eq. (4.2) is ill-posed since any eigenmode u; € H}(C) solves Eq. (4.2) with zero
right hand side and hence, any of these eigenmodes u; can be added to the solution d,u; of Eq. (4.2)
and the equation will still be satisfied. Applying the Fredholm—Riesz—Schauder theory, see for example
Section 2.1.4 in [SS11], we can compute a particular solution of Eq. (4.2) by additionally requiring H!(C')-
orthogonality to any of the finitely many [RS78], linearly independent eigenmodes w; 1, ..., u;m,. With
the above mentioned assumption we look for the particular solution of Eq. (4.2) that is H!(C)-orthogonal
to the single, possibly normalized eigenmode u;. This orthogonality condition differs from the condition
we will introduce in the proof of the differentiability of the eigenmodes, cf. Theorem 4.1, presented in
Section 4.3. There we will choose the solution of (4.2) that is H(C))-orthogonal to the eigenmode u;(-; ko)
for some kg in the vicinity of k. However, in accordance to Proposition 4.4, that we shall prove later,

we can in fact use any extra condition to fix the solution of (4.2), as long as the resulting problem is
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4 Group velocity and higher derivatives of dispersion curves

well-posed. In this respect, we shall refrain from calling a particular solution of (4.2) the derivative of
the eigenmode with respect to the quasi-momentum. Instead, we shall compute an auxiliary function
(1) € HL(C) and a Lagrange multiplier A € C that satisfy

bo (), vswj, k) + Aug, v oy = 10 (), (4.7a)
<u§1>, wihpi o) = 0, (4.7b)

for all v € H}(C), where (-,-)y1(¢) denotes the usual H'(C)-inner product, i.e. (u,v)picy = [ Vu -

V¥ + uv dx. This auxiliary function satisfies ug»l) = dju; + cuy, ¢ € C, such that bc(uy)

bo(dyuy, v;w;, k) for all v € HL(C).

s viwy, k) =

Remark 4.3. From the Fredholm alternative, see for example [SS11], and the theory of saddle point
problems, see for example [Bra07], and by considering our assumption that the eigenvalue wf(k:) of (4.1)
has multiplicity one, we know that the mized variational problem (4.7) has a unique solution. The
Lagrange multiplier X of this unique solution is zero, since, testing (4.7a) with v = uj, |luj|mcy = 1,
yields A\ = V) (u;), which is identical to zero due to (4.4).

In order to determine higher derivatives of k- w;(k) let us introduce the following short notations

n, .
d"u;

8"&)]'
- AT

Ok
n € Ny. Then taking the n-th derivative of Eq. (4.1) with respect to k yields
bc(dzuja v Wy, k) = f(n) (U)

for all v € H(C), where the linear form f) = §) (. k,w§0), . ,w](-"),u§.0), . 77;2”71)), that is obtained
using binomial and trinomial expansions, reads

(k) and rui(-s k) =

n—1ln—

WP (@) (p)
w:Pm ,
pz;)qzop'q'n p— gl mo (), v)
Ok 0.1, (=) - (n) Pk o (n-p)
— (u; ,0) — me (u; ,0)
Z( )akp J 172::1 p) Okp J (4.8)
n—1ln—p

_ Z Z w(n p—Q)wj(q)mg(ugp)’ v)

—ne <u<-”*”,v> - anmgmgw,v) —n(n — 1) m&(ul""?, ),

where we replaced the eigenmode derivatives dj'u;(k), 1 < m < n—1, by the auxiliary functions ug-m)(k),
and u(o)(k) = u;(k). From this we deduce the n-th derivative of w; (k)

n 1 n— n— o ne
wj(- )(k) =—F n(n—1) me: (u; ( 2) uj) —|—2nk3m%(u§ D,uj) +ncc’1(u§- 1),uj)
QUijC(Uj,Uj)
n—1ln—
W= (D) B (P)
> Z (n—p—ql" T me (ug”, uj) (4.9)
p=1 q= 0
_Z< ) "o (q)mc(uj,uj)>.
Analogously to above — using the Lagrange multiplier A € C — we can then compute a particular
solution u(™ € HL(C) of (4.2.2) that satisfies
be(u" v5, k) + Mug, v)ws o) = 1 () (4.10)
<u§-n),Uj>H1(C) =0 (4.10b)
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for all v € H%,(C), which is, for n = 1, equivalent to Eq. (4.7). Note that the sesquilinear forms on the
left hand side of Eq. (4.10) are identical for all n € N, while the linear forms §(™ differ for all orders.

In order to compute w(n) we have to solve (4.1) for its eigenvalue w3 2(k) and assomated eigenmode ;.
Then we successively compute wj ) from (4.9) and solve the linear system (4.10) for u ) o=1,....n—1
Finally, it remains to compute w( ") from (4.9). In total we have to solve one elgenvalue problem (4.1),
n — 1 linear systems (4.10), and n algebraic equations (4.9).

Let us discuss the effect of the proposed orthogonality condition in the linear systems (4.7) and (4.10).

Proposition 4.4. The formula (4.9) for n-th dispersion curve derivative is independent of the orthogo-
nality condition (4.10b).

Proof. First we note that by construction of (4.10) it is easy to see that for all n € N
ug-n) = dkuykl) + c(”)uJ

with ¢(™ € C. Recursively applying this identity yields
ugn) =dyu; + Z RN T (4.11)
i=1

Let us assume that we can properly define and compute dj}u;, n € N. Replacing the auxiliary functions

(") in (4.9) by dju; we obtain a formula that we denote by w(")(k:). Trivially, we have

1 ~(
W (k) = M (k).
Using Eq. (4.11) for n = 1 we find that
m& (wj, uj) + 2km& (dyuj, uj) + ¢ (dyuj, uj) — Zw;-wjm’g(dkuj,uj) — (w§)2mg(uj,uj)
wyme(u;, ;)

1
1 2kme (ug,ug) + et (ug, ug) — 2whwyme (ug, ;)

+ W 3
wime (uj, uj)

w(.Q) (k) =

J

Inserting (4.5) shows that the numerator of the second term vanishes and hence, also
2 ~(2
WP (k) = &P (k).
We proceed by induction. Let n € N. Assuming that wém)(k) = &ém)(k) forallm=1,...,n—1, we
apply (4.11) and obtain
n—2

n ~(n 1 7 a(n—1
w! )(k):w( )(k)—l—ﬁ(n(n—l) D m (AR~ uy, uy)
2wjm (uj,uy) .

)

n—1
+ny ) (2km%(d27i“j» i) + e (dy "y, uj))
=1

n—ln—p p

D B S e AR LI <dkuj,uj>)

plq(]zl 71 p= q)

We sort the right hand side for terms with ¢(V), ..., ¢(*=1) . Using the formula (4.9) for wj(-nfi), 1<i<n-1,
which is by assumption identical to @;nfi), we find that the ¢ -term vanishes and, hence, we can conclude
that

Wi (k) = & (k).

This shows that the orthogonality condition (4.10b) can in fact be replaced by any other orthogonality
condition as long as the resulting system (4.10) is well-posed. O
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4 Group velocity and higher derivatives of dispersion curves

Finally, let us give a remark on the case of multiple eigenvalues.

Remark 4.5. If there are multiple, linearly independent eigenmodes uj1,...,u;m, associated to the
etgenvalue w?-(k:) of (4.1), m — 1 extra orthogonality conditions and Lagrange multipliers Aa, ..., Ay, € C
have to be added to the linear system (4.10). Note that the eigenmodes uj 1, ..., u;jm have to be selected as

described in Remark 4.2, i. e. as the limit of the eigenmodes corresponding to the eigenvalues of multiplicity

one in the vicinity of wjg(k) The procedure to compute the n-th derivative wﬁi,, 1 <m' <m, of wj(k)

associated to uj s remains the same, only that we have to bear in mind that each eigenmode Uj
(n) (n)

associated to the eigenvalue wjz(k) yields different quantities (O and W;om

4.2.3 Extra orthogonality conditions at simple eigenvalues

The extra orthogonality conditions for the linear system (4.10), mentioned in Remark 4.5 for the case
of multiple eigenvalues of (4.1), have to be added to (4.10) also for the case of simple eigenvalues w? (k)
of (4.1), if there exist other eigenvalues w? (k), j' # j, of (4.1) at k, that are very close to w3 (k). This is
for example always the case in the vicinity of an eigenvalue with multiplicity larger than one. The reason
is that the condition number of the matrix related to the linear system (4.10) increases dramatically in
such a case.

These extra orthogonality conditions, when posed at simple eigenvalues instead of multiple eigenvalues,
imply that Eq. (4.2) and its higher order analogues are not exactly satisfied, since the Lagrange multipliers
do not vanish, or in other words, the solution of (4.2), if w}(k) is an simple eigenvalue of (4.1), cannot
satisfy more than one orthogonality condition.

Therefore, the size of the vicinity, for which extra orthogonality conditions are added to (4.10), has
to be chosen very carefully. We observed that reasonably good results can be obtained if orthogonality

conditions are added to (4.10) for all eigenvalues w? (k) with distance to w3 (k) smaller than 0.01 - Z—z
1
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(a) Condition number of system matrix. (b) Magnitude of tenth dispersion curve derivative.

Figure 4.1: Condition number of the FE system matrix (a) related to the source problem (4.10) and
magnitude of the tenth dispersion curve derivative (b) of the third dispersion curve of the band structure
of Example 1 when adding an extra orthogonality condition for all eigenvalues closer than 0.01 - Z—i{ (red)
and when not adding any extra orthogonality conditions (black).

Numerical experiments show that extra orthogonality conditions in the suggested vicinity do not yield
a significant error. When comparing the group velocity dispersion, i.e. the second dispersion curve
derivative, in the vicinity of a crossing of two dispersion curves, we find that the difference of the computed
values for the cases with and without extra orthogonality condition is negligible. Instead the effect of an
increasing condition number of the matrix related to the linear system (4.10) is of larger importance. Let
us study the behaviour of the condition number numerically. To this end, we consider the band structure
of Example 1. The second and third dispersion curves intersect at k = 0, see Figure 2.7. For the FE
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4.3 Proof of eigenmode differentiability

discretization we choose the coarse mesh with nine quadrilateral cells as sketched in Figure 2.6 and the
polynomial degree p = 5. In Figure 4.1a we present the condition number of the FE matrix related to
the linear system (4.10) for the third dispersion curve in the vicinity of k = 0. The black curve shows the
condition number if no extra orthogonality condition is taken into account no matter how close another
eigenvalue is located. The red curve shows the condition number for the case as suggested above, i.e.
we add an orthogonality condition to (4.10) for all eigenvalues w?(k) with distance to w3 (k) smaller than
0.01 - &. This is the case for all quasi-momenta smaller than k = 0. 01 , where the eigenvalues on the
second dlsperswn curve have taken into account. We can observe that the condltlon number of the matrix
without extra orthogonality condition increases dramatically in the vicinity of the crossing at £ = 0. The
condition number of the matrix including an extra orthogonality with respect to the eigenmodes on the
second dispersion curve, however, only shows a minor increase just before the extra condition is switched
on, while it remains almost constant at a relatively low level when we continue to approach the crossing
at k=0.

In Figure 4.1b the effect of the increasing condition number on the computation of the dispersion curve
derivatives is shown. We present the magnitude of the tenth derivative of the third dispersion curve of the
band structure of Example 1. It becomes obvious that the dramatic increase of the condition number, if
no extra orthogonality conditions are added to (4.10), also yields a significant increase of the magnitude
of the computed value for the dispersion curve derivative. This significant increase, however, is not the
correct behaviour as the results for the case including an extra orthogonality condition with respect to
the eigenmodes on the second dispersion curve show. This spurious behaviour is even intensified if higher
order derivatives are computed. For the tenth derivative as presented in Figure 4.1b it turned out that it
is sufficient to add extra orthogonality conditions only for eigenvalues closer than 0.01 - If, however,
one should be interested in computing even higher orders of the dispersion curve derlvatliles, one might
has to increase the radius within eigenvalues are considered for extra orthogonality conditions.

Extra orthogonality conditions with respect to eigenmodes on close dispersion curves are thus compul-
sory for the computation of dispersion curve derivatives if other dispersion curves are not sufficiently far
away.

4.2.4 Comparison of group velocity formula and difference quotient

Let us now discuss a possible drawback of the group velocity formula (4.5) in the context of a FE
discretization. According to the Babuska-Osborn theory on eigenvalue problems [BO91], we expect
that — using a FE discretization — the eigenvectors converge with smaller convergence rate than the
eigenvalues when increasing the refinement of the discretization. Since approximations to the eigenmodes
are needed to compute the group velocity using formula (4.5), we may expect that the convergence of the
group velocity formula (4.5) when increasing the refinement of the discretization is of smaller rate than
the convergence of the difference quotient of the dispersion curve, that is an approximation to the group
velocity which only involves the eigenvalues and no eigenvectors.

In order to analyse this expectation, let us do a convergence study for the setup in Example 1. Figure 4.2
shows the convergence of the error of the group velocity formula (4.5) and the (first order) difference
quotient of the first dispersion curve at k = 5™ when increasing the mesh refinement of a FE discretization
of polynomial degree one. The reference solutlon, on the other hand, is computed with the smallest mesh
refinement and with polynomial degree 20. Both, the formula (4.5) for the group velocity as well as
the difference quotient converge with the same convergence rate when increasing the refinement of the
discretization, which demonstrates that the group velocity formula (4.5) has no disadvantages compared
to a difference quotient in a FE discretization.

4.3 Proof of eigenmode differentiability

In Theorem 4.1 we already argued, using perturbation theory for linear operators [Kat95], that not only

the eigenvalues w?(k) of (4.1) are analytic with respect to the quasi-momentum k, but also the phase and

J
magnitude of the corresponding eigenmodes wu;(-; k) can be chosen such that the eigenmodes are analytic
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Figure 4.2: Convergence of the error of the group velocity formula (solid line) and the first order difference
quotient (markers) when increasing the grid refinement of a FE computation with polynomial degree one.
The reference solution is computed with polynomial degree 20.

with respect to the quasi-momentum. Nevertheless, we will now present a proof for the differentiability
of the eigenmodes with respect to the quasi-momentum to any order. For this proof we will only argue
with the help of the variational formulation of (4.1). However, we will restrict the proof to the case where
the eigenvalue wjz (k) has algebraic multiplicity one in a vicinity of k = ko € B.

Then there exists i > 0 such that for all h €] — ho, ho[ the eigenvalue w? (ko + h) of (4.1) has algebraic
multiplicity one, and the eigenmode u;(-; ko + h) corresponding to the eigenvalue w?(ko + h) is unique up
to a complex-valued multiplicative factor. Hence, continuity and differentiability of this eigenmode with
respect to k at k = ko is subject to a complex scaling of u;(-; ko + h) for all h €] — hy, hol.

Given that the eigenvalue w?(k) is analytic in ky we prove that the complex scaling can be chosen such
that the eigenmode u;(-; k) is differentiable at ko to any order.

We start by proving the continuity at kg.

Lemma 4.6. Let u;(-;ko+h), with h €] — ho, ho[, be an arbitrary eigenmode of (4.1) at k = ko + h with
H(C)-norm one that corresponds to the eigenvalue wjz(ko + h). Then, in the limit h — 0, u;(-; ko + h)
is an eigenmode of (4.1) at k = ko corresponding to the eigenvalue wjz(ko) and u;(-; ko + h) = yu;(-; ko)
in HL(C) for some v € C with || = 1.

Proof. We know that w;(ko) = u;(-; ko) satisfies
be(uj(ko), viw;(ko), ko) =0
for all v € HL(C) and (ko + h) = u;(-; ko + h) satisfies
be(uj(ko + h),v;w;(ko +h), ko +h) =0
for all v € HL(C). Consequently, the function e;(h) = e;(-;h) := u;(-; ko + h) — u;(-; ko) satisfies
ba(e;(h), v;ws, ko) = gn(v; ko, wj, uj)
for all v € H(C) with the linear form
on (v; ko, wj, 1) = (w3 (ko + h) — w3 (ko)) me (us (ko + 1), v)
— h(2ko + h) m& (uj(ko + h),v) — he& (uj(ko + h),v). (4.12)

Since wj2- is continuous at k = ko, we know that gp(v; ko, w;,u;) — 0 as h — 0. Hence, in the limit

h — 0 the function e;(-;h) is either zero or it is an eigenmode of (4.1) at k = ko with corresponding
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4.3 Proof of eigenmode differentiability

eigenvalue wjz.(ko). Since the algebraic multiplicity of wjz-(ko) is one, we can conclude that in both cases

im0 e;(-;h) = Ju;(-; ko) with some complex number 5 € C. This implies that limp_,o u;(-; ko + h) =
yu; (-3 ko), with v =7+ 1. Now we use the fact that the space of all functions in H%)(C) with magnitude
one is closed, and hence, it is — as a closed subspace of a Banach space — also complete. Now taking
the norm of the previous equation, we can conclude that |y| = 1, which finishes the proof. O

Now let us — in addition to the norm — also fix the phase of the eigenmode. To this end, we define
w = u;(-; ko) as an arbitrary but fixed eigenmode of (4.1) at k = ko with H'(C)-norm one. Then we
introduce the following problem: find @;(k) = u;(-;k) € H}(C), k = ko + h, and the Lagrange multiplier
i, (k) € C that satisfy

be(u;(k), vswy, k) + Ag; (k)(w, v)uc) =0, (4.13a)
(uj(k), wnicy = 1, (4.13b)

for all v € HL(O).
Lemma 4.7. If k is sufficiently close to kg, the problem (4.13) has a unique solution.

Proof. First let us prove existence. Let u;(-;k) denote an arbitrary eigenmode of (4.1), that is associ-
ated to w3 (k) and normalized with respect to the H'(C)-norm, and let v(h) = (u;(k), w)ni(c). From
Lemma 4.6 we know that u;(-;k) = yw as h — 0 for some v € C with |y| = 1. This implies that
~v(h) — v as h — 0 and hence, y(h) # 0 if k is sufficiently close to ko. Then, @;(-;k) = ﬁuj(,k)
solves (4.13) with the Lagrange multiplier Az, (k) = 0.

Now let us prove uniqueness. To this end, we assume that — apart from the eigenmode solution
(Ui (-5k), Mg, , (k) = (u;(-;k),0) € HL(C) x C — there exists another solution (u;2(-;k), Az, ,(k)) €
HL(C) x C with @ 5(- 5 k) # U1 (-5 k) or Ay, , (k) # Mg, (k) = 0.

Since (u2(-; k), A\u, ,(k)) is a solution of (4.13), we can write

bo(uj2(k), v;wy, k) + g, , (k){w, v)p (o) = 0,
<aj,2(k 7w>H1(C) =1,

for all v € H}(C). Now we test the first equation with v = %;(-; k). Since this is an eigenmode of (4.1)
and it satisfies the constraint condition (4.13b), we obtain Az, , (k) = 0. However, this implies that u; 2 (k)
is an eigenmode of (4.1). But from the constraint condition (4.13b) and the assumption that the two
solutions are not identical, it follows that @; (- ;&) % ;1 (- ; k) with some v € C. Hence, w;2(-; k) is an
eigenmode of (4.1) that is linear independent of the eigenmode %; 1 (- ; k), which is a contradiction to our

assumption that the multiplicity of the eigenvalue problem (4.1) is one at k €]ko — ho, ko + hol- O
Now we are able to state the following result.

Corollary 4.8. The unique solution t;(-; k) of (4.18) is an eigenmode of (4.1) with associated eigenvalue
w?(k).

J

Finally, we can prove continuity of @;(-; k) at k = ko.
Lemma 4.9. The eigenmode u;(-; k) that solves (4.13) is continuous at k = ky.

Proof. Let €j(h) =¢€;(-;h) :==u;(-; ko+h)—u;(-; ko), h €] —ho, ho[. We introduce the Lagrange multiplier
Mg, (h) = Az, (ko + h) — Ag, (ko) and hence,

be(€j(h), viwy, ko) + Ag; (B)(w, v)n1 (o) = gn(v; ko, w;, uj), (4.14a)
(e5(h), winr oy = (uj(ko + h) — uj(ko), w)nt (cy, (4.14b)

for all v € HL(C), where the linear form gy is given in (4.12). The term on the right hand side of
Eq. (4.14b) vanishes since both functions, u;(-; ko +h) and u; (- ; ko), satisfy Eq. (4.13a). Since kt—w; (k)
is continuous at k = ko we conclude that the right hand side of Eq. (4.14a) tends to zero as h — 0, and
hence, — considering that the problem (4.14) is well-posed — we have &;(-;h) — 0 in H}(C) as h — 0,
which finishes the proof. O
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4 Group velocity and higher derivatives of dispersion curves

In order to prove that @;(-; k) is differentiable at k = ko we introduce a new mixed variational problem:
find @ (k) = @(-; k) € HY(C), k = ko + h, and the Lagrange multiplier )\g;(k) € C that satisfy

bC(a;(k)7 V5 Wi, k) + Aﬂ; (k) <w7 U>H1(C) = f(l) (U; ka UJj,Ld_;, ﬂj)? (4153‘)
(@ (k), wini(c) =0 (4.15b)

for all v € HJ(C) with the linear form f1) as given in Eq. (4.3). Using the same arguments as in the
proof of Lemma 4.7 we can conclude that (4.15) has a unique solution.

Remark 4.10. Note that in the limit h — 0, the problem (4.15) is equivalent to (4.7). In this context,
it becomes clear that in the limit h — 0 the Lagrange multiplier /\53 (k) vanishes, see Remark 4.3. Since
the compatibility condition of the mixzed variational problem (4.15), i. e. taking the eigenmode u;(-; k) as
test function in (4.15a), yields §) (u;(k); k y Wi, Wi, Uj) = Agy (k:), we can conclude that in the limit h — 0
the compatibility condition of (4.15) yields the group Ueloczty formula (4.5) with u; = w;(-; k).

Lemma 4.11. The eigenmode u;(-; k) that solves (4.13) is Fréchet differentiable with respect to k at
k= ko, and S5u; (-3 ko) = (- ; ko).

Proof. Let € (h) = €}(-; h) = 3 (@(- s ko + h) —u;(-; ko) — hUj(-; ko)), h €] — ho, hol. Introducing the

J h
Lagrange multiplier )\ % ()\UJ (ko + h) — Az, (ko) — hAg (ko)), we have
1
b (€ (h),v;wy, k) + Aer (h){w, v} (o) = hgh(v ko, wj, ;) — f (v; ko, wj, W', ), (4.16a)
1 ~
(€ (h), wini ey = 7 (j(ko + h) — U (ko), w)w (), (4.16b)

h

for all v € H}(C). The term on the right hand side of Eq. (4.16b) vanishes since both functions, @;(- ; ko +
h) and u; (- ; ko), satisfy Eq. (4.13a). Finally, — using the analyticity of the eigenvalue and Lemma 4.9 —
we conclude that %gh(~ s ko,wj, uj) — FO (- ko,wj,w’, ;) as h — 0, and hence, — considering that the

problem (4.16) is well-posed — we have €;(-;h) — 0 in H{(C) as h — 0, which finishes the proof. O

J

In order to extend the theory to higher orders we introduce ﬂgn)(k) = ﬂg")( ;k) € HL(C), n € N,
k = ko + h, as the unique solution of

bC(a_gn) (k)a U Wiy, k) + Aaf_") (k)<wa U>H1(C) = f(n) (’U; kaw]('O)a cee 7w_§'n)a ’7.25'0), ceey ~§” 1))3
(@" (k) whhi () =0,

for all v € HJ(C) with the Lagrange multiplier Az € C. Using the same arguments as in the proof of

Lemma 4.11 we conclude the following statement.

Lemma 4.12. The eigenmode u;(-; k) that solves (4.13) is Fréchet differentiable with respect to k at
k = ko up to any order, and %ﬂj(- ko) = ﬂgn)(- ko).

This finishes the proof of the desired result. Since w can be chosen to be any eigenmode of (4.1) at
k = ko, we showed that we can choose the magnitude and phase of the eigenmodes of (4.1) associated to
eigenvalues that have multiplicity one at k = kg, such that the eigenmodes are continuously differentiable
with respect to k at k = k¢ to any order.

4.4 Conclusions

In this chapter we derived closed formulas for the group velocity and any higher derivative of dispersion
curves of PhC and PhC waveguide band structures.

The formulas rely on the differentiability of the eigenvalues and eigenmodes with respect to the quasi-
momentum k, which is a classical result of perturbation theory for linear operators [Kat95] transferred
to the variational formulation (4.1). Nevertheless, we provided a proof for the differentiability of the
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eigenmodes in Section 4.3. In this proof we only argue with the help of the variational formulation of the
eigenvalue problem (4.1). This proof is, however, restricted to the case where the associated eigenvalue
as multiplicity one, and hence, it excludes crossings of dispersion curves.

The formulas for higher derivatives of the dispersion curves require the solution of source problems.
These source problems vary from order to order only in their right hand side, which implies that the
extra cost for computing higher orders is marginal.

In the vicinity of crossings, or whenever two eigenvalues are very close, the condition number of the
system matrix related to these source problems becomes prohibitively large. Therefore, we proposed to
add extra orthogonality conditions with respect to the eigenmodes of close dispersion curves. These extra
orthogonality conditions help to keep the condition number at low levels while not spoiling the numerical
results of the dispersion curve derivatives.

The numerical analysis of this effect as well as a mathematical proof for the observed convergence rate
of the group velocity formula when enriching the FE discretization is subject to future research.

The results of this chapter will be transferred to a more general, discrete case in Chapter 5, and the
formulas for the dispersion curve derivatives will be used in an adaptive Taylor expansion of dispersion
curves, that we will also propose in Chapter 5. The generalization of the formulas for the dispersion curve
derivatives to the case with DtN transparent boundary conditions for the exact computation of guided
modes in PhC waveguides, see Eq. (2.20), will be addressed in Chapter 6.
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5 Adaptive path following for parameterized,
nonlinear eigenvalue problems

In Chapter 4 we showed that the dispersion curves of PhC and PhC waveguide band structuresare analytic
and their derivatives to any order can be computed by closed formulas in variational sense. These facts
motivate the approximation of the dispersion curves with a Taylor expansion. We will propose in this
chapter an algorithm for an adaptive selection of the quasi-momenta for which Taylor expansions are
computed.

Later in Chapters 6 and 7 we will apply this algorithm also to PhC waveguide band structure calcu-
lations when using DtN and RtR transparent boundary conditions for truncating the infinite, periodic
domain. Note that our algorithm can also be applied to band structure calculations of waveguides with
dispersive material like in [ER09, Engl4, SK10].

Before we introduce the adaptive algorithm and show numerical results, we want to generalize the
results of Chapter 4 to parameterized, nonlinear eigenvalue problems in discrete form. To this end,
we introduce a discrete problem in Section 5.1, before we derive the formulas for the derivatives of its
eigenvalues with respect to a parameter up to any order in Section 5.2. Then in Section 5.3 we elaborate
on the Taylor expansion and show first numerical results, before we introduce the adaptive algorithm in
Section 5.4, whose numerical results, when applied to the dispersion curves of PhC and PhC waveguide
band structures, are shown in Section 5.5. The conclusions of this chapter can finally be found in
Section 5.6.

The adaptive algorithm was already published in an article together with K. Schmidt [KS14b]. The
basic concept and first numerical results can also be found in [KKS14a]. The generalization to parameter-
ized, nonlinear eigenvalue problems, however, has not yet been published elsewhere, and the numerical
results in Section 5.5 were extended by a convergence study.

5.1 Abstract problem setting
Let Q,,€Q,, € C and let a matrix-valued, holomorphic function
N:Qy xQ, — CVN,

N € N, be given. Then we consider the parameterized, nonlinear eigenvalue problem: for any u € €, find
eigenvalues A = A(u) € Q and associated right eigenvectors u = u(\, u) € CV\ {0} and left eigenvectors
v =v(\ pu) € CN\ {0} such that

N\ pu=0 (5.1a)
and
vAN(\ p) = 0. (5.1b)

In this chapter we aim to develop an algorithm for the efficient computation of approximations to the
eigenvalues A(u) of (5.1) for parameters u inside some curve I, C €, in the complex plane. Without loss
of generality, we may set I, = (0,1), since the results for I, = (0,1) can be transferred to arbitrary real-
valued intervals and, with the help of a suitable reparameterization, to arbitrary curves in the complex
plane.
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In Chapter 4 we argued that the eigenvalues w?(k) of the linear eigenvalue problem (4.1) in variational
formulation related to PhC and PhC waveguide band structure calculations can be ordered such that the
so-called dispersion curves k+— w;(k) and their corresponding eigenmodes are analytic for all k € B

Let us assume for now that the same is true for the eigenvalue problem (5.1).

Assumption 5.1. The eigenvalues A\j(1), j € N, of (5.1) can be ordered such that the functions
= A; (), (5.2)

the so-called eigenpaths, are analytic in I,,, and the corresponding right eigenvectors u;(u) = u(X\; (), @)
are differentiable with respect to yp up to any order.

Remark 5.2. Again we note that from the theory presented in [ACL92, ACL93] we know that the
eigenvalue \; and its associated right and left eigenvectors u; and v; are analytic in a neighbourhood of
w € I, if the eigenvalue \j(u) has multiplicity one, which is equivalent to

(i) N(X\j, p) has rank n —1, and

(i1) VI ()N Oy, 1)y (1) 0.
Thus, if conditions (i) and (i) are satisfied for all p € Q, Assumption 5.1 is fulfilled.

In the sequel we shall propose a new adaptive eigenpath following algorithm for the nonlinear eigen-
value problem (5.1). The algorithm relies on Assumption 5.1 that the eigenpaths (5.2) are analytic and
hence, a Taylor expansion of these eigenpaths is possible. This Taylor expansion can be understood as
eigenvalue continuation technique. The homotopy method, see for example [LG95] for Hermitian prob-
lems and [LKK97] for non-Hermitian problems, is a well established technique to follow eigenpaths. The
objective of the homotopy method, however, differs from our problem. The homotopy method aims to
compute the eigenvalues of a matrix M, say, that cannot by computed directly, either because its size is
prohibitively large or it does not satisfy certain properties that are beneficial for the numerical computa-
tions of its eigenvalues, e. g. self-adjointness or linearity. The idea is to introduce an auxiliary matrix M
of the same size like the original matrix M, whose eigenvalues are either known or can be computed with
significantly smaller effort than the eigenvalues of M. Then one introduces the matrix-valued function

M(t) = (1 - )Mo +tM;, 0<t<1,

and one follows the eigenvalues of M(¢t) from the known eigenvalues at t = 0 to the desired eigenvalues
at t = 1. For our problem (5.1), however, we assume that the effort of the eigenvalue computation does
not differ significantly for different values of the parameter u. Hence, we do not aim to depart from some
value of i = pg where the eigenvalues are known in order to get to some other state p # ug. Instead,
we are interested in the eigenpath itself, as for example in our context of PhC and PhC waveguide
band structure computations, where the eigenpaths correspond to dispersion curves which form the band
structure. Apart from the different objective of the homotopy method, our procedure has a considerable
advantage. The Taylor expansion can be computed up to any order, since closed formulas for the eigenpath
derivatives up to any order are available, while the homotopy method is, in general, a first order method,
that does not take higher derivatives into account. A key feature of our method is to adaptively refine
the step size of the path following. This is done by estimating the remainder of the Taylor expansion.
For the homotopy method for non-Hermitian problems, Carstensen and coworkers [CGMM11] proposed
an adaptive selection of the step size, where they also control the refinement of the FE computation.
Such an adaptive FE refinement is is not needed for the application that we consider in this thesis, i.e.
band structure calculations for PhCs and PhC waveguides with perfectly circular holes/rods, for example
see the sketched geometries in Figures 2.6 and 2.8, since p-FEM on coarse meshes, that perfectly resolve
the circular holes/rods, can be expected to converge exponentially, see Section 2.5. However, note that
all ideas, that we will present in the following, can also be applied to hp-adaptive FE discretizations,
which become crucial, for example, if the hols/rods of the PhC have corners, and hence, the eigenmodes
show corner singularities that need to be resolved adaptively. In this case, it proves useful to stick to a
FE refinement for the computation of all eigenmode derivatives associated to an eigenvalue, as we shall
discuss later in Remark 5.4.
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Before we shall present the Taylor expansion and the adaptive algorithm, we will derive the formulas
for the eigenpath derivatives in the next section.

5.2 Derivatives of eigenpaths

Due to Assumption 5.1 that the eigenpaths (5.2) are analytic in I, and the associated right eigenvectors
are differentiable up to any order, we can revisit all steps done in Chapter 4, where we derived formulas
for the group velocity and all higher derivatives of the dispersion curves. Formulas for the first and second
derivative of eigenpaths were already presented by Lancaster [Lan64]. Formulas for the derivatives of
eigenpaths of arbitrary order were developed in [Jan94]. While details for the computation of derivatives
especially of higher order are rare in [Jan94], we aim to present the computational procedure in full detail.
Moreover, our approach allows the eigenvalues in principle to have multiplicity larger than one, which is
explicitly excluded in [Jan94]. If the eigenvalue multiplicity is one, the left and right eigenvectors of (5.1)
are uniquely defined up to a scalar constant. If the multiplicity is larger than one, this is not the case
as any linear combination of two eigenvectors associated to the same eigenvalue is also an eigenvector.
For simplicity and in accordance to the application under consideration, i.e. PhC and PhC waveguide
band structure calculations, we assume that the eigenvalue multiplicity is one almost everywhere in I,,.
In situations where this assumption does not hold true we refer to the procedures presented in [AT98,
QACT13] for symmetric, linear and quadratic eigenvalue problems, and to the procedure in [AMMOT7]
for general, complex linear eigenvalue problems. If the eigenvalue problem, however, is nonlinear there
does not exist — to the best of our knowledge — a procedure of how to uniquely identify eigenvectors
of multiple eigenvalues. Recall from Remark 4.2 that we claim that the eigenvectors at crossings of
dispersion curves can be determined as the limits of the eigenvectors in the vicinity of the crossing.

5.2.1 First derivative of eigenpaths

We start by differentiating (5.1a) with respect to u which yields

(NG ()N (Ags 1) + Nu (A, 1) s (p) + N(A;, p)d,us(n) =0, (5.3)
where N\ and N, are the partial derivatives of N with respect to A and p, and d,u; is the total

derivative of u; with respect to . Multiplying (5.3) from the left with the left eigenvector v;(u) and
considering (5.1b), we arrive at

N () V3 ()N, g (i) + V3 ()N (A, ) () = 0.

Thus, we obtain a formula for the derivative \(x) of the eigenvalue \;(u) with respect to the parameter
w. It reads

o) = V(NG (A )y ()

! VI ()N (A, p)u(p)

and is the abstract, discrete analogue of the group velocity formula (4.5) for nonlinear eigenvalue problems.

(5.4)

Remark 5.3. From the formula (5.4) for the derivative X;(u) of the eigenvalue \;(n) with respect to p
we can see that

Vi (NN, p)ug (1) # 0
is a necessary condition for the analyticity of the eigenpath pi— \;j(p), i.e. a necessary condition for
Assumption 5.1 to be satisfied.

The matrix that corresponds to N in the context of PhC and PhC waveguide band structure calcu-
lations, in the latter case when using the supercell approach, is the mass matrix, i.e. the matrix that is
related to the sesquilinear form

mg(u,v)zf Buv dx,
c

multiplied with (—2\), where X\ denotes the frequency w. Since the mass matrix is positive definite, the
matrix N, is negative definite in this context as long as the frequency w is strictly positive, which is by
definition the case, see Section 2.1, and hence, the matrix N, fulfills the condition in Remark 5.3.
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5 Adaptive path following for parameterized, nonlinear eigenvalue problems

5.2.2 Higher derivatives of eigenpaths

In order to extend this procedure to higher orders of the derivatives of \;(u) we have to compute an

auxiliary vector ll(»l)(/i), that is associated to the total derivative d, u;(p) of the eigenvector u;(u) cor-

j
responding to \;j(u) in the sense that u§-1)(,u) = d,u;(p) + cuj(p), ¢ € C, and hence, N()\j,ﬂ)u;.l)(u) =
N, p)du;(p).

Since the derivative \’(u) of the eigenvalue does not depend on the derivative d,u;(u) of the eigen-
vector, we can plug (5.4) into (5.3) and obtain the source problem

Ny, 1), () = £ (n) (5.5)

with the vector of the right hand side

£ (1) = — (N (NN, 1) + N (A, 1) (). (5.6)

Similarly to Chapter 4 we have to note that (5.5) does not admit a unique solution, since N(A;, u) is
singular. However, additionally imposing orthogonality conditions with respect to some inner product
to all linearly independent right eigenvectors of N(\;, ) corresponding to the eigenvalue A;(p), we can
construct a linear system that is well-posed. As mentioned above, let us assume that A;(u) is a simple
eigenvalue, i.e. there is only one linearly independent right eigenvector u;(u) corresponding to A;(u).

(S @) (5210) (20

with some symmetric, positive definite matrix Q € RV*¥  has a unique solution, where v € C is a scalar

§1) (1) € CN denotes a particular solution of (5.5), which — in general — cannot
be regarded as the derivative of the right eigenvector. We refer to the discussion in Section 4.2.2 why

Then the linear system

Lagrange multiplier and u

the choice of the orthogonality condition is arbitrary and hence, it is sufficient to compute a particular
solution of (5.5) instead of properly defining and computing the derivative of the right eigenvector with
respect to the quasi-momentum.

If the eigenvalue A;(p) has multiplicity larger than one, we have to impose orthogonality conditions
to an appropriate basis of the eigenspace and carefully select the right eigenvector u;(x). As mentioned
above, we may use the procedure sketched in [AMMAO7] if the eigenvalue problem is linear, or as presented
in [AT98, QACT13] if the problem is symmetric and linear or symmetric and quadratic, respectively. For
general, nonlinear problems no such procedure exists, but for the problem under consideration, i.e.
PhC and PhC waveguide band structures, we claimed in Remark 4.2 that we can take the limits of the
eigenvectors in the vicinity of the crossing of dispersion curves.

Now we repeat these steps, i.e. we differentiate (5.3) with respect to u, which yields

()‘;/(M)NA()\;»M) + () *Nan (g 1) + X (1) Npa (g, ) + N“”()‘j’“))uj(“)

+2(N (0NA O, 1) + Ny, ) ), 5 () + NOy, ) @2 () = 0, (5.8)

3 . . . 2 2 2
where we use the short notations N, N, N, for the second, partial derivatives %N, %N, 6872N

of N, and d?u; (1) denotes the second, total derivative of u;(u) with respect to p. We multiply (5.8) from
the left with the left eigenvector v;(u) of (5.1b) and obtain a formula for the second derivative A7 (u) of

the eigenvalue A;(u) of (5.1) with respect to the parameter p

e v?(u)((A;(u))QNM(Aj,u) + N ()N (N, 1) + Nuu()‘jaﬂ))uj(,u)
= Vi ()NAA, p)uy (p)

- VJH(M) (A;(M)NA(Aj, 1)+ N, (N, N))u§1)(u) g
VE()NA(N, p)u (1) ; (5.9)
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5.2 Derivatives of eigenpaths

where we could replace d,u;(u) by ugl)(,u) since u;l)(,u) =d,u;(p) + cuj(p), c € C, and

VI ) (X5 ()N O 1) + NG Oy ) g () = 0

due to (5.4).

Analogously to (5.7), we can compute a particular solution of (5.8), the auxiliary vector u( )( ), that
is associated with the second p-derivative d2u;(u) of the eigenvector u;(u) corresponding to Aj(p). We

obtain the linear system
Ny, ) Qu) (uP () _ (£ ()
(e )( )= (00", (510

with the vector of the right hand side

£ (1) = = (W GONACy: 1) + () Nax g 12) + A5 (0N (s ) + Ny (g 12) )15 1)

= 2( N (WNAOy, 1) + N Oy, ) JulP (). (5.11)

Remark 5.4. The matrices of the linear problems (5.7) and (5.10) are identical, and hence, matrix
factorizations computed to solve (5.7) can be reused to solve (5.10). This shows, that it is beneficial

to stick to a FE refinement for the computation of the eigenmode u;, the auziliary vectors u( )
( )

and
associated to the first and second eigenmode derivatives, and, as we shall see in the followmg, all
subsequent auxiliary vectors u( ), n > 3, associated to higher order eigenmode derivatives.

This procedure can be repeated successively to find formulas for the derivatives of the eigenvalue \; (1)
with respect to the parameter p up to any order. In the PhC context, we studied in Chapter 4, the
matrix N has polynomial dependences on the parameter ;. = k and eigenvalue A = w of order two, which
allows for straightforward generalizations of the formulas for the derivatives up to any order. However, in
the general, discrete case, we investigate in this chapter, the formulas are not that straightforward as one
has to use a multivariant version [CS96] of Fad di Bruno’s formula [FdB57]. Taking the n-th derivative
of the eigenvalue problem (5.1) with respect to the parameter p yields

G (Ns0) = 3 () N O g () =

Ny, ) () = £ 1) (5.12)
where
() == 3 ()N ) (5.13)
m=0

with the auxiliary vectors uEm)(u), 1 <m < n— 1, associated to the eigenvector derivatives dj;'u;(u),

0
P ) = ().
Accordlng to the multivariant version of Faa di Bruno’s formula presented in [CS96], the total derivative

diN(A;, 1) can be expanded in the form

and with u;

. 8m1+m2 | )Q17 (8z )Qu
N, = Y TN D aﬂmQN(Aj,M) > onl H q“ i (L)t (5.14)

m1,m2€ENp, N(n,m1,mz)
1<mi+ma<n
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5 Adaptive path following for parameterized, nonlinear eigenvalue problems

where by convention 0! = 0° = 1, and the set D(n, my, my) reads

N(n,my, mg) = {(qm,...,ql,n,qg,l,...,qg,n,ﬁl,...,én) € N3" | 3s € {1,...,n} such that

Qi=¢q,=4=0 Vie{l,...,n— s},
Qi+q:>0 Vie{n—s+1,...,n},
0<lp_s41<...<t,, and

n n n
ZQI,i =mzi, ZQQ,i = ma, Z(qu + q27i)£i = n}
i=1 i=1

i=1

Due to the term (afj 1) %% in (5.14), that takes the form

1, if¢;=1orif ¢, >1 and q2’i:07

o -

0, otherwise,

we can simplify (5.14) to

n omitma )\ )q1 4
duN(Ajvﬂ“) = Z WN(Aﬁﬂ) Z 'H Q1 ! q2 z E ' q1.i4q2.: (515)
m1,m2€No, N(n,mq,msz)
1<mi+ma<n
with the set
N(n,my,ms) = {(Q1,17-~-aQ1,mQQ,1; oy Gans b1,y b)) € NST | 3s € {1,...,n} such that
Gi=¢q2i=4;=0 Yie{l,...,n—s},
; >0and go;, =0 Vie{n—s+2,...,n},
q1,i q2,i { } (5]_6)

q2,n—s+1 = M2,
0<lp_s41<...<4ty, where £,,_s11 =1 if my >0, and

n n
> i =ma, ZqLifi:n—mg}-
i=1

i=1

Now we multiply (5.12) with v}'(u) from the left and obtain

Z_:( ) w)dy; "N (A, p)djag () = 0.

Using the expansion (5.15), we find that the n-th derivative 9 A;(u) of the eigenvalue \;(u) with respect
to p can be expressed as

o0 (1) = (VNN (A )u]w))_l(nZl (”)v?(u)dz-me,u)u?")(u)

m
m=1

om +ma

)\ )q1 ,i
H
oYV (M)WN()W?M)UJ(M) > lH [0 qzz T 1+q2l> (5.17)
i Elo, ‘?I(n mi,msz)
1<mi+ma<n M1, M2
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5.2 Derivatives of eigenpaths

with the set

N(n,my1, mg) = {(qlﬁl,...,ql,n,qg}l,...,qg,n,él,...,fn) € N3" | 3s € {1,...,n} such that

Qi=q,=4=0 Vie{l,...,n— s},

q1;>0and g2, =0 Vie{n—s+2,...,n},

42, n—s+1 = M2,

0<lp_s41<...<ty <n, where £,,_s41 =1if mg >0, and

n n
E g1, = M1, E gl =n —mgy p.
i=1 i=1

Note that we replaced the derivatives djj'u;(u) of the right eigenvector u;(u) in (5.17) by the auxiliary

vectors ugm) (1).

Similarly to the linear systems (5.7) and (5.10), we add an orthogonality condition to the ill-posed
problem (5.12), and finally, we can compute the auxiliary vector uﬁ")(u) associated to the n-th derivative

djju;(p) with respect to p of the eigenvector u;(u) corresponding to A;(u) by solving

(N @) (7100) = (7). o

where the vector (™) (1) is given in (5.13). Note that the matrix on the left hand side of (5.18) is identical
for all orders n € N, and hence, matrix factorizations, computed for n = 1, can be reused for all orders
n > 1, cf. Remark 5.4.

The implementation of the multivariant version of Faa di Bruno’s formula in (5.15) and (5.17) is very
technical. Therefore, we shall introduce a recursive algorithm as an alternative to compute the total
derivative dN. Note that we can write

dPN(Aj, 1) = dp = (N () NA(Ay, 1) + N (A, 1)

n—1
— n—1 m n—m-—
=N O+ 3 (") N (5.19)
m=0

for all n € N, which motivates the recursive algorithm sketched in Algorithm 5.1.

Apart from this algorithm, Eq. (5.19) also shows that we can write the n-th derivative )} \;(u) of
the eigenvalue \;(p) with respect to p, that is presented in (5.17) using the multivariant Faa di Bruno
formula, in an alternative way, i.e.

m

o0 10 = —(VEGONA ., () (Z () v N ™)

m=1
n—2
n— n—1 m n—m-—
Vi () (d,t N+ 3 ("o d; 1NA<Aj,u>> uj<u>>, (5.20)
m=0
where the total derivatives d;'N, dj!Ny and dj;'N, for 0 < m < n — 1, can be evaluated recursively
using Algorithm 5.1.
Remark 5.5. If the matriz N is Hermitian for all p € I, and X € S, the left eigenvector v; is identical

to the right eigenvector u; and hence, we do not need to solve (5.1b) for the left eigenvector.

5.2.3 Discretization of the formulas for the dispersion curve derivatives

Before we proceed with the Taylor expansion of eigenpaths where we will employ the eigenpath deriva-
tives (5.20), we want to be present briefly the discrete formulas for the dispersion curve derivatives which
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5 Adaptive path following for parameterized, nonlinear eigenvalue problems

Algorithm 5.1. Recursion algorithm for the computation of the total derivative diN(A;, ), n € No.

Requirements: Let the partial derivatives of N();, 1) with respect to A and p be stored in a triangular
3'NL+Z

array pN with entries pN(m, ¢) = WN()‘W w) for all m, ¢ € No with m + ¢ < n. Furthermore, let

the derivatives of A;(p) with respect to p be given for all orders m = 0,...,n.

1: function RECURSION(n, pN, @)\, ..., 0] \;)
2 if n =0 then

3 return pN(0,0)

4 else if n =1 then

5: return J,\; - pN(1,0) + pN(0,1)

6 else

7 tN =RECURSION(n — 1,pN(0 : n — 1,1 :m),89;,..., 9071 ))

8 for m=0,...,n—1do

9: tN = (" 1) omFIA; - RECURSION(n — 1,pN(1:n,0:n — 1),89);,..., 907 1);)
10: end for

11: return tN

12: end if

13: end function

we introduced in Chapter 4 in variational sense. These discrete formulas will later be used in this chapter
for numerical applications of the proposed Taylor expansion and adaptive algorithm.

Using the FE discretizations of the 2d PhC eigenvalue problem and the supercell approximation to the
eigenvalue problem in 2d PhC waveguides, which we introduced in Egs. (2.28) and (2.29), we find that
the discrete version of the group velocity formula (4.5) reads

(5.21)

with
gV (k) = g0 (b, u; (k) = (26M2 + C') wy (k)
and
h(k) = h(k, w;(k)) = 2w; (k)M (k),

where u; (k) denotes an eigenvector related to the eigenvalue w; (k) of the PhC problem (2.28) with k1 =k
)

and k2 = 0, or the supercell problem (2.29). Then we compute the auxiliary vector u;”’ (k) associated to

the first derivative of the eigenvector u;(k) with respect to k by solving

)

A2+ ECY + BPME — WM (AL +ME)u;(k)) (i (k) (w;(k)h(k) _ gu)(k))
ul (k)(AL + M) v 0
which is the discretization of the mixed variational formulation (4.7). The formula (5.21) can be extended
to higher orders without the need of the multivariant version (5.15) of Faa di Bruno’s formula or the
recursion formula (5.19) and Algorithm 5.1, since the eigenvalue problems (2.28) and (2.29) only show a
second-order polynomial dependence on w and k. In accordance to the formula (4.9) in variational sense,
we find

(5.22)
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5.3 Taylor expansion of eigenpaths

with
n n 0 n—1
g™ (k) = g™ (k, ul” (k),...,ul" "V (k)
=n(n — 1) Mau{"" 2)(k) +2nkMgul" "V (k) + nCEul" Y (k)

n—1n—p

-2 ﬁ w7 ()l (k)M (k) (5.23)

p=1 ¢=0

—Z() ) (1)l ()M ().

where ug.o)(k;) = u,(k). Finally, the auxiliary vector u( )(k) associated to the n-th derivative of the
eigenvector u, (k) corresponding to w;(k) is obtained by solvmg

A2 +RCE' + MR — M (AL + M) (k) (uf" (k) _ (@) (k)h(k) — g™ (k)
ull (k) (AL + M) v )

which is the discrete version of (4.10).

5.3 Taylor expansion of eigenpaths

In this section we explain and demonstrate how to employ the derivatives d;\; (1), n € N, of the eigenvalue
Aj(p) in a Taylor expansion of the eigenpath pt— A;(p).

5.3.1 Taylor theorem

Since the eigenpath o+ A;(p) is analytic we can apply the Taylor theorem, and hence, for any g € I,
and n € N

A =" w FGAi(po) + Ru(p),  pely, (5.24)
i=0 ’
with the remainder L e
Ralp) = [ 0= 0 0 (7) (5.25)
)

see for example [Rud64].
The expansion (5.24) can be used to approximate the eigenpath

Ry s MO 9" Aj (ko)
m=0

where the nonlinear eigenvalue problem (5.1) only has to be solved at u = po for A; and u;, and the
derivatives 8;})\‘7@0) have to be computed according to the procedure described in the previous section.
Taylor expansions of analytic functions are known to converge in a vicinity of pp but not necessarily in
the whole interval I,,.

Before we will present numerical results of the Taylor expansion of eigenpaths, we want to derive an
estimate of the remainder R,,. Without loss of generality let p > po. According to the mean value
theorem for integration, there exists i € [po, p] such that the remainder satisfies

1 B e (e 1) ki -~
R.(p) = — 9"t / — )" dp = 2 gn L)
(1) = 5 0" A (k) #O(M )" dgi CESI 5 (1),
which is known as the Lagrange form of the remainder. Clearly,
)n—i—l

RUB zw max 97T\,
() = LB a2V

49



5 Adaptive path following for parameterized, nonlinear eigenvalue problems

is an upper bound for R, (), while

_ n+1
RLB — (/'[/ /’(’0) min an—‘,—l)v ~
n () (n+1)!  aepon * ()
is a lower bound for R, (x). Hence, assuming small variations of 6:}"‘1)\j in [po, 4], a simple, non-rigorous
estimate for the remainder R, (u) is given by

stt(’u) — (ILL(nff_Ol);LlJr aZ‘JFl/\j('u,O). (526)

5.3.2 Numerical results — Taylor expansion of dispersion curves

For illustration we will now show numerical results for Example 1, i.e. we consider the eigenvalue prob-
lem (2.13) of finding TM modes in a 2d PhC with square lattice. Assuming a fixed second component
ko = 0 of the quasi-momentum k € B,,, the eigenvalue problem (2.13) of finding modes in 2d PhCs is

linear in w?(k;), where the first component k; € B = [—;—1, %] of the quasi-momentum k plays the role of

a real-valued parameter. For simplicity of notation let us omit the index “1” in the first component k; of
the quasi-momentum k. Then we recall from Eq. (2.29) that the discrete form of this eigenvalue problem

reads: given k € B = [, 7] find eigenvalues w?(k) € Rt and associated eigenmodes u(k) € CN(©)\ {0}
such that
NIM(w, k)u = 0, (5.27)
with
NEM : (w, k) — AS™L 4 RO+ R2ME™! — WP MEe. (5.28)

Note that choosing the second component ko # 0 of the 2d quasi-momentum k € B,; in the PhC
eigenvalue problem (2.13), will only yield the additional matrix k‘gCg’Q in (5.28).

Recall that in the context of PhC band structure calculations the eigenpaths are called dispersion
curves. Formulas for its first derivative, i.e. the group velocity, and its higher derivatives in variational
formulation were already presented in Chapter 4. In particular, we want to point out that the second-order
polynomial dependence of the matrix-valued function NEM (w, k) on the parameter k and the eigenvalue
w leads to a closed formula (5.22) for the n-th derivative w(™ (k) of the dispersion curve w(k) that does
not involve the complicated multivariant version of Faa di Bruno’s formula as the general formula (5.17)
for the n-th eigenpath derivative does.

We study the TM mode in the I'-X-interval B = [0, all} of the irreducible Brillouin zone §2d, and
compare the dispersion relation w(k) at 40 values of k with the results of the Taylor expansion around
the centre kg = 2%1 of the T-X-interval B.

In Figure 5.1 we present a comparison of the Taylor expansion of orders n = 3 and n = 20 with the
“exact” sixth and seventh dispersion curve. We can see from Figure 5.1a that already a Taylor expansion
of order n = 3 provides a good approximation of the sixth dispersion curve (red line). For the presented
level of detail, we can only see a difference of the Taylor expansion and the exact curve near k = ;—1 The
seventh dispersion curve (blue line) is also well approximated in a vicinity of the centre kg = ﬁ of the
expansion but the error increases towards the borders of E, i.e. where |k — ko| becomes large.

However, increasing the order n of the Taylor expansion does not lead to lower error levels near the
end points as can be seen in Figure 5.1b where the Taylor expansion of order n = 20 is shown. While
the approximation error of the sixth dispersion curve decreases, the approximation error of the seventh
dispersion curve becomes even larger near k = 0 and k = all This can be explained by analysing the
behaviour of the remainder R,,. But before we do so, we present the convergence of the Taylor expansion.
In Figure 5.2 the maximum errors over a set of 40 equidistant values of k € B of the Taylor expansion of
the sixth and seventh dispersion curves are plotted with respect to the order n of the Taylor expansion.
While we observe exponential convergence of the error of the sixth dispersion curve, the error of the
seventh dispersion curve diverges when increasing the order n.

Now let us study the remainder R, (k) in order to explain the behaviour of the Taylor expansion of the
seventh dispersion curve in Figure 5.1 when increasing the order n of the Taylor expansion. In Figure 5.3
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(a) Taylor expansion of order n = 3. (b) Taylor expansion of order n = 20.

Figure 5.1: Sixth (red) and seventh (blue) dispersion curves of Example 1. Taylor expansion (solid lines)
of order n = 3 (a) and n = 20 (b) around kg = 57— (crosses) compared to “exact” dispersion curves

(dotted lines) evaluated at 40 equidistant values of k.

the estimate RS'(k) is presented for the sixth and seventh dispersion curve of the example introduced
above. The estimate is evaluated at k = -, i.e. where the distance [k — ko[ is maximal. We can see
that the estimate R*(k) of the sixth dispersion curve decreases with the order n, which corresponds to
the decrease of the actual maximum error presented in Figure 5.2. The estimate R*(k) of the seventh
dispersion curve, however, increases with the order n, which explains the increasing error of the Taylor
expansion, that was observed in Figure 5.1. In other words, the derivatives w(™ increase faster with n
than the ratio ﬁ This means that we have to restrict the computation of then;flaylor expansion
to a vicinity of kg such that |k — ko|™ is sufficiently small and hence, the ratio % dominates the
estimate RS (k). This fact motivates the definition of an interval in which the estimate of the remainder
is bounded by some desired error tolerance. We will define such an interval in the following section where
it will be used to develop an adaptive algorithm for the approximation of eigenpaths.

The quality of the non-rigorous estimate R*(k) of the remainder can be seen from a comparison of
Figures 5.2 and 5.3. We can see that the maximum error in Figure 5.2 behaves very similar to the
estimate of the remainder in Figure 5.3. In fact the effectivity of the estimate, i.e. the ratio of estimate
and maximum error, varies between 0.21 (n = 1) and 1.31 (n = 6) for the sixth dispersion curve, and
between 0.02 (n = 13) and 2.48 (n = 17) for the seventh dispersion curve, and is hence, reasonably close
to one.

5.4 An adaptive algorithm for eigenpath following

With the help of the Taylor expansion of eigenpaths and the estimation of its remainder, we can define
an adaptive approximation of eigenpaths by a path following algorithm. For the application under
consideration in this thesis, i.e. PhC band structure calculations, Spence and Poulton proposed a path
following algorithm in [SP05]. They also employ a Taylor expansion of the dispersion curves. However,
their algorithm is not adaptive as they use a fixed step size.

5.4.1 Step size control

A key ingredient is the control of the step size. For this we shall use the non-rigorous estimate (5.26) of
the remainder (5.25) of the Taylor expansion.

For example, if we want the error of the Taylor expansion of \; (1) around some py € I, to be (roughly)
smaller than some error tolerance E::jp we restrict our expansion to the domain [pg — hj’n(,uo),uo +
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maximum error in I'-X-interval

—gsixth dispersion curve
10~ 'H—=*seventh dispersion curve :
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order n of the Taylor expansion

Figure 5.2: Maximum error of the Taylor expan-
sion of the sixth (red) and seventh (blue) disper-
sion curve of the band structure presented in Fig-
ure 5.1 in dependence on the order n of the Taylor
expansion. The maximum error is evaluated on an
equidistant grid of 40 values of k € B.
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Figure 5.3: Magnitude of the non-rigorous esti-
mate 17 (k) of the remainder R, (k) at k = = of
the Taylor expansion of the sixth (red) and sev-
5a— of
ai

the band structure presented in Figure 5.1 in de-

enth (blue) dispersion curve around kg =

pendence on the order n of the Taylor expansion.

hjn(1o)], where the step size hj (o) is obtained from

1
, 1! i
p ey 20

hj’n(:u’o) = <€tol ‘anJrl)\'(MO
H J

With the help of the step size (5.29), we propose a simple algorithm for the adaptive computation of an
approximation to an eigenpath X;(u), p € I,,, see Algorithm 5.2, i.e. we start by choosing an order n of
the Taylor expansion, an error tolerance Eif:fp for the step size, and a start start value p(®) e I us €.g. the
centre of the interval I, i.e. w0 = % Then we compute a set of eigenvalues A; (p), 5=1,...,J, that,
e.g. lie in a desired interval. In the case of PhC waveguide band structure calculations this would be, for
example, a band gap. For each eigenvalue A; (,u(o)) we proceed as follows: We determine the acceptable
step size hj,(u(®)) according to (5.29). If h;,(u?) > 3 we approximate \;(x) in I, by its Taylor
expansion around p(®) = 1. Otherwise, we set pY = p@ —p, (@) and gD = p© 4y (1), and
compute the eigenvalues \;(u(~1) and \;(u*1) which are closest to their estimation that is obtained
by a Taylor expansion of order n around (9 at p(=Y and p(+Y, respectively. Then we compute the
acceptable step sizes hj,(u(*1)). We continue with this procedure until ©(=?) — h; ,,(u=P)) < 0 and
p D 4+ by, (pF9) > 1 for some p, g € N.

Note that using an iterative scheme to compute the eigenvalues, it cannot be guaranteed that the
eigenvalue, the iterative scheme converges to, is the eigenvalue closest to the start value of the iterative
scheme. Thus, lines 12 and 21 of Algorithm 5.2 have to be changed when using an iterative eigenvalue
solver. In this case we compute the eigenvalue by choosing the expected location of the eigenvalue as
start value of the iterative scheme, having in mind that the result of the iterative solver might not be the
closest eigenvalue.

We take the values A; and their derivatives 8Z;L)\j, i=1,...,n,at u), £ = —p,...,q and compute an
approximation to the dispersion curve using, e. g. an Hermite interpolation [QSS07] or a weighted Taylor
expansion where we approximate

Aj(p) ~ D
WD — 0

(= 9y p—p® (= Y
Do o)+ T 9N (D), (5.30)
1=0 1=0

LD — il

if e [p®, utV), ¢ = —p,...,q¢— 1, and in the intervals (0, x"?)] and [p(*9), 1) we take the Taylor
expansion directly. The former approach has the advantage that it delivers a smooth curve but it yields
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5.4 An adaptive algorithm for eigenpath following

Algorithm 5.2. Adaptive path following algorithm.

1: Fix the order n € N of the expansion, the error tolerance ¢{'s? < 1 and the start value u(*) € I,.
2: Compute a set of eigenvalues )\j(u(o)), j=1,...,J.

3: for j=1,...,J do

4: Compute the derivatives 8,3/\]' (,u(o)), i=1,...,n+1.

5: Compute the acceptable step size hj,n(,u(o)).

6: Set u§-0) = (0,

7: Set p = 0.

8:  while u;_p) — hj,n(u;_p)) > min [, do

9: Set p=p+1.

10: Set ﬂg_p) = ,ug_pH) - hjvn(,u;_pH)).

11: Compute the approximative eigenvalue Xj (u;fp )) at ug-ﬂ) ) using Taylor expansion of order n
around ,ug_p ),

12: Compute the eigenvalue Aj(u§_p)) that is closest to Xj (ug_p)).

13: Compute the derivatives 8&)\]»(/1&}7)), i=1,...,n+1.

14: Compute the acceptable step size hj7n(u§-7p)).

15: end while

16: Set ¢ = 0.

17: while ,ugq) + hjyn(ugq)) < max/, do

18: Set g =q+ 1.

19: Set u§-q) = ,ugqfl) + hj,n(,ug-qfl)).

20: Compute the approximative eigenvalue Xj (HE‘Q)) at ug.q) using Taylor expansion of order n

around ,ugq_l).

21: Compute the eigenvalue )\j(u§-q)) that is closest to Xj (,u;q)).

22: Compute the derivatives 8sz\j(u§.q)), i=1,...,n+1

23: Compute the acceptable step size hjvn(ugq)).

24: end while

25: Approximate the j-th eigenpath by an Hermite interpolation or a piecewise, weighted Taylor
expansion (5.30) of order n using the the eigenvalues \; and their derivatives 8};)\% i=1,...,n,
at /Lg»g), £=—p,...,q.

26: end for

additional costs for the interpolation. The latter approach, on the other hand, comes with negligible
additional costs and its implementation is straightforward.

The computational effort of this algorithm is as follows: In addition to the eigenvalue problem (5.1) at
the start value (%), we have to solve for each dispersion curve a total of p 4 ¢ eigenvalue problems (5.1),
n(p + ¢ + 1) linear systems (5.18) and (n + 1)(p + ¢ + 1) algebraic equations (5.17). For each of the
p+ g+ 1 values of p we have to compute the acceptable step size using Eq. (5.29), which is a simple
scalar equation.

In the following two sections let us introduce additional refinement checks, that will help to improve
our approximation.

5.4.2 Backward check

An improvement of the adaptive scheme can be realized by a backward check, i.e. we check if the Taylor

expansion around p*1) recovers the original value Aj (,u([)) plus/minus some tolerance EEde. If not, it is
(e£1)

d

possible that we mistakenly switched to another eigenpath or the acceptable step size at u is much

smaller than at u(©). Then we refine the step size hjm(u(e)), i.e. we multiply it by a factor o®%
than one, e.g. o?¥d = %7 and take p(F) = ;0 + ab‘”dhjyn(u(z)) as subsequent parameter value for our

sampling. When carrying out the backward check we also have to solve the eigenvalue problem (5.1)

smaller
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5 Adaptive path following for parameterized, nonlinear eigenvalue problems

and compute the derivatives at the boundaries of the interval I,,, i.e. at = 0 and p = 1, such that the
the Taylor expansions around (=" and p(t9 can be validated. The adaptive path following algorithm
including backward check is sketched in Algorithm 5.3.

5.4.3 Crossing check

A special emphasis in algorithms for eigenpath following has to be put into the question whether two
eigenpaths cross or if they only come very close but avoid a crossing.

In the context of PhC waveguide band structures, such an avoided crossing, or anti-crossing, is called
mini-stopband [ORBT01]. Tt is well known, that for symmetric waveguides, e.g. W1 waveguides with
square or hexagonal lattice, modes of opposite parity cross while modes of identical parity form a mini-
stopband. On the other hand, for waveguides, whose holes/rods on top of the line defect are shifted
exactly by % compared to the holes/rods below the guide, e.g. W2 waveguide with hexagonal lattice,
just the opposite holds true: modes of identical parity cross while modes of opposite parity form a mini-
stopband. If the waveguide does not satisfy either of these conditions, e.g. if the shift is less than %-, all
modes avoid to cross and form very narrow mini-stopbands [OBST02]. Even though this classification
allows for an identification of crossings and avoided crossings, we will apply later in Section 5.5 the
proposed crossing check also to PhC waveguide band structure calculations, which allows us to identify
mini-stopbands without comparing the parities of the modes.

The crossing check works then as described in Algorithm 5.4. After two eigenpaths were approximated
with the adaptive scheme described above and it turned out that the approximated eigenpaths cross
at some point pg, say, we solve the eigenvalue problem (5.1) at po where we will obtain two close

Algorithm 5.3. Adaptive path following algorithm including backward check.

1: Fix the order n € N of the expansion, the error tolerances Eigfp,st)g{d < 1, the refinement factor
o4 < 1 and the start value u(® e 1,.

2: Compute a set of eigenvalues )\j(u(o)), j=1,...,J.

3: forj=1,...,J do

4: Compute the derivatives 9], \; (O, i=1,...,n+1.

5: Compute the acceptable step size hj,n(u(o)).

6: Set ugo) = u0,

7: Set p = 0.

8: while true do

9: Set p=p+1.

10: Set ,ugfp) = max {,ugfpﬂ) - hj,n(,ugfpﬂ)),min Iu}-

11: Compute the approximative eigenvalue Xj (,ug_p )) at u§_p ) using Taylor expansion of order n
around ,ug-fpﬂ).

12: Compute the eigenvalue )\j(,ug»_p )) that is closest to A, (,ug_p .

13: Compute the derivatives a;/\j(pg‘p)), i=1,...,n+1.

14: Compute the approximative eigenvalue Xj (,u;*p H)) at u§7p 1) using Taylor expansion of or-
der n around ,ug-*p).

15: if [N (S 7HY) = Ay (u§ )] > ey then

16: Set p=p—1.

17 Set (s ™) = ™y, (1P,

18: else if ,u;-*p) = min [, then

19: break

20: else

21: Compute the acceptable step size hjyn(/é_p)).

22: end if

23: end while
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5.4 An adaptive algorithm for eigenpath following

24: Set ¢ = 0.

25: while true do

26: Set g =q+ 1.

27: Set ng) = min {,u;q_l) + hjyn(ug»q_l)), max IM}.

28: Compute the approximative eigenvalue Xj (,ug-q)) at /Ag-q) using Taylor expansion of order n

around pgq_l).

29: Compute the eigenvalue )\j(pgfn) that is closest to Xj (,ué‘n).

30: Compute the derivatives ('“)ﬁ)\j(ug-q)), i=1,...,n+1.

31 Compute the approximative eigenvalue Xj(u§-q71)) at u§-q71) using Taylor expansion of order n

around u§Q).

32: i [ (07) = A (el )] > ey then

33: Set g =¢q — 1.

34: Set hjm(,u;-'n) = odehj,n(u§-q)).

35: else if ;L;‘n = max [, then

36: break

37 else

38: Compute the acceptable step size hj,n(ug-q)).

39: end if

40: end while

41: Approximate the j-th eigenpath by an Hermite interpolation or a piecewise, weighted Taylor
expansion (5.30) of order n using the the eigenvalues \; and their derivatives a;Aj, 1=1,...,n,

¢
at uE), {=—p,....q.
42: end for

eigenvalues near the expected crossing. Note that, also if the expected crossing turns out to be an
actual crossing, these two eigenvalues are most likely not identical but only very close. Then we compute
the first derivatives of these two eigenmodes at pg using the formula (5.4) and compare them with the
first derivatives of the approximated eigenpaths (5.30). If the derivatives of the two eigenmodes do not
coincide, i.e. the two curves do not cross with the same slope, and each derivative matches well with the
derivative of one of the approximated eigenpaths in the sense that the magnitude of the difference does
not exceed an error tolerance of e;.}°, we take this as evidence that the two eigenpaths cross. On the
other hand, if the two derivatives are very close, i.e. the two eigenpaths have approximately the same
slope at 9, we also have to compute higher derivatives of the eigenpaths at po using the formula (5.17)
and compare them with the corresponding derivatives of the approximated eigenpaths (5.30). In fact
we have to compute and compare at least derivatives of order n, if the derivatives of the two eigenpaths
coincide up to order n — 1. If for all m, with 1 < m < n, the derivatives of order m of the two eigenpaths
coincide with one of the derivatives of order m of the two approximated eigenpaths, i.e. the magnitude of
the difference does not exceed an error tolerance of ;. , we shall assume that the two eigenpaths cross.
Otherwise, we refine our approximations by additionally applying the adaptive scheme to the eigenpaths
around pg, taking po as start value and stopping the scheme if a value of u is reached for which we
already solved the eigenvalue problem (5.1).

If we compare derivatives up to order n we shall denote this test as n-th order crossing check. If n =1,
we simply call it crossing check.

Note that the crossing check can also be understood as a validation test for crossings, in particular in
the case when the two eigenpaths cross and have the same slope at the crossing. To this end, we also
perform the crossing check if the two approximated eigenpaths come very close but do not cross. For
those points it is necessary to perform at least a second order crossing check.
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5 Adaptive path following for parameterized, nonlinear eigenvalue problems

Algorithm 5.4. Crossing check of order n.

Requirements: Let two approximated eigenpaths Xl ~ A\ and Xg ~ A; with nodes /éfpj), . 7M§qj),
j =1,2, be given. The nodes may either be obtained by Algorithm 5.2 without backward check, or
by Algorithm 5.3 including backward check, and the approximative curves may either result from a
Hermite interpolation or a weighted Taylor expansion. Let the two approximated eigenpaths intersect

at po with uyj) < o < ,u;ZjH), where (; € {—pj,...,q; — 1}, j=1,2.

1: Fix the crossing check tolerance £{.}® < 1.

2: Compute the two eigenvalues \;(po), 7 = 1,2, at po that are closest to A (o) = Ao (o).

3: Compute the derivatives 8};)\]4 (o), 7=1,2,i=1,...,n, of the two eigenpaths at py up to order n.

4: Set refine to false.

5. fori=1,...,n do N N

6: if |8L)\1(,u0) — 8;)\1(%)\ > Ef:lg or |8;A2(u0) — (9;)\2(M0)| > Ef;llg then

7: Set refine to true.

8: break

9: end if

10: end for

11: if refine then

12: Apply Algorithm 5.2 or Algorithm 5.3 with start value g for the adaptive eigenpath following in
the intervals [ugel),,ugéz’)] and [M(Q&),ugl)].

13: end if

5.5 Adaptive path following of dispersion curves

In this section we want to test the proposed adaptive scheme and show numerical results. We aim to
adaptively follow the eigenpaths of PhC and PhC waveguide band structures, the so-called dispersion
curves. We start with the TE mode band structure of a PhC W1 waveguide and of a perturbed W1
waveguide, before we will return to the TM mode band structure of Example 1 that we already used in
our numerical experiments in Section 5.3.

5.5.1 Band structure of a PhC W1 waveguide

We consider the TE mode band structure of the PhC W1 waveguide with hexagonal lattice introduced
in Example 2 and apply the supercell method with a supercell S5 C R? of five PhC unit cells on top
and bottom of the defect cell to compute approximations to guided modes. In other words, we consider
the eigenvalue problem (2.23) whose discrete form, as given in (2.29) reads: given a quasi-momentum
ke B=|0, -] find eigenvalues w?(k) € RT \ 0°(k) and associated eigenmodes u(k) € CN(Ss)\ {0}
such that

NgF(w, k)u=0, (5.31)

with
NE{,E : ((.L),k) }—)Algv:l/s + kcg{):l/s,l + kQMgzl/E _ WQMgszl.

5

Analogously to (5.27) this eigenvalue problem is linear in w?(k), and formulas for the derivatives of the
dispersion curves k+— w(k) in variational formulation were already presented in Chapter 4.

Using the adaptive algorithm introduced in Section 5.4 without any additional refinement checks, like
the backward check or the crossing check, we aim to compute an approximation to the two dispersion
curves in the second band gap, that is approximately located in the frequency interval [0.2- %C, 0.3- %"],
see Figure 2.9 for an illustration of the band structure. We choose a desired error tolerance of £'{” = 104
to compute the acceptable step sizes, set the order of the expansion to n = 10, and select the start value
k©) = ﬁ When solving (5.31) for its eigenvalues w? at the start value k(©) we omit eigenvalues inside
the essential spectrum oress(k(o)) in order to follow guided modes only. However, note that the procedure
can be applied to any eigenpaths of (5.31), not only those corresponding to dispersion curves of guided

modes, since all eigenpaths of (5.31) are analytic in B, cf. Theorem 4.1. In fact, we shall continue to
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5.5 Adaptive path following of dispersion curves

follow the dispersion curves even if they leave the band gap. This will be different later in Chapter 6
where we employ DtN transparent boundary conditions, that are only well-defined in band gaps.

normalized quasi-momentum kaq /27

normalized quasi-momentum kay /27
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(a) No backward check. (b) Backward check with e2%¢ = 1072,

Figure 5.4: Adaptive Taylor scheme of order n = 10 applied to dispersion curves of the hexagonal PhC

step _ 10_4

tol and the start value of

W1 waveguide. The error tolerance of the step size computation is ¢
the iteration is set to k(®) = ;™

The results can be seen in Figure 5.4a where the dots indicate the location of the values of k£ for which
the dispersion relation w(k) and its derivatives w’(k),w® (k),..., w19 (k) were computed. The lines
connecting the dots result from the post-processing, where we chose the weighted Taylor expansion (5.30).
Note that the red dispersion curve leaves the band gap at k ~ 0.1 - i—’; and enters the frequency domain
for which propagating PhC modes exist.
towards £ = 0 having in mind, that these supercell eigenmodes are spurious and that this part of the

As elaborated above, we can continue following this curve

dispersion curve has no physical meaning. Most noticeable is the numerical artifact of the red line between

k ~ 0.08 - i—’; and k ~ 0.14 - % Recall, that we chose k(©) = ﬁ and hence, we followed the dispersion

curve in this part from right to left. For the computation of the acceptable step size the derivatives
21

at k ~ 0.14 - i—’lr are relevant. But obviously, the derivatives at k &~ 0.08 - £% are significantly larger in
magnitude than at k ~ 0.14- i—’: yielding a smaller step size in the following step (distance to next red dot)
and hence, explain the numerical error in the post-processing. This numerical artifact can be eliminated
when performing the backward check. The results are presented in Figure 5.4b where we chose an error
tolerance of %4 = 102 for the backward check.

Clearly, the computational costs of the adaptive scheme including backward check are smaller than
the costs of the standard procedure to solve the eigenvalue problem (5.27) for an equidistant sample of
quasi-momenta k, if one aims to get the same accuracy as the adaptive scheme. In the post-processing
of the adaptive Taylor expansions in Figure 5.4 we chose an equidistant sample of 100 values of the
quasi-momentum k for which we computed the weighted Taylor expansion and from which we draw
the solid red and blue curves. This shall deal as a reference for the desired accuracy. That means the
standard procedure to calculate the band structure is to solve 100 eigenvalue problems (5.27). On the
other hand, the adaptive scheme including backward check for the unperturbed waveguide accounts for 25
eigenvalue problems (5.27) and the computation of the frequency derivatives (5.22) of 24 modes, where
we solve the eigenvalue problem (5.27) at k = 0, k = =
to save time. Four eigenmodes of these 25 eigenvalue computations are rejected due to the backward
check which explains that the number of nodes for which we compute the frequency derivatives (5.22) is

smaller than the number of eigenvalue problems (5.27) to be solved. Considering that the computational

and k = k(© for two eigenvalues in order

costs of solving (5.22) for the frequency derivatives is significantly smaller than solving the eigenvalue
problem (5.27), we can expect clearly smaller computational costs of the adaptive scheme compared to the
standard procedure. Note that the computational advantage of the adaptive scheme especially becomes
obvious in the case of a rather simple dispersion curve, e.g. the blue curve in Figure 5.4. In fact, only
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5 Adaptive path following for parameterized, nonlinear eigenvalue problems

a very small number of eigenvalue problems and corresponding source problems have to be computed in
order to figure out the dispersion curve’s slope correctly.

5.5.2 Band structure with mini-stopband of a perturbed PhC W1 waveguide

Now we want to test the proposed crossing check. Applied to the numerical example above, a W1
waveguide with hexagonal lattice which is symmetric with respect to the line defect, we find that a
refinement is not necessary since the approximated slopes and computed group velocities at the projected
crossing match well, which is in line with the theory [ORBT01] that says that modes with even parity
(red dispersion curve) and modes with odd parity (blue dispersion curve) have to cross and do not form
a mini-stopband. Therefore, we shall apply our crossing check to a perturbed configuration. We shift
the upper PhC by as little as 107%a; to the left. This breaks the symmetry and we can expect that the
crossing of the two guided modes becomes an avoided crossing.

0.29} °
0.28}
0.27}
0.26}
0.25} ° °
0.24}

shifted
0.23 .

0.22f

normalized frequency way /2me
.
°

£

0.0

0.1

0.2

0.3

0.4

0.5

normalized quasi-momentum kay /2w

Figure 5.5: Adaptive Taylor scheme of order n = 10 with backward check of tolerance 5?3{‘1 = 1072
applied to dispersion curves of the perturbed PhC W1 waveguide of hexagonal lattice (upper PhC shifted
by 107%a; to the left). The error tolerance of the step size computation is E:Ejp = 10~* and the start

value of the iteration is set to k(®) = 207

In Figure 5.5 we show the results of the adaptive Taylor scheme including backward check with tolerance
e?;‘{d = 1072 applied to the perturbed W1 waveguide of hexagonal lattice. The results are very similar
to the results of the unperturbed waveguide in Figure 5.4b. In particular, the approximated dispersion
curves cross in Figure 5.5 which we know is not true. Thus, a crossing check as introduced above needs
to be performed in order to identify the avoided crossing correctly. The two approximated dispersion
curves in Figure 5.5 cross at ko =~ 0.2266 - i—’: and their slopes are approximately —0.261¢ (red curve) and
0.044c (blue curve). But when solving the eigenvalue problem (5.27) at ko we find two eigenmodes which
have both negative group velocity, and hence — using a tolerance ej.° = 1072 for the crossing check —
a refinement at kg is necessary. The result can be seen in Figure 5.6 where we also show a detailed view
of the mini-stopband.

The behaviour of the eigenmodes near the mini-stopband is illustrated in Figure 5.7, where we plotted
the six eigenmodes marked with a cross in Figure 5.6b. We observe that the eigenmodes on the upper
dispersion curve have even parity for quasi-momenta smaller than the quasi-momentum k = 0.2266 - (21—7;
of the mini-stopband, see Figure 5.7a, while the eigenmodes on the lower dispersion curve have odd
parity, see Figure 5.7d. At the mini-stopband both modes are neither even nor odd, see Figures 5.7b
and 5.7e, and when continuing to follow the two dispersion curves to the right, we find that the upper
curve has changed its parity to odd, see Figure 5.7c, while the parity of the lower curve becomes even,
see Figure 5.71.

The computational advantage of the proposed adaptive Taylor expansion compared to the standard pro-

cedure even increases when trying to identify mini-stopbands. The adaptive scheme including backward
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(a) (b) Detailed view of the mini-stopband.

Figure 5.6: Adaptive Taylor scheme of order n = 10 with backward check of tolerance P4 = 1072 and
first order crossing check of tolerance £7,* = 10~2 applied to dispersion curves of the perturbed PhC W1
waveguide with hexagonal lattice (upper PhC shifted by 10~%a; to the left). The error tolerance of the
step size computation is EEZTP = 10~* and the start value of the iteration is set to k(®) = ﬁ For the
nodes marked with a cross in (b) the eigenmodes are plotted in Figure 5.7.

check but without crossing check, as presented in Figure 5.5, accounts for 25 eigenvalue problems (5.27)
and the computation of the frequency derivatives (5.22) for 24 modes. When additionally performing the
crossing check and refining near the avoided crossing, as done in Figure 5.6, we have another 13 eigenvalue
problems (5.27) and a total of 26 frequency derivatives (5.22) to solve. We save time by simultaneously
refining both dispersion curves together with the same step size and solving (5.22) for two eigenvalues,
while computing the frequency derivatives (5.22) of all 26 computed eigenmodes. This makes a total
of 38 eigenvalue problems (5.27) and 50 frequency derivatives (5.22), that we have to solve in order to
approximate the two dispersion curves of the perturbed waveguide as presented in Figure 5.6. Using the
standard procedure to compute the band structure would clearly comprise the solution of more eigenvalue
problems (5.27) since a very dense grid of values of the quasi-momentum k is needed in order to resolve
the mini-stopband as accurate as in Figure 5.6b.

5.5.3 Dispersion curves intersecting with identical group velocity

Now let us return to Example 1 and the eigenvalue problem (5.27). We want to study the behaviour of
our numerical scheme when two dispersion curves intersect at a point but do not cross. This is the case
for the second and third dispersion curves at k = 0, as can be seen from the band structure in Figure 2.7.
Due to symmetry at k = 0, we restricted our computations so far to the I'-X-interval B = [0, =] of

the irreducible Brillouin zone Ezd. Now let us consider the interval B = [—ﬁ, all] having in mind that
the band structure is symmetric with respect to the frequency axis at k¥ = 0. That means we know in
advance that the two dispersion curves, that have a common eigenvalue at k£ = 0, do not cross but touch
only. Let us now study if the proposed adaptive scheme can construct this band structure correctly. We
choose the start point k() = 0.01 - (21—71' Recall that we cannot choose k(®) = 0, the centre of the interval
B, since the second and third dispersion curves intersect at this point and hence, the multiplicity of the
eigenvalue at k£ = 0 is two, which implies that the group velocity formula (5.21), as well as the formula for
higher derivatives, Eq. (5.22), is not well-defined without knowledge about the eigenmodes in the vicinity
of k =0, as we elaborated in Remark 4.2.

We start by setting the order of the Taylor expansion to n = 1. The step size tolerance is chosen
to be &P = 10~* and we employ the backward check with tolerance P4 = 1072 but do not use the
crossing check. Figure 5.8a shows the numerical result for this configuration. We can see that the second

dispersion curve (blue) is computed incorrectly, since from k = 0 to the left it follows the third dispersion
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~ . 2l S . 2l ~ . 2i
(d) k ~0.2240 - 2= (e) k ~ 0.2266 - 2= (f) k ~ 0.2277 - 22

Figure 5.7: Real parts of the magnetic field components of the guided modes on the upper (a)—(c) and
lower (d)—(e) dispersion curve of the perturbed PhC W1 waveguide with mini-stopband presented in
Figure 5.6.

curve (red). When choosing a smaller backward check tolerance, as done in Figure 5.8b, where we set

513(‘;‘1"1 = 1074, we do not resolve this problem. In fact, both tolerance parameters, si’g’{d as well as the step

. + . .
size tolerance €},", cannot be chosen small enough since an expansion of first order cannot account for
the curvature of the dispersion curve. This explains that an expansion of first order is in general not a

good choice no matter how small the tolerance parameters are chosen.

Now we increase the order of the expansion to n = 2 and choose again e’%4 = 1072. Figure 5.9a
shows that the two dispersion curves are computed correctly. However, using an expansion of order
n = 2 does not always resolve the problem as Figure 5.9b shows, where we set the start value of the

scheme to k(©) = 0.25 - i—” It turns out that we were only lucky by previously setting the start value to
1
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Figure 5.8: Adaptive Taylor scheme of order n = 1 with backward check applied to the second and third
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Figure 5.9: Adaptive Taylor scheme of order n = 2 with backward check of tolerance 51’;‘1“ = 10~2 applied

normalized quasi-momentum kaq /27

(a) Start value £ = 0.01 - 2,
1

to the second and third dispersion curves of Example 1.
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(b) Start value k(©) = 0.25 - {%f

k) =0.01- i—’f, where the second derivative is large enough in magnitude to account for the correct slope
of the second dispersion curve. In the case presented in Figure 5.9b, however, the tolerance parameters
5?2?’ and 5'5(‘)“1"1 are chosen too large so that the adaptive scheme does not place a Taylor node close enough
to k = 0 and hence, the magnitude of the second derivative at the smallest positive node is too small to

account for the correct curvature at k = 0.

Choosing a smaller backward check tolerance may help to resolve this problem. When selecting a
higher order we can also resolve this problem, as shown in Figure 5.10, where we set the order to n = 3,
keeping the start value at k(*) = 0.25 - Z—T and leaving the backward check tolerance unchanged.

Alternatively, we can do a second order crossing check in order to resolve this problem even if we keep
n = 2 and Efg‘l’d = 1072. The two approximated dispersion curves in Figure 5.9b come very close near
k = 0. In fact, we observe that the two approximated curves cross at ko = 0.02 - i—’; At ko we solve the
eigenvalue problem and compare the first and second derivatives of the dispersion relation with the slopes
and curvatures of the approximated curves. It turns out that the second derivatives do not match well
with the curvatures of the approximated curves. We refine the approximation as described in the section
on the crossing check and find that the left branch of the refined blue curve does not fit to the left branch

shown in Figure 5.9b, so that a full computation of the adaptive approximation in the interval [—all, ko)

61



5 Adaptive path following for parameterized, nonlinear eigenvalue problems

is necessary. This yields the band structure presented in Figure 5.11, which shows that the adaptive
scheme with second order crossing check produces appropriate approximations of two dispersion curves

intersecting with the same slope, even if the order is as low as n = 2.
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Figure 5.10: Adaptive Taylor scheme of order n =

3 with backward check of tolerance eP%d = 1072

applied to the second and third dispersion curves
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Figure 5.11: Adaptive Taylor scheme of order

n = 2 with backward check of tolerance 2% =

102 and second order crossing check of tolerance

erof = 1072 applied to the second and third dis-

persion curves of Example 1. The start value of
the scheme is set to k£(©) =0.25- i—’lr

of Example 1. The start value of the scheme is set
to k(©) = 0.25 - 21,

To summarize, we note that an expansion of order two or larger is needed to correctly identify the
behaviour of two curves, that intersect with the same slope. An expansion of order larger than two is
preferable in order to decrease the influence of the start value on the approximation. A second order
crossing check can be employed to resolve the intersection correctly.

5.5.4 Convergence study

After showing in the previous examples that our proposed adaptive algorithm is applicable to PhC and
PhC waveguide band structure calculations and that it can handle various difficulties like mini-stopbands
and crossings of identical slope, we now turn to the question what can be said about the error of our
algorithm and its convergence.

To this end, we study again Example 1. We want to compute the maximum error of our approximation
to the fifth dispersion curve in the T-X-interval B = [0, --|, see the band structure in Figure 2.7. We
evaluate the maximum error on an equidistant sample of 10000 values of the quasi-momentum k € B.
We solve the eigenvalue problem (5.27) at each sample point to obtain a reference solution wyet(k) for
our approximation.

The fifth dispersion curve of the TM mode band structure of Example 1 shown in Figure 2.7 does not
intersect with or comes very close to any other dispersion curve. Therefore, we neither need to apply the
crossing check, nor is there a need for additional orthogonality conditions in sense of Section 4.2.3 when
computing the derivatives of the eigenmodes.

In Figure 5.12 we show the convergence of the maximum error for three different orders n = 1,2,5 of
the Taylor expansion in our adaptive scheme. The step size and backward check tolerances are chosen to
be sigfp = Elta(?fd =10 ¢ =2,...,7,1i.e. each marker on the three curves for the three different orders
corresponds to one of the six different values of the step size and backward check tolerances. Note that
the actual maximum error is smaller than the chosen tolerances, which shows the overestimation of the
actual error, that was already discussed in Section 5.4.1. In Figure 5.12a the maximum error is compared
to the number of nodes in B at which the eigenvalue problem (5.27) is solved and the dispersion curve
derivatives up to the respective orders n = 1,2, 5 are computed. Note that for the step size control in fact

62



5.6 Conclusions

10 10 T r r
—-n=1 —-n=1
—B-n=2
—©-n=
5 107 5 107
o fay
() [}
g g
g g
% 107 % 107
[ <
g g
107 107
10’ 10' 10° 10° 10* 107 107 107 10° 10'
number of nodes relative computation time
(a) Maximum error in comparison to number of nodes. (b) Maximum error in comparison to computation
time.

Figure 5.12: Convergence of the maximum error of adaptive scheme of orders n = 1,2,5 for different
values of the step size and backward check tolerances Efffp = et’(‘)"l’d =10"¢ ¢=2,...,7, when applied to

the fifth dispersion curves of the PhC TM mode band structure of Example 1.

the derivatives up to order n+1 have to be computed. The results show that the order of the convergence
is approximately identical to the order of the scheme plus one. This is the expected convergence rate of
Taylor expansions, which can be seen for example from the estimate (5.26) of the remainder (5.25) of the
Taylor expansion.

On the other hand, we show in Figure 5.12b the maximum error in relation to the relative computation
time, i.e. the ratio of computation time and the time needed to compute the reference solution. While
the convergence order for the low order computations, i.e. n = 1, 2, is again approximately equal to n+1,
the convergence order of the maximum error with respect to the computation time for n = 5 is smaller
than the convergence order of the maximum error with respect to the number of nodes. This shows that
the time for computing the dispersion curve derivatives by solving source problems is small but cannot
be entirely neglected. Nevertheless, higher order expansions prove beneficial, in particular if we chose
small step size and backward check tolerances.

5.6 Conclusions

In this chapter we introduced an adaptive path following algorithm for the eigenvalues of parameterized,
nonlinear eigenvalue problems. We derived closed formulas for the derivatives of the eigenpaths and
employed these formulas in a Taylor expansion. For the selection of the nodes of the Taylor expansion
we proposed an adaptive algorithm based on the estimation of the remainder of the Taylor expansion.

As an example, we employed the proposed scheme to the computation of the dispersion curves of
PhC and PhC waveguide band structure calculations, the latter one when using the supercell method.
We showed that with the help of an additional refinement technique, the backward check, and the post-
processing of the crossing check, we obtain reliable results also in involved cases such as avoided crossings.

With the help of the proposed scheme the computation time of band structure calculations is effectively
reduced as our numerical results demonstrate. This reveals that the adaptive path following algorithm
is an efficient procedure for PhC and PhC waveguide band structure calculations, and hence, meets the
goal of efficiency in the context of PhC and PhC waveguide band structure calculations.

In Chapters 6 and 7 we will apply the adaptive algorithm also to problems with DtN and RtR trans-
parent boundary conditions, i.e. to parameterized, nonlinear eigenvalue problems.
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6 Dirichlet-to-Neumann transparent boundary
conditions

In the introduction we identified two objectives for our work on PhC waveguide band structure calcula-
tions. After addressing efficiency in the previous chapter, let us now focus on accuracy, i.e. the exact
computation of guided modes in PhC waveguides.

In Section 2.4 we introduced the supercell approach, which is a simple and frequently used procedure
to compute approximations to guided modes in PhC waveguides, i.e. approximations to the solutions
of the eigenvalue problem (2.19) in the infinite strip S. The modelling error of the supercell method
depends on the confinement of the guided mode, which is the main disadvantage of the supercell method
and which motivates the DtN approach presented in [Flil3] for the exact computation of guided modes
independent of their confinement. The advantage of not introducing a modelling error comes with the
disadvantage of transforming the problem to a nonlinear eigenvalue problem.

In this chapter we will explain the FE discretization and numerical solution of the resulting nonlinear
eigenvalue problem in detail. We first published the numerical realization of the DtN approach in [KSF14].
This chapter comprises in addition the extension of the theory in Chapter 4, i. e. the computation of the
group velocity and higher derivatives of the dispersion curves, and the procedure in Chapter 5, i.e. the
usage of these derivatives in an adaptive Taylor expansion of the dispersion curves, to the case with DtN
transparent boundary conditions.

The chapter is organized as follows: in Section 6.1 we introduce the DtN operators and comment on their
characterization, differentiability and FE discretization. In Section 6.2 we present a nonlinear eigenvalue
problem, that is posed in the defect cell Cy and which is equivalent to the eigenvalue problem (2.19) in
the infinite strip S. We derive formulas for the group velocity and any higher derivative of the dispersion
curves, show the FE discretization of the nonlinear eigenvalue problem and comment on its numerical
solution, before we present numerical results in Section 6.3, including the results of the path following
algorithm. Finally, we give concluding remarks in Section 6.4.

6.1 The Dirichlet-to-Neumann operators

In this section we define the DtN operators, show there characterization using local cell problems and a
quadratic operator equation, and prove their differentiability. Finally, we will elaborate on the discretiza-
tion of the DtN operators and the local cell problems.

6.1.1 Definition of the Dirichlet-to-Neumann operators

As a first step towards the definition of the DtN operators, we introduce Dirichlet problems in the infinite

half-strips S*: for any ¢ € Hi/p?(l"oi) find u* = u*(;w, k, ) € Hi (A, 5%, @) such that

—(V +ik})) - a(V + ik(})ut — w?But =0 in SF, (6.1a)
ut = on T'Z. (6.1b)

Theorem 4.1 in [Flil3] gives the following result.

Theorem 6.1. Let the unit cells C;F and er:,[-s-p n € N, of the infinite half-strips ST be symmetric
with respect to their common interface F,jf, i. e. the material functions a and § are axis symmetric in
CF UC’ij+1 with respect to T:=. Then the infinite half-strip problems (6.1) are well-posed in H%p(A, S* a)

for all w? ¢ o* (k). If the unit cells of the infinite half-strips ST do not satisfy this symmetry property,
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6 Dirichlet-to-Neumann transparent boundary conditions

the problems (6.1) are well-posed in H%p(A,Si,a) for all w? ¢ o*(k) except for a countable set of

frequencies w?.

The values of w? for which (6.1) is not well-posed correspond to so-called Dirichlet eigenvalues of (6.1),
i.e. eigenvalues of (6.1) when prescribing homogeneous Dirichlet boundary conditions on th. We shall
call these values global Dirichlet eigenvalues, in order to distinguish them from Dirichlet eigenvalues of
local cell problems we will introduce later.

Remark 6.2. If the symmetry property in Theorem 6.1 is not fulfilled, the Dirichlet boundary condi-
tions (6.1b) can be replaced by Robin boundary conditions, yielding well-posed problems for any w? ¢
ot (k) [Fli09, FJL10]. This approach will be discussed in Chapter 7.

Remark 6.3. PhC waveguides with square lattice and circular holes or rods of constant permittivity
satisfy the symmetry property mentioned in Theorem 6.1, i.e. their unit cells C;F and C’fﬂ, n € N,
of the infinite half-strips S* are symmetric with respect to their common interface T, On the other
hand, PhC waveguides with hexagonal lattice, e.g. see the waveguide in Example 2, do not satisfy the
symmetry property, and hence, their can exist global Dirichlet eigenmodes in the semi-infinite strips ST
with hexagonal lattice.

In the sequel we shall assume that the infinite half-strip problems (6.1) are well-posed. Then, for any
pe Hl/z(Fi) the DtN operators D* (w, k) € L(Hi/;(F(j)E), HI;/Z(FOi)) are defined as

D* (w, k)p = adou™ (50, k, )= - (6.2)

Proposition 6.4 (Proposition 4.3 in [F1i13]). Let k € B and w?> € RT \ 6% (k), then the DtN operators
D*(w, k) are continuous from HY;’(F%) onto HI;/Q(Fg) and their norms are continuous with respect to

w e R\ o (k).

Considering the half-strip problems (6.1) in variational formulation and choosing u® (- ;w, k, 1), with
Y eH /Z(Fi) as test function, we find that the DtN operators satisfy

D*(w, K)o ds(x) = — / AV + IR,k 0) - (V = )50,k ) dx

+
FO

+w? [ BuE(w kp)uE(w kv) dx o (6.3)
S+
for any ¢,% € H /2(Fi)

6.1.2 Characterization of the Dirichlet-to-Neumann operators

In Eq. (6.2) the DtN operators are defined via Dirichlet problems (6.1) on an unbounded domain. In this
subsection we summarize the results in [JLF06, Fli13] how to compute the DtN operators via local cell
problems, i. e. by solving Dirichlet problems on a single periodicity cell, and a stationary Riccati equation.

To this end, we note that the infinite strips ST on top and bottom of the guide can be expressed as
union of an infinite number of periodicity cells C:¥, n € N, i.e.

G Crury),

cf. Figure 2.3b. The top and bottom boundaries of these cells C;F shall be denoted by FfA and T'F ) i.e.
rgc oayers
=CinCI,, na>1,

see Figure 2.3b.
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6.1 The Dirichlet-to-Neumann operators

We also note that — due to the periodicity and the infinity of the half strips — all cells C¥ can be
identified by the first cell C’li and all boundaries I’} can be identified by the first boundary FS—L.
Therefore, let us introduce shift operators S € L(C®(T'E),C=(I'F)), n € N, defined by

SEp(x) = p(x F nak). (6.4)

By a density argument of Coj(l",il) in Hiﬁg‘f) and HI;/Q(I‘ZE), respectively, we can extend the shift
operators S to functions in Hl/pz(l",iL) and H, *(I'E). For simplicity of notation we shall write ST := Sli.
Furthermore, we introduce the inverse (S¥)~! of S* which is simply given by

(§%) 7 o(x) = p(x £ a3). (6.5)

These shift operators become important in the FE discretization which we will discuss in Sections 6.1.5
and 6.2.4.

With the help of these operators we can express the trace of the unique solution u®(-;w, k, ) of the
Dirichlet problem (6.1) at the edges I'', n € N, as

wF (5w, k@) [pe= Sy (PF(w, k)",

with the propagation operator P*(w, k) € L(Hi/; (TE)) defined for any ¢ € Hi; (TE) by

PE(w, k) = (SF) 71 (3w, k,9) [ps - (6.6)

As shown in [JLF06], the propagation operator P*(w, k) is the unique solution of the so-called Riccati
equation
Tio (w, k) (P*(w, k) + (Tgg (w, k) + Ti1 (w, k)P (w, k) + Tgy (w, k) = 0 (6.7)
with spectral radius strictly less than one. Here, the operators ’7;;5 (w,k) € L(Hif(l“g:),HI;/Q(F(T)),
i,j = 0,1, are defined by

Too(w. k) o = Faduy (;wk,  9))|ps,
Tor(w, k) = (85) 7 [£adaug (5w, K, 9))Ip2],
Tio(w, k) o = Fadhui (-;w k, 5%¢)) |p+,
T (w, k) o = (85) 7 [£adaui (5w, k, 559)) =],

for any ¢ € Hi/;(I‘gE), where uzi = uii(o;w,k,cp) € H%p(A,C’li,a), 1=0,1, solve

—(V +ik(}) - oV + ik(}))uf — w?Buf =0 in C, (6.8a)
with Dirichlet boundary data
ut =85 on I‘ji. (6.8b)

Here and in the following, d;; denotes the usual Kronecker delta, i.e. d;; = 1 if i = j, and d;; = 0 if ¢ # j.
Then the DtN operators D*(w, k) are given by [JLF06]

DF(w, k) = =Tge (W, k) = Tig (w, k) P*(w, k). (6.9)

Remark 6.5. The Dirichlet cell problems (6.8) are well-posed except for a countable set of frequencies w,
the so-called local Dirichlet eigenvalues, and hence, the operators Tij, i,j = 0,1, are injective for almost
any w [JLF06] . Moreover, we can show — using the Fredholm theory — that the operators Too, T11 and
Too + T11 are isomorphisms from Hll/;(I‘gt) onto HI;/2(I‘3E). On the other hand, the operators To1 and Tro
are compact and hence, they are not bijective [Fli09].

Remark 6.6. Replacing the Dirichlet boundary conditions (6.8b) by Robin boundary conditions, the local
cell problems (6.8) become well-posed for all frequencies w [Fli09, FJL10]. The characterization of the

DtN operators with the help of local cell problems with Robin boundary conditions will be discussed in
Chapter 7.
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6 Dirichlet-to-Neumann transparent boundary conditions

6.1.3 Derivatives of the Dirichlet-to-Neumann operators

In this section we show that the DtN operators D* (w, k) are differentiable with respect to the frequency
w and the quasi-momentum k inside the band gaps up to any order. Furthermore, we shall explain how
to compute the derivatives of the DtN operators via local cell problems.

The differentiability of the DtN operators with respect to w and k is an important property that is
needed for solving the nonlinear eigenvalue problem with DtN transparent boundary conditions, that
we will introduce later in Section 6.2. Moreover, we need the differentiability of the DtN operators up
to any order in Section 6.2.3, where we will derive formulas for the derivatives of the dispersion curves
with respect to the quasi-momentum k& when prescribing DtN transparent boundary conditions on I‘ﬁ in
contrast to periodic boundary conditions as done in Chapter 4.

Differentiability of the Dirichlet-to-Neumann operators

Let us again assume that w? ¢ o%(k) and let the half strip problem (6.1) as well as the local cell
problems (6.8) be well-posed. Then the DtN operators are defined uniquely and can be computed using
Eq. (6.9).

Let u*(-;w,k, @) be the unique solution in Hi (A, S%, a) of the Dirichlet problem (6.1). Then we

introduce uX (-;w, k,¢) as the unique solution in H%p(A, S* a) of
—(V+ik(d) -V +ik(})ud — w?Bu = 2wpu™ in S*, (6.10a)
ut =0 on I'E, (6.10b)

and ui (-;w, k, ) as the unique solution in Hi, (A, S*, @) of

—(V +ik(}) -V +ik(}))uf — w?Buf = (20 (—k +i01) +101a) ut in 5%, (6.11a)
up =0 on T'E. (6.11b)

(- w, k, ) and uf( jw, k, @) are well-

defined for almost any w? ¢ o* (k) thanks to the following proposition.

Note that dja exists almost everywhere in S*. The functions u

Proposition 6.7. Let w? ¢ o%(k) and let the problem (6.1) be well-posed. Then the source prob-
lems (6.10) and (6.11) are well-posed.

Proof. The result directly follows from the fact that by assumption the infinite half-strip problem (6.1) is

well-posed for any Dirichlet data ¢ € Hi/pz(Fg[). Then it is also clear that the problems (6.10) and (6.11),

with well-defined source term and homogeneous Dirichlet boundary conditions on I‘SE are well-posed. [J

Now we can show the Fréchet-differentiability of u(-;w, k, ¢).

Theorem 6.8. Suppose that w? ¢ o* (k) and that the problem (6.1) is well-posed in a neighbourhood of

w?. Then for any ¢ € Hi/;(l"oi), u(-;w, k, @) is Fréchet-differentiable with respect to w and k, and
out(-w. k Out(--w k
u (é:ja 7@):Ui:(';w,]€,<p) and [ ((:;’]:a ’(p):uf(,w,k,w)
Proof. For simplicity of notation, let us write u® (w) = u® (- ;w, k, p) and ut (w) = uZ (- ;w, k, ) for any w.

Let w2 ¢ o* (k) and suppose that the problem (6.1) is well-posed for any w? € ((wo — ho)?, (wo + ho)?)
with some hg > 0. It is easy to see that for all h € (0, ho)

eX(h) :== ut (wo + h) — uF(wo)
is a solution in H} (A, S*, @) of
—(V+ik(})) - oV +ik(}))eE (h) — wiBe (k) = (2hwo + h?)Bu™ (wo + h) in S%,

et(h) =0 on TE.

w
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Due to Proposition 6.7, this problem is well-posed and we can deduce limy, o eZ (k) = 0 in Hi, (A, S*E ),
which implies that T (w) is continuous at w = wy.
Now we introduce

ex(h) = % (ui(wo + h) — uF (wo) — huf(wo)) .

It is straightforward to verify that €2 (h) is a solution in H{ (A, S*, &) of

—(V+1ik(@)) - a(V + ik(})))éf(h) — w%ﬂéf(h) = 2woB(uT (wo + h) — ut(wp)) + hBuT(wo +h)  in ST,
et(h) =0 on T'E.

Again we can employ Proposition 6.7 and deduce that this problem is well-posed. Finally, using the
continuity of u® (w) at w = wy we obtain limy,_,o X (h) = 0 in Hi, (A, S* ) and hence, u™ (w) is Fréchet-
differentiable with respect to w at w = wy with derivative u(-;wo, k, ¢).

The proof for the derivative with respect to k uses exactly the same ideas. We introduce the short
notation u* (k) = u*(-;w, k, ) and ui (k) = ui (-;w, k, ) for all k € B. Let ko € B and w? ¢ o (ko).
Suppose that w? ¢ o%(k) and that the problem (6.1) is well-posed for any k € (ko, ko + h) with some
ho > 0. Tt is easy to see that for all h € (0, hg)

i (h) == uE (ko + h) — ut (ko)
is a solution in Hi (A, S* a) of

—(V +iko(})) - aV +iko(3))e;; (h) — w?Bey (h)
= h(2a (= (ko + h) +i01) +id1a) u™ (ko + h) in S*,

er(h) =0 on I'E.

This problem is well-posed thanks to Proposition 6.7, and then limy,_g ef(h) =01in H%p(A7 S#*, a), which
implies that u*(-;w, k, ¢) is continuous at k = k.
Now we introduce

éf(h) = % (ui(ko +h)— ui(ko) - huf(ko)) ,

which is a solution in H{ (A, S*, a) of

—(V +iko(§)) - &V + iko(§))ej: (k) — w? By (h)
= (20( (7]470 —+ 181) + i@la) (Ui(ko + h) — ui(ko))
— 2hau™ (ko + h) in S*,
&E(h) =0 on T
Once more using Proposition 6.7 we can deduce that this problem is well-posed. Finally, employing

the continuity of u™ (k) at k = ko we obtain lim,_o & (k) = 0 in Hi, (A, S*, @) and hence, u® (k) is
Fréchet-differentiable with respect to k at k = ko with derivative uX (-;w, ko, ¢). O

Using the definition (6.2) of the DtN operators D* (w, k), we deduce their Fréchet-differentiability with
respect to w and k.

Corollary 6.9. Suppose that w? ¢ o= (k) and that the problem (6.1) is well-posed in a neighbourhood of
w?. Then the DtN operators D*(w,k) are differentiable with respect to the frequency w and the quasi-

momentum k, and for all ¢ € HY;(FSZ)

oD*

W(Wak)@ = tadou (-0, k, @) Ip (6.12a)
and
Di
a(‘?T(w’ k)p = £a doui (-;w, k, ¢) |F$ . (6.12b)
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Remark 6.10. [teratively repeating the same steps as above we can deduce that the DtN operators
D (w, k) are differentiable to any order with respect to the frequency w and the quasi-momentum k if
w? ¢ 0% (k) and the problem (6.1) is well-posed in a neighbourhood of w?.

For simplicity of notation, let us write

+ +

oD oD
Df(%k)zm(w,k) and D,ﬁ,‘(@k)zw(w,k)

in the sequel.

Characterization of the derivatives of Dirichlet-to-Neumann operators

For the characterization of the derivatives (6.12) of the DtN operators we employ the same concepts as
in Section 6.1.2 for the characterization of the DtN operators. First we will show that the propagation
operators P*(w, k) are differentiable with respect to w and k. Then we note that the same is true for
the local DtN operators ’Ejt (w, k) and present their derivatives of with respect to w and k. Finally, we
show how to compute the derivatives DT (w, k) and D,f (w, k) of the DtN operators with the help of these
operators.

Analogously to Corollary 6.9, we obtain the following result for the propagation operators.

Corollary 6.11. Suppose that w? ¢ o* (k) and that the problem (6.1) is well-posed in a neighbourhood
of w?. Then the propagation operators P*(w, k) are differentiable with respect to the frequency w and the
quasi-momentum k, and for all ¢ € Hi/;(l"g)
+ +

P oo = ()Mo k@)l amd O
Now we want to characterize first the derivatives of the propagation operators and then the derivatives
of the DtN operators via solutions of local cell problems. In the following, we explain the characterization
of the derivative with respect to w, the ideas for the derivatives with respect to k are exactly the same.
To this end, we have to introduce the derivatives of the local DtN operators 7? (w, k). Let us suppose
that the Dirichlet cell problems (6.8) are well-defined and let us introduce for all ¢ € Hi/pz (T'E) the unique

(w, k)@ = (Si)ilu}:i:(' s W, ka SD) |Ff: .

solutions ufl( sw,k, ), 1 =0,1,in H} (A, Ci, a) of the new local cell problems
—(V+ik@Q)) - a(V + 1k((1)))ufl - WQﬂUii = 2wfui in CF, (6.13a)
ug ;=0 on T'F and T'T, (6.13b)

where uzjE = uf( ;w, k, @) are the unique solutions of the local cell problems (6.8). Using exactly the
same ideas as above, we can show that the operators 7;;‘5 (w, k) are Fréchet differentiable with respect to
w and for all ¢ € Hi/z(Fat)

P
O (w)
Oow
g1 (w, k)
Oow
0Ty (w, k)
ow
0T (w, k)
ow

Finally, we can uniquely characterize the derivatives of the propagation operators P*(w, k).

:|:a82uf,0('§ka’ <P))|r0i’
Y= (Si)il[i()‘aQuf,O(';waka @))‘I‘li}a
p= Fa 82Uui)71(' ;W kvsi(p)) |F§’

p = (SF) 7 [Fadaug (50, k, 5F9)) |p+]-

Proposition 6.12. The derivatives of P (w, k) with respect to w are the unique solutions in L(Hi/;(l"gt))

of
+ +
(Tib e MP= (e b) + T, k) + T o)) LB s iy PP B e
L OTE@R) e e (TTabek) | OTE@ R e 0Tk h)
= 50 (P*(w, k) o T T P (w, k) o, (614)
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6.1 The Dirichlet-to-Neumann operators

Proof. Differentiating Eq. (6.7) with respect to w, it is easy to see that the derivatives of P*(w, k) with
respect to w are solutions of Eq. (6.14). To deduce uniqueness, it suffices to show that the operator

Tow: LHETE) — LHET)
X b (T, B)PE(w, k) + T5 (w, k) + T (w, k) X + T8 (w, k) AP (w, k)

is injective. However, injectivity of this operator was already proven in [Coal2], where it occurs in the
determination of the DtN operators for time domain problems. Finally, if there exist two solutions P, 1
and P, 2 of Eq. (6.14) then their difference satisfies 7, 1 (Pu,1 — Pu,2) = 0 and by injectivity of 7, x, the
two solutions are necessarily the same. O

The techniques for solving the linear operator equation (6.14) on a discrete level will be discussed in
Section 6.1.5.

Differentiating Eq. (6.9), we can deduce that the derivatives of the DtN operators D* (w, k) with respect
to w read

g (w, k) 8T (w, k)
G Bl ow

The derivatives of the propagation operators P*(w, k) and of the DtN operators D¥ (w, k) with respect

OP*(w, k)

+ _
D (w, k) = w

,Pi (wv k) - 7—1:5(0‘)7 k)

. (6.15)

to k are characterized similarly by simply replacing all w-derivatives in Egs. (6.14) and (6.15) by k-
derivatives. On the other hand, the k-derivatives of the operators 'Eji(w, k), i,j = 0,1, are for all

= Hi/pz(f‘g) given by
87—0%8(]:”]4)%0 ;aazu,iﬁo(~;w,k, @))h‘fv
WSD (Si)*l[:taagukfo(ﬁw,k, 90))|Ff:]’
BT@(,Z”M Foduup, (3w k ST0)) s,
GT%(,:J’% = (8%) 7 [ dyuir, (1w.k, 859)) 2],
where Uzjf,z’ = u/:il/‘:,i(';w7 k) are the unique solutions in Hi, (A, Ci'ya) i =0,1, of
(V4 R() - oV 4 ), — o2Bu, = 20—k + 1)) +idha) u in CF, (6.16a)
Ufz —0 on I’é[ and I‘li. (6.16b)

Remark 6.13. In contrast to the Dirichlet cell problems (6.8) to determine the DtN operators, the
Dirichlet cell problems (6.13) and (6.16) to compute the w- and k-derivatives of the DtN operators have
homogeneous Dirichlet boundary conditions but a source term that depends on the solutions uft, i=0,1,
of the original cell problems (6.8).

Extension to higher order derivatives

As elaborated in Remark 6.10 the DtN operators are differentiable with respect to w and k up to any
order. The same is true for the propagation operators and the local DtN operators. Hence, we can
characterize the partial derivatives of the DtN operators with respect to w and k of any order in a similar
fashion like we characterized DX (w, k) and D,f (w, k).

ii’(m’n)(-;w,k‘,go) € H%p(A,Cli,a), m,n € N, 1 = 0,1, as the unique

To this end, let us introduce u
solution of

—(V +ik(}) - a(V + ik@)u ™" — 2y mm) = g lmn) in CF, (6.17a)

(2

u " =0 onI'g and I'f (6.17b)
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6 Dirichlet-to-Neumann transparent boundary conditions

with

fii’(m’n) = 2mwﬁuf’(m_1’n) +m(m — l)ﬁuf’(m_z’")

+n (2a(—k +101) + 101 ) uf’(m’nfl) —n(n—1)x uii’(m’nfz).

Note that this notation implies

Uii7(0)0)(' ;W kv QO) = uit( ) k’ SO)’
up MO w k) = Uui;z( sw, Ky 0),
w0V (w k) = Ui (1w, k).

Introducing the short notation

o T (w, k
T:!:,(m,n) (w’ k) — i,j (W )

ij owmokr
1,5 = 0,1, we have
7—0ﬂoc,(m,") (w, k) = Fa druy ’(m’n)( sw ok, @) |r0iv
7—0?(“%") (w, k) = (SF)71 [ia 82u(j)t’(m’n)( sw, k,  9)) |r1i]’
Tio ™™ (w, k) = Fadguy " (0, k, §0) s,
T (w0, k) = (%) [ dyuy ™ (-0, b, §40)) |t .

for any m,n € Ny.
With these operators we can characterize the derivative of the propagation operator P+ (w, k). Similarly
to Proposition 6.12, we find that the derivatives

am-l-nfpi (UJ, k‘)

PRI W, k) = e

of the propagation operators P¥(w, k) of order m with respect to w and order n with respect to k are
the unique solutions of

Tis (PR + (Tg + Ti5) P* + Tt

m-+n
I [

Owmdw™

— Z (m> (n) 7;:57(7”17n1)'Pi,(m2,n2)'Pi,(m3,n3)
m n

(m,n)€N?(m,n)

m n +,(m1,n +,(m1,n
e

(m,n)eN?(m,n)
+ Tor (6.18)

with the multinomial coefficient

|
") = " S L — (6.19)
m mi,..., My my!--myg!

d € N, m € Ny, m € N, and the sets M?(m, n) and NM3(m,n), that are defined by

N4 (m,n) = {(m,n) e Nd x N¢ ‘ ijl m; =m and ijl n; = n} (6.20)
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6.1 The Dirichlet-to-Neumann operators

Eq. (6.18) can be brought into a similar form like (6.14), i.e.

(7—1%73:‘: +7?)% +7—1$)1P:|:,(m,n) +7—1%rp:|:,(m,n)rpzl:

D>

(m,n)E‘JN?LEQY?’}(nL,n)
SHD DR U
=2 m
(m.n)eR2,, (m.n)

— g mn) (6.21)

n

VRS
3

~_

VRS

) 7~1ﬂ5,(m17n1)73:t,(m2,n2)73ﬂ:7(m3-,m3)

m n

(n) (%jg,(ml,m) " 7—1:|1:,(m1,n1)) D (ma,nz)

n

where the sets ‘3?%2}(771, n) and ‘.?1?273} (m,n) are defined by
N (m,n) == {(m, n) € Ni(m,n) | mj +n; £m-+n Vje J}, (6.22)

where J C {1,...,d}.
Finally, differentiating Eq. (6.9) m times with respect to w and n times with respect to k, we can
deduce that the m-th w- and n-th k-derivatives
6m+nDi(W k)
pE(m.n) k) = ?
(w, k) Owmokn

of the DtN operators DF (w, k) read

fDi,(m,n) — _%Zg»(m,n) _ Z Z (Z) (Z) 7'1351(1?7‘1)7)i7(m—p,n—q). (623)

p=04¢=0

6.1.4 Variational formulation of the local cell problems

In this section we will introduce variational formulations of the local cell problems (6.8) for the computa-
tion of u;t, 1= 0,1, and of the local cell problems (6.17) for the computation of the w- and k-derivatives
of uli
To this end, we start by introducing a Dirichlet lift w = w(-; ) € H%p(Cf) with w [+ = d;;¢, and
the space ’
HL o(CF) == {u € H1,(CF) with ups= ulps= o} .

Then the weak solutions v = uF(-;w,k,¢) € H%p(CfE) of the Dirichlet cell problems (6.8) can be
decomposed into uii(qw,k,(p) = wli(,go) + uii’o(ﬁw,k,cp), where ufo = uii’o(-;w,k,go) IS H}p,O(Cli)
satisfies
+ +
bex (ujg,vsw, k) = —bex (w;™, viw, k) (6.24)

for all v € H%p’O(C’li), with the sesquilinear form bo (+,;w, k) defined by

bo (u,v;w, k) := agli (u,v) + kc(éjli (u,v) + kagli (u,v) — megli (u,v) (6.25a)
with

ag (u,v) 1= / aVu - V1 dx, (6.25b)

1 Ci(:
cgi (u,v) := / i (u(017) — (O1u)v) dx, (6.25¢)

1 Cli
M (u,v) == /Cli ouv dx, (6.25d)

5 _ / -

m’ . (u,v) = Suv dx. 6.25e
Latw) = [ (6.25¢)
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6 Dirichlet-to-Neumann transparent boundary conditions

The DtN-like operators T (w, k), 1,7 = 0,1, then satisfy for any o, € Hig(r(jf)

[ TR Tast = [ (857 [Fl-17atuut (b (55)9)] T ds()
r r}

= | F(=1)adul(-;wk, (S)p) (SF)¢ ds(x) (6.26)

o3
= b (uf (5w, k, (SF) '), wy (5 (SF)v);w, k),
where we used the relations (6.4) and (6.5) and integration by parts.

Note that from Eq. (6.24) it follows that boz (U (5w, k, (ST)ip), v;w,k) =0 if v € Hi,. o(CE). The
term on the right hand side of Eq. (6.26) has exactly this form only that w; £(-;(S*)7¢) has a non-
vanishing trace on Fji.

Now we proceed with the variational formulation of (6.17). Considering that

/81auvdx=—/ a(Ouv 4+ udv) dx
of cf

for all u,v € H1, ((CT), it is easy to see that (6.17) is equivalent to: find uFmm ¢ H1,.0(CT) such that

+,(m,n)

bes (u; v w, k) = 2mwm? | (u; = (m_l’n),v) +m(m — l)mgi(ui’(m_2’"),v)
1

ct i

— 2nkm,. (D o) — e (Y 0) — (= Dm0 0) - (6.27)

1 o
for all v € H, o(C:5). Similarly to (6.26) we can deduce that for any ¢, € Hll/; (TF) the derivatives of
the local DtN operators 7;;‘5 (w,k), 4,5 = 0,1, of order m with respect to w and order n with respect to k
satisfy

?

T (@, k) ds(x) = b (1™ (5w, (85) '), wE (5 (SEV ), )

+
FO

— 2mw mgi( + (mfl’n)(- cw, k, (8E)), w]i( $(S%) )

—m(m = ) wl s (w"T (wk (84) ), w (1(8%)0))
+ 2nkme (" (s k, (S5 ), wi (5 (S2Y)
ek (T o,k (8%) ), w3 (8%)0))

+n(n = D me (T (w,k, (8F) ) wf (- (8T ).

6.1.5 Discretization

In this section we discuss the discretization of the local cell problems, the solution of the discrete Riccati
equation and the computation of the discrete DtN operators and its derivatives. However, before we start
with discussing the discretization of the local cell problems we introduce the FE spaces.

High-order finite element spaces

For the discretization of the variational formulations (6.24) of the local cell problems (6.8), we need FE
subspaces of H%p(C’li) and its trace spaces Hy i (Fi), i = 0,1. We shall simultaneously introduce the
FE subspace of H%p(C’o) which we will employ later in Section 6.2, when transforming the eigenvalue
problem (2.19) in the infinite strip S to an eigenvalue problem in the defect cell Cy using the DtN
operators DE.

To this end, let us first discuss the FE meshes. Similarly to the FE meshes of PhC unit cells and
supercells of PhC waveguides, that we discussed in Section 2.5, we assume that the domains Cy and CljE
are partitioned into possibly curved geometrical cells, that are either quadrilaterals or triangles, see for
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6.1 The Dirichlet-to-Neumann operators

example the mesh of the domain C;” UCyUC] with curved, quadrilateral cells in Figure 6.1. The meshes
IM(Co) and M(CT) are assumed to be periodic in direction ay, i.e. for each edge of a geometrical cell
on the left boundary there exists an edge on the right boundary, which is shifted by a;. On the other
hand, we do not necessarily have to assume that the mesh 9(Cp) is periodic in direction of aJ. However,
the meshes W(Cli) have to be again periodic in direction aQi, i.e. for each edge of a geometrical cell on
the boundary I‘Oi there exists an edge on the boundary Fli, that is shifted by :l:azi. Moreover, we need
that the meshes M(Cp) and MM(CF) coincide on their interfaces T'E, i. e. the set of of edges of M(Cy) and
IM(C) are identical and define the geometrical cells of the interface meshes 9(I'T). The geometrical
cells K in W(F%) can alternatively be defined by affine maps F from the reference interval K= [0, 1].

Iy
oY
Ty
Co
Ly
Cr
Iy

Figure 6.1: Mesh with curved, quadrilateral cells of the defect cell Cy and the PhC unit cells C’ljE on top
and bottom, the interfaces I'T and the top and bottom boundaries T'E.

Based on the meshes M(Q), Q = Co, C, Ty, we can define discrete subspaces of H1,(Cy), Hi (CY)
and HY;(I‘?]E) as

SP(Q) 1= {v € HL(Q) N C(@) : vl o Fic € PP(R(K)) YK € M(Q)}.

where p is the polynomial degree, PP (IA( ) is the space of polynomials with maximal (total) degree p as
deﬁned in (2.27), and Q is either Cp, Cf° or TZ. Due to the periodicity of the meshes 9(CF) in direction
of af, the basis functions of S¥ (I‘g) shifted to T'T are enclosed in H ! 2(Fi) and hence, form a basis of
St (I‘i) Thus, we can refrain from defining an independent FE subspace for H1p (T5).

Let us from now on assume that the FE subspaces of H} (Cy), H (Ci) and HY s (Fi) have the same
maximal (total) polynomial degree p. We will denote the dimensmns of these FE spaces by

It will prove useful to introduce basis functions bc, n, n = 1,..., N(Cy), of S§ (Cp) which are ordered
such that

e the basis functions with index n € &(Cp,T'{) := {1,..., N(I'J)} vanish on T, but their traces on
Iy build a basis of S{,(I'7),

e the basis functions with index n € &(Cp, Ty ) := {N(T{) + ., N(T$)+ N(Ty)} vanish on '],
but their traces on I'y build a basis of S{, (T ), and

e the basis functions with index n € &(Cp, Cp) := {N(T'g) + N(Ty) +1,..., N(Cp)} vanish on I's.

With this special ordering we can relate the basis functions of S7 (Fi) and the traces of the basis functions

(0]



6 Dirichlet-to-Neumann transparent boundary conditions

of S7,(Co), i.e.

NI

brar,n = Z ng,mnbcmm'Fj? (628&)
m=1
N(I‘g)

bravn = ’mlz::l QEO,manO,N(FJ)-‘er'Fa? (628b)

with permutation matrices Qf, € RN (CHXNTT) and Qg, € RY (Fo)xN(To)  Analogously, we assume
that the basis functions bex ,, n=1,..., N(CE), of Sfp(C’li) are ordered such that

e the basis functions with index
ne&CETE) ={1,..., NTI) (6.29a)
vanish on T'F, but their traces on T build a basis of S’l’p(Fﬁ),
e the basis functions with index
ne&CETY) = {NTE)+1,...,2NTE)} (6.29b)

vanish on Fg, but their traces on Fli shifted to F(j)[, using the shift operator (S*)~! build a basis
of Sfp(I‘g) as well, and

e the basis functions with index
ne&CECE):={2NIE)+1,...,N(CE)} (6.29¢)
vanish on T'F and I'f.

Hence, we obtain analogously to (6.28) a relation of the basis functions of S?fp(l“a[) and the traces of the
basis functions of S7,(C), i.e.

N(TF) N(TF)
0 1
brgn = D Qo bt mlre = Do Qe pnbot menerlrs (6.30)
m=1 m=1

. + +

with matrices chi e RNTO)XNITG) 4 =0, 1.
1

0.2/\ 02}

0.0 00/

—0.2} i 1 —0.2F . 1 —0.2F . 1 —02F "
o 'y o o

0.2} 1 0.2

0.0 : 0.0F

(a) Edge function of second (b) Edge functions of third (¢) Edge function of fourth (d) Edge functions of fifth
order. order. order. order.

Figure 6.2: Basis functions of Sfp(l"(ﬂf) according to Karniadakis and Sherwin [KSO05] if no h-refinement
is applied the edge Foi, see the coarse mesh in Figure 6.1. Note that due to periodicity, the first order
basis function, which is not shown in this figure, is constant with value one. While the basis functions
of even order are uniquely defined, the basis functions of odd order are not unique (blue and red curves)
and depend on the local and global orientation of the edge.

Using the same sort of shape functions for the spaces S (Co), S’fp(CllL) and Szfp(l"g), the matrices Qa

and Qgi, 1 = 0,1, have the structure of permutation matrices with entries +1, where there are only
1
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6.1 The Dirichlet-to-Neumann operators

entries —1, if the corresponding edge functions are of odd order and the global and local orientations

of the edge, which are responsible for the direction, mismatch. We use a hierarchical family of shape

functions proposed by Karniadakis and Sherwin [KS05] based on integrated Legendre polynomials. Their

edge functions are shown in Figure 6.2, which illustrates the possibility of mismatching orientations.
Now we ready to discuss the discretization of the local cell problems.

Discretization of the local cell problems

We aim to find approximate solutions ulih( sw, k,op) €SY (C’1 ) to the cell problems (6.24), from which
we can construct the discrete local DtN operators Tij, h(w k) € £(S? (TF)), i,5 = 0,1, that can be
represented in terms of the local DtN matrices TZ (w, k) € CN TGN (T ), 4,7 = 0,1, with entries

Z“f;mn(w,k):/riﬂ}t(%k)br o Opt , ds(x). (6.31)

With the special ordering of the basis functions and the relation (6.30) between the traces of the basis
functions in S’l’p(C’li) and S]fp(F(f) we can define the discrete Dirichlet lifts

N(TF) ry)
+ +
wop(5bpt ) = Z Qt b wiy( Z Qb minboE men(re):

Let us introduce the matrix

o a, a + +
B (w0 k) = g + kCgl + K*Mgs — w’ My, CN(ENen (6.32)

where the matrices A%, C% M’Bi € RN(CXN(CY) have entries

Ci7 Civ Ci7
a _ Lo
Cf:,mn - aCf: (bcli,n’ bclivm)’

a,l _ ol
OCf:,mn - CCf: (bcitvn, bci m)7

a o
Cli,mn - mcli (bci n’ Cli,m)7

B _ B
Mcli,mn_mcli(bci“’ CEom ),

mn=1,..., N(C’li), with the sesquilinear forms as given in Eq. (6.25).
+

Let No(CT) := N(CF) — 2N(I'S). Furthermore, let en ") € RNTT) be the n-th unit vector of

dimension N(I'j ) and let Bci(Ql, Qo w, k) with Qq,Q9 € {C Foi,Fli} be the block with row indices

S(CE, Q) and Column indices S(CFE,Q), cf. Eq. (6.29), of the matrix Bes (w, k). If the arguments 24

and Q9 are replaced by a dot, all rows and columns, respectively, are considered. Then we can write the

cell problems for uiih as linear systems of equations

i _N(@F
B (CF, OFw, k)ufy 4 (w, k. brs ) = —Bos (CF, TF w0, k)QLsen ° ), n=1,...,N(TF),

where ufo (W, k, b, ) € CNo(C1) s the coefficient vector of ul on(iwk, brs ) €Sy (Ci) NHi,. o(CE)
with respect to the basm functions bci L JE G(C’lj[7 C’i) These discrete local cell problems are well-posed
as long as the mesh width h is chosen small enough and the polynomial degree p is large enough [SS11,
Thm. 4.2.9], [MS11]. The discrete cell solution uih can then be represented by a vector ujE p(w, k,bpe ) €
CN(ET) , whose entries w1th indices G(Cli, Fi) are set to the n-th column of Qci7 the entries with indices

Ss(CE, C ) are set to u; on(w k b, .) and the remaining entries are set to zero.

We can collect the coefficient vectors ufo n(w, k ybrz o, yforn=1,...,N(I') in (rectangular) matrices
Uth(w k) € CNo(CEIXN(TT) that solve

B (CF, CF 5w, kU (w, k) = =B (CF, T w, k) . (6.33)
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6 Dirichlet-to-Neumann transparent boundary conditions

Similarly to above, we define Ufh (w,k) € (CN(Cli)XN(Fér)7 whose rows with indices &(CF, T'E) are set to

Qgi, the rows with indices &(C5, C5F) are set to Uii0 »(w, k) and the remaining rows are set to zero.
; 0,

Inserting the basis functions bps ,, n=1,... ,N(T'%), of S’l’p(Fa[) into (6.26) yields
T (w, k) = QL) B (5, YU, (w, k),
or

T (w, k) = QL) " Bex (15, C) Uiy 1 (w,F) + (QL2 ) B (15, T7) Qe

which can be rewritten when solving (6.33) for Uﬁl ,, in the from

T (0.8) = (@) (B (T5.TF) — B (TF,CF) B (CF,CF) B (CE.TH)) QL. (634)

Here we omitted the (w, k)-dependence of the matrices Bz (Q1, Qs w0, k), O, Q € {CF, T, TEY.

Solution of the discrete Riccati equation

Using the basis functions bF?,n’ ne{l,..., N(I‘(jf)}, of the discrete space S’fp(I‘Oi), the propagation opera-

tors Pi (w, k) € E(Szljp(Foi)) on the discrete spaces are represented by matrices P*(w, k) € CNET)*N(TE)
with entries Pt (w, k) € C, m,n =1,..., N(I'T), satisfying

mn
N(TF)
+ _ +
P*(w, k) bra ,, = E: P (w, k) bra - (6.35)

m=1

The Riccati equation (6.7) is fulfilled for any ¢ € Hi/; (FSE) the operators are applied to. A discrete
Riccati equation results if we apply the operators to a basis of the discrete space S’l’p(I‘Oi) and take the
duality product with this basis.

Using the matrices Tiij (w, k) with entries as given in (6.31) and the propagation matrix P*(w, k) as
defined in (6.35), we can write the discrete Riccati equation as a linear system of equations

Tio(w, k) (P (w, k))® + (T5o (w, k) + T (w, k)P (w, k) + Ty (w, k) = 0. (6.36)

Considering that the discretization preserves the periodicity properties of Cli in as-direction we deduce
that the propagation matrix P*(w, k) is the unique matrix satisfying Eq. (6.36) with eigenvalues whose
magnitude is strictly less than one.

In [JLF06] Joly and coworkers proposed a modified Newton method to solve the matrix valued prob-
lem (6.36) where the spectral constraint is integrated implicitly into the algorithm. This modified Newton
method only requires the matrix Ta (w, k) + T, (w, k) to be invertible, which is guaranteed by the fact
that the corresponding linear operator 76% (w, k) + ’Tﬁ: (w, k) is an isomorphism, see Remark 6.5, and by
the fact that the discrete local cell problems — as already mentioned above — are well-posed as long as
the mesh width h is chosen small enough and the polynomial degree p is large enough.

Another method that was sketched in [JLFO06] is based on a spectral decomposition of the propagation
matrix P¥(w, k). This spectral decomposition has two main advantages compared to the modified Newton
method: first, its computational performance is better, and second, its results have a physical meaning
as we will see later in Definition 6.16 and Remark 6.17. Even though it has not been proven that the
propagation matrix P*(w, k) is diagonalizable — in fact Hohage and Soussi [HS13] showed that the
propagation operator P*(w, k) of the TM mode is of Jordan type — we will use this spectral method
because in practise it seems that the matrix is always diagonalizable. But also if this should not be the
case, and the propagation matrix is of Jordan type, we can still use this spectral method in a generalized
form by identifying the Jordan blocks and computing the Jordan chains. See [F1i09] for more details.
Thus, we seek eigenvalues p*(w, k) € C with magnitude strictly less than one and their corresponding
eigenvectors wi(w, k)eCN (T5) of the quadratic eigenvalue problem

{Tlio(c‘% k) (:ui (W’ k))2 + (TOiO(w’ k) + Titl (w7 k)) :ui(w7 k) + Toil (w’ k)} "/’i(wv k) = 07 (6'37)
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6.1 The Dirichlet-to-Neumann operators

which can be transformed into the generalized linear eigenvalue problem

— = w + w —T= w > w
< (TOO( 7k)I+ Tll( 7k)) TOlo( vk)> lIli(ch) — ,ui(ka) <T10£) 7k) (;) ‘Pi(ka)’ (638)
cf. [TMO1], with
+ w + w
T (w, k) = (“ %fgf k() ’k)). (6.39)

Now let us come to an important symmetry property of the eigenvalues of the propagation matrix
P*(w, k). To this end, we first show

Lemma 6.14. The matrices Tiij (w, k), 1,7 = 1,2, corresponding to the linear operators ’Ei], 1,7 =0,1,
are Hermitian, i. e. they satisfy

+ T _mE/, 1\ cos
Tz_](w? k) - Tji(wv k)a )= 07 1. (640)

Proof. The results directly follows from the definition (6.31) of the entries of Tfj (w, k), the relation (6.26)
and the fact that the bilinear form bcli satisfies bcli (u,v;w, k) = bcli (v, u;w, k). O

Using Lemma 6.14 it is easy to see that the quadratic eigenvalue problem (6.37) satisfies
-1
Proposition 6.15. If u*(w,k) € C\ {0} is an eigenvalue of (6.37), then (ui(w,k)) is also an
eigenvalue.

Proof. Taking the complex conjugate of (6.37) and inserting (6.40) yields
N2 . T —
[Taiw,k) (HE@R)) "+ (T (w, k) + T (w, K)) 15w, F) + Ti)(w,k)] ¥ (w, k) = 0.
_ \ -2
Multiplying with (Mi(w, k)) and taking the transpose gives
+ Tl I - + + ——) ! +
Y, k)| T k) (1E@ )+ (Th(w. k) + T @ h) (1E@,B)  + T (w.k)| =o0.

This implies that there exists a vector 1,~bi(w, k) ecCN (') such that

Tl ) () (T ) + T ) (FEG) o+ T )| 970, =0,

and hence, (,ui (w, k)) is an eigenvalue of (6.37) with (right) eigenvector ¥ (w, k) and left eigenvector
-7
P (w, k) O

An advantage of the spectral decomposition, that also contributes to its better computational perfor-
mance compared to the modified Newton method, is that we can directly determine whether w? is inside
the discrete approximation of the spectrum ai(k).

Definition 6.16. We call the set of numbers w? for which the quadratic eigenvalue problem (6.37)
has eigenvalues with magnitude one the approximative spectrum U,f(k:). The approximative spectrum
in an approzimation to the spectrum of the operator AT (k) related to the eigenvalue problem (2.19).
Furthermore, define the approximative essential spectrum 0§ (k) := o} (k) U o}, (k).

With the help of Proposition 6.15 and Definition 6.16 it is now clear how to compute the spectral
decomposition of the propagation matrix P*(w, k). We solve the general eigenvalue problem (6.38) for
its 2N (I'T) eigenvalues p*(w, k). If there exist eigenvalues with magnitude equal to one we stop our
computation as we know from Definition 6.16 that this means that w? is in the approximative essential

ess

spectrum 0§ (k). Otherwise, and in accordance to Proposition 6.15, the 2N (I's) eigenvalues pu* (w, k)
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6 Dirichlet-to-Neumann transparent boundary conditions

split into NV (I‘(?) eigenvalues with magnitude strictly less than one and N (I‘(jf) eigenvalues with magnitude
strictly larger than one. While discarding the NV (F?) eigenvalues with magnitude strictly larger than one,
the V (Foi) eigenvalues pF (w, k) with magnitude strictly less than one and their corresponding eigenvectors
'(/Ji(w, k) form the spectral decomposition of the propagation matrix P*(w, k).

Note at this point that we do not introduce a modelling error when we compute the propagation
matrix since all 2N (F(jf) eigenvalues of the general eigenvalue problem (6.38) are computed and taken
into account. Thus, the only error that we expect is due to the choice of the discretization.

Remark 6.17. Assuming that P*(w, k) is diagonalizable, the eigenvectors of P*(w, k) form a basis of
the traces of the discretized evanescent PhC modes.

Definition of the discrete Dirichlet-to-Neumann operators

Considering Eq. (6.9) for the characterization of the DtN operators D* (w, k), we can define the discrete
DtN operators

Dj; (w, k) = ~Top(w, k) = Tig (w0, k) Py (w, k) € L(SF,(IF))

with the discrete local DtN operators 7';,1 (w, k) € [Z(Sfp(l"(jf)), 1,5 = 0,1, and the discrete propagation
operators P (w, k) € L(SY, (TE)). Usmg the matrix representations of these discrete operators, we can
compute DtN matrices Di(w k) € CNEP*NTT) with entries DE (w, k), myn € {1,...,N(I')}, that
satisfy

N(TE)

D (w, Z DE DOr s
such that
Di(wak) = *T(j)co(%k) - Tito(wak)Pi(w7k)v (641)

cf. Eq. (6.9).

Derivatives of the discrete Dirichlet-to-Neumann operators

Let us define Tfj’(m’") € (CN(FC?)XN(FOi), m,n € Ny, i,7 = 0,1, to be the matrices with entries

Tiype ™ (w.k) = /Fi T3 w, k) brs e, ds(x),
p,gq=1,...,N(T Directly taking the m-th w- and n-th k-derivative of (6.34) in order to get expres-
= (m, "()) is very involved since higher order derivatives of the inverse of B, = (w, k) can only
be expressed in terms of Fad die Bruno’s formula [FdB57]. Thus, we shall explicitly solve (6.33) for
Uito,h(wa k) € CNo(CEIXN(TF) and construct Uj_[h(w,k:) € CNCIXNTF) a5 described above. Then we
recursively solve ’

sions for T

+,(m’;n +,(m'—1,n’ +,(m’=2,n’
B (CF, CHUST ™) = ML (CF, ) (2m'wU7 ) m! (m' — 1)U ')
(O O )
+,(m',n'—1
- nlccli (Cita : )Ui,h( )’
for U7’ O(hm n (w k) e € CNo(CTIXNT) for all m/ = =0,. m/an/d n' =0,...,n with m'+n' > 0, where we
define U, " (w, k) := UF, (w, k), and the matrices U S (w0, k) € CNETNTS) vith m! +n/ > 0,

are obtained by setting their rows with indices &(C3E, C1 ) to Uzio(;n " )(w k) and the remaining entries
to zero.
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6.2 Nonlinear eigenvalue problem with Dirichlet-to-Neumann operators

Then the matrices T?;-’(m’n)(w7 k), m,n € Ny, read

+,(mn) _ (i \T + +,(m,n)
Tz‘j m,n 7( ]Cli) BCf:(Fj’.)Ui,hmn

—( ]Cli)TM(Bj’li (F]:'t, *) (2mei:}’L(m_1’n) +m(m — 1)U;i7:},L(m—2,n))

+ ( ]C'li)TMg‘li (F;t, ) (2TL]€U?7:;L("I’”_1) + n(n . ].)Ui:h(m’n_Z))

j +,(m,n—1
+n(QL) " Cos (T, UL,

The matrices P (™) (w, k) € (CN(FOi)XN(Fg), i.e. the discrete versions of the derivatives of the prop-
agation operators, can be obtained when transferring the linear operator equation (6.21) into discrete
form by replacing all operators with their corresponding matrices. The resulting linear matrix equation
is of the form AP*(mn) 4 BP+(m")C = D, with matrices A,B,C,D € CNTHANTE) Tt can be
transformed into a linear system of equation with (N (I's))? unknowns, i.e. the entries of P (7" (w, k),
cf. [Lan70].

Similarly, we find that the derivatives of the discrete DtN operator read

D) (1, k) = — T ™™ (w, k) — <m> (")Ti’(l”‘” w, k)PEM=Pn=a) k), 6.42
()OO()Zzpqlo() (w k), (642)

p=04¢=0

of. Eq. (6.23).

6.2 Nonlinear eigenvalue problem with Dirichlet-to-Neumann
operators

In the previous section we introduced DtN operators for periodic media, explained their computation and
discretization. In this section we now want to show how to employ these operators in order to transform
the linear (or quadratic) eigenvalue problem (2.19) on the unbounded domain S to a nonlinear eigenvalue
problem posed in the defect cell Cy. We will start with the problem in strong formulation. After
introducing a variational formulation, we will elaborate on the discretization of this nonlinear eigenvalue
problem and finally, we present numerical solution techniques to solve the nonlinear eigenvalue problem
in discretized form.

6.2.1 Main theorem
Now we state the main result of the DtIN method.

Theorem 6.18. [Theorem 4.5 in [Fli13]] Let the problems (6.1) in the semi-infinite strips ST be well-

posed. Then the eigenvalue problem (2.19) is equivalent to: find couples (w?, k) € R x B, with w? ¢
05 (k), such that there exists a non-trivial u € Hi (A, Cy, ) that satisfies

—(V +ik(}) - a(V +ik(}))u — w?Bu =0 in Co, (6.43a)

+adyu = DE(w, k) u onTZ. (6.43b)

Note that the eigenvalue problem (6.43) — in comparison to problem (2.19) — is posed in the bounded

domain Cj but it is nonlinear with respect to w and k. Furthermore, note that the characterization of

the DtN operators D* as described in Section 6.1.2 requires the local cell problems (6.8) to be well-posed
as well.

6.2.2 Variational formulation

The weak formulation of the nonlinear eigenvalue problem (6.43) is: find couples (w?, k) € RT x B such
that there exists a non-trivial u € Hi,(Co) that satisfies

bo, (u, v;w, k) — 0(u,v;w, k) =0 (6.44)
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6 Dirichlet-to-Neumann transparent boundary conditions

for all v € Hi (Cy), where the sesquilinear forms bg, (-, -;w, k) and (-, -;w, k) are defined as

be, (u, v;w, k) = ag, (u,v) + k:cg’ol(u, v) + k*m¢, (u,v) — mego (u,v) (6.45a)
and
o(u, v;w, k) == - Dt (w, k)uv ds(x) + - D™ (w, k)uv ds(x), (6.45b)
with
ag, (u,v) = /C aVu - Vo dx, (6.45¢)
0
& (1, ) = /C o (u(OT) — (Bru)D) dx, (6.45d)
0
me, (u,v) ::/ aut dx, (6.45¢)
Co
mgo(u, v) ::/c Buv dx. (6.45f)
0

Remark 6.19. Considering Eq. (6.3), it is easy to see that the nonlinear eigenvalue problem (6.44) is
equivalent to: find couples (w?, k) € RY x B and a non-trivial u € H}p(S) such that

/ a(V +ik()u - (V — ik(}))v dx — w? / fuv dx =0
s S

for all v € H{(S), which is the variational formulation of the eigenvalue problem (2.19), that is linear
in w? and quadratic in k, but posed in the infinite strip S.

Before we will discuss the discretization of the nonlinear eigenvalue problem (6.44), we shall prove
that the nonlinear eigenvalue problem is symmetric in the Brillouin zone B. This result is needed in
Section 6.2.3 when deriving formulas for the derivatives of the dispersion curves. Let us first show some
auxiliary results.

Lemma 6.20. Let k € B and w? € RT \ 0°35(k). Furthermore, let (6.1) be well-posed. Then
o(u, v;w, k) = 0(7, W w, —k). (6.46)

Proof. This is a direct consequence of the definition (6.45b) of the sesquilinear form ? and the weak
formulation (6.3) of the DtN operators DT. O

Lemma 6.21. Let k € B and w? € RT \ 0°5(k). Furthermore, let (6.1) be well-posed. Then
o(u, v;w, k) = (4, T;w, —k). (6.47)
Proof. Using Lemma 6.20 and the fact that
(u, v;w, k) = 0(v, usw, k) = 0(v, u;w, k), (6.48)

which follows from the definition (6.45b) of 9, the weak formulation (6.3) of the DtN operators D*, and
the fact that k = k if k € B C R, we can directly conclude Eq. (6.47). O

Lemma 6.22. For any (w?,k) € RT x C
b, (u7 v W, k) =bg, (ﬂv ;5 w, _E)
Proof. This follows directly from the definition (6.45a) of the sesquilinear form b¢,. O

Now we are ready to prove
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6.2 Nonlinear eigenvalue problem with Dirichlet-to-Neumann operators

Proposition 6.23. Let (w? k) € RT x B with w? ¢ 0°%(k) be an eigenvalue couple of the nonlinear
eigenvalue problem (6.44) with associated eigenfunction u € H} (Co). Then (w?, —k) € R* x B is an
eigenvalue couple of (6.44) with associated eigenfunction u € Hi,(Co).

Proof. If (w?, k) € R x B with w? ¢ 0°(k) is an eigenvalue couple of (6.44) with associated eigenfunction
u € Hi,(Co), then

b, (u, v;w, k) —d(u, v;w, k) = be, (u, v;w, k) —0(u, v;w, k) =0
for all v € Hi (Cp). Using Lemmas 6.21 and 6.22 as well as the fact that k = k if k € B C R, we obtain
be, (T, 7w, —k) — (U, v;w, —k) =0

for all v € H} (Co), from which the result directly follows. O

6.2.3 Group velocity and higher derivatives of dispersion curves

In this section we transform the procedure to derive formulas for the derivatives of dispersion curves,
as presented in Chapter 4 for linear eigenvalue problems, to nonlinear eigenvalue problems with DtN
transparent boundary conditions.

We consider the w-formulation of the variational formulation with DtN transparent boundary conditions
as shown in (6.44), i.e. for k € B we search for eigenvalues w?(k) € Rt \ ¢°*(k) and corresponding non-
trivial eigenmodes u;(k) = u;(-; k) € Hi,(Co) such that

b, (uj (k) v;w;(k), k) = 0(u; (k), v;w; (k) k) = 0 (6.49)

for all v € H} (Co), where the sesquilinear forms are defined in (6.45).

In Remark 6.19 we argued that the eigenvalue problem (6.49) with DtN operators is equivalent to
the variational formulation of the eigenvalue problem (2.19) in the infinite strip S, for which we showed
already in Chapter 4 that the eigenvalues w?(k‘) and their corresponding eigenmodes u; (k) are analytic
with respect to the quasi-momentum k. Hence, analyticity of the eigenvalues and eigenmodes of (6.49)
follows directly from this equivalence.

In Section 6.1.3, we showed that the DtN operators D* are differentiable to any order with respect to w
and k inside the band gaps, i. e. %Di(w, k) are well-defined for any m,n € N and can be computed
using a set of local cell problems. We shall now use these derivatives for deriving formulas for the group
velocity and all higher derivatives of the dispersion relation when prescribing DtN transparent boundary
conditions at the top and bottom boundaries I‘g‘ and I'y .

Let us start with the first derivative of the dispersion curve, the so-called group velocity. Differentiat-
ing (6.49) with respect to k gives

by (it (k) v3 w; (k) k) — (g (k) vi w; (), k) = fh ) (v) (6.50)
for all v € H} (Co) with the linear form

1) . /
pin (V3 Ky wj, W)

) = £ (v; kywy, wh, ) + wide (ug, v;w, k) 4 0 (ug, v;w, k),

where §(1) was already defined in Eq. (4.4) and reads

/

O (vs &y wy, wh, uy) = —2km (uy,v) — ¢ (ug,v) + 2wjwime (ug,v),

and the sesquilinear forms 0., and 0 are defined as

0 (u, vy w, k) = D (w, k) uv ds(x)—l—/ D, (w, k) ut ds(x),

+ —
1—‘O 0

0 (u, v;w, k) = D (w, k) uv ds(x)+/ D, (w, k) uv ds(x)

+ —
l—‘O 0
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6 Dirichlet-to-Neumann transparent boundary conditions

with the derivatives DF and D,f of the DtN operators defined in Eq. (6.12). Due to Proposition 6.23 we
can test Eq. (6.50) with v = » and find

1
%&V( ) 07
which yields the group velocity

ka%(uj,uj) + cg’l(uj,uj) — Dk(Uj, 'Ll/j;w]'7 k)

W (k) = (6.51)

ZUijgo (Uj, Uj) + Dw (Uj, Uj; w]'7 k)
In comparison to the formula (4.5) of the group velocity for problems with periodic boundary conditions,
Eq. (6.51) only has one additional term in the numerator and one additional term in the denominator
that are both related to the DtN transparent boundary conditions on I‘Oi.

In order to extend the procedure to higher order derivatives, recall the short notations for the derivatives
of dispersion curves and eigenmodes, that we introduced in Chapter 4, i.e.

(n) . o"w ( ) n . o d"uj(' ) k)
w; (k) = S and rui(-s k) = g
n € Ny. Then the n-th derivative of (6.49) with respect to k reads
d» dn
Wbco (uj(k),v;w;i(k), k) — @D(uj(k‘), v;w;(k), k) = 0. (6.52)

The first term is equivalent to the n-th derivative of Eq. (4.1) in Section 4.2, i.e.

dkn

where the linear form §() = §(")(.; k, w](.o), ce ]("), 50), . ,u§"_1)) reads

by (u; (k) v (k), k) = bey (i (k), v (k), k) — 1) (v),

n—1ln—

f(" Zzp w(" p— Q)w(q)mCO(u(p)’ v)

e ptd(n—p—gt

(n—1)

— el (WY v) = 2nkmg, (w7 0) = n(n - 1) mg, (", v),

cf. Eq. (4.8), with the auxiliary functions u§m)(k), 1 <m < n-—1, associated to the eigenmode derivatives
dju;(k) and with ug-o)(k) = u;(k). As elaborated in Section 4.2.2 it is sufficient to compute the auxiliary
functions ug»m) (k) instead of properly defining and computing the derivatives dj u; (k).

The evaluation of the second term in (6.52), however, is more involved. Recall that we employed a
multivariant version [CS96] of Faa di Bruno’s formula in Chapter 5 to express the n-th total derivative of
a matrix-valued function, cf. Eq. (5.15). As an alternative way to evaluate the n-th total derivative, we
proposed the recursive Algorithm 5.1. Let us focus on the latter possibility in this section. Introducing
the sesquilinear forms

nD+ "D
0 (u, v, k) :/ d (w, k) T ds(x) +/ d (w, k) uT ds(x),
ra .

ny+ nay—
o) (u, v;w, k) = /F(er %(:’k)uﬁ ds(x) + /_ %&u’k)uﬁ ds(x),
d"Df (w, k d"Dy, (w, k
D,(Cn)(uw;w,k) = /F+ %u@ ds(x) + /_ %uﬁ ds(x),

n € Ny, we expand

n

T8, = 3 (1Yo (8), 3000, ),

m=0
and write

" dnfl
(00 (k). k) = o (WO (500 (k), )+ 000y (R), )

n—1
-1 n n—

Z(” ) Ot D nom D (L (k)R 400Dy (), E), (6.59)
m=0
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6.2 Nonlinear eigenvalue problem with Dirichlet-to-Neumann operators

which is the analogue of the recursion formula (5.19) in Chapter 5 that motivated Algorithm 5.1. Then
we can rewrite (6.54) and find that the n-th derivative dju(k) € H},(Co) of the eigenmode w;(k) corre-
sponding to w;(k) satisfies

bCo (dZUj, v; Wy, k) - D(dzuja U; Wy, ) thN( ) (6~54)

for all v € Hi (Cy), with the linear form

Fo (v) = ) (v) Z( ) 7m),v;wj,k),

where we replaced the derivatives d*u;, 1 < m < n—1, of the eigenmode u; by the auxiliary functions u( m)
using the convention ugo) = u;. The total derivatives D(m)( swi(k), k), 1<m<n-1of (-, ;w,(k ) k)
with respect to k can be evaluated recursively using (6.53) as sketched in Algorithm 5.1. Testing Eq. (6.54)
with v = v and considering Proposition 6.23 yields

() =0,

from which — together with (6.53) — we obtain the n-th derivative of the dispersion relation
(n) k) = (2w.m? el 2 e wa ke !
w; (k) = wime, (uj, uj) + e (g, ujswj, k)

{n(n—nm%( 2 ) + 2nkm (Y ug) + et (WY uy)

n—1ln—p

_ Z Z e w]('nfpfq)w]('q)mgo (ug_p)’ uj)

= e pldin—p—q)!

Z< > (n— Q)w(Q)mco(uJ,u]) (6.55)

n—1
— 0}/ )(Ujvuj;wj,k)]'

Analogously to the argumentation in Section 4.2, we note that (6.54) is ill-posed. However, by addi-
1p(Co) we can compute a particular solution ugn)(g k) € Hi,(Co) of Eq. (6.54). Again — for simplic-
1ty — let us assume that there exists only one linearly independent eigenmode wu;(-;k) corresponding

tionally requiring H'(Cp)-orthogonality to all linearly independent eigenmodes w;1(+; k), ..., u;

)

to the eigenvalue w?(k) Then we seek the auxiliary function u(n)( k) € Hi,(Co) and the Lagrange
multiplier A € C such that

o(u™, v wj, k) + Mg, V) () = i (V)

(W™, i (cy) =0,

be, (u;n),v;wj, k) —

for all v € Hi,(Co).
The formula (6.55) is very technical and looks complicated. However, recall that we sketched in
Algorithm 5.1 a scheme to compute the total derivatives
d’n
dkn
d’n
dkn

0(”)(.7.;wj(k),k) D( : J(k)vk)a

(-, swy(k), k) = ——0u (-, w;i(k), k)
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and

n d"
O (s () k) = 2o (R), )

for all n € N. Alternatively, the derivatives can be evaluated using a multivariant version of Faa di

Bruno’s formula for which the reader is referred to Chapter 5. With these derivatives at hand, Eq. (6.55)

is only slightly more complicated than the formula (4.9) for the n-th derivative of the dispersion curves

in the case with periodic boundary conditions.

6.2.4 Discretization

For the FE discretization of the nonlinear eigenvalue problem in variational formulation (6.44) we need
the FE spaces Sy (Cp) and S’l’p(Fa—L), that were already introduced in Section 6.1.5. Recall that the basis
functions bcyn, n = 1,..., N(Cp), of S{(Co) are ordered such that

e the basis functions with index n € &(Cp,I'y) = {1,..., N(I'{)} vanish on Ty, but their traces on
Ty build a basis of S{,(I'7),
e the basis functions with index n € &(Cy,Ty) = {N(T'§) +1,...,N(I'§) + N(Ty)} vanish on I'{,
but their traces on I'y" build a basis of Sy (T'y ), and
e the basis functions with index n € &(Cp, Cy) = {N(I'{) + N(I'y) +1,..., N(Cy) vanish on I's.
Thus, the traces of the basis functions of S7(Cp) on I'Z and the basis functions of S’l’p(F(jf) satisfy

N(TF)
— E +
bFar,n - QCo,manO’m|FJ7
m=1

N(Ty)
brg,n = Z QEO,manO,N(r§)+m|rg,
m=1
with permutation matrices an € RNTOXNT) and Qg, € RNTo)XNTo)  cf. Eq. (6.28).

This relation is important for deriving the discrete form of the variational formulation (6.44). The
sesquilinear form 0 is related to the solution in the two semi-infinite strips which is represented by the
DtN maps D*(w, k). When inserting the basis functions bz, of Sll’p(f‘(f) into each of the two integrals
in 9 and using the characterization of the DtN operators (6.9) we obtain the matrices as presented in
Eq. (6.41), i.e.

D*(w, k) = — T (w, k) — TH (w, K)P*(w, k) € CVTDXNE),

However, stating the variational formulation (6.44) in S{(Co) C H],(Cp) we have to insert in 9 rather
the traces of the basis functions b¢,,, on I‘(T. We introduce the matrix

Be,(w, k) = Ag, +kC + E2M, — w?MJ, € CN(C0)xN(Co) (6.56)

where the matrices Ag , Cg’ol, M%U,Mgo € RN(C0)xN(Co) have entries

Cosmn = 8¢, (bco,ns beg,m), (6.57a)
Cert o = €& (b s bCiym) (6.57b)
ME, mn = M, (bcg,ns beo,m), (6.57¢)
ME, un = W3 (b ms Doy m), (6.57d)

m,n =1,...,N(Cp), with the sesquilinear forms as given in Eq. (6.45). Then the discrete form of the
nonlinear eigenvalue problem (6.44) reads

(Bg, (w, k) — Dgy(w, k) u(w, k) =0 (6.58)
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6.2 Nonlinear eigenvalue problem with Dirichlet-to-Neumann operators

where u(w, k) € CN(©0) is the coefficient vector of the discrete eigenmode up(-;w, k) € S7,(Co), and
D(w, k) € CN(Co)xN(Co) g a block matrix of the form

(Q5,)'DF (w, k)QS, 0 0
De, (w, k) = 0 (Qc,)'D™ (w.k)Qg, 0
0 0 0

An important issue of the discretization of eigenvalue problems is its stability, i.e. the existence of a
minimal dimension of the FE space, such that the standard asymptotic convergence estimates hold for
any dimension larger than this threshold. To the best of our knowledge, this issue has not yet been
solved for the specific nonlinear eigenvalue problem (6.44). However, numerical evidence shows that the
standard asymptotic convergence estimates hold true.

Thus, we can use p-FEM on a coarse grid such as the one sketched in Figure 6.1 for the computa-
tion of guided modes in PhC waveguides with smooth material boundaries and can expect exponential
convergence.

6.2.5 Numerical solution of the nonlinear eigenvalue problem

Since the DtN operators are differentiable with respect to both, the frequency w as well as the quasi-
momentum k to any order, the nonlinear, matrix-valued function

Ne, : (w, k) — Be, (w, k) — De, (w, k), (6.59)

-
is holomorphic in w and k as long as w? ¢ o;®(k) and w? is not a global or local Dirichlet eigen-
value. Hence, we can apply all methods introduced in Section 3.2 to solve the nonlinear eigenvalue
problem (6.58) in both formulations, the w-formulation, where we fix the quasi-momentum and look for
frequency eigenvalues, and the k-formulation, where we fix the frequency and search for eigenvalues of
the quasi-momentum. In particular, we will employ the method of successive linear problems (MSLP)
and the Chebyshev interpolation. While the former is an iterative scheme to compute a single eigenvalue,
the latter is a representative of direct methods, that allow for a simultaneous computation of several
eigenvalues. The Chebyshev interpolation is a very elegant procedure to solve the nonlinear eigenvalue
problem (6.58). However, it comes with the drawback that one needs to be sure that the Chebyshev
nodes (in particular the two endpoints) are sufficiently far away from the essential spectrum o®*(k).
This implies that one needs to have a priori knowledge of the spectra o® (k) of the operators AT (k)
related to the PhCs on top and bottom of the guide. This is similar to the supercell method, where one
needs at least a posteriori knowledge of the essential spectrum o°*(k) to exclude spurious modes.

The Newton-type method, that we proposed in Section 3.3 for eigenvalue problems like (6.58) in w-
formulation, is an alternative to the techniques mentioned above. In contrast to the presentation of the
Newton method in Section 3.3, the matrix N¢, is a function of two parameters, the frequency w and the
quasi-momentum k. Thus, two different versions of this algorithm are possible, i.e. the w-formulation
and the k-formulation. To this end, we shall recall the methodology of Section 3.3, explicitly presenting
the algorithms for the problem under consideration.

As a first step towards the Newton-type procedure to solve the nonlinear eigenvalue problem (6.58)
we introduce a “simplified” eigenvalue problem with fixed DtN operators. Let (w%,kp) € RT x B, with
w3 ¢ 08 (kp), be arbitrary but fixed. Then the problem: find w? = w?(wp, kp) € RT and a non-trivial
u € CN(©)\ {0} such that

(Aaco + kpCE + EAM2, — w?MY, — Do, (wp, kD)) u=0 (6.60)

is a linear eigenvalue problem, whose solution coincides with the one of (6.58) if w? = w2, For this linear
eigenvalue problem we state the following important results.

Proposition 6.24. Let (w3, kp) € R x B with wh ¢ o3®(kp). Then the eigenvalues OJ?(L&JD,]CD),
1< j < N(Cy), of the linear eigenvalue problem (6.60) are real.
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Proof. This result, which is a discrete corollary of Proposition 4.8 in [F1i13], follows directly from the fact
that the matrices M{,, and (Ag, +kpCg + kMg, — D, (wp, kp) ) are self-adjoint for all (wh, kp) €
RT x B with w, & o7 (kp). O

Since the DtN operators are differentiable with respect to the frequency and the quasi-momentum so
is the matrix D¢,. Hence, we can apply the perturbation theory for linear, self-adjoint operators in
finite-dimensional spaces, see Chapter 2 in [Kat95], and deduce

Proposition 6.25. Let (w3, kp) € RY x B with wh ¢ o3®(kp). Then the eigenvalues wjz(wp,kp),
1 <5 < N(Cy), of the linear eigenvalue problem (6.60) can be ordered such that the functions

(wD, kD) — w?(wp, k‘p)
and the corresponding eigenvectors u;(wp, kp) are continuously differentiable with respect to wp and kp.

Thanks to Proposition 6.25 we can introduce differentiable signed distance functions
dj(wp, kp) = w — w}(wp, kp) €R. (6.61)

Due to the differentiability of the signed distance functions with respect to wp and kp we can apply
Newton’s method to compute its roots. As elaborated above, these roots are then also the eigenvalues of
the nonlinear eigenvalue problem (6.58).

Let us now introduce the global signed distance function

d®(wp, kp) = dj(wp, kp) (6.62)

where
-k

J*=J"(wp,kp) = g e |dj(wp, kp)|-

As shown in the numerical results in Section 6.3 this function is not continuous due to sign changes, and
hence, not differentiable, however, we shall also see in Section 6.3 that the numerical results of the Newton
method applied to the global signed distance function d® are reasonable when using the derivatives of the
continuously differentiable signed distance function d;- with respect to wp or kp, respectively. Applying
the Newton method to the differentiable signed distance functions d;, on the other hand, is not possible,
since the ordering of the eigenvalues, such that w]2- (wp, kp) are differentiable is not known in advance.
Proposition 6.25 only guarantees that there exists an ordering but it does not say anything about how to
find it. For this one can, for example, apply the adaptive path following of dispersion curves as proposed
in Chapter 5. However, this implies a huge computational overhead compared to simply applying the
Newton method to the global signed distance function.

Algorithm 6.1. Newton’s method applied to global signed distance function in w-formulation.
1: Fix kp € B and choose start value w(® € RT.
2: forn=0,...do
3: if (w™)? € 0% (kp) then

4: exit (and restart with new start value w(® € Rt)

5: end if

6: Solve linear eigenvalue problem (6.60) for w? with wp = w(™).

7: Evaluate global signed distance function d&(w(™, kp).

8: if d&(w™,kp) ~ 0 then

9: exit

10: end if .

11:  Compute new value w1 = (") — (%dﬁ(w(”), kp)) dg(w™, kp).
12: end for

The iterative scheme in w-formulation, i.e. keeping kp € B fixed and searching for a root w € RT
of d®(-,kp), then works as shown in Algorithm 6.1, where the derivative of d;- with respect to wp can
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either be approximated by a difference quotient, or computed with the help of a closed formula, that
can be derived using the facts that the DtN operators are differentiable with respect to the frequency,
cf. Proposition 6.9, and that the eigenvalues wjz (wp, kp) of the linear eigenvalue problem (6.60) and their
corresponding eigenvectors u;(wp, kp) are continuously differentiable with respect to wp, cf. Proposi-
tion 6.25. Then we can proceed as in Section 3.3 and obtain

Owj(wp, kp) _ u?awDCO (wp, kp)u

aQJD 2(.4)]‘ U?Mgo 11j

)

cf. Eq. (3.10). Hence, the derivative of the signed distance function d; with respect to wp reads

uglacho (wp, kp)u;

HN\ B 4.
ujMCOu]

%dj(wD, kiD) = 2wp +

Algorithm 6.2. Newton’s method applied to global signed distance function in k-formulation.

1: Fix wp € R* and choose start value k(O € B.
2: forn=0,... do
3 if w? € 0§ (k™) then
exit (and restart with new start value k(*) € B)
end if
Solve linear eigenvalue problem (6.60) for w? with kp = k().
Evaluate global signed distance function d&(wp, k(™).
if d®(wp, k(™) ~ 0 then
exit
10: end if .
11:  Compute new value k("1 = k() — (%dﬁ(m), k(”))> d&(wp, k™).
12: end for

The iterative scheme in k-formulation, i.e. keeping wp € R fixed and searching for a root k € B of
d®(wp, ), works analogously to the w-formulation and is presented in Algorithm 6.2. Again, the derivative
of d;«~ with respect to kp can either be approximated by a difference quotient, or computed with the
help of a closed formula, that can be derived using the facts that the DtN operators are differentiable
with respect to the quasi-momentum, cf. Proposition 6.9, and that the eigenvalues wjz(wD,k:p) of the
linear eigenvalue problem (6.60) as well as their corresponding eigenvectors u;(wp, kp) are continuously
differentiable with respect to kp, cf. Proposition 6.25. Then we can differentiate (6.60) with respect to
kp and multiply it from the left with the conjugate transpose of u;, which yields, similarly to above,

ull (C"C;} + 2kpMg, + 9D, (wp, kD)) U,

8kD 2wj UJH].V_[g[J u;

an‘ (WD7 k‘p) -

)

and hence, the derivative of the signed distance function d; with respect to kp reads

5 ull (cg;} + 2kpM, + 9xD¢, (wp, kv)) u;
——d;(wp, kp) = H\[2 '
uj MCguj

Okp

The selection of the start values w(® and k(® is of particular importance for the convergence of the
Newton method. Suppose that for some k € B the eigenvalues of the nonlinear eigenvalue problem (6.44)
are known. Due to the analyticity of the dispersion curves with respect to w, cf. Section 6.2.3, it seems
reasonable to choose these eigenvalues as start values for the Newton method applied to d8(-,k + h),
i.e. the w-formulation at the quasi-momentum k 4+ h with some small perturbation h of k. For the k-
formulation, however, there generally does not exist such a possibility since the group velocity can be
identical to zero, which implies that the inverse of the dispersion curves are in general not analytic in R*.
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6 Dirichlet-to-Neumann transparent boundary conditions

We only mention here an approach that is computationally expensive, but can be applied to both, the
k-formulation and the w-formulation. If the results of the supercell method (possibly with a small number
of periodicity cells to reduce computation costs) is available, they can deal as start values for the Newton
method.

6.3 Numerical results

In this section we present numerical results of the proposed methods to solve the nonlinear eigenvalue
problem (6.58) with DtN maps. The numerical example we will discuss in this section is the one presented
in Example 2 in Chapter 2, i.e. we study the TE mode band structure of a PhC W1 waveguide with
hexagonal lattice, relative permittivity e = 11.4, and holes of relative radius ﬁ = 0.31. Unless otherwise
stated, the polynomial degree of the FE computations is set to p = 5.

6.3.1 Numerical results of the proposed Newton method

The Newton method, that we proposed in Section 3.3 and specified above in Section 6.2.5 when applied
to the nonlinear eigenvalue problem (6.58) with DtN maps, follows the idea of computing the roots of
the global signed distance function d¢ defined in (6.62). To give a first orientation, the magnitude of the
global signed distance function d® is plotted in in Figure 6.3. The dark lines indicate to small magnitudes
of d® and hence, they show guided modes. The areas left blank correspond to the essential spectrum

o> (k).
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Figure 6.3: Magnitude of global signed distance function d® in logarithmic scale evaluated on a grid of
350 x 500 (w, k)-points. The areas left blank correspond to the essential spectrum, i.e. w? € o5(k). The
crosses mark the locations of the two guided modes for which we present numerical results in Figures 6.6
and 6.9.

As elaborated above, we know that the global signed distance function d® is discontinuous. This can be
seen, for example, in Figure 6.4, where the results of the global signed distance function d® are resolved
on a fine scale with respect to the frequency w for a fixed quasi-momentum k£ = 0.3 - i—’:, see Figure 6.4a,
and with respect to the quasi-momentum k for a fixed frequency w = 0.25 - %C, see Figure 6.4b.

Note that for the particular example shown in Figure 6.4, the global signed distance function d® is
smooth in a neighbourhood of its roots. However, when two dispersion curves cross, there will not exist
a smooth neighbourhood of the global signed distance function, but it will be continuous at this point,
since it will tend to zero from both sides. Hence, the application of the Newton method to find the roots
of the global signed distance functions, as proposed in Section 6.2.5, is reasonable as long as the start
value is sufficiently close to the root.

In the following numerical results we will use the global signed distance function d® in w-formulation,
i.e. we keep the quasi-momentum k € B fixed and search for roots w € R of d&(-, k).

90



6.3 Numerical results

z =
= 3
b0 80
= =
g p 0.2
o o
E g
= 0.1
& &
g g
g 500
+ -
B 7]
S s
g g 01
<] <]
2 5
12 n
E = -0.2
2 2
B . . . e , , , ,
0.22 0.24 0.26 0.28 0.30 0.0 0.1 0.2 0.3 0.4 0.5
normalized frequency way /2me normalized quasi-momentum kay /27
(a) d®(-, k) with respect to w for fixed k = 0.3 - i—’; (b) d&(w, -) with respect to k for fixed w = 0.25 - %C

Figure 6.4: Global signed distance function d® evaluated on an equidistant grid of frequencies w in the
interval [0.22 - QG—’TIC, 0.30 - %T’Tlc] for a fixed value of k = 0.3 - 121—’1’ (a), and evaluated on an equidistant grid of

quasi-momenta k in the irreducible Brillouin zone B = [0, o] for a fixed value of w = 0.25 - %Tﬂlc (b).
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Figure 6.5: Number of iterations (a) and average convergence rate (b) of the proposed Newton method
(blue crosses) and of the MSLP (red circles) for a sample of 100 start values in the second band gap at
k=0.3- i—’f The dashed vertical lines show the locations of the three guided modes in the band gap.

In our first numerical test of the proposed Newton method, we study the convergence of the Newton
method in w-formulation and compare the results with convergence of the frequently used MSLP, which
we briefly introduced in Section 3.2. Like the Newton method applied to distance functions, the MSLP is
an iterative procedure to solve nonlinear eigenvalue problems, that is supposed to converge quadratically.
For a sample of 100 start values of the frequency w in the second band gap at k = 0.3 - i—’: we present in
Figure 6.5a the number of iterations that are needed until the step size of the Newton method and the
MSLP, respectively, are below a threshold of 107!2. The dashed vertical lines show the locations of the
three guided modes in the band gap for which the real parts of the magnetic field components are shown
in Figure 6.7. Apart from a small number of start values, both, the proposed Newton method and the
MSLP need three to five iterations. For most start values the number of iterations needed by the Newton
method is identical to the number of iterations of the MSLP. Only for the twelve smallest start values
the MSLP constantly needs more iterations than the Newton method and for the start value closest to
the lower band edge, the MSLP does not converge at all. This behaviour of the MSLP is linked to the

91



6 Dirichlet-to-Neumann transparent boundary conditions

existence of global Dirichlet eigenvalues and will be explained later in Section 6.3.5. For the same sample
of start values, Figure 6.5b shows the average convergence rate, i.e. the average of the numbers ¢(™) that
satisfy

o — ] _

q(”) - 1

o e
for all iterations n = 0,1,..., N — 1, where the reference solution wyes is chosen to be the solution of the
respective method after N iterations, i.e. the number that is shown in Figure 6.5a. The rates differ from
start value to start value and from method to method but they stay within the interval [1.5, 3.1] around
the expected rate of two. However, the average of all rates is approximately the same as the expected
rate. The Newton method shows an average rate of 2.0684 and the MSLP’s average convergence rate
is 2.1004.

——well-confined mode
10°°f mode close to band edge

error in normalized frequency

1 6 8 10 2
polynomial degree
Figure 6.6: Convergence of Newton method with respect to the polynomial degree p when applied to the

computation of a well-confined mode (blue) and a mode close to a band edge (green). The reference
solution wyer is computed taking a polynomial degree of p = 20.

From Figure 6.5b it seems that for either method the convergence towards the well-confined mode,
marked with a blue cross in Figure 6.3, seems of larger rate than the convergence towards the mode
close to the band edge, that is marked with a green cross in Figure 6.3. In order to study this seemingly
dependence on the confinement of the guided modes in more detail, we show convergence results of the
Newton method in w-formulation with respect to the polynomial degree in Figure 6.6. The reference
solution is computed by setting the polynomial degree to p = 20 and applying the same iterative scheme.
Note that there is no value for the error of the mode close to the band edge for the lowest polynomial
degree p = 3 since for this degree the mode is inside the approximative essential spectrum and can
therefore not be captured. As expected for p-FEM, we can observe exponential convergence with the
same convergence rate for both modes independent of their confinement.

This result demonstrates that the DtN transparent boundary conditions, as introduced in this chapter,
resolve the problem of the frequently used supercell method, which is known to introduce a modelling
error that depends on the confinement of the guided mode and for which we will present numerical results
in the following section.

6.3.2 Comparison to the numerical results of the supercell method

The supercell method, that we briefly introduced in Section 2.4, provides approximations to guided
modes. The application of the supercell method to the setting of Example 2 was already presented
in [SK10]. It was shown that p-FEM converges exponentially when the numerical results are compared
to a reference solution that is also obtained with the same supercell. In this section we will to show that
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Figure 6.7: Real parts of the magnetic field components of the three guided modes in the second band
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this convergence cannot be expected when comparing the results with a reference solution obtained using
DtN transparent boundary conditions that do not introduce a modelling error.
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Figure 6.8: Magnitude of global signed distance function d® in logarithmic scale evaluated on a grid of
350 x 500 (w, k)-points, and results of the supercell method with five rows of periodicity cells on top and
bottom (green lines).

First of all we show a comparison of the supercell band structure with the results of the global signed
distance function d®, that were already presented in Figure 6.3. In Figure 6.8 the green lines correspond
to the dispersion curves obtained when using the supercell S5 with five rows of holes on top and bottom
of the line defect as shown in Figure 2.8. We can see that inside the band gaps the green lines match well
with the dark lines of the global signed distance function d#, that indicate small values of its magnitude
|de|.

The convergence results of the supercell method when applied to the computation of the well-confined
mode at k = 0.3 - i—’lr (blue cross in Figure 6.3) and the mode close to the band edge (green cross
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in Figure 6.3) are presented in Figure 6.9. On the left we observe an exponential convergence of the
results of the supercell method with polynomial degree p = 7 towards the roots of the global signed
distance function of the nonlinear eigenvalue problem (6.58) with DtN maps and the same polynomial
degree p = 7, when increasing the number of periodicity cells on top and bottom. However, the rates
of convergence differ significantly. The rate of the mode close to the band edge (green) is much smaller
than the rate of the well-confined mode (blue), see Figure 6.9a. At this point we have to note that
the FE mesh of the supercell method is significantly larger than the mesh of the DtN method sketched
in Figure 6.1, see for example the mesh of the supercell with five periodicity cells on top and bottom
presented in Figure 2.8 in Chapter 2. Figure 6.9b, on the other hand, where the number of periodicity
cells is kept fixed to n = 3 and n = 7 while the polynomial degree is increased from p = 3 to p = 12,
shows that the error of the supercell method only converges exponentially towards the solution of the
roots of the global signed distance function of the nonlinear eigenvalue problem (6.58) with DtN maps
and polynomial degree p = 20 until a certain error plateau is reached. This error plateau, which is due
to the modelling error introduced by the supercell approach, is significantly larger for the mode close
the band edge compared to the well-confined mode. These results clearly demonstrate that the supercell
method is a good approximation of the exact DtN method for well-confined modes but for modes close
to the band edge it produces errors of significantly larger orders.
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Figure 6.9: Convergence of the well-confined mode (blue) and the mode close to the band edge (green)
with respect to the number of the periodicity cells n while keeping the polynomial degree p fixed (a), and
with respect to the polynomial degree p while keeping the number of periodicity cells n fixed (b). The
reference solution wyer is computed using the iterative DtN method with a polynomial degree p = 7 (a)
and p = 20 (b).

6.3.3 Numerical results of the direct procedure

Let us now come to the numerical results of the direct Chebyshev interpolation to solve the nonlinear
eigenvalue problem (6.58). Recall from Section 6.2.5 that the Chebyshev interpolation requires a priori
knowledge of the essential spectrum o7°(k), since the analyticity of the nonlinear matrix function N¢,
in Eq. (6.59) can only be guaranteed in the band gaps, i.e. outside the essential spectrum. Thus, this
method is particularly interesting, if we apply it to the k-formulation at frequencies w that are in a band
gap for all k € B, i.e. w? ¢ 0%(k) for all k € B. The convergence of the Chebyshev interpolation is
shown in Figure 6.10, where the results of the direct procedure to compute the eigenvalues in the band
gap [0.22- %c, 0.28- 27“1"3] using the Chebyshev interpolation is compared to a reference solution computed
with Newton’s method. We observe an exponential convergence of the mean error of the eigenvalues

computed at a sample of 200 frequencies in the band gap. Note that convergence is not monotone. This
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Figure 6.10: Convergence of the mean error of the
Chebyshev interpolation in the irreducible Bril-
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is due to the fact that the Chebyshev nodes are not hierarchical and hence, the error of the Chebyshev
interpolation can increase when using more nodes.
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Figure 6.12: Real part (a) and imaginary part (b) of the eigenvalues u of the propagation matrix P* at
k=03 (21—717 near the band edge at w ~ 0.2135 - i—”lc, that have magnitude equal to one in the essential
spectrum and strictly less than one (blue) and strictly larger than one (red) in the band gap. Hence, the

blue curves correspond to the magnitude shown in Figure 6.11.

Analogously, we can observe exponential convergence towards the iterative solution if the direct proce-
dure is applied to the w-formulation, as done in [KS14a], where we proposed to employ the adaptive path
following algorithm introduced in Chapter 5 to compute the essential spectrum (k) for all k € B.
However, we have to take care that the w-interval is sufficiently far away from the band edge, since the
magnitude of the eigenvalue u of the propagation operator, that changes from |u| =1 to |u| < 1 at the
band edge, has a root-like singularity at the band edge as shown in Figures 6.11 and 6.12, and hence,
its derivative with respect to w becomes arbitrarily large near the band edge, which will dominate the
derivative of the DtN operator. This drawback of the Chebyshev interpolation is of smaller significance
in the k-formulation as long as the chosen frequency interval is not arbitrarily close to the band edge at
any k € B, as demonstrated in the convergence analysis in Figure 6.10.
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6.3.4 Condition of system and Dirichlet-to-Neumann matrices

Recall that the DtN operators D are not well-defined, if the Dirichlet problems (6.1) in the semi-
infinite strips ST are not well-posed, which is the case at so called global Dirichlet eigenvalues of (6.1).
Furthermore, recall that the local Dirichlet cell problems (6.8), that we introduced for the characterization
of the DtN operators, are ill-posed at so called local Dirichlet eigenvalues. Hence, we expect the nonlinear
eigenvalue problem (6.58) to show numerical artifacts at these values.
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Figure 6.13: Condition number (a) and maximum eigenvalue (b) of the system matrix N¢, in the second
band gap at k = 0.4 - Z—T The vertical dashed line show the frequency of the global Dirichlet eigenvalue
(GD), the local Dirichlet eigenvalue (LD) and the frequencies of the guided modes (GM).

We start by analysing the condition number and the maximum eigenvalue of the matrix N¢,. Inside
the second band gap at £ = 0.4 - 3—?, for which the results are presented in Figure 6.13, there are three
guided modes, one local Dirichlet eigenvalue and one global Dirichlet eigenvalue. As can be seen from
Figure 6.13a the condition number increases at the guided modes (dashed lines labeled “GM”). This is
the expected behaviour since by definition the guided modes are eigenvalues of (6.58) and hence, the
minimum eigenvalue of N¢, tends to zero when approaching the guided modes. Apart from these three
peaks, the condition number of the system matrix N, also increases in the vicinity of the global Dirichlet
eigenvalue (dashed line labeled “GD”), which is due to an increasing maximum eigenvalue of N¢,, see
Figure 6.13b. Note that from Figure 6.13a it seems that the local Dirichlet eigenvalue (dashed line labeled
“LD”) has no influence on the condition number of N¢,. However, we shall study its influence on the
condition number in more detail in Figure 6.16.

The location of the local Dirichlet eigenvalues can be determined from a simple linear eigenvalue
problem in the cell Cli with homogeneous Dirichlet boundary conditions. In Figure 6.15 the dispersion
curves of the local Dirichlet eigenvalue problem are shown in comparison to the values of the global
signed distance function d®. The computation of the global Dirichlet eigenvalues, on the other hand,
is not as easy as the computation of the local Dirichlet eigenvalues, as the global Dirichlet eigenvalue
problem is posed on the infinite half-strips S*, and hence, the domain needs to be truncated which
cannot be done with DtN transparent boundary conditions. In Chapter 7 we will show how to solve the
Dirichlet eigenvalue problem in the infinite half-strips ST by truncating the domain using RtR operators,
see Figure 7.2 for the dispersion curves of global Dirichlet eigenvalues.

The increase of the maximum eigenvalue of the system matrix N¢, near the global Dirichlet eigenvalue
is due to an increase of the maximum eigenvalue of the DtN matrix D* as shown in Figure 6.14a.
While the condition number of the DtN matrix also does not seem to be influenced by the existence of a
local Dirichlet eigenvalue, its minimum eigenvalue decreases at some point between the second and third
guided mode, see Figure 6.14b. At this point the PhC half-strip problem with homogeneous Neumann
boundary condition has an eigenvalue — a global Neumann eigenvalue. However, this decreasing minimum
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Figure 6.14: Maximum (a) and minimum (b) eigenvalue of the DtN matrix D¥ in the second band gap
at k=04 Z—T The vertical dashed line show the frequency of the global Dirichlet eigenvalue (GD), the
local Dirichlet eigenvalue (LD) and the frequencies of the guided modes (GM).

eigenvalue of the DtN matrix does not influence the condition number of the system matrix due to the
matrix B¢, in the nonlinear eigenvalue problem (6.58).

Now let us study the condition number of the system and DtN matrices in a very small vicinity of the
local Dirichlet eigenvalue in more detail. Figure 6.16 shows the condition numbers of the two matrices in
dependence on the distance to the local Dirichlet eigenvalue. While we could not observe an effect of the
local Dirichlet eigenvalue on the condition number of N¢, in Figure 6.13a, we can see from Figure 6.16
that condition numbers of both matrices, the system matrix N¢, and the DtN matrix D=, increase
significantly near the local Dirichlet eigenvalues. However, note that this significant increase is restricted
to a very narrow vicinity of the local Dirichlet eigenvalue. The minimum eigenvalues of the local DtN
matrices Tfj,
generalized eigenvalue problem (6.38), that we have to solve to obtain the propagation matrix P* can
be solved using, e.g. Matlab’s eig function, an implementation of the generalized Schur decomposition,
without any numerical artifacts up to a very narrow vicinity of the local Dirichlet eigenvalue.

1,7 = 0,1, decrease in a larger vicinity of the local Dirichlet eigenvalues. However, the

The effect of global and local Dirichlet eigenvalues will now also be studied in the next two sections,
where we will compare the results of the proposed Newton method with the iterative MSLP, and show
convergence results of the Newton method and the Chebyshev interpolation in the vicinity of global and
local Dirichlet eigenvalues.

6.3.5 Computation of eigenvalues in vicinity of global Dirichlet eigenvalues

As elaborated above, we expect that global Dirichlet eigenvalues influence the performance of our numer-
ical schemes for solving the nonlinear eigenvalue problem (6.58). In order to analyse this influence, let
us now compare the proposed Newton-like method with the MSLP. We already showed in Section 6.3.1
that both methods converge with comparable convergence rates.

In Figure 6.17 we present the step sizes of the MSLP and the proposed Newton method in the second
band gap at £ = 0.4- Z—Tlr when using different frequencies w as start value. The vertical, dashed lines show
the locations of the guided modes, i.e. the eigenvalues of the nonlinear eigenvalue problem (6.58). Both
step size curves have roots at the guided modes and their slopes are negative at these roots which implies
that the methods will converge well to the eigenvalues. While the step size of the Newton method does
not change its behaviour at the global Dirichlet eigenvalue at w = 0.218 - i—’;c, the step size of the MSLP
has another root at the global Dirichlet eigenvalue. This can be explained by the fact that not only the
maximum eigenvalue of the system matrix N¢, tends to infinity at the global Dirichlet eigenvalue, see
Figure 6.13b, but also the maximum eigenvalue of the derivative J,N¢, of the system matrix. Hence,
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if 0,N¢, has an arbitrarily large eigenvalue, the generalized eigenvalue problem to be solved for the
MSLP step size, see Algorithm 3.1, has an eigenvalue zero. However, the slope of the MSLP step size at
the global Dirichlet eigenvalue is positive, which means that the MSLP does not converge to the global
Dirichlet eigenvalue. But the sign change of the MSLP step size at the global Dirichlet eigenvalue implies
that the radius of convergence of the MSLP towards the guided mode at w = 0.222- %C is bounded by the
global Dirichlet eigenvalue at w ~ 0.218 - %C, whereas the radius of convergence of the proposed Newton

method is not affected by the global Dirichlet eigenvalue.

This demonstrates that our proposed Newton method is preferable to other iterative solvers like the
MSLP whose radius of convergence is bounded by infinite eigenvalues of the derivative of the nonlinear

matrix.
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Figure 6.17: Step sizes of the MSLP (red) and the
Newton method applied to the global signed dis-
tance function (blue) in the second band gap at
k=104- i—’lr at different start values of frequency
w. The vertical, dashed lines show the locations
of the guided modes.
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Figure 6.18: Absolute error of the Chebyshev in-
terpolation in w-formulation when applied to the
computation of the guided mode in the second
band gap at £ = 0.4 - i—’; that is closest to the
global Dirichlet eigenvalue at w =~ 0.218 - %T”l”
The w-interval of the interpolation is chosen to
be [0.215 - 21€,0.245 - 27€].
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Now let us apply the linearization based on Chebyshev interpolation to the computation of the guided
mode in the second band gap at k = 0.4 - ?TT; that is closest to the global Dirichlet eigenvalue at w ~
0.218 - QTT;C We employ the Chebyshev interpolation in w-formulation and choose the interval [0.215 -
%C, 0.245- %C], that comprises both, an eigenvalue of the nonlinear eigenvalue problem (6.58) as well as a
global Dirichlet eigenvalue. In Figure 6.18 we present the error in the normalized frequency with respect to
the number of Chebyshev nodes. Even though the chosen interval is relatively small, especially compared
to the irreducible Brillouin zone used for the Chebyshev interpolation in w-formulation presented in
Figure 6.10, the Chebyshev interpolation does not converge. This is due to the fact that the interval
contains a global Dirichlet eigenvalue, which implies that for any sufficiently large number of Chebyshev
nodes there will be a Chebyshev node that is very close to the global Dirichlet eigenvalue and hence,
the nonlinear matrix function N¢,, that is evaluated at all Chebyshev nodes, has a prohibitively large
condition number that spoils the eigenvalue computation. This means that the Chebyshev interpolation
will always fail to identify eigenvalues that are close to global Dirichlet eigenvalues.

6.3.6 Computation of eigenvalues in vicinity of local Dirichlet eigenvalues

Now let us analyse the behaviour of the Newton method and the Chebyshev interpolation close to a
local Dirichlet eigenvalue. Since the condition number of the DtN matrices D* and the system matrix
N¢, only increase in a very narrow vicinity of the local Dirichlet eigenvalue, see Figure 6.16, we can only
expect the local Dirichlet eigenvalue to influence the performance of the numerical schemes in this narrow
vicinity. To this end, we shall study in the section the convergence of the numerical schemes towards a
common eigenvalue of the nonlinear eigenvalue problem (6.58) and the local Dirichlet problem in the cell
Cf. The blue cross in Figure 6.15 at (w, k) ~ (0.248 - %", 0.405 - i—?) marks such a common eigenvalue
for which we will now present numerical results.

In Figure 6.19a the magnitude of the global signed distance function is shown in dependence on the
number of iterations of the Newton method when using the start value w(® = 0.263- %T’Tlc at k ~ 0.405- (21—’1’
We see that the method does not converge to the common eigenvalue w ~ 0.248 - %C of the nonlinear
eigenvalue problem (6.58) and the local Dirichlet problem in the cell Cli. Instead the magnitude of the
global signed distance function remains almost constant after two iterations at a level of 1073, This is
due to the fact that the local Dirichlet problems are ill-posed at the Dirichlet eigenvalues. The closer
one comes to such a Dirichlet eigenvalue the larger the condition number of the local DtN matrices Tfj,
1,7 = 1,2, becomes and hence, the more the error of the DtN matrices increases.

error in normalized quasi-momentum

magnitude of global signed distance function

10
0 2 4 6 0 10 5 10 15 20 25
number of iterations number of Chebyshev nodes
(a) w-formulation of Newton method with start value (b) k-formulation of Chebyshev interpolation in irre-
w® =0.263 - 2z<. ducible Brillouin zone B = [0, Z].

Figure 6.19: Convergence of the Newton method in w-formulation (a) and the Chebyshev interpolation in
k-formulation (b) applied to the computation of the common eigenvalue (w, k) = (0.248 - %C, 0.405 - i—f)
of the Dirichlet cell problem and the nonlinear eigenvalue problem with DtN transparent boundary
conditions, see blue cross in Figure 6.15.
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6 Dirichlet-to-Neumann transparent boundary conditions

Now we want to apply the Chebyshev interpolation in k-formulation to the computation of the common
2

eigenvalue (w, k) =~ (0.248 - %,0.405 . E) of the nonlinear eigenvalue problem with DtN transparent
boundary conditions and the locAal Dirichlet problem, i. e. we fix the frequency to w ~ 0.248- %C and chose
the irreducible Brillouin zone B = [0, all] as interval for the Chebyshev interpolation. In Figure 6.19b
the error in the normalized frequency is shown in comparison to the number of Chebyshev nodes. We
can see that error decreases exponentially, where we again have to point out that the convergence is not
monotone since the Chebyshev nodes are not hierarchical.

The observed convergence of the Chebyshev interpolation towards a common eigenvalue of the nonlinear
eigenvalue problem with DtN transparent boundary conditions and the local Dirichlet problem stands
in contrast to the diverging Newton method. The reason for this is that the condition numbers of
the DtN matrices D* and the system matrix N¢, only increase in a very narrow vicinity of the local
Dirichlet eigenvalue, see Figure 6.16. While this anyhow effects the Newton method, while approaching
this Dirichlet eigenvalue, the Chebyshev interpolation is not effected by the increasing condition number
since all Chebyshev nodes, even for larger orders, are sufficiently far away from the Dirichlet eigenvalue.

This situation, however, changes if — in addition to the local Dirichlet eigenvalue — there exists a
global Dirichlet eigenvalue inside the interval of the Chebyshev interpolation as our numerical results in
Section 6.3.5 showed. We shall analyse this in more detail in the next chapter in Section 7.3.4, where we
will apply the Chebyshev interpolation also in w-formulation which turns out to be problematic in this
case.

6.3.7 Adaptive path following of dispersion curves

Finally, we want to apply the adaptive path following algorithm based on piecewise Taylor expansions of
the dispersion curves, that we introduced in Chapter 5, to the nonlinear eigenvalue problem (6.58) with
DtN transparent boundary conditions. For this we employ the formulas for the group velocity and higher
derivatives of the dispersion curves, that we derived in Section 6.2.3.

Let n € N be the order of the Taylor expansions. As done in Chapter 5, we select a start value k() € B
and compute the eigenvalues in a frequency interval I, C Rt \ a;efs(k(o)) within a band gap. We employ
the direct method based on Chebyshev interpolation for the simultaneous computation of all eigenvalues
of (6.58) in I,,. For all eigenvalues, that were found in I, we proceed as presented in Algorithm 5.2 for
the case without backward check or as presented in Algorithm 5.3 including backward check, i. e.

(i) we compute the dispersion curve derivatives up to order n + 1 using Eq. (6.55),

(ii) we evaluate the acceptable step size (5.29) of the Taylor expansion of order n,

(iii) we add the step size to and subtract it from the current node to obtain the next nodes of the
quasi-momentum,

(iv) we compute an approximation to the eigenvalue at the next nodes using the Taylor expansion of
order n around the current node,

(v) we employ the proposed Newton-like method, or some other iterative scheme, in w-formulation for

the computation of an eigenvalue using the expected location as start value, and then
(vi) we continue to follow the dispersion curve to the left and right, possibly applying additional refine-
ment checks such as the backward check, see Section 5.4.2.

In contrast to the situation in Chapter 5, where we applied the adaptive path following to the supercell
approximation, we now have to take the essential spectrum implicitly into account. In Chapter 5 we
could simply continue to follow the dispersion curves when they entered the essential spectrum. Now,
when using DtN transparent boundary conditions, we cannot continue to follow the dispersion curves
across band edges since the DtN operators are not well-defined in the essential spectrum. We resolve
this problem as follows: as soon as we find that the expected location of the frequency eigenvalue is
outside the band gap, or if an iterative scheme for the computation of the eigenvalue of (6.58), such as
the proposed Newton-like method, does not converge in the band gap, we reduce the step size of the path
following algorithm, e.g. by the factor 1. If the step size decreases below some threshold 5gglgc
this refinement, we stop to follow the dispersion curve, taking it as granted that the dispersion curve hits
the band edge.

during
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Figure 6.20: Adaptive Taylor scheme of order n = 5 with backward check of tolerance eP%d = 1072

applied to the dispersion curves in the second band gap. The error tolerance of the step size computation

is € = 10~*, the minimum step size of the band edge refinement is sgglgc = 1075, and the start value
of the iteration is set to k(©) = o

In Figure 6.20 we present the results of the adaptive Taylor expansion of order n = 5 including the
additional backward check of tolerance eP% = 1072, Similarly to the results in Chapter 5, the dots
indicate the location of the values of k for which the eigenvalues w(k) of (6.58) and the dispersion curve
derivatives ' (k),w® (k),...,w® (k) were computed. The lines connecting the dots result from the post-
processing, where we again chose the weighted Taylor expansion (5.30).

Note that the red dispersion curve hits the band edge. For this curve the band edge refinement
technique, that we described above, was employed with minimum step size efglge =107%. A detailed view

of the dispersion curve at the band edge is shown in Figure 6.20b.
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Figure 6.21: Group velocity (red) of the red dis-

persion curve in Figure 6.20 in dependence on the
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Figure 6.22: Magnitude of the n-th derivatives,

n = 2,...,5, of the red dispersion curve in Fig-
ure 6.20 in dependence on the distance to the band

the slope of the band edge at the position where
the red dispersion curve hits the band edge.

edge.

Most notable is the tangential behaviour of the dispersion curve at the band edge, i.e. the group
velocity of the dispersion curve converges to the slope of the band edge, see Figure 6.21. This surprising
behaviour raises the question if the numerical results of the DtN method are reliable or if the results
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6 Dirichlet-to-Neumann transparent boundary conditions

shown in Figure 6.20b are spurious. First we note that the condition number of the DtN matrix D* does
not increase at the band edges, which can bee seen from the maximum and minimum eigenvalues of D+
presented in Figure 6.14. However, in Section 6.3.3 we pointed out that the results of the Chebyshev
interpolation are not reliable if the Chebyshev nodes are too close to the band edge, which is due to
the behaviour of the eigenvalue of the propagation matrix P* that has magnitude strictly less than one
in the band gap and magnitude equal to one in the essential spectrum, see Figure 6.11. As argued in
Section 6.3.3 this behaviour leads to arbitrarily large derivatives of the propagation operator, and hence,
of the DtN operator. In fact, this can also be observed from the numerical results, and it is linked to the
increase of the magnitudes of the derivatives of the dispersion curves in the vicinity of the band edge,
as presented in Figure 6.22. Nevertheless, as long as the computation of the two close eigenvalues of
the propagation matrix P*, presented in Figure 6.12, is reliable, which seems to be the case even when
using standard procedures such as Matlab’s eig function, which is — as mentioned already above — an
implementation of the generalized Schur decomposition, we can expect that the nonlinear matrix N¢, of
the nonlinear eigenvalue problem (6.58) is also reliable in the vicinity of band edges. Thus, the red dots
in Figure 6.20b can expected to be in fact eigenvalues of the nonlinear eigenvalue problem (6.58) and
therefore, the tangential behaviour of the dispersion curve at the band edge, as shown in Figure 6.20b, is
correct. Finally, let us note that this behaviour cannot be captured by the supercell method due to its
prohibitively large modelling error in the vicinity of band edges. This is shown in Figure 6.23, where we
compare the results of the adaptive Taylor scheme, that we presented in Figure 6.20, with the result of
the supercell method. In Figure 6.23a we can see that the results when using a supercell with n = 5 cells
on top and bottom of the defect cell Cy (green) differ in the vicinity of the band edge from the results
when using DtN transparent boundary conditions (red). However, at the exact position of the band edge,
the difference is again very small. This effect is studied in more detail in Figure 6.23b, where we compare
our results of the adaptive Taylor expansion with DtN transparent boundary conditions from Figure 6.20
with supercell results, when using = 5, 10, 20, 30 cells on top and bottom of the defect cell Cy. It becomes
clear that the position of the dispersion curve entering the essential spectrum is modelled correctly by
the supercell method, but the group velocity of the dispersion curve is not. The larger the supercell the
smaller is the error in the group velocity, but also for a supercell with n = 30 cells on top on bottom of
Cyp (black line) the group velocity is far from being identical to the slope of the band edge.
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Figure 6.23: Comparison of the results of the adaptive Taylor scheme with DtN transparent boundary
conditions (red), that were presented already in Figure 6.20, with the results of the supercell method
(green, cyan, blue, black) in the vicinity of the band edge.

With the adaptive path following of dispersion curves for the problem (6.58) we developed an algorithm
that is both, efficient and exact. Moreover, we can with the help of this algorithm effectively reduce the

102



6.4 Conclusions

influence of local and global Dirichlet eigenvalues. In the previous numerical examples, we showed that
the proposed Newton-like method does not converge towards common eigenvalues of (6.58) and the local
Dirichlet problems, see Section 6.3.6, and that the convergence towards eigenvalues of (6.58) in the vicinity
of global Dirichlet eigenvalues is not possible using the Chebyshev interpolation or limited to small radii
of convergence when using the MSLP. If there is a global Dirichlet eigenvalue in the frequency interval
I, at the selected start value k(?), the Chebyshev interpolation, that we suggested for the simultaneous
computation of all eigenvalues of (6.58) in I, at k() is not applicable. In other words, if the condition
number of the matrix N¢, (w, k(?)) evaluated at one of the Chebyshev nodes in I, exceeds some threshold,
e.g. 10%, we cannot expect the Chebyshev interpolation to deliver reasonable results. In this case we
perform a pointwise evaluation of the global signed distance function in I, to find appropriate start
values for the computation of all eigenvalues of (6.58) in I, at k(©) using the Newton method. In the view
of the numerical results presented in Figure 6.17 we can expect that the Newton method also converges to
eigenvalues of (6.58) even if they are very close to global Dirichlet eigenvalues. If the case of the unlikely
event that an eigenvalue of (6.58) at k(%) is simultaneously a global Dirichlet eigenvalue, which implies
that convergence towards this of any method is lost, we have to choose a different value for k£(9). If during
the adaptive algorithm a node turns out to be too close to a local or global Dirichlet eigenvalue, we can
simply shift the node by a small amount to restore convergence of the proposed Newton method, or any
other iterative scheme.

6.4 Conclusions

In this chapter we showed the high-order FE discretization and numerical solution of the DtN approach,
that was presented in [Flil3] for the exact computation of guided modes in PhC waveguides. DtN maps
for periodic media are computed by solving local Dirichlet problems and a quadratic eigenvalue problem.
Using these DtN maps we transformed the eigenvalue problem for the computation of guided modes, that
is posed in an unbounded domain, to a nonlinear eigenvalue problem in a unit cell.

We pointed out that the DtN maps are not well-defined at global Dirichlet eigenvalues and their
computation is ill-posed at local Dirichlet eigenvalues, and showed that these Dirichlet eigenvalues lead
to ill-conditioned matrices of the nonlinear eigenvalue problem, which implies that — depending on the
numerical scheme — convergence towards eigenvalues of the nonlinear eigenvalue problem, that are very
close to local or global Dirichlet eigenvalues, can be lost.

We showed that the DtN operators are differentiable with respect to the frequency and the quasi-
momentum which is a requirement of nonlinear eigenvalue solvers. Moreover, we discussed the compu-
tation of the derivatives of the DtN operators to any order. We also explained the computation of the
derivatives of the DtN operators to arbitrary orders.

We applied the iterative Newton method, that we proposed in Chapter 3, to the nonlinear eigenvalue
problem and found that it overcomes a problem of other iterative solvers, like the MSLP, that is related
to the existence of global Dirichlet eigenvalues. As an alternative to the iterative solvers we applied the
Chebyshev interpolation as a direct procedure to solve the nonlinear eigenvalue problem, which proves
especially useful in the k-formulation. Numerical examples showed an exponential convergence for p-FEM
independent of the confinement of the guided mode, which stands in contrast to the supercell method for
which we showed numerically a significant dependence on the confinement of the guided mode.

We extended the theory in Chapter 4 and derived formulas for the group velocity of guided modes and
any higher order derivative of the dispersion curves in the case of DtN transparent boundary conditions.
We applied these derivatives in an adaptive Taylor expansion of the dispersion curves, which was proposed
in Chapter 5. For this we introduced a band edge check that is needed to follow the dispersion curves
that leave the band gap. With this adaptive path following of dispersion curves of the problem with
DtN transparent boundary conditions we developed an algorithm for PhC waveguide band structure
calculations that is both, efficient and exact. It overcomes the problem of the modelling error introduced
by the supercell method, since the DtN transparent boundary conditions model the exterior, periodic
domain exactly, and it is time-efficient due to the adaptive selection of nodes for the piecewise Taylor
expansion, and only a very little number of nonlinear eigenvalue problems have to be solved. In particular,
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we showed that our adaptive scheme is able to resolve the behaviour of the dispersion curves in the vicinity

of band edges, which is not possible with the supercell method.
The question that remains is the question of how to overcome the problem of local and global Dirichlet

eigenvalues. This is addressed in the following chapter, where we will introduce RtR transparent boundary

conditions for periodic media.
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7 Robin-to-Raobin transparent boundary
conditions

RtR transparent boundary conditions for periodic media resolve the problem of global and local Dirichlet
eigenvalues, that limit the application of DtN transparent boundary conditions, that we presented in the
previous chapter.

We will introduce RtR operators, that are used to truncate the infinite periodic medium of PhC
waveguides, and show that the eigenvalue problem (2.19) of finding guided modes in PhC waveguides,
that is posed in the infinite strip S, is equivalent to a nonlinear eigenvalue problem with RtR transparent
boundary conditions, that is posed in the defect cell Cy. In contrast to the case with DtN transparent
boundary conditions as discussed in the previous chapter, this equivalence also holds true at global and
local Dirichlet eigenvalues.

The numerical realization of RtR transparent boundary conditions, that we will discuss in this chapter,
was first published together with S. Fliss and K. Schmidt [FKS15]. In this work, however, we propose an
alternative why for the characterization of the RtR operators. Moreover, we discuss the differentiability of
the RtR operators with respect to the frequency and quasi-momentum and elaborate on the computation
of the derivatives. This was not published in [FKS15] but it is needed for the numerical solution of the
resulting nonlinear eigenvalue problem, in particular when applying the adaptive path following algorithm
proposed in Chapter 5.

The outline of this chapter is similar to one of Chapter 6. In Section 7.1 we introduce the RtR operators,
discuss their characterization and differentiability, and comment on their FE discretization. In Section 7.2
we present the nonlinear eigenvalue problem, that is equivalent to (2.19), show its FE discretization and
comment on its numerical solution, before we present numerical results in Section 7.3 and give concluding
remarks in Section 7.4.

7.1 The Robin-to-Robin operators

In this section we define the RtR operators, show there characterization using local cell problems and a
quadratic operator equation, and prove their differentiability. Finally, we will elaborate on the discretiza-
tion of the RtR operators and the local cell problems.

7.1.1 Definition of the Robin-to-Robin operators

The RtR operators are defined through Robin problems in the infinite half-strips S*. But before we
introduce these problems, let us give some introductory remarks on the RtR operators and all other
operators that we will introduce later in this section and that map a Robin trace to another Robin trace.
We will classify Robin traces in this work by forward and backward. Note that any Robin trace can
be split into a Neumann trace, that has a certain direction, and a Dirichlet trace. We will denote a
Robin trace as forward, if its Neumann trace points away from the line defect, and, on the other hand,
the Robin trace is called backward, if its Neumann trace points towards the line defect. For example,
let v € H%p(A,S’, «), then adyv is a forward Robin trace in the infinite half-strip ST whereas it is a
backward Robin trace in S~. While the directions of the Neumann traces vary in this work (either
forward or backward), the Dirichlet traces are always the same. The Robin traces that we will deal with
in this work always take the form o 0xv + ipv with some constant p € R\ {0}.

Now let us come to the Robin problems in the infinite half-strips S*. For any forward Robin trace
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pE HI;/Q(F?,E) we seek ut(¢) = ut(-;w, k, ) € H%p(A,Si,a) such that
—(V+ik(d) -V +ik(}))u®(p) —w? BuF(p) =0 in S, (7.1a)
(£a dy +ip)ut(p) =¢ onTE. (7.1b)

The following result, that was proved in [Fli09], is the main advantage of the RtR method compared
to the DtN method.

Theorem 7.1. If w? ¢ o*(k), the half-strip problems (7.1) are well-posed in H%p(A,Si,a).

Theorem 7.1 guarantees well-posedness of (7.1) for all frequencies w? ¢ o (k), i.e. in particular also
for global Dirichlet eigenvalues for which the half-strip problem (6.1) with Dirichlet boundary conditions
at I'T is not well-posed.

Then, for any forward Robin trace ¢ € HI;/z (TE) on T'F, the RtR operators R* (w, k) € E(HI;/Z(I%))
are defined as the backward Robin trace of u™(-;w, k, ) on T'T i.e.

RE(w, k) = (Fads +ip)u (50, k,9) [t - (7.2)
The following result will prove useful for the characterization of the RtR operators.
Lemma 7.2. Let w? ¢ 0% (k). Then the RtR operators R*(w, k) are invertible.

Proof. Let us introduce the auxiliary half-strip problems: for any backward Robin trace ¢ € HII/ (T

1%
find u*(¢) = u*(-;w, k, ) € Hi (A, S* ) such that
—(V+ik(d) -V +ik(})at () —w? BuE(p) =0  in S*, (7.3a)
(Fady +ip)i*(p) =¢ onTy. (7.3b)

Like (7.1) these problems are well-posed in H%p(A,Si,a) if w? ¢ oF(k), cf. Theorem 7.1. This implies
that

ut((Fads +ip)a*(p)) = u*(p) (7.4a)
and
T (Fads + iphut(g)) = u*(9) (7.4b)
for all p € Hl_;/z (TE). Now we introduce
RE(w, k) = (£ 0p +1ip)a* (30, k,0) | - (7.5)

Using (7.5), the definition of the RtR operators (7.2), and the identities (7.4), we conclude that

RE (w0, kYRE (w, k) = (00 + 1p)T* (Fa 8z + ip)ut () [pa) s = (£a 0y + ip)u™ (9) [pa= ¢

and
R* (w, F)RF (w, k) = (Fads +ip)u™ (£ 0y + ip)i™ () [p2) [p2= (Fds +ip)a* () [p = ¢
for all p € HI;/z (T), which finishes the proof. O

7.1.2 Characterization of the Robin-to-Robin operators

In this subsection we explain how we can compute the RtR operators using local cell problems and a
quadratic operator equation.

First, we note that the infinite strips S* on top and bottom of the guide can be expressed as union
of an infinite number of periodicity cells Ci¥, n € N, i.e. ST = |J22, (C UT), cf. Figure 2.3b. The

n?

top and bottom boundaries of these cells C+ shall be denoted by I' | and T'E, i.e. T = a ﬂCTi and
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It =Cin C’nﬁ_1 for n > 1. We also note that — due to the periodicity and the infinity of the half
strips — all cells CF can be identified by the first cell C: and all boundaries I't can be identified by
the first boundary FSE. This implies that we can identify all functions of C:¥ by functions of Cli, and,
similarly, all functions of I'; by functions of I‘(jf. Analogously to Chapter 6 we introduce shift operators

SE e L£(C®(TF),C=(TF)), n € N, defined by
Syp(x) = p(x F nay) (7.6)

By a density argument of Coj(l",il) in Hifgl:f) and Hl_;/g(l"f), respectively, we can extend the shift
operators S;f to functions in Hl/; (T) and H, /*(T'%). For simplicity of notation we shall write S* := St
Furthermore, we introduce the inverse (S*)~! of S* which is simply given by

(8%)lp(x) = p(x £ ay). (7.7)

We start by introducing two propagation operators.

1

e The forward-forward propagation operator P (w, k) € E(Hl_p/ *(T%)), defined by
Pt (w, k)p = (8%) 7 (Hads +ip)u™ (3w, k,¢) [+,

maps the forward Robin trace ¢ € HI;/ *(I'F) on T to the forward Robin trace of the infinite half-
strip solution u® () of (7.1) on I'T shifted to I's. As argued in [FKS15], this operator is compact,

injective and its spectral radius is strictly less than one.

e The forward-backward propagation operator Pfjg (w, k) € E(HI;/ *(TE)), defined by

P (w, k)p = (SE)"HFa dy +ip)u(-;w, k, ©) |ps

maps the forward Robin trace ¢ € HI;/ *(TE) on TF to the backward Robin trace of the infinite

half-strip solution u® () on T'f shifted to I'E.

Now we define local cell problems: for any forward Robin trace ¢ € HI;/ 2(Fg) on F(f and any backward
Robin trace ¢ € HI;/Z(Fli) on I‘f find uic(go,w) = uiﬁc( sw, k, @, ) € H%p(A7 C’ljt7 «) as solution of

—(V +ik()) - a(V +ik())uic (0, 1) — w?B g (,9) = 0 in O, (7.82)
(£ads +ip)ui (p,0) = ¢ on I'E, (7.8b)
(Fads +ip)u (p,9) = 1 on I'f. (7.8¢)

These local cell problems are well-posed for all (w?,k) € Rt x B. The corresponding Dirichlet cell
problems (6.8), however, that we used in Chapter 6 to characterize the DtN operators, are only well-
posed if we exclude for each k& € B the countable set of local Dirichlet eigenvalues, i. e. eigenvalues of (6.8a)
with homogeneous homogeneous Dirichlet boundary conditions at Fgﬂ and Fli.

With the solutions of the local cell problems (7.8) we define

e the local forward-backward RtR operator

iy (@, k)p = (Fa dz + ip)uic. (2, 0) [+, (7.92)

which maps the forward Robin trace ¢ on I% to the backward Robin trace of the local cell solution
+ +
Ujoe(,0) on I'g,

e the local forward-forward RtR operator
T (W, k) = (8F) 7! (Ha da + ip)ujp,(#,0) p=, (7.9b)

which maps the forward Robin trace ¢ on FSE to the forward Robin trace of the local cell solution
uljc:)c(sp7 0) on Fi‘: Shlfted to F(:)t,
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e the local backward-backward RtR operator
T (w, k) = (Fa 0y +ip)u (0, 8%¢) |, (7.9¢)
which maps the backward Robin trace ¢ on Fgﬂ to the backward Robin trace of the local cell solution
ui (0,8F ) on TE, and
e the local backward-forward RtR operator
Tt (w, k) = (8%) 7! (£a bz + ip)uii (0,55 9) |+ (7.9d)
which maps the backward Robin trace ¢ on F(jf to the forward Robin trace of the local cell solution
uit (0,8%p) on T'F shifted to I'y.

With the help of the local cell solutions and the propagation operators Pf:ft and Pfjg we can express the
infinite half strip solution u®(¢) in the cell C:¥, n € N, as

u* ((P) |C’f = Uic((ngt)n_lgp, Si’])fib (pﬁi)n—lgp)

_ _ (7.10)
=uib (PF)" 1, 0) + 1. (0, 8Py (P)" 1),

since the solutions of the local cell problems (7.8) are linear in the data (¢, ). Evaluating the forward
Robin trace of the infinite half-strip solution u* (@) on I't using Eq. (7.10), we obtain an equation for
the forward-forward propagation operator ngt in terms of the local RtR operators ’7;f and 7Lf, and the
forward-backward propagation operator Pfjg

Pit (w, k) = (8%) 7 (Fa bz + ip)u™ () |
= (8%) 7 (£ ds +ip)uig (9, 0) [px +(8F) 7 (£ ds + ip)uig (0, S* P o) [ (7.11)
=Ti o+ Tyt Pi-
On the other hand, identifying the backward Robin trace of the infinite half-strip solution u® () on Fli
by the backward Robin trace of the infinite half-strip solution u® (P%(p) on T'E, and evaluating this trace

using Eq. (7.10), we obtain an equation for the forward-backward propagation operator Pfjg in terms of
the local RtR operators ’Tffbc and va and the forward-forward propagation operator Pf:ft

Pis(w, k) = (8%) 7 (Fads +ip)u™(p) |+
= (Fa 02 +ip)u™ (Pg ) |+
= (Fa s +ip)uil (P ¢,0) |t +(Fa Dz +ip)uis, (0, SEPEPF o) s
=T, Pir ¢ + Ton P Pt -

(7.12)

Using the local RtR operators Tff (w, k) and Rf(w, k), as well as the forward-backward propagation
operator Pi(w, k), we can characterize the RtR operator R* (w, k) defined in (7.2), which maps a forward
Robin trace on F§ to a backward Robin trace on F(T, by

RE(w, k) = TiE (w, k) + Tis (w, k)P (w, k). (7.13)

Now let us come to the problem of computing the forward-backward propagation operator Pfib (w, k).
In [FKS15] we argued that the local backward-forward RtR operator 7?; (w, k) is invertible for all (w?, k) €
R x B, and its inverse can be computed with the help of the auxiliary local cell problem: for any forward
Robln traces p € Hy, / (TE) on I'T and ¢ € H 1/2(I’j[) on TF find T (p,0) = T (-;w,k, ,1) €

(A, Ct,a) as bOluthIl of

~(V +ik()) - a(V +ik(§))lice (9, %) — w*Bliig (9,9) = 0 in CF, (7.14a)
(0 ds + i) (0, ) = ¢ on T, (7.14b)
(£a 0y +ip)TE (9, 0) = on I'f. (7.14c¢)
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However, this auxiliary local cell problem is not well-posed for all (w?, k) € Rt x B, and hence, the local
backward-forward RtR, operator 7;% (w, k) is not invertible for all (w? k) € RT x B. Thus, we cannot
proceed as presented in [FKS15] and express the forward-backward propagation operator ’P?E (w, k) for
all (w?,k) € RT x B in terms of the forward-forward propagation operator Pa (w, k) by simply applying
the inverse of 7,F (w, k) to Eq. (7.11), and then using this identity together with Eq. (7.12) to obtain a
quadratic operator equation for the forward-forward propagation operator Pf:ft (w, k).

Instead, we directly insert (7.11) into (7.12) and obtain the quadratic operator equation

TP Tor P + T PaTi + (Ta Tof = 1) Pa + T T =0 (7.15)

for the forward-backward propagation operator ’Pfib (w, k), where we omitted — for simplicity of presen-
tation — the (w, k)-dependence of the operators.

This quadratic operator equation does not uniquely define the forward-backward propagation operator
P (w, k). A characterization of Pif (w, k) using (7.15) is particularly difficult since the forward-backward
propagation operator Pf%(w,k) — in contrast to the forward-forward propagation operator Pfjf[(w,k)
— does not necessarily have spectral radius strictly less than one. Therefore, it will prove useful, to
additionally present the characterization of the RtR operators using the quadratic operator equation for
the forward-forward propagation operator Pﬁi (w, k), which is — as argued above — only valid if (7.14)
is well-posed.

Lemma 7.3. Let the auxiliary local cell problem (7.14) be well-posed. Then local RtR operator 7?15 (w, k)
1s invertible.

Proof. Let ’7'jE (w, k) be defined for all p € H 1/2(I‘i) by
T (@, k)@ = (S) 7 (Fds +ip)i5 (0, S0) | - (7.16)

Note that Ti (w, k) is well-defined, since by assumption the solution @i (- ;w, k, 0, S*¢) of the auxiliary
local cell problem (7.14) exists and is unique. Since the usual local cell problem (7.8) is also well-posed,
we can deduce that

uloc( (ia 62 + lp)uloc(o 8 <P) |Fi) - uloc(o Si )

for all ¢ € H; 1/2 (TF). Using the definition (7.9d) of the local backward-forward RtR operator 7;f (w, k),
we deduce that
(8F) 7 (Fads +1p)Ui5 (0, STyt (w, k)p) [p== ¢

for all ¢ € Hy 1/ *(T'F), which implies by definition of ﬁf (w, k) that
Te (@, )T (w0, K)o =
for all ¢ € H, 1/2 (TZ). On the other hand, we can also show that
(8) "M (Fa dz +ip)us (0,8 T (w, k) @) [px=

for all ¢ € H,/*(TF), i.
7;;(“7 k)Tfi;t(wa k’)(p =@

for all ¢ € Hy/*(TF), which finishes the proof. O

Let the auxiliary local cell problem (7.14) be well-posed. Using Lemma 7.3 we can then rewrite (7.11)
in the form

P = (7)™ (e~ Tie). (7.17)

Inserting this equality into Eq. (7.12) yields a quadratic operator equation, the so-called Riccati equation,

—1 2 — —1 _
T (1) (P)" + (T = (T) ' =T (T) ' 7)) P+ () T =0 (7.18)
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Proposition 7.4. Let w? ¢ 0% (k) and let the auziliary local cell problem (7.14) be well-posed. Then the
forward-forward propagation operator Pf:ft (w, k) is the unique solution of the Riccati equation (7.18) with
spectral radius strictly less than one.

Proof. We showed already that P (w, k) is solution of the Riccati equation (7. 18) To show that it is the
unique solution, we use the same ideas as in [JLF06, F1i09] and suppose that Pff is also a solution. Let
us introduce
Piy = (Tof) " (P = Tif)
and define for all ¢ € H 1/Q(Fi)
vE () | or = upe (P 0, SEPR (P ).

We can see easily that v* () satisfies the boundary condition (7.1b) and is solution of (7.1a) in each cell
C*. We can also show the continuity of the forward and the backward traces on each I'} because Pﬁ is
solution of (7.18) and by definition of Pfi Finally, v¥(¢p ) € L2(S*) because the spectral radius of P;
is strictly less than one. Due to Well-posedness of (7.1), vE(p) is necessarlly equal to u™ () for each ¢,
and in particular their traces on I'T coincide. Hence, the operator Pﬁ is identical to ’Pﬁ O

With the help of Proposition 7.4 we can deduce a similar result for the forward-backward propagation
operator P (w, k).

Corollary 7.5. Let w? ¢ o*(k) and let the auziliary local cell problem (7.14) be well-posed. Then the
forward-backward propagation operator Pff)(w,k‘) is the unique solution of the quadratic operator equa-
tion (7.15) such that

Pit (w, k) = Tg' (w, k) + Tt (w, k) Py (w, k)

has spectral radius strictly less than one.

Proof. By construction of the quadratic operator equation (7.15), it is clear that Pfib (w, k) is a solution.
On the other hand, uniqueness directly follows from Proposition 7.4 and the fact that the mapping

X— T (W, k) + Tk (w, k)X

that is needed to compute the forward-forward propagation operator ’ngt (w, k) from the forward-backward
propagation operator Pff)(w,k), cf. Eq. (7.11), is injective if and only if the auxiliary local cell prob-
lem (7.14) is well-posed and hence, the local backward-forward RtR operator T;F (w, k) is invertible. [J

Thanks to Corollary 7.5 the unique characterization of the forward-backward propagation operator
Pfib (w, k) is now clear as long as the auxiliary local cell problem (7.14) is well-posed. In this case, we can
also compute the forward-forward propagation operator 73§ (w, k), which is uniquely characterized by the
Riccati equation (7.18) due to Proposition 7.4, and then employ (7.17) for the unique computation of the
forward-backward operator Pj(w, k).

If, on the other hand, the auxiliary local cell problem (7.14) is not well-posed, and hence, the local
backward-forward RtR operator 7?; (w, k) is not invertible, a unique characterization of the forward-
backward propagation operator ’Pfib (w, k) using the quadratic operator equation (7.15) is still possible.
However, we cannot argue like in Corollary 7.5 since the local backward-forward RtR operator 7& (w, k) is
not injective. Instead we shall use the RtR operator R*(w, k) to map between the propagation operators.
For this, we insert (7.13) into (7.12), which gives

P (w, k) = RE(w, k)PE (w, k). (7.19)
Since the RtR operator is invertible, see Lemma 7.2, we can prove the following result.

Proposition 7.6. Let w? ¢ oF (k). Then the forward-backward propagation operator P (w, k) is the
unique solution of the quadratic operator equation (7.15) such that

PE(w, k) = (R (w, k) PE(w, k) (7.20)

has spectral radius strictly less than one.
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Proof. The fact that the forward-backward propagation operator Pfib (w, k) is a solution of (7.15) is clear
from the construction of (7.15). To show uniqueness, we can proceed exactly like in the proof of Propo-
sition 7.4, additionally taking into account that the forward-forward propagation operator 73;«[ (w, k) is
uniquely defined by Eq. (7.20) since the RtR operator is invertible for all w? ¢ o*(k), see Lemma 7.2. [

Now we are able to uniquely characterize the RtR operator R*(w, k) using (7.13) no matter if the
auxiliary local cell problem (7.14) is well-posed.

However, note that the auxiliary local cell problem (7.14) can be chosen to be well-posed for specific
(w?, k) € RT x B by carefully selecting the constant p € R\ {0}. It has to be mentioned, that for the sake
of differentiability of the operators, which is a crucial prerequisite of all numerical schemes for the solution
of the resulting nonlinear eigenvalue problem, the coefficient p has to be differentiable with respect to w
and k. However, allowing p to vary smoothly, will yield significantly more complicated formulas for the
derivatives of the operators. This explains why it is beneficial to assume that p is in fact a constant for
all (w?, k) € RT x B. Nevertheless, it might be possible to select this constant such that the auxiliary
local cell problem (7.14) is well-posed for all (w?, k) in a subdomain of RT x B, that is of interest in
the numerical computation. This will be demonstrated later in the numerical experiments presented in
Section 7.3.

It remains to comment on the numerical solution of the quadratic operator equations (7.15) and (7.18).
For the numerical solution of the discrete version of the Riccati equation (7.18) we shall propose later
in Section 7.1.5 an eigendecomposition, that we already proposed in Chapter 6 for the computation of
the Dirichlet propagation operators involved in the characterization of DtN operators. For the numerical
solution of the discrete version of the quadratic operator equation (7.15), on the other hand, we will
propose in Section 7.1.5 a Newton method similar to the procedure described in [JLF06] for the compu-
tation of the Dirichlet propagation operators, that implicitly takes the condition on the spectral radius
of P& (w, k) into account.

Finally, let us come to an important result on the relation of the proposed RtR approach and the DtN
approach as presented in Chapter 6. To this end, we recall the Dirichlet problems (6.1) in the infinite half-
strips S*. In order to distinguish between the solutions u® () of the Robin problems (7.1) in the infinite
half-strips S* and the solutions of the Dirichlet problems (6.1), we shall denote the latter by us, « (¢pen) =
ud (3w, ky ppen) € Hi (A, S+, a) with some Dirichlet trace ppin € HY;(F%). Recall that this Dirichlet
problem is only well-posed for (w?, k) € RT x B with w? ¢ 0% (k) except a countable set of frequencies —
the global Dirichlet eigenvalues, i. e. eigenvalues of (7.1a) with homogeneous Dirichlet boundary condition
at TZ. Furthermore, let P (w, k) € L(Hif(l"oi)) denote the Dirichlet propagation operator (6.6) of
the DtN approach, i.e. for ppin € Hipz(l“oi) we define P[j)[tNQODtN = (8§T)!
show the following result.

“%tN(@DtN) |r1i. Then we can

Proposition 7.7. Let (w? k) € Rt x B with w?> ¢ o*(k) and let the Dirichlet problems (6.1) on
the infinite half-strips ST be well-posed. Then the following holds true: If u%tN € C is an eigenvalue
of PgtN(w,k) with associated eigenfunction ga%th € Hi/pQ(FgE), i. e. 'PDitN(w, k)gp%tN = ,u%thpaN, then
Upin 45 also an eigenvalue of the forward-forward RIR propagation operator Pf:ft (w, k) with associated
eigenfunction

ot = ta a2u%tN((p%tN) |r§ ‘HP‘PStN € Hl_;/z(r(ﬂ)t)-

Proof. Let pt.y € C be an eigenvalue of P, (w, k) with associated eigenfunction ¢ € Hi;(FgE).

Then uZ,x(9S,y) solves the Robin problem (7.1) with ¢ = @i o = +adoud (pd.y) |p +ipE -
But this implies that u* (pE,g) = ub,x(95,x) and hence,

Pi (W, kF)orr = (87) 7! (Fa 82 + ip)u™ (¢er) I+
= (8%) M (£ dz + ip)upn (¢Din) In¢
=t (£ Dz + ip)ubn (Ph) Irz
= i (£ 0 + ip)u* (phir) It

_ o+ +
= UDtNPRtR>
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which finishes the proof. O

7.1.3 Derivatives of the Robin-to-Robin operators

In this part of the section on the RtR operators we will show their differentiability with respect to
the frequency w and the quasi-momentum k&, and present the characterization of the derivatives. The
derivatives are needed in Section 7.2.6 where we introduce numerical techniques to solve a nonlinear
eigenvalue problem with RtR operators, that we will introduce later in Section 7.2.

Recall that we assume the coefficient p to be constant. This implies, in particular, that p does not
dependent on w and k.

Differentiability of the Robin-to-Robin operators

Let u®(¢) € Hi, (A, S* ) be the unique solution of the Robin problem (7.1) with forward Robin trace

pE HI;/2(1"3E) on TZ. Then we introduce u(¢) = uE(-;w, k, @) as the unique solution in Hi, (A, S* a)
of

—(V + k() - oV + ik (§)ug (9) — w?Bug () = 2wBu™ () in 5%, (7.21a)

(£ady +ip)ut(p) =0 on T'E, (7.21b)

and ui () = uif (-;w, k, ¢) as the unique solution in Hi (A, S* a) of

—(V+ik(}) - oV +ik(E))uf (p) — W Buf(p) = Qa(—k +id1) +id1a)ut(p)  in S, (7.22a)
(a0 +ip)uz(p) =0 onTE.  (7.22b)

Following exactly the same argumentation as in the proofs of Proposition 6.7 and Theorem 6.8 we
deduce the two following results.

Proposition 7.8. Let w? ¢ 0% (k). Then the source problems (7.21) and (7.22) are well-posed.

Theorem 7.9. Let w? ¢ o*(k). Then for any ¢ € HI;/z(FOi) the unique solution u™(-;w,k, ) of the

infinite half-strip problem (7.1) is Fréchet-differentiable with respect to w and k, and
Ou* (5w, k, ) Ou* (5w, k, )
Ow ok

Using the definition (7.2) of the RtR operators R* (w, k), we deduce their Fréchet-differentiability with
respect to w and k.

=uf(;w k) and = ui (3w, k, ).

Corollary 7.10. Suppose that w? ¢ ot (k). Then the RtR operators R¥(w, k) are differentiable with
respect to the frequency w and the quasi-momentum k, and for all ¢ € Hi;/2 (F(jf)

OR* N

W(wv k)p = (Fads +ip)u, (3w, k, ) |p§ (7.23a)
and

OR* ,

W(w, k)p = (Fady +ip)ui (5w, k, @) |F0i . (7.23b)

Remark 7.11. [teratively repeating the above procedure, we find that the RtR operators R*(w,k) are
differentiable to any order with respect to the frequency w and the quasi-momentum k if w? ¢ o* (k).

Characterization of the derivatives of Robin-to-Robin operators

For the characterization of the derivatives (7.23) of the RtR operators we employ the same concepts
as in Section 7.1.2 for the characterization of the RtR operators. First we will show that the forward-
forward propagation operators Pff (w, k) and the forward-backward propagation operators Pfib (w, k) are
differentiable with respect to w and k. Then we note that the same is true for the local RtR operators
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7;]1 (w,k), i,5 € {f,b}, and present their derivatives with respect to w and k. Finally, we show how to
compute the derivatives of the RtR operators with respect to the frequency and the quasi-momentum.

Analogously to the differentiability of the RtR operators in Corollary 7.10 we obtain the differentiability
of the forward-forward propagation operators P§ (w, k) and the forward-backward propagation operators
Pfib (w, k).

Corollary 7.12. Suppose that w? ¢ o (k). Then the propagation operators P (w, k) and P?f(w, k) are

differentiable with respect to the frequency w and the quasi-momentum k, and for all ¢ € HI; 2(F(jf)
TP k) = (%) (200 + i 10,k ) s
7;“’ (w, k) = (Fady +ip)u (3w, k) |ps,
P8 (k) = (%) (200 + 00 30,k s
gf]: (w, kK)o = (Fa 0z +ip)uj (3w, k, 9) [px -

Now it remains to characterize the derivatives of the propagation operators and the derivatives of the
RtR operators by means of local cell problems.

First, let us introduce the local cell solutions uic (05 V) = Uoe,w (- 3w, k, 0, 1) as the unique solution
in H} (A, Cf, ) of

(V4 1k(E) - alV + k@), (00) - WBud,  (p,0) = wBus (p) W CE,  (7.24)
(£a 8 +ip)ups, (0, ¥) = 0 on T'F, (7.24b)
(Fady + ip)uic)w(ga, ¥) =0 on I'f, (7.24c¢)

where ui (¢, 9) = ui (-;w, k, ¢, 1) are the unique solutions of the local cell problems (7.8). Analogously
as above, we can show that the local RtR operators be (w k), T (w,k), Tib(w, k) and TF(w, k) are
Fréchet-differentiable with respect to w, and for all € H; (Fi) we have

T
ow (
oTg +
aw (("J?k’i)sp = (S ) (ia@z +1p)uloc w((p 0)|1"1i7
0T
ow (

OTot + +
B W ke =(57)" HEa b +ip)uig, ,(0,55¢) s -

w, k) = (Fade +ip)uige (@ 0)lps,

w, k) = (Fada +ip)ujse . (0, 5%¢) |+,

Differentiating the quadratic operator equation (7.15) for the computation of the forward-backward
propagation operator Pfib (w, k) with respect to w yields the derivatives of the forward-backward propa-
gation operators Pfib (w, k) as solution of

0Py, oPg;
Toh G Pt + (RET — )—a;b
_ 0T 7@? 37Lb s 1 0T
+ +
T S Tt Py + Ty Efpfb anb Ti +Tq T (7.5)

Ow

where we omitted — for simplicity of notation — the (w, k)-dependence of the operators. The form of
this linear operator equation is equivalent to the one of (6.14) for the computation of the derivatives
of the Dirichlet propagation operators in Chapter 6. The techniques for solving the linear operator
equation (7.25) on a discrete level are hence also equivalent to the DtN case presented in Chapter 6 and
will be revisited in Section 7.1.5.
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7 Robin-to-Robin transparent boundary conditions

+
It remains to verify that the derivatives 6{;1“’ (w, k) of the forward-backward propagation operators
Pfib (w, k) are uniquely defined by (7.25). This however, remains an open question, since we have not been

able to prove injectivity of the mapping
X —— TEXP; + (RETE - 1) x. (7.26)

However, numerical evidence shows, that injectivity on a discrete level is guaranteed.
Finally, the derivatives of the RtR operators R* (w, k) with respect to w are obtained by differentiating
Eq. (7.2), which yields
OR*  OTi e
Ow Ow Ow

o (7.27)

The derivatives of the propagation operator ’Pfib(w,k‘) and the RtR operator R¥(w, k) with respect
to k are characterized similarly by simply replacing all w-derivatives in Egs. (7.25) and (7.27) by k-
derivatives. On the other hand, the k-derivatives of the local RtR operators 7;3: (w, k), 1,5 € {f,b}, are
for any ¢ € HI;/Q(F(?) given by

T
ok
T
ok
OTyp
ok
OTus
ok

(w k) p = (Fadz +ip)uice (0, 0)lpz,
(w,k) o = (8F) 7 (Fada +ipJuje (o, 0)|ps,

(w, k) = (Fads +ip)tige 1 (0, 55¢) [

(w k) = (8F) 7 (Fa & +ip)ujg 1 (0,55 0) |

1

where uic,k(go,w) = uic’k(- sw, k@, ) with ¢ € HI;/Q(I%) and ¢ € Hy
in Hi, (A, CT, a) of

2(I'%) are the unique solutions
1

—(V +ik(})) - oV +ik(§))tjoe (0, ¥) — w?Bups, . (0,%)

= (20 (—k +101) +i01a) ui (¢, ) in i, (7.28a)
(o ds + ip)ufgc,k(go, P) = on T'F, (7.28b)
(Fa s + ip)uick((p,w) = on I'f. (7.28c¢)

Extension to higher order derivatives

In Remark 7.11 we pointed out that the RtR operators are differentiable with respect to w and & up to
any order. We can conclude that the same holds true for the local RtR operators and the propagation
operators. Hence, we can characterize the partial derivatives of the RtR operators with respect to w and
k of any order similarly to the first order derivatives.

Let us introduce ui’c(m’n)(go,w) = ui;(m’n)(- sw, k, 0,1) € HiL (A, CE,a), m,n € Ng, m4n > 1, as the
unique solution of

—(V+ik(®) - a(V + k@)™ (0, 4) — w?Bu ™ (o, 0) = f in Cf, (7.29a)
(£ads + ip)ui’c(m’n)(go, P)=0 on I'E, (7.29b)
(Fads + ip)ui’c(m’")(go, P)=0 on I'f (7.29¢)
with
f = 2mwpuig " (. ) + m(m — 1)Buie """ (o, )
+n(2a(—k +1i01) + 101) ulj;;(m’n_l)(gp, ) —n(n—1a ui’c(m’n_m((p, )
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7.1 The Robin-to-Robin operators

and the convention

=+,(0,
uloc(o O)( ;W k790 1/}) ulog( ;w7k3@7w)7
A CETEN RERT) Y CHAN NERTOR
ui:)’c(o’l)( yw k,(p '(/)) uloc k( Wak>¢a¢)~
Using the short notation
T (4 k) = w
fb T Qwmokn
m-+ng+
+,(m,n) k) — 7] 7;f (w7k)
T W k) = = g
m—4n g+
+,(m,n) L 0 7;)13((“)7]{7)
Ton (w, k) := Owmokn
m—+n+
+,(m,n) L 0 7;3f (wv k)
7I)f ((U, k) L &,um@k" 9
the partial derivatives of the local RtR operators read
T " (w, k) = (Fads +ipyugl ™™ (0, 0)|ps,
Ta " (w, k) = (%) (a0 + ip)uin ™ (g, 0)|p,
+,(m,n . +,(m,n
T ™" (w, k) = (Fadz +ip)uier ™" (0,8%¢) |+
+,(m,n . +,(m,n
T ™ (w, k) = ($%) 7 (Fa s +ip)un ™™ (0, 85¢) s

for all m,n € Ny with m +n > 1.

With the help of these local RtR operators we can compute any partial derivative

P ™ (w, k) =

o™ PE(w, k)
owmoknr

m,n € Ng, m +n > 1, of the forward-backward propagation operator Pfib (w, k) with respect to w and k.
Taking the m-th derivative with respect to w and the n-th derivative with respect to k of the quadratic

operator equation (7.15) yields

gmtn
0= TP TR TP+ (i 1) P T
,P:I: ,(m,n)
+ <ITZ> <Z> Ti (ml,nl),Pi (mz,nz),]-i (7n3,n5),Pi J(ma,na)
(m, n)E‘J’I‘l(m n)
m n +,(m1,n1) L, (m2,n2) ~+,(ms3,n3)
- () (o) e
(m, n)6m3(m n) m n
m n :|: (ml,nl) :t (mg,’ﬂg) :t,(mg,ng)
¥ (m) (n> ) gk ma na)

(m,n Gm?’(m n)

2.

(m,n)EN2(m,n

_|_

m i,(m1,n1) ﬁ:,(ﬂ)@/ﬂg)
GG

with multinomial coeflicients as given defined Eq. (6.19).

This can be brought into a similar form
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7 Robin-to-Robin transparent boundary conditions

like (7.25), i.e

TP " Pi+ (RETE — > 7) Py

m

(n) 7;):E,(ml,nl),Pf%,(ma,ng),7T):if:,(m3777,3),Pf::§,(m4,n4)

m n

<m,n>e 1, 4y (m.m) )

n
: (o) (o)
(m, n)emm m.n)

n
: () (2)

(m, n)E‘ﬁ{d}(m n)

_ mi(n +,(m1,n1) (m2,n2)
Z (m) (n) T T ) (7.30)

(m,n)€N?(m,n)

i (ml,nl),])i (mz,’l’bz)T m37n3)

Tfi (mh"l)Ti (77L2,n2)rpi ,(m3,n3)

where we omitted — for simplicity of presentation — the (w, k)-dependence of the operators, and the
sets M2 and N4, d = 3,4, J = {2}, {3}, {2,4}, are defined in Egs. (6.20) and (6.22), respectively.
Finally, differentiating Eq. (7.13) m times with respect to w and n times with respect to k, we deduce

that the derivatives
gmtnRE (w7 k)

RE™ (w, k) = HwmOkm

of the RtR operators read
+ (mun) _ £ (mn) M\ (N o, (man1) ok, (ma o) 1
R Ty + Y <m> <n Tot Pe (7.31)

(m,n)eN2(m,n)

with the set 92 (m, n) defined in (6.20).

7.1.4 Variational formulation of the local cell problems

The derivation of the weak formulation of the local cell problem (7.8) is straightforward. Rewriting the
boundary conditions (7.8b) and (7.8c) in the form

Fadhuil (p,v) =ipuis (o, ¥) —¢  on Ty, (7.32a)
+a aguic(ap, Y) =1ip uic(cp,zp) — on Ff, (7.32b)

we can deduce that Eq. (7.8) is equivalent to: for given forward Robin trace ¢ on Foi and backward
Robin trace ¢ on 'Y find uic(go, P) € H%p(Cli) such that

bor vl —ip 3 [ o) vast) == [ pvast - [ vodst  (73)

7=0,1 0

for all v € H%p(Cli), with the sesquilinear form bg+ as given in Eq. (6.25a).

Once the local cell solutions uic(ap, ) are known, we can compute the local RtR operators by insert-
ing (7.32) into the definition (7.9) of the local RtR operators which yields

Ti (w, k) = 2ip Uige(®s  0)pz —, (7.34a)
T (W, k)e = 2ip (§7) Mg, 0)|ps, (7.34b)
T (w, k) = 2ip Ui (0, 8%¢) | (7.34c)
Tor (W, k) = 2ip (8¥) 7 1ui5 (0, 5% ) [ps — (7.34d)

for any ¢ € H11/2(1"g).
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7.1 The Robin-to-Robin operators

We proceed with the variational formulation of the local cell problems (7.29) for the computation of
the w- and k-derivatives of the local cell solutions ui (¢, ). Similarly to Eq. (6.27) we find that (7.29)
is equivalent to: seek ui’(m’n)(go,w) € H}p(Cli) such that

loc

bos (uge ™™ (0 ), v, k) —ip Y / ton ™™ (p,0) T ds(x)

7=0,1

+,(m—1,n +,(m—2n
= 2mw mgi (uloc( )(307 1/))7 ’U) + m( ]-) Ci (uloc( )(Qoa 1/1)7 ’U)

+,(m,n— «, +,(m,n—
= 2nkme (uig ™" (0, 0),0) = n e (g™ Y (6, 0), 0)

—n(n— DS (u ™" (0, 4),0)  (7.35)

me

for all v € Hi (Ci) and m,n € Ny with m +n > 1. Then the derivatives of the local RtR operators
applied to ¢ € Hy, / (TE) read

TJ,(m ")(w, k) = 2ip uic(m n)(% 0) |Foi’
T " w,k)e = 20 (S5) g™, 0l
T w ke =2p e (0.5%) .
Tor " (w, k) = 2ip (S%) i (0, 8% ) s

for any m,n € Ny with m +n > 1.

7.1.5 Discretization

In Section 7.1.4 we introduced a variational formulation for the local cell problems to compute the local
RtR operators (7.9). In this section we now want to describe the computation of the discrete RtR maps.

For this, we employ the FE spaces S} (C’i) and S’fp(Fg), that were introduced in Section 6.1.5 as
subspaces of H} (C’i) and Hy /2 (Fi) w1th polynomial degree p and dimensions N(CF) and N(TF), re
spectively. As we shall assume that permittivity €,, and thus, the coefficient functions do not jump on
the boundaries I‘g we can expect the Neumann and Robin traces on Fi to be in Hy/ 2(1"*) and hence,
S ) is an appropriate FE subspace of the dual space H; '/ 2(1"i) of the Neumann and Robin traces
on F . If this additional smoothness condition of the coefﬁc1ent functions is not satisfied, we shall use
the blorthogonal basis proposed by Wohlmuth [Woh01] as subspace of Hy, / : (Fi). Finally, recall that
we defined the meshes 9(CY) to be periodic in direction af and thus, the basis functions of S (I‘i)
shifted to I‘i build a basis of the corresponding FE subspace of Hy /2 (Fi) The same is valid for the FE
subspaces of H p/ 2(1"i) and H;. '/ 2(I‘j[). Recall, in particular, that thls implies that the basis functions
bot o =1,... ,N(CT), of the FE spaces S} (C’i) can be ordered such that

e the basis functions with index n € &(CE,TT) = {1,..., N(I'T)} vanish on I'f, but their traces on
I'5 build a basis of S7 (),

e the basis functions with index n € G(CE,TF) = {N(TT)+1,...,2 N(T'E)} vanish on T, but their
traces on I'T shifted to I's, using the shift operator (S¥)~! build a basis of S’l’p(l“oi) as well, and

e the basis functions with index n € G(CE,CF) = {2 N(IE) +1,..., N(C)} vanish on TF and T's.

Thus, the traces of the basis functions of S’l’p(C’li) on Ff, i = 0,1, are related to the basis functions brﬁ,nv
n=1,...,N({T%), of Sfp(FaE) such that

N(T¥) N(T¥)

_ 1
Foi,n Z QCi,mn Clim”b'roi - Z QCli,m»yleli,N(Foi)-i-m'Fli?
m=1

with permutation matrices Qici € RN(FUi)XN(Fg), i =0,1, cf. Eq. (6.30).
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7 Robin-to-Robin transparent boundary conditions

Discretization of the local cell problems

In this subsection we aim to compute the discrete versions of the local RtR operators ngt, ’7?, ’ﬁi and
7?; in order to access the discrete forward-forward propagation operators and discrete RtR operators in
the following subsections.

Using the FE spaces S} (C’i) and SY (Fi) we derive a discrete form of the local cell problems (7. 8):
for given forward Robin trace on € SY (Fi) on I's and backward Robin trace ¢y, = S*@, ¢ € S¥ > ),
on I'f find uloC w(en, ) € SY (Ci) such that

bci(uloch(@hawh) vniw, k) —ip / Uige n (P, ¥n) T ds(x)

7=0,1

= / on U, ds(x / Yy, T ds(x)  (7.36)
I_‘O
for all vy, € SY (C’i) cf. Eq. (7.33). These discrete local cell problems are well-posed as long as the mesh
width A is chosen small enough and the polynomial degree p is large enough [SS11, Thm. 4.2.9], [MS11].
The discrete local RtR operators are then defined as

Teon (@, K)en = 2ip Uigen($ns  0) v+ —@n, (7.37a)
T (@, k)on = 2ip (%) g, h(wh, 0)|ps (7.37b)
Tobn (W, k)en = 2ip Uigen (0,8 0n) |z (7.37c)
Tt (@, B)en = 2ip (8¥) i 1, (0, 8% n) |px —n, (7.37d)

cf. Eq. (7.34). Since the discrete local cell problems (7.36) are well-posed, it follows that the discrete local
RtR operators (7.37) inherit their properties from the continuous local RtR operators (7.9). In particular,
7Lf , is invertible as long as the discrete auxiliary local cell problem, find %, uloc L(0,) € ST (C’i) such
that

hci(uloch( s Wn), vh;w,k)—ip/ uloch( ) T, ds(x )Jrip/ uloch( ,UR) Tp ds(x)

0 1

= /:(: Py Up dS(X) (738)
ry

for all v, € S} (Ci) is well-posed.
Now we Want to transform the discretized local cell problems (7.36) into linear systems of equations,
and represent the discrete local RtR operators (7.37) in terms of matrices. With the help of the basis

functions bFi o n € {1, N(Fi)}, of the discrete space S} (Fi), we seek matrix representations of
the discrete local RtR operators 7'] n 4,7 € {f,b}, i.e. we search for matrices Ti CNIFXNIF) with
entries Tm s M1 € {1, N(T'S)} such that
N(rE)
Tabr . Z & bt € SU(TE),  i.j € {f,b}. (7.39)

We recall the matrix Bez € CN(CH*NEE) from Eq. (6.32), and introduce the matrices Mes pe €
RN(CT)XN(CF ), i=0,1, Wlth entries

Mcli,l"ii,mn = /Fi bCli,n bCli,m dS(X), i=0,1,
i

m,n € {1,...,N(C)}, related to the boundary integrals in Eq. (7.36). Furthermore, we define the
matrix

Sc(w,k) =Bz (w,k) —ip Y Mes ps,
j=0,1
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7.1 The Robin-to-Robin operators

and introduce the notation Mcj: rE (I‘ ) € € RN(COXNIE) j = 0,1, for the block matrix of MC:!: rE with
column mdlces s(C 7I‘i)

Let ey NG ) e RNOT ),n e {l,...,N(C{)} denote the n-th unit vector of dimension N(C7). Then the
matrix form of the discrete local cell problem (7.33) reads

+ + N(g) + N(TF)

SCIi (w, k) uloc,h(ng:,m7 brg,n) = _Mcli,roi T9) Q((ngi em ° — Mcfﬂ,rf Iy )Q};li en 77, (7.40)
withm,n € {1,..., N(TZ)}, where uic h(bl—d: sbre o, ) € CN(CT) are the coefficient vectors of the discrete
local cell solutions Uloen (- 3w, k s br o brz 4, ) € Slp(C1 ) with respect to the basis functions of Sll’p(CfE).

Collecting the vectors uic’h(bl—\oi mr0),me{l,...,N(T g)}, in matrices Uic,h’o € CN(CHIXN(TT) gat-
isfying
+ +
Scli (w, k) Ulse,no = *Mcli,roi (o) roli’
and the vectors uic,h(O, bp L)€ {1, N(TF)}, in matrices Uie,h 1€ CN(CH)XNTF) satisfying

Scli (w, k) Ul:gc,h,l = _Mclir,rli (Fli) Qélia
we can — using Eq. (7.37) and Eq. (7.39) — deduce
T% - 2900 UL, oTF)
TF = 2QL U, o(TF).
Tib = 21PQ%iUic h,l(F(j)E)a
T} = 21PQ1 iUloc h, 1(TY)

where UloC ni(L5 %), 4,7 € {0,1}, denotes the block matrix of U
To summarize, it is sufficient to solve the block system

with row indices &(C, F]i)

loc,h,i

+
Sgi(w l:;t) . 00 U1:|c:)c ho Ulﬂgc’h’l Mcj: Fi(I‘O )Qci —Mclj:’rli(rl )Qlcli
—2ipQ iI(F07C1) I o Tfj,E be = -1 0
—2mQ1iI(Ff,C%> o 1)\ Tz Ty 0 -1

for the matrices T?b, T&t, T,fb and T}ff, where the rectangular matrices I(TF, Cf) € RN(Fg)XN(Cli),

i € {0,1}, are the block matrices of the N(C7) x N(CF) identity matrix with row indices &(CF, T'E).

Finally, we note that the matrices TW i,j € {f,b}, map coefficient vectors of FE functions in S (I‘i)
onto coefficient vectors of other FE functions in SY (Fi) i.e. they map in strong sense. Hence, products
of local RtR operators, as they appear in the Rlccatl equation (7.18) and the formula (7.13) for the
i 67 € {f, b}
This is in contrast to the matrices of the local DtN operators in Chapter 6, which are computed in weak
sense, and hence, cannot be multiplied directly.

computation of the RtR operator, can be realized by simply multiplying the matrices T+

Computation of the discrete propagation operators

In this subsection we face the problem of computing discrete approximations to the forward-forward
propagation operators ’Pﬁi (w, k) and the forward-backward propagation operators Pfjg (w, k).

If the discrete auxiliary local cell problem (7.38) is well-posed and hence, the discrete local backward-
forward operator Rf n(w, k) is invertible, we search for discrete operators PH n(w, k) € L(S, (TE)) with
spectral radius strictly less than one that satisfy the discrete operator equation

7¥)b h (Rf h) - (,Pf:;h>2+ (Tfl:)t,h - (Rf h) 7I)b h (ﬂ)f h) - 7?,2) Pfjft,h + (ﬁfh) - 7;;:}7, =0, (7.41)

cf. Eq. (7.18). Similarly, we introduce the discrete forward-backward propagation operator Pfib7 nlw, k) €
L(ST,(T5)) by

1p

,Pf%,h = (Rf h)il (Pffh - 7;fi,h> )
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7 Robin-to-Robin transparent boundary conditions

cf. Eq. (7.17).
Using the basis of S¥ p(FO ) we want to express the discrete forward-forward propagation operator Pﬁ h

in matrices P € CNI)XNIT) with coefficients Pff s My € {1, N(TF)}, that satisfy
N(TE))
Pﬂh Fi n Z Pf:ftmn Fi (742)

Using this definition and the definition of the matrices T
as a quadratic matrix-valued equation

i,7 € {f,b}, in (7.39) we can write Eq. (7.41)

@5

-1 2 -1 -1 ~1
T (T5) ' (PF)” + (T — (T5) ™' - T (i) 7' TF ) Pf + (T5) ' T = 0. (7.43)

Considering that the discretization preserves the periodicity properties of C’ljE in as-direction we de-
duce that the forward-forward propagation matrix P§ is the unique matrix satisfying Eq. (7.43) with
eigenvalues whose magnitudes are strictly less than one.

Similarly, we express the discrete forward-backward propagation operator Pfib,h in matrices P?Eb €

CNTEIXNTT) with coefficients be mn> M € {1, ,N(I‘g)}7 that satisfy

N(T¥))
Piabren = 2 P mnbrs - (7.44)

Then we can rewrite Eq. (7.1.5) in terms of matrix equation
+ £\~ (pE £
Pi = (Ty)  (Pg —Tq)-

Analogously to Chapter 6 for the computation of the discrete Dirichlet propagation operator, we
propose a spectral decomposition to compute P?{. Even though we cannot guarantee that ngt is diago-
nalizable the spectral decomposition has proven to be an efficient and reliable approach to compute P?f:.
If, however, the propagation matrix P§ is in fact of Jordan type and hence, cannot be diagonalized, we
can still use this spectral method in a generalized form by identifying the Jordan blocks and computing
the Jordan chains, as shown in [F1i09] for the DtN method.

Thus, we want to find eigenvalues u*(w,k) € C with magnitude strictly less than one and their
corresponding eigenvectors ¥ (w, k) € CN (U5 of the quadratic eigenvalue problem

[T (1) 7 0)” + (Th — (T8) ' = T, (T8) 7 T et + (Th) T |wt =0, (7a5)

which can be transformed into the generalized linear eigenvalue problem

-1 —1 -1 —
I 0 0 I C

+
of. [TMO1], with ®F = (“Zﬁ )

Now let us present an important result of the spectral decomposition. If w? € R* \ ¢°5(k) is not
a global or local Dirichlet eigenvalue, i.e. an eigenvalue of the infinite half-strip problem (7.1a) or the
local cell problem (7.8a) with homogeneous Dirichlet boundary conditions, the following result is a direct
consequence of Proposition 7.7 and Proposition 6.15 in Chapter 6. If, however, w?
local Dirichlet eigenvalue we conjecture that the result still holds true.

is such a global or

1
Conjecture 7.13. If u*(w,k) € C\ {0} is an eigenvalue of (7.45), then ( *(w, k)) is also an

etgenvalue.

As a by-product and analogously to the case with DtN operators, the spectral decomposition of the
propagation matrix P% (w, k) yields information whether w? is inside the discrete approximation of the
essential spectrum o (k).
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7.1 The Robin-to-Robin operators

Definition 7.14. We call the set of numbers w? for which the quadratic eigenvalue problem (7.45)
has eigenvalues with magnitude one approximative spectrum O'}:::(lﬂ). Furthermore, we define o3°(k) =
o (k) Ua; (k)

h n %)

With the help of Conjecture 7.13 and Definition 7.14 it is now clear how to compute the spectral
decomposition of the propagation matrix Pg(w, k). We solve the general eigenvalue problem (7.46) for
its 2V (Foi) eigenvalues uF(w, k). If there exist eigenvalues with magnitude equal to one we stop our
computation as we know from Definition 7.14 that this means that w? is in the approximative essential
spectrum o$% (k). Otherwise, and in accordance to Conjecture 7.13, the 2N (T'E) eigenvalues ™ (w, k) split
into N (I‘g) eigenvalues with magnitude strictly less than one and N (I‘g) eigenvalues with magnitude
strictly larger than one. While discarding the N (F(jf) eigenvalues with magnitude strictly larger than
one, the N (1"3[) eigenvalues u*(w,k) with magnitude strictly less than one and their corresponding
eigenvectors wi(w, k) form the spectral decomposition of the propagation matrix Pﬁ?(w, k).

Now let us discuss the procedure for the case where the discrete auxiliary local cell problem (7.38) is
not well-posed. Then the discrete local backward-forward RtR operator 7]';: ;, is not invertible and hence,
we cannot compute the discrete forward-backward propagation operator Pfih by first solving (7.41) for
the discrete forward-forward propagation operator 73135 , With spectral radius strictly less than one, and
then using Eq. (7.1.5). Instead we have to solve

+ pt T+ pt + pt Tt + o+ + + o+
7Lb,hbe,hnf,hrbe,h + 7I;b,hpfb,iﬂ;f,h + (be,hﬂ)f,h - I) P + be,h7;f,h =0, (7.47)

i.e. the discrete version of the quadratic operator equation (7.15), for the discrete forward-backward
propagation operator Pa , (w, k) € ﬁ(S’fp(Fg)). Using the matrix notation introduced above, Eq. (7.47)
can be rewritten in matrix form

F(Pg) = T{ Pa TPy + T P Tx + (T Ti — I) Py + T Tx = 0. (7.48)

Since Tbj[f is singular, we cannot uniquely compute Pfib from Eq. (7.48) by additionally requiring the
matrix
+ + +p*
P; =Ty + TPy
to have spectral radius strictly less than one. Instead, we take Proposition 7.6 into account and assume

that the discretization preserves the invertibility of the RtR operator R* (w, k), cf. Lemma 7.2. Then we
may argue that Pf{ is the unique solution of (7.48) such that

+ + + p+\—lp+
P; = (Ty + T, PR)  Pg

has spectral radius strictly less than one. Employing this observation, we propose a heuristic numerical
scheme for the computation of Pgtb, that is motivated by the Newton method presented in [JLF06]. For
this, we need the directional derivative of the matrix function F in (7.48) with respect to Pfib. It reads

DF(P§)H = T HTEPE + T PR THH + T HTE + (TETE — 1) H.

The Newton method for the computation of Pi works as shown in Algorithm 7.1.

In Chapter 6 we argued that the spectral decomposition is preferable compared to the heuristic Newton
method for the computation of the discrete Dirichlet propagation operator since its results have a physical
meaning. The same is true for the computation of the discrete forward-forward propagation operator
as explained in Definition 7.14. Hence, we shall prefer this procedure as long as we can guarantee that
the discrete auxiliary local cell problem (7.38) is well-posed. As mentioned already above, the constant
p € R\ {0} may be chosen such that (7.38) is well-posed for all values of (w? k) € RT x B under
consideration, as we shall demonstrate in the numerical results in Section 7.3.

Definition of the discrete Robin-to-Robin operators

Considering Eq. (7.13) for the characterization of the RtR operators R* (w, k), we can define the discrete
RtR operators
Riy (@, k) = Ty (@, ) + T (w0, k)P, (w0, ) € L(ST,(TF)).
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7 Robin-to-Robin transparent boundary conditions

Algorithm 7.1. Newton’s method for the computation of the discrete forward-backward propagation

operator.
1: Choose start matrix be (0 € (CN(Fi)XN(Fi) e.g. be (=0
2: Choose tolerance € > 0 for the stopping criterion.
3: fori=20,1,...do
+ +
4: Compute H € CNTa)XNT5) a5 solution of
+ +
F(PE ,)H=F(PE ).
5: if |H|| < ¢ then
6: exit
7 end if
s SetP=Pp , —H .
9: Compute spectral radius s of (be + T P) P.

10: if s <1 then

11: Set Po (4D = P.
12: else

13: Set Pf:-tb (i+1) = %f’
14: end if

15: end for

Using the matrix representations of the discrete local RtR operators and the discrete propagation opera-
+ +

tors, we can compute RtR matrices R (w, k) € CNT0)*NIY) with entries Ry, m,n € {1,..., N(TE)},

that satisfy

NTE)
Ris (@, k)bps o = > Riabps s
m=1
such that
R* =Ti + T P,
cf. Eq. (7.13).

Definition and computation of the derivatives of the discrete Robin-to-Robin operators

The derivatives of the discrete local RtR operators (7.37) of order m € Ny with respect to w and order
n € Ny with respect to k, m +n > 1, are defined by

i(mn +,(m,n)

(w, k)en = 2ip Ugen  (hs 0)|ps, (7.49)
Ta <’” " (w, kK)en = 2ip (S5) a0 (on, 0) [ (7.49b)
Sg 5:” ™ (w, K)gn = 2ip w7 (0, 5% n) |ps (7.49¢)
Toen™ "™ (w, k)en = 2ip (S5)Mug 7" (0, 8% on) |t (7.494)

for any ¢ € SfP(F ), where uic(h (pn,Yn) € SY (Ci) satisfy

KD +,(m,n _
b (™ (s ), viw k) — ip 3 / WET™ (o, ) T ds(x)
7=0,1

+,(m—1,n) +,(m—2,n)
_Qmwmg (uloc(h ! ((phawh)7v)+m( 1) Ci(uloc(h * (Lphvwh)’v)

+,(m,n—1) +,(m,n—1
— 2kl (g " (on ), 0) = n gk (g™ (o) )

—n(n—1)ms (uic(;n " 2)(§0h» ¥n),v)  (7.50)
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7.2 Nonlinear eigenvalue problem with Robin-to-Robin operators

for all v, € S} ( o ) Then we search for matrices Ti (mn) o eNTE)XNTF) with entries Tf;;;n "),
pgefl,... (F )} such that
N(TE)
+,(m,n m,n ..
,Eﬂh( )bl“oi’q = Z T, qu )brg,w i,j € {f,b}.
p=1

To this end, we solve (7.50) for uiiﬁl’")(briw 0) and uifﬁ%”)(o b, ), 1 < £ < N(I'F), and collect the

(m, n) c M (CEYxN(TE)

coefficient vectors with respect to the basis box 1, ..., box y (o) in matrices UlOC

and Uloc(r,’: ) e CN( Ci)XN(F§)7 respectively, i.e. we solve

SCit (w’ k) Ui,(m’l,n') _ Mgi (zm/in,('m/.—l,n’) + m/(m/ . 1)Ui,('rn/.—2,n’))
1

loc,h,i loc,h,i loc,h,i

— Mg (2n KUY n'(n' — 1)Ui’(””/,v”/—2))
1

loc,h,i loc,h,i

+,(0,0) U:I:

for all m" = 0,...,m and n’ = 0,...,n with m’ +n' > 1, where U\ ;" = Up; .,

o (7.49) we have

i =0,1. According

+,(m,n) +,(m,n
be( = 21PQci Uloc(h ,0 )(
Tg’(m’n) — 21lecli Ui’(m,n)(

+,(m,n . +,(m,n
Tbb( )= QIPQ%Ii Uloc€h71 )(F§

+,(m, . +,(m,
be(m M= 2IPQIC1i Uloc(,hl,ln)( i

where UL (Fi) i,j € {0,1}, denote the block matrices of Ui;{ﬁ;n) with row indices &(CT, I‘f)

loc,h,i
The matrices Pi (m, ")( k) € CNTF)xN(Tg

), i.e. the discrete versions of the derivatives of the forward-
backward propagation operators, can simply be obtained when transferring the linear operator equa-
tion (7.30) into discrete form by replacing all operators with their corresponding matrices. Similarly to
the procedure discussed in Chapter 6 for the computation of the derivatives of the Dirichlet propagation
matrices, the resulting linear matrix equation can be transformed into a linear system of equation with
(N(I'F))? unknowns, i. . the entries of P ™™ (w, k), see [Lan70] for more details.

Finally, we obtain the derivatives of the discrete RtR operators

Ri’(m’n) _ Tf:lt:),(m,n) + Z (:Z) (n) Ta:l;(ml,nl)Pf:E,(mznz) (751)
)

n
(m,n)eN?(m,n

cf. Eq. (7.31), with the set 91%(m, n) defined in (6.20).

7.2 Nonlinear eigenvalue problem with Robin-to-Robin operators

In the previous section we introduced RtR operators for periodic media, explained their computation and
discretization. In this section we now want to show how to employ these operators in order to transform
the linear (or quadratic) eigenvalue problem (2.19) on the unbounded domain S to a nonlinear eigenvalue
problem posed in the defect cell Cy. We will start with the problem in strong formulation. After
introducing a variational formulation, we will elaborate on the discretization of this nonlinear eigenvalue
problem and finally, we present numerical solution techniques to solve the nonlinear eigenvalue problem
in discretized form.

7.2.1 Main theorem

We start with the main result of the RtR method [F1i09].
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7 Robin-to-Robin transparent boundary conditions

Theorem 7.15. The eigenvalue problem (2.19) posed in the unbounded domain S is equivalent to:
find eigenvalue couples (w? k) € RT x B, with w?* ¢ 0°%(k), such that there exists a mon-trivial
u € Hi (A, Co, ) that satisfies

—(V+ik})) - a(V +ik(})u — w?Bu=0 in Co, (7.52a)
(Fady +ip)u = R (w, k) (o dy + ip)u onTE. (7.52b)

Note that the problem (7.52) — in comparison to problem (2.19) — is posed in the bounded domain Cy
but it is nonlinear with respect to w and k£ due to the highly nonlinear dependence of the RtR operators
on w and k.

7.2.2 Mixed variational formulation

In order to derive a variational formulation of the nonlinear eigenvalue problem (7.52) with RtR operators,

we introduce Lagrange multipliers A\* € HI;/ *(T'%) defined by

+_
AT =t 5‘2u|roi

for the Neumann trace on FBE. Using the linearity of the RtR operators, we deduce that the Robin
boundary condition (7.52b) can be rewritten in the form

(T +RE(w, k) (ﬁ:oz o ng) = ip(T — R*(w, k))ulps (7.53)

where Z denotes the identity operator. Thus, a mixed variational formulation of the nonlinear eigenvalue
problem (7.52) reads: find eigenvalue couples (w? k) € RT x B with w? ¢ 0°3(k), and associated
eigenmodes (u, A", A7) € Hj (Cp) x HI;/Q(Fg) X HI;/2(F6) such that

be, (u, v;w, k) — /F+ AT o ds(x) — /r— A" vds(x) =0, (7.54a)
i'O/FJr (I - R (w, k)) u ds(x) — /F* (I+ R (w, k)) ATt ds(x) =0, (7.54b)
ip/rf (Z—R™(w. k) uv~ ds(x) - /p— (Z+R™(w,k)) A~ ¥~ ds(x) =0, (7.54¢)

for all (v, ¥+, ¢™) € H}(Co) x Hi/pz () x HY;(FJ), where the sesquilinear form b, is given in Eq. (6.45a).

7.2.3 Variational formulation with Dirichlet-to-Neumann operators

Now we aim to derive an alternative variational formulation which employs DtN operators and which
is — in contrast to the mixed variational formulation (7.54) — symmetric with respect to the trial and
test spaces. However, this formulation is not well-posed at all frequencies in the band gap as one has to
exclude the global Dirichlet eigenvalues.

Again, we use the fact that the RtR operators R*(w,k) are linear and the Robin boundary condi-
tion (7.52b) can be rewritten in the form (7.53). Then we present an important result [F1i09] on the
operator (Z +R*(w, k)), which also appears in Eqs. (7.54b)—(7.54c), where it is applied to the Lagrange
multipliers \E.

Proposition 7.16. Let k € B and w? € R* \ 0°%(k). Furthermore, we assume that w? is not a
global Dirichlet eigenvalue, i. e. an eigenvalue of the infinite half-strip problem (7.1a) with homogeneous
Dirichlet boundary condition on T'c. Then the operator (I + R*(w, k)) is invertible.

Proof. By definition of the RtR operator and the Robin problems in the infinite half-strips, the operator
(Z + R*(w, k)) satisfies

(Z+RE(w, k) ¢ = 2ipu® (-0, k,9) [p € H (),
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7.2 Nonlinear eigenvalue problem with Robin-to-Robin operators

for any ¢ € HI;/2 (TE) where u*(-;w, k,¢) is the unique solution of (7.1). Using the same ideas as in

Lemma 7.3, we can show that for any ¢piN € Hi/pg (TE) the inverse of (Z + R*(w, k)) is defined by

(£ dy +1p)
2ip upen (PDeN) |p§a (7.55)

PYDtN

where uZ, x(¢pin) is the unique solution of the infinite half-strip problem (6.1) with Dirichlet boundary
condition on I's. Note that the solution w5\ (¢pin) of (6.1) is in fact unique since we assume that
w? ¢ 0°3(k) is not a global Dirichlet eigenvalue. Hence, (Z + R*(w, k)) is invertible with inverse (7.55)
if w? ¢ 0°(k) is not a global Dirichlet eigenvalue. O

Using Proposition 7.16 and Eq. (7.53), we can deduce that the Robin boundary condition (7.52b) is
equivalent to the Neumann boundary condition

+a dou = D g (w, k)u on T'E,
cf. Eq. (6.43b), with the DtN operator
D (@, k) = ip (T +R* (w, k) (T = R* (w, k), (7.56)

if w? is not a global Dirichlet eigenvalue.

Then the derivation of the corresponding weak formulation of the problem with DtN operators is
straightforward: find eigenvalue couples (w?, k) € RT x B, with w? ¢ 0°%(k), and associated eigenmodes
u € Hi (Cy) such that

b, (4, v;w, k) — Orer (4, v;w, k) =0 (7.57)

for all v € H?[p(Co)7 with the sesquilinear form
Oper (U, v;w, k) ::/ Difg (w, k)uv ds(x) +/ Drig (w, k)ut ds(x), (7.58)
sy Iy

cf. Eq. (6.45b).

Remark 7.17. Let k € B and w? € RT \ 0°%(k). Furthermore, let us assume that w? is not a global
Dirichlet eigenvalue, i. e. an eigenvalue of the infinite half-strip problem (7.1a) with homogeneous Dirichlet
boundary condition on T*. Then the DtN operator DﬁtR(w,k) is well-defined and can be computed
according to Eq. (7.56). If, additionally, w? is not equal to a local Dirichlet eigenvalue, i. e. an eigenvalue
of the local cell problem (7.8a), then the DtN operator (6.9) denoted by D* (w, k), that is based on the DtN
approach as described in Chapter 6 and can be computed using local Dirichlet problems, exists and is well-
defined. This implies — according to Theorem 7.15 and its analogue for the DtN approach, Theorem 6.18
— that D g (w, k) = DF(w, k) for all (W k) € RT x B with w? ¢ 0°5(k) except for a countable set of
frequencies — the global and local Dirichlet eigenvalues.

7.2.4 Group velocity and higher derivatives of dispersion curves

In Section 6.2.3 we derived formulas for the group velocity and higher derivatives of the dispersion
curve for problems with DtN transparent boundary conditions. This means that the formulas derived in
Section 6.2.3 can directly be applied to the variational eigenvalue problem (7.57) with DtN transparent
boundary conditions based on local Robin problems. For this, we only need to explain how we compute the
partial derivatives of the DtN operators Df{tR with respect to the frequency w and the quasi-momentum k
from the partial derivatives of the RtR operators R*, whose computation was explained in Section 7.1.3.

For the differentiation of (7.56) we can either apply Faa di Bruno’s formula [FdB57] in combination
with multinomial expansions, or we apply a recursion algorithm similar to Algorithm 5.1. Since the
former approach leads to very complicated formulas, we prefer the second approach even though it does
not yield closed formulas. First using binomial expansions, we find that the m-th w- and n-th k-derivative

+(m, O DE L (w, k)
’DRtgn ™ (w’ k) = awrlr?tap;fn
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+
of Dy, reads

m n

m,n : m n m’ an’ - m—m’ qn—n’'
D™ =ip 3 D (m> (n,)aw R (T+RHT) oo (T -RF). (T59)
m’=0n’'=0

While the second term in (7.59) can simply be expressed as

T —R*, if m" =m and n’ = n,

’ ’ .
—RE(m=—m'n=n") " therwise,

on ™o (I - RE) = {

the evaluation of the first term is more involved. For this, we first note that for all / € N

8,? ((I—&-Ri)_é) _ 8271 (—é(I—‘,—Ri)_z_law'Ri)
n—1
=0y (”n_, 1) Y (T+RHH o RE. (7.60)
n’=0

Recursively applying (7.60), we find that we can express O} ((I —&—Ri)_l) in a sum of products of
(Z + R*)~! and (higher order) partial derivatives of R* with respect to k. Note that this can be
obtained analogously by applying Fad di Bruno’s formula to 07 ((Z +R*)™!). Now it remains to take
the m-th derivative with respect to w of this sum. Each summand is a product of several terms of
(Z+R*)~! and 8}!7??, n’ € N. Hence, the m-th derivative with respect to w of each product can be
expressed in terms of a multinomial expansion.

For the mixed variational eigenvalue problem (7.54) with RtR operators, however, we have to extend
the procedure, that was developed in Chapter 4 and transferred to problems with DtN transparent
boundary conditions in Section 6.2.3, to non-self-adjoint problems. This was already done in discrete
sense in Chapter 5, where we do not require the nonlinear matrix function to be Hermitian. Therefore,
we shall refrain from revisiting the procedure developed in Chapter 5 and transferring it into variational
sense.

However, we would like to comment on the requirements of the procedure in Chapter 5, and whether
these are fulfilled in our case. Most important is the analyticity of the dispersion curves and the differ-
entiability of the corresponding eigenmodes to any order. In Section 6.2.3 we argued that the analyticity
of the dispersion curves and their corresponding eigenmodes of the variational formulation of the linear
eigenvalue problem (2.19) in the infinite strip S, that was discussed in Chapter 4, directly transfers to
variational problems of the form (6.44) with DtN transparent boundary conditions due to the equivalence
of the variational formulations in the sense of Remark 6.19. Considering Theorem 7.15, the same is true
for the dispersion curves and their corresponding eigenmodes of the eigenvalue problem (7.52) with RtR
operators and the linear eigenvalue problem (2.19) in the infinite strip S. Assuming that this property is
preserved by the mixed variational formulation (7.54), we can analogously to the case of DtN transparent
boundary conditions, derive formulas for the group velocity and any higher derivative of the dispersion
curves. For this we use the fact that the RtR operators are differentiable to any order with respect to
the frequency w and the quasi-momentum k, see Section 7.1.3.

7.2.5 Discretization

Now let us elaborate on the discretization of the variational formulations introduced above. In addition to
the FE space Sfp(Fg) of polynomial degree p and dimension N (Foi), that was already used in Section 7.1.5
as discrete subspace of Hi/lf(l"(jf), we recall S7 (Cp) as the FE subspace of Hj (Cp) with total polynomial
degree p and dimension N(Cj) as introduced in Section 6.1.5. Furthermore, recall that we assumed in
Section 7.1.5 that the material coefficients do not jump on the boundaries F(jf which implies that the
Neumann and Robin traces on TS are in Hi/; (TE) and hence, we shall take S’fp(I%) as discrete subspace
of HIS/Q(Fg). Recall from Section 6.1.5 that we ordered the basis functions bc, ., n = 1,..., N(Cp), of

S’fp(Co) such that

e the basis functions with index n € &(Cy,I'y) = {1,..., N(I'{)} vanish on Ty, but their traces on
'y build a basis of S7,(I'}),
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e the basis functions with index n € &(Cy,Ty) = {N(T'§) +1,...,N(I'{) + N(T'y)} vanish on T'J,
but their traces on I'y build a basis of S{, (T ), and

e the basis functions with index n € &(Cp,Co) = {N(I'{) + N(Iy) +1,..., N(Cp) vanish on I'z.

With this ordering of the basis functions of S’l’p(Co), their traces on Fat and the basis functions broi,
n=1,..., N, of Sﬁ’p(FaE) are related through

N(Tg)

— E +
ng,n - QCO,manmmh‘g?
m=1

N{Tg)

brg,n = E : Qco,mnbco,N(r§)+m|rg7
m=1

with permutation matrices QF, € RNTO*NTT) and Qg, € RNTo)XNTo) cf Eq. (6.28).

Analogously to the discretization of the local cell problems in Section 7.1.5, we recall the matrix
B, (w, k) € CN(@)XN(C) from Eq. (6.56), and introduce the matrices M, r& € RVTH*NTT) with
entries
MCO,F(:JE7mn(k) = /Fét bCO,’ﬂ bCO’m ds(x)7
m,n € &(Cy,I'T), related to the boundary integrals in Eq. (7.54).

With these definitions and the special ordering of the basis functions b¢, , of the space S’l’p(Co) de-
scribed above, the discretization of the mixed variational formulation (7.54) reads

Bc, ~1(Co, LMy 1+ (Q5)T ~1(Co.Tg)M - (Qgy)” u
L0 CoM ) e (QF)T(FRT) =M (@) (4R 0 Af =0, (7.61)
ipI(Fg,oo)MCO,FOf(Qa(,)T(I—R*) 0 Mg e Q) (I+R7) |\,

where u = u(w, k) € CV(0) is the coefficient vector of the discrete eigenmode uy, (- ;w, k) € ST, (Co) with
respect to the basis functions be, » of S7,(Co), and AF = X (w, k) € CNCTT) are the coefficient vectors
of the discrete Lagrange multipliers )\f(gw,k) € Sﬁ’p(Fi) with respect to the basis functions bF(:)E,n of
S’fp(I‘?), and the rectangular matrices I(T'E, Cp) € RNTo)xN(Co) and 1(Cy,T3) € RN (CxN(TE) are the
block matrices of the N(Cp) x N(Cp) identity matrix with row, respectively column, indices &(Cp, TT).

If we choose the variational formulation (7.57) with DtN operators instead of the mixed variational

formulation (7.54) we obtain the discrete equation
(Be, (w, k) — Dey rer (w, k) u =0, (7.62)

where the matrix D¢, rir(w, k) € CN(Co)xN(Co) is given by

Dfr(w, k) 0 0
DCQ,RtR(w7 k}) = 0 DﬁtR(w, k‘) 0
0 0 0
with
. —1 + +
Dy (w, k) = oM, 1(Q5)" (IT+R*(w,k)) ™ (I - R*(w,k)) Q5, € CV o) * Vo), (7.63)

On the continuous level we showed that the operator (Z + R*(w, k)) is only invertible if w? is not a
global Dirichlet eigenvalue, cf. Proposition 7.16. As long as the FE discretization is fine enough, we can
equivalently observe that the matrix (I + R*(w, k)) has full rank if and only if w? is not a global Dirichlet
eigenvalue. This implies that the DtN matrix (7.63) is only well-defined if w? is not a global Dirichlet
eigenvalue.

Again we have to note that — to the best of our knowledge — the stability of the FE discretizations
of the two formulations has not yet been studied. However, numerical evidence shows that the standard
asymptotic convergence estimates hold true for both formulations and thus, we can again use p-FEM on
a coarse grid, cf. Figure 6.1, and can expect exponential convergence.
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7.2.6 Numerical solution of the nonlinear eigenvalue problem

The numerical solution of the nonlinear eigenvalue problem (7.62) with DtN operators based on local
Robin problems can be obtained analogously to the solution of the nonlinear eigenvalue problem (6.58)
with DtN operators based on local Dirichlet problems. Since the RtR operators R* (w, k) are differentiable
with respect to w and k, cf. Section 7.1.3, so are the DtN operators DﬁtR(w, k), and hence, all methods
introduced in Section 3.2, in particular, the MSLP and the Chebyshev interpolation, can be applied
to (7.62). But also the iterative Newton method, proposed in Section 3.3 and discussed in Section 6.2.5
for the case with DtN operators can be applied to (7.62).

On the other hand, the discretized nonlinear eigenvalue problem (7.61) with RtR operators can also
be solved iteratively and directly. Due to the differentiability of the RtR operators the block matrix
in (7.61) is differentiable with respect to w and k up to any order. Hence, it is possible to apply the
direct and indirect methods introduced in Section 3.2 in both formulations, the w-formulation and the
k-formulation.

Applying the Newton-like method, that we proposed in Section 3.3, to the nonlinear eigenvalue prob-
lem (7.61) is also possible. However, we cannot proceed analogously to Section 6.2.5, where we applied it to
the nonlinear problem (6.58) with DtN transparent boundary conditions. The main ideas of the proposed
Newton-type method is to transform the nonlinear eigenvalue problem into fixpoint problem. For this we
introduce a linear eigenvalue problem with fixed RtR operators. Let kg € B and w% € R\ 6°(kg) be
arbitrary but fixed. Then the problem: find w? = w?(wgr,kr) € R and a non-trivial u(w) € CN()\ {0}
that satisfies

u
(A(wR, kr) — w2]§> A | =o, (7.64)
A
is a linear eigenvalue problem with matrices
AL +RRCE +ER ME, 71(co,r§)1v1%yr(T Q)" 71(co,rg)1\/1001Fa Q)"
A(wr, kr) = ipI(Far,CU)MCO,FOJr(QZEO)T(IfR*) 7MCO‘FO+(QgO)T(I+R+) 0
ipI(I‘O’,Co)MCOYFJ Q)" (1-R7) 0 Mg e Q)" (1+R7)

and

~ M{, 00
B= 0 00 )
0 00

where A2 ,CE! Mg, M/, € RN(C)xN(©) are defined in (6.57) and R* = R*(wr, kr). However,
this linear eigenvalue problem does not satisfy the requirements given in Section 3.3 as B is not regular.
Hence, we shall instead substitute A = —w™2 and solve the linear eigenvalue problem

(fa + A (wr, kR))ﬁ =0 (7.65a)
with right eigenvector @ € CN(Co)+NTH+N(Ty)
i (E 1A (wr, kR)) ~0 (7.65b)

CN(C)+NTOH+NTG)  Numerical evidence shows that the matrix A(wg, kg) is
58 (kr), as long as the discretization is fine enough, and

regular for all wg € R" and kg € B with w% ¢ of
hence, we can solve (7.65) for its eigenvalue A closest to Ag := —o.){az using a shift and invert strategy.

with left eigenvector v €

If X is an eigenvalue of (7.65) with A = —w%z, then (w%,kr) is an eigenvalue couple of the nonlinear
eigenvalue problem (7.61).

In Chapter 6 we also introduced a linear eigenvalue problem with fixed DtN operators, see Eq. (6.60).
For that problem we could show that the eigenvalues are real and continuously differentiable with re-
spect to both parameters wp and kp. For the case of RtR transparent boundary conditions, numeri-
cal evidence shows that the eigenvalues of (7.65) are real and can be ordered such that the functions

128



7.2 Nonlinear eigenvalue problem with Robin-to-Robin operators

(wWr, kRr) = Aj(wr, kr) are continuously differentiable, but we cannot give a rigorous proof for these
results. We can only note that, considering the equivalence of the DtN and RtR approach in the sense
of Eq. (7.56) and Remark 7.17, we deduce that the desired properties also hold true for the nonlinear
eigenvalue problem (7.54) in mixed variational formulation if w% is not a global or local Dirichlet eigen-
value, i.e. an eigenvalue of the infinite half-strip problem (7.1a) with homogeneous Dirichlet boundary
conditions, or an eigenvalue of the local cell problem (7.8a) with homogeneous Dirichlet boundary con-
ditions, respectively. Numerical evidence then shows that these properties are inherited by the discrete
eigenvalue problem (7.65).
Let us now directly introduce the global signed distance function

g (WR,kR) = Wk — %2-* (wr, kr) (7.66)
where
J*=j"(wr,kr) = arg min - |w? — wf(wn,knﬂ
1<j<N(Co)+N (T +N(Ty)
and

wi(wr, kr) = */\;1/2(&)72, kRr). (7.67)

Similarly to the global signed distance function (6.62) for the case with DtN operators, df,z can at
most be piecewise differentiable.

The Newton method applied to df,z works similarly to the case with DtN operators as sketched in
Algorithm 6.1 for the w-formulation, i.e. when keeping k fixed and searching for a frequency such that
dig = 0, or as in Algorithm 6.2 for the k-formulation, i.e. when keeping wg fixed and searching for a
quasi-momentum such that dfz = 0.

However, the computation of the derivative of the global signed distance function is slightly more
involved due to the substitution (7.67) and the fact that (7.65) is not Hermitian, which implies that we
have to solve (7.65) also for its left eigenvectors v. Considering that

0 x_Owr 0 x 15 0 7
A = ¥R A=—Zuwh—A,
and %ﬁ = 0, we obtain
8 VH* ;&w (UJR’ kR)ﬁ .
Tdim(w% kr) = 2wr — sz* iH —= - J )
wR vj*A(wRa kR)uJ*
where
0 B o i .
A (wr, kr) = 7ipI(FSrch)MCOT(T(QgO)TRi 7Mco,F§(QéO)TR$ 0
R LT Co)Mg, o (Qgy) " Ro 0 -M,, . (Q5) RS

On the other hand, the derivative of df,y with respect to the parameter kx reads

~H e ~
0 2 o) — 9 Vj*AkR(WRakR)uj*
ok RtR(wR’ R) =W T g = ,
R Vj*A(UJR, kR)uj*
where
1 <%
Cg,) +2kr Mg 0 0
X : + + \TR+ + \TR+
Ak’R (WR7 kR) — | —ipI(I]§ ’CU)MCU,FO'*'(QCO) R _MCU=F(T (Qg,) Ry 0
*ipI(FO_’CO)McO,rJ (QEO)TR"—‘ 0 7MCo=F5 (QEO)TR;

Note that the fact that B is singular also implies that (7.65) has 2N (TZ) zero eigenvalues and, hence,
the computation of the eigenvalues of (7.65) with smallest magnitude is not meaningful, i.e. we always
should assign a non-zero shift when applying a shift and invert strategy.
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7 Robin-to-Robin transparent boundary conditions

7.3 Numerical results

In the numerical examples we want to study the performance of the RtR method in comparison to the
DtN method when applied to the computation of eigenvalues that are close to local or global Dirichlet
eigenvalues. The DtN operators are not well-defined at global Dirichlet eigenvalues and their computation
using local Dirichlet problems is ill-posed at local Dirichlet eigenvalues. In the numerical results of the
DtN method presented in Section 6.3 we showed that DtN transparent boundary conditions based on
local Dirichlet problems in fact lead to severe convergence problems when solving for the eigenvalues of
the nonlinear eigenvalue problem.

The setup that we will discuss in this section is again the one presented in Example 2, i. e. we study the
TE mode band structure of a PhC W1 waveguide with hexagonal lattice, relative permittivity e = 11.4
and holes of relative radius ;—1 = 0.31. The polynomial degree of the FE computations set to p = 5 in all
following numerical experiments.

As mentioned in Section 7.1.2, we aim to choose the constant p € R\{0} such that the auxiliary local cell
problem (7.14) is well-posed for all values of (w?, k) under consideration. For the setup described above
p = 3 seems to be a reasonable choice as can be seen from Figure 7.1, where we show the eigenvalues of the
auxiliary local cell problem (7.14) in comparison to the global signed distance function d,y representing
the band structure of the PhC waveguide. Note that there are no eigenvalues of the auxiliary local cell
problem in the second band gap of the PhC waveguide, which is the area we will focus in all following

numerical experiments.
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Figure 7.1: Magnitude of global signed distance function d%, in logarithmic scale evaluated on a grid of
350 x 500 (w, k)-points. The areas left blank correspond to the essential spectrum, i.e. w? € o§*(k). The
green curves represent eigenvalues of the auxiliary local cell problem (7.14).

7.3.1 Computation of global Dirichlet eigenvalues

Before we will analyse the convergence towards eigenvalues of the nonlinear eigenvalue problem (7.61),
that are close to global or local Dirichlet eigenvalues, we consider the computation of global Dirichlet
eigenvalues, i.e. Dirichlet eigenvalues in semi-infinite periodic strips. By construction, this computation
is not possible when using DtN transparent boundary conditions. Using RtR transparent boundary
conditions, however, resolves this problem, and global Dirichlet eigenvalues can be computed. Global
Dirichlet eigenvalues also have a certain physical meaning. If the periodic medium of a semi-infinite 2d
PhC is connected to a perfectly conducting magnetic (TE mode) or electric (TM mode) material, this
can be modelled mathematically by homogeneous Dirichlet boundary conditions at the interface. The
eigenmodes corresponding to global Dirichlet eigenvalues are confined at the surface of the semi-infinite
2d PhC. In this respect these eigenmodes can be called surface modes. However, since the term surface
mode usually refers to modes that are confined at the interface towards air or vacuum [JJWMOS], we
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7.3 Numerical results

shall denote the eigenmodes associated to global Dirichlet eigenvalues by Dirichlet surface modes.

Using RtR operators as introduced in this chapter, the Dirichlet surface mode problem can be reduced
to a nonlinear eigenvalue problem on the interface, i.e. to a problem in 1d. However, for the sake
of simplicity and in order to reuse the procedures proposed for PhC waveguides, we consider the 2d
problem. This means we assume the permittivity of the defect cell Cy to be identical to the permittivity
of the cells C;, i € N, of the semi-infinite PhC below the line defect, which is now — to be precise —
not a line defect anymore. Then we impose homogeneous Dirichlet boundary conditions at I‘S‘ and RtR
transparent boundary conditions at I';. On a discrete level this can be realized by replacing the second
block of rows in the system matrix of Eq. (7.61) by

(Mco,r Q5T 0) e RNTHX(N(Co)+NITH+NTF).
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Figure 7.2: Magnitude of global signed distance Figure 7.3: Convergence of the signed distance

function dg,y in logarithmic scale of Dirichlet sur- function |d, | when applying the Newton method
face mode problem evaluated on a grld Of 350 X 500 in w—formulation to the Computation Of the DiriCh—
(w, k)-points. let surface mode at w ~ 0.218'211—”1C and k = 0.4&—’;.

The start value of the iterative schemes is chosen
to be w©® =0.24 - QTT;C

In Figure 7.2 we show the magnitude of the global signed distance function d, . Recall that the dark
lines correspond to small values of |df, |, and hence represent Dirichlet surface modes.

For the Dirichlet surface mode in the second band gap at £k = 0.4 - i—’: we show exemplarily the
convergence of the Newton method as proposed in Section 7.2.6. The results are presented in Figure 7.3,
where we chose the start value w(® = 0.24 - %Tﬂlc We can see the method converges exponentially towards
the eigenvalue at w ~ 0.218 - %C with rate slightly larger than quadratic.

In Figure 7.4 the real part of the Dirichlet surface mode at w = 0.218 - QTTZC and k =04- i—? is plotted.
It demonstrates well that Dirichlet surface modes are modes that are guided at the surface and decay

exponentially in the periodic medium.

7.3.2 Condition of system and Dirichlet-to-Neumann matrices

Similarly to Section 6.3.4, where we studied the condition of the system matrix and the DtN matrix of the
problem (6.58) with DtN transparent boundary conditions based on local Dirichlet problems, let us now
analyse the condition of the corresponding matrices in the case of RtR transparent boundary conditions
and DtN transparent boundary conditions based on local Robin problems, respectively.

Let Np¢n denote the system matrix of the left hand side of the nonlinear eigenvalue problem (6.58)
with DtN maps that are based on local Dirichlet problems. On the other hand, we shall denote the
system matrix of the nonlinear eigenvalue problem (7.61) with RtR maps by Ngyg.
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Figure 7.5: Condition number (a) and maximum eigenvalue (b) of the system matrix Np¢y with DtN
maps (blue) and the system matrix Nrig with RtR maps (red) in the second band gap at k = 0.4 - i—’:
The vertical dashed lines show the frequency of the global Dirichlet eigenvalue (GD), the local Dirichlet
eigenvalue (LD) and the frequencies of the guided modes (GM).

In Figure 6.13 we presented the condition number and the maximum eigenvalue of the DtN system
matrix Np¢y in the second band gap at £k =0.4- i—’lr In Figure 7.5 we show the condition number and the
maximum eigenvalue of the RtR system matrix Ng¢g in comparison to the results for Np¢n. Again the
vertical dashed lines show the location of the three guided modes (labeled “GM”), the global Dirichlet
eigenvalue (labeled “GD”) and the local Dirichlet eigenvalue (labeled “LD”). Similarly to Npn the
condition number of Ngyg increases at the guided modes, see Figure 7.5a, since the minimum eigenvalue
decreases in the vicinity of an eigenvalue of the nonlinear eigenvalue problem (7.61). As we already saw
in Chapter 6, the condition number of the system matrix Np¢y with DtN maps also increases in the
vicinity of the global Dirichlet eigenvalue, which is due to an increasing maximum eigenvalue of Np¢n,
that is presented in 7.5b. On the other hand, the condition number of the system matrix Ngtg with RtR
maps as well as its maximum eigenvalue do not increase in the vicinity of the global Dirichlet eigenvalue.
In fact, the maximum eigenvalue of Nyyr remains almost constant in the band gap, see Figure 7.5b.

Now let us study the condition number of the system matrix of the problem (7.62) with DtN maps
based on local Robin problems and the condition number of the corresponding DtN matrices DéthR in
a very small vicinity of the local Dirichlet eigenvalue in more detail. We already saw in Section 6.3.4 that
the condition numbers of their counterparts based on local Dirichlet problems increase significantly in a
very small vicinity of the local Dirichlet eigenvalue. Figures 7.6a and 7.6b show the condition numbers of
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Figure 7.6: Condition numbers of the system matrices (a) of the problem (6.58) with DtN transpar-
ent boundary conditions based on local Dirichlet problems (blue) and of the problem (7.62) with DtN
transparent boundary conditions based on local Robin problems (red), and condition numbers of the
corresponding DtN matrices (b) in the vicinity of the local Dirichlet eigenvalue in the second band gap
at k=04 2",
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the two matrices in dependence on the distance to the local Dirichlet eigenvalue and in comparison to the
results of the matrices based on local Dirichlet problems, that were already presented in Figure 6.16. As
expected, the condition numbers of the matrices related to local Robin problems remain constant in the
vicinity of the local Dirichlet eigenvalue, while the condition numbers of the matrices that are based on
local Dirichlet problems increase dramatically in a small vicinity of the local Dirichlet eigenvalue. Again
we want to point out that the increase of the condition number of the matrices that are based on local
Dirichlet problems is limited to a very narrow vicinity of the local Dirichlet eigenvalue.

7.3.3 Computation of eigenvalues in vicinity of global Dirichlet eigenvalues

In Section 6.3.5 we showed that the proposed Newton-like method applied to the nonlinear eigenvalue
problem (6.58) with DtN transparent boundary conditions does not show any convergence problems
even in the presence of global Dirichlet eigenvalues, see Figure 6.17. However, we could show that the
frequently used MSLP suffers from a reduced radius of convergence that is limited by the global Dirichlet
eigenvalue.

For the nonlinear eigenvalue problem (7.61) with RtR transparent boundary conditions we do not expect
such a behaviour, since we could see in the previous section that the condition number of the system
matrix of (7.61) does not increase in the vicinity of the global Dirichlet eigenvalue, see Figure 7.5a.

In Figure 7.7 we present the step sizes of the MSLP and the Newton method in the second band gap at
k=0.4- 2—71“ The vertical, dashed lines show the locations of the guided modes, i. e. the eigenvalues of the
nonlinear eigenvalue problem (7.61). Similarly to the results for DtN transparent boundary conditions
presented in Figure 6.17, both step size curves have roots with negative slope at the guided modes which
means that the methods will converge to these eigenvalues. As expected the two curves do not change

their behaviour at the global Dirichlet eigenvalue at w =~ 0.218 - 2—”10, which is in contrast to the results

with DtN transparent boundary conditions, where the step size mfrve of the MSLP has another root.
Now let us study the behaviour of the Chebyshev interpolation for the computation of the guided mode
in the second band gap at k = 0.4- i—’f that is closest to the global Dirichlet eigenvalue at w ~ 0.218 - %T’Tlc
In Figure 6.18 we saw that the Chebyshev interpolation applied to the problem with DtN transparent
boundary conditions does not converge. Since the system matrix Ngiyr is not spoilt by the presence
of the global Dirichlet eigenvalue, see Figure 7.5, we expect the Chebyshev interpolation applied to

the problem (7.61) with RtR transparent boundary conditions to converge. In Figure 7.8 we show
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Figure 7.8: Absolute error of the Chebyshev in-
terpolation in w-formulation when applied to the
nonlinear eigenvalue problem with DtN maps
(blue) and RtR maps (red) for the computation
of the guided mode in the second band gap at

k=04- Z—T that is closest to the global Dirichlet
eigenvalue at w ~ 0.218- %C The w-interval of the
interpolation is chosen to be [0.215%%07 0.245- %C]

the magnitude of the error in the normalized frequency of the Chebyshev interpolation applied to the
problem with DtN maps (blue) and with RtR maps (red). In fact, we see that the error of the Chebyshev
interpolation applied to (7.61) converges, while the error of the Chebyshev interpolation applied to the
problem with DtN transparent boundary conditions does not converge. Again note that also in the case
of RtR maps, the error does not decrease monotonically since the Chebyshev nodes are not hierarchical.

The results in Figures 7.7 and 7.8 show that RtR transparent boundary conditions effectively resolve
the convergence problems of the numerical schemes applied to the nonlinear eigenvalue problem with
DtN transparent boundary conditions in the vicinity of global Dirichlet eigenvalues.

7.3.4 Computation of eigenvalues in vicinity of local Dirichlet eigenvalues

Finally, we want to analyse the behaviour of the Newton method close to a local Dirichlet eigenvalue
when applied to the nonlinear eigenvalue problem (7.62) with DtN transparent boundary conditions, that
are based on local Robin problems, and when applied to the nonlinear eigenvalue problem (6.58) with
DtN transparent boundary conditions, that are based on local Dirichlet problems.

In Section 6.3.6 we already saw that the Newton method applied to the problem (6.58) with DtN
transparent boundary conditions, that are based on local Dirichlet problems, does not converge to a
common eigenvalue of the nonlinear eigenvalue problem and the local Dirichlet problem, see Figure 6.19a.
On the other hand, we also showed in Section 6.3.6, that the Chebyshev interpolation may converge to
such a common eigenvalue, even though when applied to the nonlinear eigenvalue problem with DtN
transparent boundary conditions based on local Dirichlet problems, see Figure 6.19b.

Since the computation of DtN maps using local Robin problems is — in contrast to the computation of
DtN maps using local Dirichlet problems — not ill-posed at local Dirichlet eigenvalues, we expect either
method to converge to a common eigenvalue of the nonlinear eigenvalue problem and the local Dirichlet
problem.

For orientation we show in Figure 7.9 the magnitude of the global signed distance function df,y.
The dark lines indicate small values of |df, | and therefore, represent the eigenvalues of the nonlinear
eigenvalue problem (7.61). The green lines, on the other hand, show the local Dirichlet eigenvalues.

In Figure 7.10 we present the convergence of the Newton method to the common eigenvalue w =~
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Figure 7.9: Magnitude of global signed distance
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grid of 350 x 500 (w, k)-points. The green lines rep-
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Figure 7.10: Convergence of the signed distance
function |d8| when applying the Newton method
with DtN operators based on local Dirichlet prob-
lems (blue) and local Robin problems (red) to the
computation of the common eigenvalue (w, k) =
(0.248 - 27€ 0.405 - 27 of the Dirichlet cell prob-
lem and the nonlinear eigenvalue problem (blue
cross in Figure 7.9). The start value of the itera-
tive schemes is chosen to be w(® = 0.263 - %C

0.248 - 277.(1C at k ~ 0.405 - i—’: of the local Dirichlet problem and the nonlinear eigenvalue problem of the
PhC waveguide, whose location in the band structure is marked with a blue cross in Figure 7.9. The red
curve represents the error of the Newton method applied to the problem with DtN maps based on local
Robin problems. For comparison we show in Figure 7.10 again the error of the Newton method applied to
the problem with DtN maps based on local Dirichlet problems (blue curve), that we presented already in
Figure 6.19a. While the latter error only converges until it reaches an error level of order 1072, the error
of the Newton method applied to the problem (7.62) with DtN transparent boundary conditions based
on Robin problems converges exponentially below 10710, This is due to the fact that the local Dirichlet
problems are ill-posed at Dirichlet eigenvalues, while the local Robin problems are not. The closer one
comes to such a Dirichlet eigenvalue the larger the error of the DtN maps become when computing them
with local Dirichlet problems.

Now we want to compare the two sorts of DtN transparent boundary conditions when applying the
direct method based on a Chebyshev interpolation. Again we aim to compute the common eigenvalue
of the local Dirichlet problem and the nonlinear eigenvalue problem, that is marked as a blue cross in
Figure 7.9. Analogously to the numerical test presented in Figure 6.19b for the case of DtN transparent
boundary conditions based on local Dirichlet problems, we choose the k-formulation, fix the frequency
to w ~ 0.248 - %T’Tlc and set the k-interval to the irreducible Brillouin zone B = [0, all] In Figure 7.11 a
comparison of the convergence of the Chebyshev interpolation is shown for the case with DtN transparent
boundary conditions based on Dirichlet cell problems (blue) and Robin cell problems (red). We can see
that the rate of convergence is in both cases the same, where we again want to point out that the
convergence is not monotone since the Chebyshev nodes are not hierarchical.

In Section 6.3.6 we elaborated that the observed convergence for the case of DtN transparent boundary
conditions based on local Dirichlet problems is due to the fact that all Chebyshev nodes are sufficiently far
away from the local Dirichlet eigenvalue, which is reasonable since the increase of the condition number
of the system and DtN matrices close to a local Dirichlet eigenvalue is limited to a very narrow vicinity,
see Figure 7.6.

From Figure 7.2 we can see that there does not exist a global Dirichlet eigenvalue in the irreducible
Brillouin zone at w ~ 0.248 - %Tﬂlc such that the results of the Chebyshev interpolation in the interval
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and [0.215 - %C, 0.265 - %C] (dashed lines).

B are not spoilt by the presence of global Dirichlet eigenvalues. Figure 7.12 shows the error of the
Chebyshev interpolation in w-formulation when choosing the interval [0.235 - %C, 0.265 - %T”l“] (solid lines)
and [0.215 - %,0.265 . 2T7r1c] (dashed lines). Now the blue curves show the errors of the Chebyshev
interpolation when applied to the problem (7.62) with DtN transparent boundary conditions based on
local Robin problems, while the red curves represent the corresponding results when applied to the
problem (7.61) with RtR transparent boundary conditions. While for the smaller interval both methods,
the DtN and the RtR method, converge nicely, we observe that convergence is lost for the larger interval
when using DtN transparent boundary conditions. The difference is that the larger interval contains a
global Dirichlet eigenvalue, see Figure 7.2.

This puts the numerical results on the Chebyshev interpolation applied to the problem (6.58) with DtN
transparent boundary conditions based on local Dirichlet problems, that were presented in Section 6.3.6
and also in Figure 7.11, into perspective. In general, we do not have a priori knowledge about the location
of global Dirichlet eigenvalues and hence, cannot argue that the Chebyshev interpolation converges in
either case towards a common eigenvalues of the nonlinear eigenvalue problem and the local Dirichlet
problem.

Note that this problem also transfers to the computation of guided modes that are not equal to local
or global Dirichlet eigenvalues when using the Chebyshev interpolation of the nonlinear problem with
DtN transparent boundary conditions in an interval that is not sufficiently far away from global Dirichlet
eigenvalues.

7.3.5 Adaptive path following of dispersion curves

Finally, we apply the adaptive path following algorithm based on piecewise Taylor expansions, that
was introduced in Chapter 5, to the nonlinear eigenvalue problem (7.61) with RtR transparent boundary
conditions. As elaborated already above in Section 7.2.4, it is very cumbersome to compute the derivatives
of the DtN operators DiR, that are based on local Robin problems, which makes the application of the
piecewise Taylor expansion to the nonlinear eigenvalue problem (7.62) very involved and, due to the need
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of a recursive procedure to compute the derivatives of DﬁtR, also inefficient. Moreover, the eigenvalue
problem (7.62) with DtN transparent boundary conditions does not resolve the problem related to global
Dirichlet eigenvalues. Therefore, we shall refrain from applying the adaptive path following algorithm
to (7.62) and concentrate instead on the nonlinear eigenvalue problem (7.61) with RtR transparent
boundary conditions.

In Section 7.2.4 we discussed the analyticity of the dispersion curves of (7.61), which is a key requirement
of the adaptive path following algorithm, see Assumption 5.1, and we commented on the computation of
the dispersion curve derivatives, that we will need for the piecewise Taylor expansions.

In Section 6.3.7 we applied the adaptive path following to the problem (6.58) with DtN transparent
boundary conditions that are based on local Dirichlet problems. In addition to the procedure described
Algorithm 5.2 for an adaptive path following without backward check or as presented in Algorithm 5.3
including backward check, we introduced the band edge check in Section 6.3.7, that was needed due to
the fact, that the DtN operators are not well-defined outside the band gaps and hence, the path following
has to stop at band edges. The same is true for the case with RtR transparent boundary conditions.
The RtR operators are only well-defined in the band gaps and hence, we need to employ the band edge
refinement as described in Section 6.3.7.

Again let us sketch briefly the adaptive path following algorithm: Let m € N be the order of the
Taylor expansions. We select a start value k(¥ e é, e.g. k0 = ﬁ, and compute the eigenvalues in a
frequency interval I, C R™ \sts(k(o)). Then we employ the Chebyshev interpolation for the simultaneous
computation of all eigenvalues of (7.61) in I,,. For all computed eigenvalues at k() ¢ B we proceed as
presented in Algorithm 5.2 for the case without backward check or as presented in Algorithm 5.3 including
backward check, i.e.

(i) we compute the dispersion curve derivatives up to order n + 1,

(ii) we evaluate the acceptable step size (5.29) of the Taylor expansion of order n,

(iii) we add the step size to and subtract it from the current node to obtain the next nodes of the
quasi-momentum,

(iv) we compute an approximation to the eigenvalue at the next nodes using the Taylor expansion of
order n around the current node,
(v) we employ the proposed Newton-like method, or some other iterative scheme, in w-formulation for
the computation of an eigenvalue using the expected location as start value, and then

(vi) we continue to follow the dispersion curve to the left and right, possibly applying additional refine-
ment checks such as the backward check, see Section 5.4.2, until we either reach the boundaries of
B or a band edge, which is identified by the band edge refinement proposed in Section 6.3.7.

In Figure 7.13 we present the results of the adaptive Taylor expansion of order n = 5 including backward
check of tolerance eP%4 = 1072, Recall that the dots indicate the location of the values of k for which the
eigenvalues w(k) of (7.61) and the dispersion curve derivatives w’(k), w® (k),...,w(® (k) were computed.
The lines connecting the dots result from the post-processing, where we again chose the weighted Taylor
expansion (5.30). Note that the red dispersion curve hits the band edge. For this dispersion curve the
band edge refinement technique, that we described in Section 6.3.7, was employed with minimum step
°d% — 1075, The detailed view of this dispersion curve in the vicinity of the band edge, which
we present in Figure 7.13b, again shows that the group velocity of the dispersion curve converges to the
slope of the band edge as we discussed already in Section 6.3.7.

size €

With the adaptive path following of dispersion curves for the problem (7.61) with RtR transparent
boundary conditions, we resolved the problem related to global and local Dirichlet eigenvalues while
restoring the efficiency of the computation. In Section 6.3.7 we argued that the adaptive path following
of dispersion curves applied to the problem (6.58) with DtN transparent boundary conditions based on
local Dirichlet problems effectively reduces the influence of global and local Dirichlet eigenvalues. In fact,
the difference of the results for the case with DtN operators, that were presented in Figure 6.20, and for
the case with RtR operators as shown above in Figure 7.13 is negligible. Thus, for the adaptive path
following of the two dispersion curves in the second band gap it seems that there is no need to switch
to the more involved RtR transparent boundary conditions. Moreover, one has to take into account that
the computation of the derivatives of the RtR operators R* requires the evaluation of larger sums than

137



7 Robin-to-Robin transparent boundary conditions

0.29} 8
0.28}

0.29074F

0.27} 0.29072f e
0.26}
0.29070f
0.25}¢ © °

0.24f 0.29068f

0.23f .

normalized frequency way /2mc

.

)| i
normalized frequency way /2we

0.29066f

022} S g

0.0 0.1 0.2 0.3 0.4 0.5 0.0770 0.0775 0.0780
normalized quasi-momentum kay /27 normalized quasi-momentum kay /27

(a) Dispersion curves in the second band gap. (b) Detailed view of the red dispersion curve in the
vicinity of the band edge.

Figure 7.13: Adaptive Taylor scheme of order n = 5 with backward check of tolerance eP%d = 102
applied to the dispersion curves in the second band gap of the nonlinear eigenvalue problem (7.61) with
RtR transparent boundary conditions . The error tolerance of the step size computation is &'s? = 1074,

the minimum step size of the band edge refinement is steglge = 107°, and the start value of the iteration
is set to k(0 = i

the computation of the derivatives of the DtN operators D*. Depending on the implementation, this
may significantly reduce the efficiency compared to the case with DtN transparent boundary conditions.
Furthermore, the problem (7.61) with RtR transparent boundary conditions is not Hermitian, which
implies that we need to solve (7.61) also for its left eigenvectors in order to evaluate the dispersion
curve derivatives. This is not the case for the Hermitian, nonlinear eigenvalue problem (6.58) with DtN
transparent boundary conditions, that we only need to solve for its right eigenvectors.

To this end, we propose to resolve the major difficulty of the adaptive path following when applied to
the eigenvalue problem (6.58) with DtN transparent boundary conditions, that is related to the existence
of global Dirichlet eigenvalues in the frequency interval I,, at the start value k(©) of the adaptive scheme.
Recall that the Chebyshev interpolation applied to (6.58) may yield inaccurate eigenvalues due to the
presence of global Dirichlet eigenvalues in the interval I, see Section 7.3.3. Therefore, we suggest to
use the Chebyshev interpolation of the nonlinear problem (7.61) with RtR operators to simultaneously
identify all eigenvalues in I,, at the start value £(°), and then proceed with the adaptive path following
applied to the eigenvalue problem (6.58) with DtN transparent boundary conditions. With this we
keep the efficiency of the adaptive path following as proposed in Section 6.3.7 whilst resolving its major
problem, since the adaptive selection of the nodes can be altered slightly such that the convergence of
the iterative scheme is not effected by the presence of local or global Dirichlet eigenvalues during the
computation.

7.4 Conclusions

In this chapter we showed the high-order FE discretization of RtR operators based on local cell problems
with given Robin data. These operators are then employed for the exact computation of guided modes in
2d PhC waveguides and Dirichlet surface modes in semi-infinite 2d PhCs by transforming the problems
to nonlinear eigenvalue problems with RtR transparent boundary conditions.

The RtR operators are well-defined and the local Robin problems are well-posed at all frequencies in
band gaps and therefore, resolve the problems related to local and global Dirichlet eigenvalues when using
DtN transparent boundary conditions based on local Dirichlet problems as introduced in Chapter 6.

As an alternative to the problem with RtR transparent boundary conditions we introduced a problem
with DtN transparent boundary conditions whose DtN maps are based on local Robin problems. With this
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problem we recover the benefits of problems with DtN transparent boundary conditions, in particular self-
adjointness, whilst resolving the problem related to local Dirichlet eigenvalues. However, this problem
is by definition not well-defined at global Dirichlet eigenvalues, which leaves the nonlinear eigenvalue
problem with RtR transparent boundary condition as the only problem statement that is well-defined for
all values in band gaps.

We showed that the RtR operators are differentiable with respect to the frequency and the quasi-
momentum which is a requirement of various nonlinear eigenvalue solvers, for example the MSLP and
the Chebyshev interpolation. Moreover, we discussed the computation of the derivatives of the RtR
operators up to any order. As first order derivatives can be computed fairly straightforward with only
little more effort than the computation of the corresponding derivatives of the DtN operators presented
in Chapter 6, methods for the solution of the nonlinear eigenvalue problem such as the MSLP and the
new Newton-like method proposed in Section 3.3, that require access to the first order derivatives of the
RtR operators, can easily be applied.

We also extended the computation of the derivatives of the RtR operators to arbitrary orders, which
we employed in an adaptive path following of the dispersion curves. However, in comparison to the case
with DtN transparent boundary conditions, the computation of higher order derivatives is more involved
as there are considerably larger sums to be computed. Moreover, the fact that the problem with RtR
operators is not self-adjoint decreases the efficiency of the path following algorithm since also the left
eigenvectors of the nonlinear eigenvalue problems have to be computed at all nodes of the piecewise Taylor
expansion. Therefore, we came to the conclusion that the usage of the DtN method in an adaptive path
following of dispersion curves of PhC waveguide band structures can be reasonable, since the adaptive
selection of the nodes of the piecewise Taylor expansions reduces the problematic effect of local and global
Dirichlet eigenvalues, as we already argued in Chapter 6.

What remains to be done in the future is to develop a deeper understanding of the properties of the
(local) RtR operators such that the injectivity of the mapping (7.26) can be proved. Similarly, this
deeper understanding is needed for a proof of Conjecture 7.13, where we claimed that the eigenvalues of
the discrete forward-forward propagation operator come in complex conjugate pairs.
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8 Conclusions and outlook

The main objective of this thesis was to develop a numerical scheme for the accurate and efficient
approximation of 2d PhC waveguide band structures. For this we proposed

(i) a high-order FE discretization of DtN and RtR transparent boundary conditions, and

(ii) an adaptive path following of dispersion curves of PhC and PhC waveguide band structures.

Let us now in Section 8.1 point out the main contributions of this thesis related to these two aspects,
before we will comment in Section 8.2 on the perspectives of future research in the field of PhC waveguide
band structure calculations.

8.1 Contributions of this work

High-order FE discretization of DtN transparent boundary conditions In Chapter 6 we developed
a high-order FE discretization of DtN transparent boundary conditions for the periodic medium of 2d
PhC waveguides. The presented DtN transparent boundary conditions for waveguides were proposed by
S. Fliss [F1i13] and are based on DtN operators that were introduced by P. Joly and co-workers [JLFO06]
for 2d PhCs with local defects. We explained in Chapter 6 the discretization of these operators by
means of high-order FE spaces. Since we assume the holes/rods of the PhCs to be perfectly circular,
we can resolve the computational domain with the help of coarse meshes of cells with curved edges.
These coarse meshes need no further refinement since p-FEM converges exponentially in this case. The
DtN transparent boundary conditions are employed to truncate the unbounded domain of the eigenvalue
problem related to PhC waveguide band structure calculations. The resulting eigenvalue problem is,
however, nonlinear. In comparison to the frequently used supercell method, that gives approximations to
guided modes in PhC waveguides, DtN transparent boundary conditions are exact in the sense that they
do not introduce an additional modelling error. For the numerical solution of the nonlinear eigenvalue
problem, in particular when using the adaptive path following algorithm, differentiability of the DtN
operators is crucial. We showed in Chapter 6 that the DtN operators are differentiable to any order with
respect to the frequency and quasi-momentum, and explained the computation of their derivatives. The
drawback of the DtN transparent boundary conditions, apart form the fact that the eigenvalue problem
becomes nonlinear, is that the DtN operators are not well-defined at global Dirichlet eigenvalues and
their computation is ill-posed at local Dirichlet eigenvalues.

High-order FE discretization of RtR transparent boundary conditions In Chapter 7 we developed a
high-order FE discretization of RtR transparent boundary conditions for the periodic medium of 2d PhC
waveguides, that resolve the problems of DtN transparent boundary conditions related to global and
local Dirichlet eigenvalues. The approach, that goes back to the PhD thesis of S. Fliss [F1i09], is very
similar to DtN transparent boundary conditions. Instead of solving local cell problems with Dirichlet
data, we solve local cell problems with Robin data, which resolves the problem related to local Dirichlet
eigenvalues. For the discretization of these local cell problems with given Robin data we can reuse
the high-order FE spaces, that were already introduced in Chapter 6 for the FE discretization to the
DtN transparent boundary conditions. Similarly to the DtN operators, we proved in Chapter 7 that
the RtR operators are differentiable to any order with respect to the frequency and quasi-momentum,
and we explained the computation of their derivatives, which are needed in the numerical solution of
the nonlinear eigenvalue problem with RtR transparent boundary conditions. Similarly to the DtN
transparent boundary conditions, the RtR transparent boundary conditions are employed to truncate the
unbounded computational domain of the eigenvalue problem related to PhC waveguide band structure
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calculations. The resulting eigenvalue problem is also nonlinear but — in contrast to the problem with
DtN transparent boundary conditions — it is non-Hermitian.

Newton-like method for iteratively solving nonlinear eigenvalue problems In Chapter 3 we proposed
a new iterative solver for nonlinear eigenvalue problems, that is based on Newton’s method. This method,
which aims to find the roots of a signed distance function, i.e. the difference of the parameter plugged
into the nonlinear matrix function and the eigenvalue of an associated parameterized, linear eigenvalue
problem, is comparable in convergence and effort with the well-known MSLP. We employed this Newton-
like method for the numerical solution of the nonlinear eigenvalue problems with DtN and RtR transparent
boundary conditions and compared its results with the ones of the MSLP and of a linearization technique
based on Chebyshev interpolation. In particular for the case with DtN transparent boundary conditions
our proposed method is preferable compared to the MSLP since its radius of convergence is not spoilt by
the presence of global Dirichlet eigenvalues.

Computation of dispersion curve derivatives In Chapter 4 we developed closed formulas for the group
velocity and any higher derivative of the dispersion curves of PhC and PhC waveguide band structures.
We generalized this procedure to the computation of eigenpath derivatives of general, nonlinear matrix
eigenvalue problems in Chapter 5. Subject that the eigenpaths and their associated eigenvectors are dif-
ferentiable with respect to the parameter, the procedure for the computation of the eigenpath derivatives
can be applied to Hermitian as well as non-Hermitian problems. For non-Hermitian problems we only
need to compute — in addition to the right eigenvectors — also the left eigenvectors of the nonlinear
eigenvalue problem. In this respect, the procedure can be applied to the linear problems in 2d PhCs
and 2d PhC waveguides using the supercell approach as well as to the nonlinear problems of 2d PhC
waveguides with DtN or RtR transparent boundary conditions.

Adaptive path following for parameterized, nonlinear eigenvalue problems In Chapter 5 we proposed
an adaptive path following algorithm for the eigenpaths of parameterized, nonlinear eigenvalue problems.
This algorithm is based on a weighted, piecewise Taylor expansion for which we employ the derivatives
of the eigenpaths. The selection of the parameter values for which a Taylor expansion is computed is
done by estimating the remainder of the Taylor expansion. This procedure yields small step sizes when
the eigenpaths change their behaviour on a small scale, and larger step sizes otherwise. The quality
of this adaptive approximation is improved by employing additional refinement checks. The backward
check ensures that the Taylor expansion around each node gives a good approximation to its adjacent
nodes. The crossing check is a post-processing procedure to validate crossings of eigenpaths and to
distinguish them from avoided crossings. We employed this algorithm to the adaptive approximation of
dispersion curves of PhC and PhC waveguide band structures when using the supercell approach and
demonstrated the ability to correctly identify mini-stopbands, i. e. avoided crossings of dispersion curves.
We showed that this algorithm effectively reduces the computational costs of band structure calculations.
In Chapters 6 and 7 we applied the adaptive scheme to the problems with DtN and RtR transparent
boundary conditions, where an additional band edge check is needed, since the DtN and RtR operators
are only well-defined in the band gap. Hence, developed an algorithm for accurate and efficient PhC
waveguide band structure calculations. This algorithm is accurate in the sense that — in contrast to the
case of the supercell method — no additional modelling error is introduced, and it is efficient since there
are only a little number of nonlinear eigenvalue problems to be solved to approximate the dispersion
curves with the help of our adaptive Taylor expansion. In particular, it allows for studying the behaviour
of dispersion curves in the vicinity of band edges, which is not possible with the supercell method.

8.2 Outlook

Finally, let us summarize the open questions, that we could not address in this thesis, and mention some
perspectives for future research in the field of PhC waveguide band structure calculations.
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8.2 Outlook

Numerical analysis of the formulas for the eigenpath derivatives In thesis we did not discuss the nu-
merical analysis of the formulas for the eigenpath derivatives. We only presented numerical results for the
convergence of the group velocity formula when increasing the mesh refinement of our FE approximation,
see Figure 4.2. The numerical analysis should also address the problem related to the ill-posed source
problems in the vicinity of crossings, that need to be solved for the computation of eigenpath derivatives
of order two or larger. We resolved this problem by adding additional orthogonality conditions. These
extra constraints, however, yield that the source problem is not solved exactly. We showed numerically
that this does not spoil the computation of the derivatives but a better understanding of this effect is
needed.

Numerical analysis of the DtN and RtR transparent boundary conditions There has not been done
any numerical analysis of the DtN and RtR transparent boundary conditions. For example, we argued
in Chapters 6 and 7 that numerical evidence shows that the standard asymptotic convergence estimates
hold true for the discretized, nonlinear eigenvalue problems with DtN and RtR transparent boundary
conditions. However, to the best of our knowledge, a rigorous proof of this observation has not been
found.

Properties of RtR operators For the computation of the derivatives of the RtR operators we intro-
duced a mapping, see Eq. (7.26), which we use to characterize the derivatives of the forward-backward
propagation operators. This characterization is only unique if (7.26) is injective, which is numerically
evident but which has not been shown analytically. Similarly, a deeper understanding of the properties of
the RtR and local RtR operators is needed such that we can prove Conjecture 7.13, where we claim that
the eigenvalues of the discrete forward-forward propagation operator come in complex conjugate pairs.

Radiation losses in vertical direction of PhC slabs Another interesting topic of future research, that
was out of scope in this thesis, is to study radiation losses in vertical direction of PhC slabs. The vertical
direction of realistic PhC waveguides cannot be assumed to be invariant. Index guiding as used for 2d
PhC waveguides, see for example the 2d PhC W1 slab waveguide sketched in Figure 1.5, reduces the
effect of vertical radiation, but it cannot be neglected completely. Instead, a mathematical analysis of the
vertical radiation losses in a similar fashion like done in [JHO8, JHN12] for homogeneous, open waveguides
is needed for PhC slabs.
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