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Zusammenfassung

Hanjo Ryll

Eindimensionalität in Quantensystemen ist eine mögliche Ursache für neuartige Zustände konden-

sierter Materie. Experimentell wird dies zum Beispiel durch magnetische Isolatoren mit antifer-

romagnetischer Austauschwechselwirkung realisiert. Zu den wichtigsten Materialien, die zur Zeit

hinsichtlich solch neuartiger makroskopischer Quantenzustände untersucht werden, zählen Spin-

leitern. Die ”Sprossen” der Leiter werden in diesem Fall von Paaren (Dimeren) von magnetischen

Momenten mit Spin 1
2 gebildet, wobei sich die Dimere in einem kooperativen Quanten-Singulett

Zustand befinden. Die Stärke der antiferromagnetischen Wechselwirkungen bestimmt dabei den

experimentellen Zugang zu solchen Materialien hinsichtlich Temperatur und Magnetfeld. Ein

Paradebeispiel für eine solche antiferromagnetische Quanten-Spinleiter ist das metall-organische

Material (C5H12N)2CuCl4. Der Einfluss eines äußeren Magnetfeldes auf dieses eindimension-

ale Quanten-Spinsystem wurde bis zur vollständigen Ausrichtung der magnetischen Momente im

Feld und bei tiefen Temperaturen untersucht. In dieser Arbeit wurde das Phasendiagramm von

(C5H12N)2CuCl4 im Temperaturbereich von 0.1 K bis 4 K und im Magnetfeld bis 12 T bestimmt.

Dies geschah durch Messungen der Magnetisierung, der spezifischen Wärmekapazität, der Entropie

und des magnetokalorischen Effektes. Dazu wurden eigens zwei Magnetometer für den Einsatz bei

tiefen Temperaturen und in starken Magnetfeldern aufgebaut: Beim Cantilever-Magnetometer

befindet sich die Probe im Feld einer Gradientenspule. Wirken dadurch bedingte magnetische

Kräfte oder Drehmomente auf die Probe, so verbiegt sich ein dünner Hebelarm aus Silizium, der

Cantilever, wobei die Verbiegung kapazitiv gemessen wird. Aus der Kapazitätsänderung kann mit

der entwickelten Messmethode die Magnetisierung quantitativ bestimmt werden. Das Cantilever-

Magnetometer befindet sich in einem 10 mK Entmischungskryostaten mit einem 17 T supraleit-

enden Magneten, der für diese Arbeit aufgebaut wurde. Das zweite Magnetometer ist thermody-

namischer Natur. Über die Maxwellrelationen wird die Magnetisierung aus dem quasi-isothermen

magnetokalorischen Effekt berechnet. Die Ergebnisse der magnetischen und kalorischen Messun-

gen an (C5H12N)2CuCl4 zeigen sehr gute Übereinstimmung mit theoretisch bestimmten Werten.

Dies geschah zum einen durch die exakte Diagonalisierung des Spinleiter-Hamiltonoperators, zum

anderen durch Abbilden des Spinleiter-Hamiltonoperators auf den Hamiltonoperator einer antifer-

romagnetischen Spin- 12 Heisenberg-XXZ-Kette, für den analytische Lösungen der physikalischen

Größen bekannt sind. Für (C5H12N)2CuCl4 konnten zwei Quantenkritische Punkte bei Mag-

netfeldern von 1.73 T und 4.38 T identifiziert werden. Die gemessenen physikalischen Eigen-

schaften wurden hinsichtlich ihres kritischen Verhaltens untersucht. Ersetzt man einen Teil der

Chloratome in (C5H12N)2CuCl4 durch Brom, dann entstehen Spinleitern mit zufällig variierender

Austauschwechselwirkung. Solche Proben wurden ebenfalls durch Messungen der Magnetisierung,

der spezifischen Wärmekapazität, der Entropie und des magnetokalorischen Effektes bis 0.3 K und

14.5 T charakterisiert. Diese Messungen erlaubten die Untersuchung von quantenmechanischen

Korrelationen der Dimere oder von eindimensionalen antiferromagnetischen Spingläser im Mag-

netfeld. Außerdem können diese dotierten Spinleitern z.B. als Modellsystem für Teilchen in einem

zufälligen eindimensionalen Potential dienen. Wie ein variables chemisches Potential erlaubt das

äußere Magnetfeld dann das Einstellen der Teilchenzahl.
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Abstract

Hanjo Ryll

A possible origin of new states of matter is one-dimensionality in quantum systems. These can

be realised experimentally in magnetic insulators with antiferromagnetic exchange interactions.

Among the currently most important systems being investigated for such novel macroscopic quan-

tum phenomena are spin ladders. In this case, dimers of spin- 12 magnetic moments form ”rungs”

of the ladder and a cooperative quantum singlet phase evolves. The absolute strength of the anti-

ferromagnetic exchange coupling determines the experimental access to such materials, regarding

temperature and magnetic field. A very good example for an antiferromagnetic quantum spin

ladder is the metal organic compound (C5H12N)2CuCl4. The influence of an external magnetic

field on this one-dimensional quantum spin system was investigated up to full polarisation of the

magnetic moments. In this thesis, the phase diagram of (C5H12N)2CuCl4 was determined in the

temperature range from 0.1 K to 4 K and in magnetic fields up to 12 T by measurements of

magnetisation, heat capacity, entropy and magnetocaloric effect. In order to do that, two magne-

tometers were constructed, that can be operated at low temperatures and in high magnetic fields:

The cantilever is a force magnetometer and uses a magnetic gradient coil. The sample is placed

on a thin silicon lever, that bends, if the sample experiences magnetic forces or torques. The

bending is read out capacitively. A measurement procedure was developed, to obtain the magneti-

sation in absolute units from the capacitance signal. The cantilever magnetometer is placed in a

10 mK dilution refrigerator with a 17 T superconducting magnet, that was brought to operation

for this thesis. The second magnetometer uses a caloric technique. Using Maxwell’s relations,

magnetisation is obtained from measurements of the quasi-isothermal magnetocaloric effect. The

results of the magnetic and caloric measurements of (C5H12N)2CuCl4 show very good agreement

with theoretical calculations. One applied method was the exact diagonalisation of the spin ladder

Hamiltonian. The other method used the mapping of the spin ladder Hamiltonian to the problem

of the antiferromagnetic spin- 12 Heisenberg XXZ-chain, that offers analytical expressions of the

physical properties. Two quantum critical points could be identified at magnetic fields of 1.73 T

and 4.38 T. The critical behaviour of the measured properties was investigated. By replacing a

certain amount of chlorine in (C5H12N)2CuCl4 with bromine, spin ladders with random exchange

interactions result. Such samples were characterised as well by measurements of magnetisation,

heat capacity, entropy and magnetocaloric effect down to temperatures of 0.3 K and in magnetic

fields up to 14.5 T. This allowed the investigation of correlation effects of the dimers and of one-

dimensional antiferromagnetic spin glasses in a magnetic field. As an application, these doped spin

ladders may serve as a simple model system for particles in a one-dimensional random potential.

Like a chemical potential, the magnetic field allows a control of the number of particles/excitations

in this model.
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1 Introduction

Motivation

Quantum magnetism is a physicist’s playground, since it allows to model various physical sit-

uations, which otherwise might not be directly observable. The confinement of two spinons in

an antiferromagnetic 2-leg ladder with weak rung coupling is a solid state analogue of confined

quarks in a nucleon [Zal05]. Another example are emergent magnetic monopoles realised in spin

ice [Mor09]. Bose-Einstein condensation (BEC) of magnons in magnetic insulators provides paral-

lels to the physics of ultracold atomic gases in optical lattices, bosonic atoms in liquid helium and

various other fields of solid state physics [Gia08]. By investigating quantum magnets, novel states

of matter can be found. Those may originate in the interaction of magnons with the crystal lattice

or the interactions between excitations.

Using quantum magnets to explore new physics offers many advantages: Firstly, a variety of

different geometries, spatial dimensions and strength of exchange interactions can be realised by

crystal design. Thus various degrees of freedom can be provided. Secondly, by applying an exter-

nal magnetic field, the chemical potential of magnetic quasi-particles can be changed. That means

the higher the magnetic field, the larger the number of magnetic excitations, e.g. the number of

magnons in a Bose-Einstein condensate. Thirdly, for a magnetic system with exchange interac-

tions with very different magnitudes, temperature may also serve as a control parameter. At high

temperatures, exchange interactions with large values dominate the system. At low temperatures,

exchange interactions with small values become important. This allows for example to change the

dimensionality of a magnetic system by a change of temperature. Finally, quantum magnets can

be probed by the most powerful condensed matter techniques. One of those is neutron scattering,

due to the neutron’s magnetic moment. Using cold and thermal neutrons, the wavelength of the

probe, i.e. the neutron, can be tuned to the dimensions of the magnetic structure. Furthermore

neutron scattering is a non-destructive technique. Apart from neutrons, there are many other

probes available for the study of magnetism. Those are measurements of bulk properties, such as

magnetisation, heat capacity, thermal and charge transport, just to mention a few; or local probes

such as nuclear magnetic resonance. In order to fully understand the physics of a magnetic system,

several probes must be used.

Origin of new physics

To understand the origin of the rich physics of quantum magnets, it is convenient to divide them

into two categories: Magnets with long-range order and magnets without long-range order.

A typical example of a magnetic system with 3D long-range antiferromagnetic order is RbMnF3.

This kind of material can be characterised by a critical temperature TN - the Néel-temperature.

Below this temperature long-range order occurs. Excitation spectra at low temperatures can be

described by spin wave theory. At TN the physical properties are governed by power laws with

universial exponents. Above TN thermal fluctuations destroy the antiferromagnetic order and the

system becomes a paramagnet [Tuc71]. Thus a continuous phase transition occurs at TN . Another

example of 3D long-range order is the transition between ferromagnetism and paramagnetism at

the Curie-temperature TC .
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Magnets without long-range order are not described by a phase transition at a finite critical tem-

perature. There are numerous mechanisms that destroy long-range order, the most important ones

are frustration, structural dimerisation and low-dimensionality.

Frustration means, that there is no ground state that can simultaneously satisfy all bonds. This can

be easily understood, if you think of three spins with antiferromagnetic exchange on a triangular

lattice. A prominent example for the interesting physics of frustrated systems is Dy2Ti2O7. The

magnetic Dy-spins sit at corner sharing tetrahedra and thus form a 3D pyrochlore lattice. Below a

temperature of 1 K and in the presence of a small magnetic field, magnetic excitations result that

look like magnetic monopoles. The density of monopoles can be controlled by the strength of the

magnetic field [Mor09].

An example for a one-dimensional frustrated magnet is the natural mineral linarite, where the

ferromagnetic nearest-neighbour interaction competes with the antiferromagnetic next-nearest-

neighbour interaction. Although frustration is not the main topic of this thesis, it plays a small

role in chapter 3, where magnetisation measurements and the complex magnetic phase diagram of

linarite is presented.

Dimerisation means that pairs of spins are antiferromagnetically coupled and thus form a dimer.

The weaker interdimer coupling then allows the formation of lattice structures with different di-

mensionality.

At zero magnetic field the dimer ground state is a singlet, which is separated by an energy gap

from the triplet state. If the temperature is below the order of the intradimer coupling, singlet

formation is enforced. Depending on the lattice, the system is then in a non-magnetic ground

state without any long-range order. If the temperature is above the intradimer coupling, thermal

fluctuations overcome the singlet formation. The singlet formation is not a temperature driven

phase transition, but rather a cross-over into a quantum-disordered regime.

An external magnetic field may close the energy gap. A 3D system is thus driven into long-range

order and Bose-Einstein condensation may occur. This happens for instance in the compound

TlCuCl3 [Rue03].

Low-dimensionality suppresses long-range order by quantum fluctuations. The paradigm of a 1D

magnet is the spin- 12 antiferromagnetic Heisenberg chain without interchain coupling. Excitations

are spinons, particles with fractional spin, that can be regarded as twists in a chain. A realisation of

a spin- 12 antiferromagnetic chain is KCuF3 [Lak05]. At low temperatures and low energies though,

the ferromagnetic interchain coupling shows an influence and 3D long-range order sets in. This is

an example, how temperature can change the dimensionality of a magnetic system.

1D systems are of particular interest, because they allow the investigation of interacting fermions

in one dimension. Here the concept of Fermi liquids fails and instead, Haldane introduces the

theoretical concept of Luttinger liquids [Hal81]. Luttinger liquids are realised in many physical

systems: particles moving in carbon nano tubes, electron gases in artificial quantum wires or elec-

trons that move along one-dimensional molecules. Excitations in a Luttinger liquid propagate as

charge density waves or spin density waves. In contrast to quasi-particles in a Fermi liquid, charge

and spin modes propagate independently in one dimension. This spin charge separation is the

most striking feature of a Luttinger liquid [Jom09].
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This thesis deals with the antiferromagnetic spin- 12 2-leg ladder, which combines the effects of

dimerisation and low-dimensionality. The ”rungs” of the ladder consist of dimers with a singlet

ground state. Those are coupled together in one direction by antiferromagnetic exchange path-

ways, that form the two ”legs” of the ladder. The intradimer bond is the dominant bond of this

system, the exchange along the legs is weaker.

The combination of low-dimensionality and dimerisation, supplemented by the introduction of 3D

order, due to small interladder coupling at very low temperatures (and finite magnetic fields),

results in a very rich physics and phase diagram. A detailed review of the physics and properties

of this ladder system will be presented later in chapter 2.

Historically, cuprate ladder materials came into the focus of research because of their proposed

connection to high temperature superconductors, [Dag92], [Ric93]. Even-leg ladders have a spin

liquid ground state with short-range spin correlations and a finite energy gap to the lowest excited

state. The spin gap is also a key feature of high Tc superconductors. Thus ladder materials might

be a good reference to gain insights into the spin gap physics of high Tc superconductors. Secondly,

even-leg ladders are predicted to become superconductive when doped with holes, similar to high

Tc materials in which holes are doped into 2D copper-oxygen planes [Nar05].

Furthermore ladders with increasing width (number of legs) make the transition from 1D to 2D

physics, i.e. the transition from quantum disorder to true long-range order. This transition is not

smooth and a rich physics results, that is considerably influenced by the width of the ladder [Dag96].

Quantum phase transitions and quantum critical points

The compound RbMnF3 was mentioned above as an example, where a classical continuous phase

transition occurs upon variation of the control parameter temperature. Above the critical tem-

perature TN order is destroyed by thermal fluctuations, below TN the system is ordered. At the

phase transition temperature, all observables depend on external parameters via power laws with

critical exponents. A remarkable feature of such continuous phase transitions is univerality, i.e.

very different physical systems may belong to the same universality class and thus have the same

critical exponents. Thus a simple model system, like a magnetic insulator, may be applied to any

problem belonging to the same universality class.

A different kind of phase transition can occur at zero temperature: a quantum phase transition

(QPT). Here order is destroyed solely by quantum fluctuations, which are rooted in the Heisenberg

uncertainity principle. The QPT is driven by a non-thermal control parameter in the Hamilto-

nian. In this thesis, we focus on the magnetic field as control parameter, but other option are e.g.

pressure or chemical composition.

The point in the phase diagram, where the QPT occurs, is called a quantum critical point (QCP),

e.g. at 0 K and at a critical magnetic field Bc. A QCP affects the physics of a system not only at

the experimentally impossible temperature of zero kelvin, but over a wide range of the phase dia-

gram. In some quantum magnets for instance, the critical regime is cut off, when the temperature

is of the order of the exchange coupling.

A QCP causes a rich phase diagram. If long-range order is forbidden at finite temperature, three

regimes exist, refer to figure (1.1a):

The thermally disordered regime is dominated by thermal order parameter fluctuations, while the

quantum disordered regime is dominated by quantum fluctuations. In between is the quantum

critical region, where both types of fluctations are important. Here for example unconventional
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Figure 1.1: The concept of quantum phase transitions and quantum critical points. (a) Order is only present at

zero temperature. Dashed lines show the boundary of the quantum critical region, that lead to a singularity at the

QCP. (b) Phase diagram if order exists at finite temperatures. The solid line marks the boundary between ordered

and disordered phases. Picture taken from [Voj03].

power-law or non-Fermi liquid behaviour is possible. At finite temperature there are gradual cross-

overs between the thermally disordered and quantum critical and quantum disordered regime.

If long-range order exists at finite temperatures, the phase diagram grows even more complex, refer

to figure (1.1b). The QCP can be viewed as the endpoint of a line of finite-temperature transitions.

A QCP can be approached in two ways: At the control parameter, e.g. the critical magnetic field,

the temperature can be decreased. Secondly, near zero temperature, the control parameter can

be varied. In both cases, physical properties show power-law behaviour and the critical exponents

can be related.

The concept of quantum critical points is related to many problems in condensed matter physics.

Those include magnetic insulators, heavy-fermion compounds, high-temperature superconductors

and two-dimensional electron gases [Voj03].

Experimental access

The experimental access to quantum magnetism is governed by the exchange interactions be-

tween the magnetic atoms of a given structure. The most interesting physical parameters are of

course the magnetic field and the temperature. Temperature should be as low as possible, since we

are interested in quantum effects and quantum critical points. A high magnetic field is desirable in

order to observe the complete phase diagram, i.e. the complete physics until a system magnetically

saturates.

Usually the exchange interactions force us to compromise. A large exchange interaction calls for

very high magnetic fields, but allows us to conduct our experiments at convenient temperatures, for

example 2 K. Whereas a small exchange interaction requires very low temperatures and moderate

magnetic fields.

Let us think about the magnetic field first: Superconducting magnets can be found in many labora-

tories as a standard equipment. Their maximum magnetic fields are limited by the critical fields of

the superconductors, from which they are constructed. The intermetallic compound Nb3Sn allows

solenoid magnets with fields up to 20 T at a temperature of 2.2 K. Such magnets are available for

example from Oxford Instruments or Cryogenic Ltd. The most recent development is the use of
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high temperature superconductors for the innermost coil [Yan10].

Hybrid magnets consist of an inner, normal conducting and water cooled coil and an outer, super-

conducting and helium cooled coil. They produce steady fields up to 45 T, but they are rather

expensive and therefore relatively rare [Jai06].

Larger fields may only be produced on the second or even millisecond time scale. The discharge

of a huge capacitator bank drives the necessary high currents through a liquid nitrogen cooled,

normal conducting coil. Using a single turn coil, up to 300 T may be produced for a duration

of 6 µs, but the coil is destroyed in the progress [Jai06]. Unfortunately, the pulse character of

the magnetic field makes the measurement of physical properties such as magnetisation or heat

capacity challenging [Koh10] and pulsed magnets are rare as well.

Consequently, an ”ordinary” superconducting 17 T magnet was used for this work, which leaves

only the other road to follow: very low temperatures. Obtaining temperatures of 2 K with a liquid

helium cryostat or a pulse tube cryo cooler is no special feat today. In fact, complete physical

properties measurement systems are commercially available in that temperature regime.

In the mK temperature range, usually only the cryostats, such as dilution refrigerators or 3He-

systems, are offered off the shelf. The actual measurement option is then a do-it-yourself construc-

tion, which was developed in tedious work by a frustration-proof experimentalist. Such is the case

in this thesis: The main focus was put on the measurement of the uniform bulk magnetisation,

for which two techniques were established: first, a force magnetometer using a silicon cantilever,

a nanopositioner and a gradient coil and secondly, a thermodynamic method using Maxwell’s re-

lations and the quasi-isothermal magnetocaloric effect.

Samples

These new magnetometers, in combination with heat capacity measurements and vibrating sample

magnetometry, were applied to the metal organic spin ladder compound (C5H12N)2Cu(ClxBr1−x)4.

Recently the closely related 2-leg quantum spin ladder (C5H12N)2CuBr4 attracted a huge amount

of experimental and theoretical attention. It is a perfect example for a strongly coupled ladder

material and it features many interesting properties: the transition from gapped to gapless exci-

tations driven by a magnetic field, the existence of a spin Luttinger liquid, the transition from a

one-dimensional to a 3D system and Bose-Einstein condensation in the 3D ordered phase [Rue08],

[Lor08], [Kla08], [Sol09], [Thi09b], [Thi09c], [Bou11].

The theoretical understanding of the spin ladder is already quite good: The Hamiltonian allows

an analytical treatment by Bethe-Ansatz and Luttinger liquid theory. The small number of atoms,

which are necessary to build a sufficiently long ladder, allows the application of full and exact

diagonalisation methods. Density matrix renormalisation group theory and quantum Monte Carlo

simulations complete our theoretical tool set [Bou11].

This thesis will introduce the quite similar (C5H12N)2CuCl4 as another excellent realisation of

the quantum spin ladder. It differs from (C5H12N)2CuBr4 in the absolute value of the exchange

interactions, which are smaller for the chlorine material. This allows a better experimental access

to the high field regime of the phase diagram. Furthermore the coupling ratio Jrung/Jleg is closer

to 1, which requires a theoretical treatment beyond the strong coupling limit.

Both (C5H12N)2CuBr4 and (C5H12N)2CuCl4 form the upper and lower boundary of a new class of

doped ladder materials. By replacing small amouts of chlorine and bromine, new types of quantum

materials are expected, such as random and glass like 1D antiferromagnets [Man09].
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Outline of the thesis

This thesis is structured as follows: The next chapter will give an overview of the physics and

properties of the 2-leg quantum spin ladder. This includes a short description of the theoretical

quantum mechanical basics and a summary of various experimental data, which exist up to now

in literature. In addition to cuprate spin ladders, this chapter focuses on the metal organic com-

pound (C5H12N)2CuBr4, for which most of the low temperature measurements were performed.

Furthermore the sample compound (C5H12N)2Cu(ClxBrx−1)4 will be introduced.

Chapter 3 is deemed the most important of this work, since it deals with the cantilever mag-

netometer, which was constructed and characterised. The theory and working principle, experi-

mental parameters, first results and difficulties are discussed in detail. This chapter also presents

an overview of alternative low temperature and high field magnetometer, that are described in

literature. This shall stress the advantages of the cantilever magnetometer against other experi-

mental methods. Possible future improvements are mentioned as well.

Chapter 4 describes other important experimental methods, which were used to investigate the

quantum spin ladder. The measurement of heat capacity and vibrating sample magnetometry are

well established and thus only mentioned shortly. Another newly established experimental tech-

nique will be discussed in more detail: How the measurement of the magnetocaloric effect allows

the determination of magnetisation by a thermodynamic method. Results of this method will be

compared to the cantilever and vibrating sample magnetometer.

Chapter 5 presents the experimental results for the compound (C5H12N)2CuCl4, which is an ex-

ample of an undoped quantum spin ladder. This includes heat capacity, magnetocaloric effect,

entropy, Grüneisen parameter, and magnetisation data. The small exchange couplings allow the

mapping of the phase diagram well into the polarised regime. Measurements down to 100 mK allow

the determination of the critical magnetic fields. The data will be compared to existing theoretical

models and the exact exchange couplings will be found.

By changing the bromine and chlorine content in (C5H12N)2Cu(ClxBrx−1)4 different magnetic

exchange couplings result and new doped ladder materials form. The physics of these doped

ladder compounds is investigated in chapter 6. Data of heat capacity, magnetocaloric effect, en-

tropy, and magnetisation will be shown for the three doped compounds (C5H12N)2Cu(Cl0.1Br0.9)4,

(C5H12N)2Cu(Cl0.5Br0.5)4 and (C5H12N)2Cu(Cl0.9Br0.1)4.

The summary and outlook in chapter 7 conclude this thesis.
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2 Physical Properties of the Quantum Spin Ladder

This chapter outlines the principle physics of the quantum spin ladder. In the first section, the

Hamiltonian, phase diagram, and excitations of the 2-leg spin ladder are introduced. The main

ideas of this section follow the theoretical work of Bouillot et al. [Bou11].

The second section deals with the physical properties of ladder materials. Those are illustrated by

various eminent experiments, that were published so far.

2.1 Spin Ladder Physics

Quantum spin systems display a diversity of most interesting physical properties. Two situations

are especially fascinating: Strongly antiferromagnetically coupled dimers in a 2D or 3D system

can lead to a spin liquid state of singlets along the dimers. An external magnetic field creates

spin-1 excitations, triplons, that behave as itinerant bosons. The triplons are made mobile by

the interdimer exchange. In this quantum phase, Bose-Einstein condensation occurs, which was

experimentally verified for various magnetic insulators [Gia08].

By contrast, no ordered ground state is possible in one-dimensional systems, due to the extreme

quantum fluctuations. When the spin gap is closed, those systems are best described by Luttinger

liquid physics, which predicts quasi-long-range order. In one-dimensional systems the elementary

excitations can be described as spinons, excitations with fractional spin, that behave as interact-

ing spinless fermions. Examples are gapped spin- 12 antiferromagnetic ladders [Chi97], where the

magnetic field drives the transition from the quantum disordered to the Luttinger liquid phase.

A special case are two-leg quantum spin ladders with weak interladder coupling. They display

a remarkably rich phase diagram, where both one-dimensional Luttinger liquid physics and 3D

Bose-Einstein condensation occur, figure (2.1b).

For weakly coupled ladders, there are three important coupling constants, refer to figure (2.2): the

intradimer coupling on each rung of the ladder Jrung, the interdimer coupling along the two legs of

the ladder Jleg and the interladder coupling between different ladders J3D. For (C5H12N)2CuCl4

the rungs and legs couple antiferromagnetically and the magnetic Cu2+ ions carry a spin 1
2 . Other

couplings may occur, such as diagonal coupling between neighbouring rungs or cyclic exchange cou-

pling, but those are assumed to be small and therefore neglected in the following. The complete

Hamiltonian for our case is then [Bou11]

H3D =
∑

µ

Hµ +HZeeman + J3D
∑

Sl,k,µ · Sl′,k′,µ′ , (2.1)

with k numbering the leg and l the rung of a ladder µ. Hµ is the Hamiltonian of the single ladder

in zero magnetic field:

Hµ = Jrung
∑

l

Sl,1 · Sl,2 + Jleg
∑

l,k

Sl,k · Sl+1,k. (2.2)

The second term of equation (2.1) is the Zeeman term, which describes the influence of the magnetic

field on our system:

HZeeman = − Bz

Jrung
Mz (2.3)
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Figure 2.1: Schematic band structure (a) and phase diagram (b) of 2-leg antiferromagnetic spin- 1
2

ladders with

small interladder interaction. At zero magnetic field, an energy gap ∆ ≈ Jrung extends between the singlet ground

state (black) and the degenerate triplet states (red). The triplet states have a bandwidth 2Jleg . In the presence

of an external magnetic field, they Zeeman split. If the lowest triplet state reaches the ground state energy, the

excitations become gapless. This occurs at a first critical magnetic field Bc1. Between Bc1 and a second critical

field at Bc2, one-dimensional Luttinger liquid (LL) physics may be observed. If the temperature is sufficiently low

T < J3D, 3D long-range antiferromagnetic order sets in. Above Bc2 the spins are fully polarised and the excitation

spectrum is once more gapped.

Figure 2.2: Visualisation of the rung coupling Jrung and the leg coupling Jleg in an antiferromagnetic ladder. The

weak interladder coupling J3D is depicted in green. Picture reproduced from [Thi09c].
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Mz is the z component of the total spin operator

M =
∑

l

Sl,1 + Sl,2. (2.4)

The last term of equation (2.1) deals with the weak 3D interaction between individual ladders. In

our case it is a 3D non-frustrated tetragonal arrangement of ladders, figure (2.2).

It is the ratio of the coupling constants to each other, that greatly influences the general outline

of the phase diagram. If the interladder coupling is small compared to the leg and the rung cou-

pling, a clear separation of energy scales exists and the Luttinger liquid and the 3D Bose-Einstein

condensate may be observed seperately.

Another important property is the ratio between leg and rung coupling, which is defined by

γ =
Jleg
Jrung

. (2.5)

If Jrung approaches zero and hence γ → ∞, we have the case of isolated spin- 12 antiferromagnetic

chains. They feature a |sin(q)| dispersion relation and no energy gap.

The other extreme, Jleg = 0 and γ = 0, corresponds to the case of isolated dimers. Here no

dispersion of the elementary excitations exists and the singlet ground state

|s >=
| ↑↓> −| ↓↑>√

2
(2.6)

is seperated from the three triplet states

|t+ >= | ↑↑>, |t0 >=
| ↑↓> +| ↓↑>√

2
, |t− >= | ↓↓> (2.7)

by an energy gap Jrung. In zero magnetic field, the three triplet states are degenerate, and they

Zeeman split in the case of an external magnetic field.

For finite values of Jrung and Jleg a ladder results. Thus the quantum spin ladder interpolates be-

tween the antiferromagnetic chain and isolated dimers. It has both an energy gap and a dispersion

relation, which are the origin of the rich phase diagram depicted in figure (2.1b).

Five different phases or regimes exist in the spin ladder phase diagram (Jrung > Jleg):

• Spin liquid: An energy gap separates the singlet from the lowest triplet state. The gap

closes with increasing magnetic field, until the lowest part of the triplet band equals the

ground state energy. This critical magnetic field Bc1 forms the upper field boundary of the

spin liquid regime and also marks one of the two quantum critical points. Since no true long-

range order exists, this phase is also called quantum disordered. Excitations change a rung

singlet to a rung triplet, hence they are called triplons. Both single triplon and two-triplon

excitations can occur [Bou11].

• Luttinger liquid: Between Bc1 and the second quantum critical point at Bc2 the exitation

spectrum is gapless. At lowest temperatures, the magnetisation increases with increasing

magnetic field from zero to full saturation. This regime can be described by Luttinger liq-

uid theory. For the strongly coupled ladder, it can be mapped to the antiferromagnetic

XXZ-chain, see below. In this case excitations can be described as pairs of unbound spinons

[Thi09b]. The magnetic field plays the role of a chemical potential, i.e. it determines the num-

ber of excitations. The band width of the excitation spectrum renormalises in this regime,
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also see equation (5.10).

It is important to point out, that the antiferromagnetic spin- 12 XXZ-chain and the antiferro-

magnetic spin- 12 ladder are two very different things, quantum mechanically speaking. The

chain is gapless and the band fills upon increasing magnetic field. The ladder has a spin zero

singlet and a spin-1 triplet state. Due to the Zeeman splitting of the triplet state, the singlet

and the lowest triplet state have eventually the same energy. Then the ladder looks like a

chain, but they are not the same. This must also be kept in mind, when using the term

”spinon excitations” in a ladder.

• Fully polarised phase: Above Bc2 all spins are aligned parallel and the magnetisation is

saturated. The gap between singlet and lowest triplet state reopens, but now the |t+ > triplet

state is energetically favorable. This gap further widens with increasing magnetic field, as

was experimentally proven by neutron scattering [Thi09b].

• 3D ordered phase: At temperatures smaller than the interladder coupling J3D, three-

dimensional antiferromagnetic order in the plane perpendicular to Bz emerges. Since T <

J3D << Jleg, the triplons are mobile between ladders and along the legs and may undergo

Bose-Einstein condensation. 3D order occurs only between the quantum critical points. The

fully polarised and the quantum disordered phase are almost unaffected by the interladder

coupling, as long as the energy gap is larger than J3D [Thi09c].

• Quantum critical regime: The different energy scales of J3D and Jleg are responsible for

the separation between 3D ordered and 1D phase. If the temperature increases further, so

that T > Jleg, the rungs decouple from each other. The system now becomes a quantum

disordered paramagnet [Bou11].

Note that this description applies to the 2-leg spin ladder. Ladder materials with more than two

legs show different behaviour [Dag96]. Especially odd-leg and even-leg ladders behave quite dif-

ferently. The odd-leg ladder for example has no energy gap. With increasing number of legs, the

n-leg ladder can interpolate between the 1D Heisenberg chain and the 2D Heisenberg square lattice.

Now I want to consider once more the dimensionless coupling, i.e. the ratio between leg and

rung coupling. If Jleg << Jrung, the ladder is in the so called strong coupling limit. In this case,

an alternative description for the Luttinger liquid regime exists, since the Hamiltonian of equation

(2.2) can be mapped to the Hamiltonian of the XXZ-antiferromagnetic chain, see below. Further-

more a small γ may be used as pertubation parameter for a description by pertubation theory.

If Jleg ≈ Jrung, we speak about a ladder in the isotropic coupling limit. Here, theoretical ap-

proaches other than XXZ-chain mapping or pertubation theory are necessary, see below. Measure-

ments for both these cases are presented in this thesis.

The case Jleg >> Jrung corresponds to antiferromagnetic chains with weak interchain coupling.

They differ for example in their excitations at zero magnetic field. While the strongly coupled

ladder has triplon excitations on each rung, the excitations of the weakly coupled ladder are pairs

of spinons. Separating two of those spinons costs an energy, that increases linearly with the spinon

distance, e.g. number of rungs. This energy cost is due to the weak rung coupling. The confine-

ment of two spinons is a model for the confinement of quarks in a nucleon [Zal05], [Not07].

Figure (2.3) shows the change of the dispersion relation of triplon excitations for a changing γ.

Furthermore γ also describes the ratio between band width, which depends on Jleg in a first ap-
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Figure 2.3: Dispersion relation of the 2-leg quantum spin ladder for different coupling ratios (different colours),

calculated by exact diagonalisation (Lanczos) of a 12-rung (triangles), 13-rung (squares) and 14-rung (circles)

ladder. Full lines show results from second order pertubation theory, which agree well down to coupling ratios

of 2.5. Dotted black lines show the dispersion relations of isolated antiferromagnetic chains and isolated dimers,

while shaded regions correspond to the theoretical limits for the continuum of two-triplon excitations. Picture from

[Thi09a].

proximation, and energy gap, which depends on Jrung. We can see, that pertubation theory is

applicable down to a γ of 0.4, which is the case for (C5H12N)2CuCl4. For weakly coupled ladders

the excitation spectrum (spinons) becomes almost gapless.

The static and dynamic properties in the spin gap regime for varying γ were also investigated by

Normand and Rüegg [Nor11], using bond-operator theory. This includes for example the evolution

of spin correlations and magnetic heat capacity at finite temperatures for B < Bc1.

While the ratios of the different coupling constants are responsible for the phase diagram and

the clear separation of the various regimes, their absolute values determine the experimental ac-

cess in the laboratory. Jleg and Jrung should be between one and ten kelvin, in order to explore

the complete phase diagram by a conventional superconducting magnet and a dilution refrigerator.

In the past other compounds were introduced as examples for a 2-leg quantum spin ladder, for

example Cu2(C5H12N2)2(Cl1−xBrx)4 by Deguchi et al. [Deg02]. However neutron scattering ex-

periments by Clémancey et al. show that the ideal spin ladder Hamiltonian cannot hold and other

couplings than the intradimer coupling dominate [Clé04].

A perfect spin ladder material with a clear separation of energy scales and good experimental

access is the compound (C5H12N)2Cu(ClxBr1−x)4, which will be described in the following. For

x = 0, i.e. (C5H12N)2CuBr4, various experimental results were already reported. They are briefly

summarised, in order to review the physical properties of the quantum spin ladder. Experimental

results for different chemical compositions will then be presented later in this thesis.
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2.2 Spin Ladder Properties

Metal organic spin ladder compound (C5H12N)2Cu(ClxBr1−x)4

The class of copper(II) halides has proven to be well suited for the study of low-dimensional

magnetism at low temperatures. They are capable of assuming a variety of geometries, forming

chains or layers of copper ions, which are surrounded by halide polyhedra. Single or multiple

halide Cu-X-Cu pathways provide the magnetic exchange, where the magnetic orbitals of the two

copper(II) ions overlap [Pat90]. Large organic molecules serve as spacers between the magnetic

subsystems and ensure a good low-dimensionality.

The compound investigated in this thesis is (C5H12N)2Cu(ClxBr1−x)4. Samples for x = 0, x = 0.1,

x = 0.5, x = 0.9 and x = 1 were available. The crystals were grown by K. Krämer and D. Biner

at the University of Bern. The organic molecule C5H12N carries the name piperidinium and is

therefore abbreviated Hpip in the following text. For neutron scattering experiments, deuterated

samples are preferable, thus the abbreviation Dpip is also used.

The compound (Hpip)2CuBr4 (x = 0) was first characterised as a spin- 12 ladder material by Patyal

et al. [Pat90]. The crystal structure is visualised in figure (2.4a). The crystals are grown by slow

evaporation of an oversaturated solution of HpipBr and CuBr2 in ethanol. The compounds for

x = 1 and x = 0.5 - (Hpip)2CuCl4 and (Hpip)2CuCl2Br2 - were first synthesised and investigated

by Tajiri et al. [Taj04].

The crystal structure is monoclinic with space group P21/c. The lattice constants and angles at

room temperature are given in table (1). They were measured by X-ray diffraction [Pat90], [Taj04].

All three compounds were investigated by electron spin resonance (ESR) and show spin diffusive

relaxation processes, which suggests linear chains propagating along the a-axis. The angle de-

pendence of the g-factor was investigated for (Hpip)2CuBr4 and is shown in figure (2.4b) [Pat90].

For (Hpip)2CuCl4 and (Hpip)2CuCl2Br2 only powder samples were investigated by ESR. Their

g-factors are given in table (1) as well. According to Tajiri et al. [Taj04] the chlorine and bromine

ions in (Hpip)2CuCl2Br2 are regularly distributed. They claim that this makes the compound not

a random, but a uniform one.

Furthermore the Cu2+ ions in (Hpip)2Cu(ClxBr1−x)4 may be replaced by Ni2+ (S = 1) or Zn2+

(S = 0).

Compound a [Å] b [Å] c [Å] β [◦] g-factor

(Hpip)2CuCl4 8.224 16.923 12.163 100.39 2.094

(Hpip)2CuCl2Br2 8.396 17.148 12.321 99.54 2.106

(Hpip)2CuBr4 8.487 17.225 12.380 99.29 2.13

Table 1: Lattice constants, angles and g-factors (powder) of (Hpip)2Cu(ClxBr1−x)4 for x = 0 [Pat90], x = 0.5 and

x = 1 [Taj04] at room temperature.
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Figure 2.4: (a) Crystal structure of (Hpip)2CuBr4, from [Kla08]. (b) Angle dependence of the g-factor of

(Hpip)2CuBr4, from [Pat90].

Magnetisation and susceptibility

Magnetisation and susceptibility are naturally among the most interesting properties, when dealing

with quantum magnetism. A review on experimental techniques at low temperatures will be given

in chapter 3.

Magnetisation measurements of (Hpip)2CuBr4 were performed by Watson et al. [Wat01], mag-

netisation measurements of (Hpip)2CuCl4 and (Hpip)2CuCl2Br2 by Tajiri et al. [Taj04]. They are

shown in figure (2.5). These authors identify (Hpip)2CuCl4 and (Hpip)2CuBr4 as ladder materials

in the strong coupling limit and (Hpip)2CuCl2Br2 as a ladder material in the isotropic coupling

limit.

Magnetisation M(T0, B) measurements are well suited for the identification of a compound as a

ladder material. Susceptibility χ(T,B0) alone is ambiguous, because a ladder and an alternating

chain show the same susceptibility curve, but differ visibly in magnetisation, which is illustrated

in figure (2.6). For a ladder, an inflection point at half magnetisation appears, if the tempera-

ture is below the transition temperature into the Luttinger liquid regime. This inflection point

corresponds to a double peak structure of the derivative with respect to field, see figure (2.5a).

By extrapolating these peaks to zero temperature, the critical fields can be determined [Wat01].

Those are 6.6 T for the lower critical field of (Hpip)2CuBr4 and 14.6 T for the upper critical field.

For (Hpip)2CuCl4 the published critical fields are 1.8 T and 4.9 T [Taj04].

Watson et al. use a 6-rung exact diagonalisation calculation in order to determine the exchange

parameters. Their values are 13.3±0.2 K for the rung exchange and 3.8±0.1 K for the leg exchange,

which means a coupling ratio of Jrung/Jleg = 3.5 [Wat01]. Tajiri et al. [Taj04] give Jrung = 3.52 K

and Jleg = 1.13 K for (Hpip)2CuCl4 and Jrung = 5.10 K and Jleg = 3.06 K for (Hpip)2CuCl2Br2.

The corresponding coupling ratios are 3.1 and 1.7 respectively.

Note that for (Hpip)2CuCl4 literature magnetisation data exists only for temperatures as high

as 0.4 K [Taj04], which is still rather high for this compound. The measurements presented in

chapter 5 of this thesis will allow a more accurate determination of the critical magnetic fields and

the exchange couplings.

Furthermore magnetisation allows to check, whether universal scaling laws apply. Those are pre-

dicted to be valid in the vicinity of the quantum critical points. More details on scaling and the

evaluation of magnetisation data can be found in chapter 5, where own measurements are pre-

sented. Also some nuclear magnetic resonance (NMR) data will be shown there, which is - in this

case - another possibility to obtain magnetisation.
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Figure 2.5: (a) Magnetisation of (Hpip)2CuBr4, from [Wat01]. The insert shows the derivative with respect to

the magnetic field at 0.7 K. The solid line is the prediction from XXZ-chain mapping. (b) Magnetisation of

(Hpip)2CuCl2Br2 (BPCCB) and (Hpip)2CuCl4 (BPCC) at 0.4 K from [Taj04].

Figure 2.6: Susceptibility of a (Hpip)2CuBr4 powder sample at B = 0.1 T, from [Wat01]. The solid line is the result

of a 6 rung exact diagonalisation. It does not allow to distinguish between ladder and alternating chain model.

The insert shows the theoretically predicted magnetisation curves, using the same coupling constants as for the

susceptibility. The different curve shapes allow the identification of (Hpip)2CuBr4 as a ladder material.
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Thermal conductivity

Thermal conductivity κ of cuprate spin ladders and of (Hpip)2CuBr4 was investigated by So-

logubenko et al. [Sol00], [Sol07], [Sol09]. The standard method of measuring thermal conductivity

uses Fourier’s law:

j = −κ∇T (2.8)

While one end of the sample is thermally coupled to a temperature bath, a heat flux j is applied

to the other end. This causes a linear temperature gradient ∇T in the sample. Typical sources

for heat flux are an ohmic resistor or a laser beam. The measurement of the temperature gradient

requires at least two thermometers at different positions on the sample, usually resistivity ther-

mometers or thermocouples.

Textbooks usually discuss only the transport of heat by phonons κph or itinerant charge carriers

κe, while magnetic excitations just serve as scattering defects for phonon or electron transport. A

possible reason might be the difficulty to separate a magnetic contribution κmag from the lattice

thermal transport. At this point, one-dimensional magnetic systems, such as ladders or chains,

are of particular interest, since no magnetic thermal conductivity is expected perpendicular to the

chain or ladder direction. This allows an easy separation into magnetic and lattice contribution of

heat transport.

Furthermore ladders are especially interesting, because they feature massive ballistic thermal trans-

port, which is experimentally shown in figure (2.7). This massive ballistic transport originates

simply in the conservation of energy and momentum: A triplon at the minimum of the dispersion

relation, refer to figure (2.3), cannot scatter into another state without violating this conservation.

Also the thermal transport of a ladder is not so strongly affected by defects, when compared to a

chain. A defect in a chain breaks the magnetic transport, but the ladder has two spins per rung.

And the chance that both spins of a rung are defects is small, if the sample is not heavily doped.

This makes ladders uniquely suited for the study of magnetic thermal transport.

An interesting experimental detail when dealing with magnetic heat transport is the following:

The standard heat flow method measures the temperature of the phonon system. That means that

a thermometer cannot actually detect the transport of magnetic heat through a sample. Therefore

an observation of κmag requires an interaction between lattice and spin system. If scattering be-

Figure 2.7: (a) Thermal conductivity of the cuprate spin ladder compound Sr14−xCaxCu24O41 along the ladder

direction for x = 0, 2 and 12. Solid lines present the phonon thermal conductivities, calculated by the Debye model.

An unexpected second peak around 100 K is attributed to magnetic thermal transport. (b) Thermal conductivity

perpedicular to the ladder direction. No magnetic contribution is observed, pictures from [Sol00].
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Figure 2.8: (a) Thermal conductivity of the spin ladder compound (Hpip)2CuBr4 along the ladder direction in a

magnetic field. Open circles are experimental data, which is compared to the prediction of the XXZ-chain mapping

(solid line). (b) Thermal conductivity of (Hpip)2CuBr4 as a function of temperature and magnetic field. The insert

compares data with the magnetic field parallel and perpendicular to the ladder direction. Bc1 and Bc2 are the

critical magnetic fields. Pictures taken from [Sol09].

tween phonons and spin excitations dominates, the resulting drag effects may modify κmag [Sol07].

Experimental observation of magnetic thermal transport in a cuprate spin ladder is shown by

[Sol00]. They investigated the temperature dependence of thermal conductivity of the compound

Sr14−xCaxCu24O41 in zero magnetic field, figure (2.7). This compound features layers of Cu chains,

alternatingly stacked with Cu ladders. The energy gap of the ladder has a value between 350 K

and 380 K, inverstigated by inelastic neutron scattering and NMR measurements.

Perpendicular to the ladder direction, typical phonon behaviour for thermal transport was ob-

served: a low temperature peak and a T−1 dependence for higher temperatures. Along the ladder

direction, a second, very large peak appears around 100 K, which is attributed to magnetic thermal

transport.

The success of comparing the perpendicular and the parallel component is limited by a possible

anisotropy in phonon transport, which is especially the case in the in the vicinity of phase transi-

tions [Sol07]. Studies of the magnetic field dependent thermal transport are necessary to provide

further information. The magnetic field allows the change of the spin excitation spectra and causes

transitions between quantum phases. The spin gap of cuprate ladders such as Sr14−xCaxCu24O41 is

much to large to allow an experimental access, but experiments were performed with (Hpip)2CuBr4

[Sol09].

Using the XXZ-chain mapping, refer to chapter 5 for details, the spin thermal conductivity is

given by:

κmag =
Na

π

∫ π/a

0

dfk
dT

ǫkvkℓs,kdk. (2.9)

vk is the velocity and ℓs,k the mean free path, ǫk is the dispersion relation, and fk the Fermi distri-

bution function.The spin thermal conductivity should show a significant increase in the Luttinger

liquid regime and plateaus at the critical magnetic fields, figure (2.8a). Note the different scaling
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of the left and the right y-axis.

Suprisingly, no magnetic heat transport in the Luttinger liquid regime is observed. Instead, the

phonon thermal conductivity shows a decrease with a double dip feature, figure (2.8b). This de-

crease occurs in the parallel and the perpendicular component, but it is more pronounced in the

parallel one. There is no feature to mark the transition into the Luttinger liquid. Experiment and

theory are in clear opposition to each other.

Sologubenko et al. [Sol09] offer the following explanation: There is a localisation of spinons in fi-

nite ladder segments, which have an average length of 0.16 µm. This localisation is favored by the

very weak interladder couplings. Remember, that these weak interladder couplings also ensure the

good one-dimensionality of (Hpip)2CuBr4. Phonon-spinon scattering then causes the suppression

of the phonon thermal conductivity.

Obviously, the influence of a magnetic field on thermal conductivity remains an interesting field of

research. A recent theoretical approach links the heat current jE and the magnetisation current

jM
(

jM

jE

)

=

(

LMM LME

LEM LEE

)(

∇B

−∇T

)

. (2.10)

In zero magnetic field, the off-diagonal matrix elements are zero and LEE = κmag. In a magnetic

field, new effects are possible, for example an analogy of the Seebeck effect, where heat flux induces

a gradient of magnetic induction. But experimental evidence of the prediction is still lacking [Sol07].

Thermal expansion and magnetostriction

Another interesting quantity to be measured is the change of length ∆L(T,B) for a changing

temperature or magnetic field, i.e. thermal expansion α

α(T ) =
1

L0

∂∆L(T )

∂T
(2.11)

or magnetostriction ǫ

ǫ(B) =
∆L(B)

L0
. (2.12)

A typical experimental setup is a dilatometer with a capacitive read-out. Measurements for

(Hpip)2CuBr4 were carried out and interpreted by Lorenz et al. [Lor08].

The curve shape of the magnetostriction, figure (2.9a), resembles the magnetisation at low temper-

atures. This can be explained within the XXZ-chain mapping of a spin ladder, where the magnetic

fields plays the role of a chemical potential:

µ = gµBB − Jrung(p) +O(Jleg). (2.13)

Note that the rung coupling Jrung is pressure dependent. Since in this model the magnetic field

and Jrung enter only via the chemical potential, the derivatives of the free energy with respect to

B and p should show the same behaviour. Close to the critical fields, the free energy takes the

form [Lor08]

Fcr,n = |gµB(B −Bcn)|3/2φn(
kBT

gµB(B −Bcn)
). (2.14)

If the critical fields are a smooth function of pressure, the magnetostriction shows the same critical√
T behaviour as the magnetisation:

ǫ(B) ∝ ∂Fcr,n

∂p
∝ ∂Fcr,n

∂Bcn
. (2.15)
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Figure 2.9: (a) Magnetostriction of (Hpip)2CuBr4 strongly resembles the curve shape of the magnetisation. The

insert shows the derivative of ǫ with respect to the magnetic field. (b) Phase diagram of (Hpip)2CuBr4 derived

from thermal expansion measurements. It shows regions of positive (white) and negative (blue) thermal expansion,

solid black lines are α = 0, red tringles and green circles denote the positions of vanishing α determined from an

interpolation along the T and B axis. Pictures taken from [Lor08].

Thus a linear interpolation of ∂ǫ(B)/∂B allows the determination of the critical fields.

The measurement of magnetostriction cannot in general replace a magnetisation measurement. In

this case, the special ladder geometry is responsible for the similarity. The dependence of the leg

and rung couplings on pressure differs significantly for different crystallographic directions. Along

the ladder

|∂Jleg
∂p

| << |∂Jrung
∂p

| (2.16)

is valid. Perpendicular to the ladder, the pressure dependencies of Jrung and Jleg are of similar

magnitude, and cause the magnetostriction to differ significantly from magnetisation, which was

also shown by [Lor08]. In contrast magnetisation perpendicular to the ladder still shows similar

behaviour as parallel, but the magnetic field axis rescales slightly, due to the different g-factor.

Also note that the asymmetry in ∂ǫ/∂B is opposite to the asymmetry in the magnetisation.

The thermal expansion of a spin ladder is more complicated and features various peaks and sign

changes [Lor08]. It is in general antisymmetric to (Bc1 + Bc2)/2 and also allows the mapping of

the spin ladder phase diagram, figure (2.9b).

The Grüneisen parameter Γ links thermal expansion and heat capacity

Γ =
α

cp
. (2.17)

The Grüneisen parameter was predicted to diverge at a quantum phase transition [Zhu03], also

refer to chapter 5 for more details.

Heat capacity and magnetocaloric effect

Heat capacity and magnetocaloric effect of (Hpip)2CuBr4 were measured by Rüegg, Kiefer et

al. [Rue08]. Results are shown in figure (2.10). The phase diagram shows three distinct regimes:

the quantum disordered, the quantum critical and the Luttinger liquid regime. Due to the upper

critical field of (Hpip)2CuBr4 of 14.4 T, which is at the edge of the experimental limit, the polarised

regime is not visible. Furthermore, the minimum temperature of 0.3 K is too high to observe 3D

ordering or Bose Einstein condensation, which sets in below 100 mK [Rue08].
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Figure 2.10: (a) Single scans of magnetocaloric effect of (Hpip)2CuBr4. (b) Contour plot of the magnetocaloric

effect: open circles show ∂M/∂T = 0 from the single scans, black circles are maxima in heat capacity. (c) Contour

plot of the magnetic heat capacity divided by temperature: white circles are the phase boundary derived from the

magnetocaloric effect, black crosses show the closing of the Zeeman gap. (d) Magnetic heat capacity as a function of

magnetic field. The first peak indicates the closing of the Zeeman gap (T). The symmetric peaks mark the Luttinger

liquid regime (LL). Pictures are taken from [Rue08].

These measurements were performed with the same setup, that was used in this thesis. Magne-

tocaloric effect measurements down to 100 mK were published by Thielemann et al. [Thi09c], but

these data also do not show a clear indication for the cross-over into the 3D ordered phase, refer

to figure (2.15).

How heat capacity and MCE are measured at low temperatures will be explained in chapter 4 in

detail. Details on the theoretical analysis of heat capacity measurements and magnetocaloric effect

will be presented in chapter 5 together with the measurements of (Hpip)2CuCl4.

Inelastic neutron scattering

So far, bulk properties of the quantum spin ladder were introduced. For a direct measurement of

the spin excitation spectra and the identification of the nature of quasi-particles, inelastic neutron

scattering (INS) is the method of choice. For (Dpip)2CuBr4 INS data covers the whole phase dia-

gram and confirms the theoretical predictions. The following results were published by Thielemann

et al. [Thi09b].
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Figure (2.11) presents the results for the quantum disordered (spin liquid) regime at a temper-

ature of 50 mK. Constant-Q scans show sharp, resolution-limited peaks. Figures (2.11a-c) show

the triplet dispersion parallal (2.11b) and perpendicular (2.11a), (2.11c) to the ladder direction at

zero magnetic field. The perpendicular measurements confirm the good one-dimensionality of the

material. Clearly visible in (2.11b) are the gap and the typical dispersion relation for a strongly

coupled ladder. The black solid line is the prediction of the dispersion relation from pertubation

theory. Figures (2.11d) and (2.11e) show the INS intensity at the band minimum at B = 0 T and

B = 4 T respectively. They demonstrate the Zeeman splitting of the triplet bands and allow the

determination of the lower critical field, figure (2.11f).

In the quantum disordered regime, the excitations are S = 1 triplons. Upon increasing mag-

netic field, the triplons fractionalise into two elementary and deconfined spin- 12 objects. Thus the

quantum critical point at Bc1 may be regarded as a field-driven spinon binding-unbindung transi-

tion and simultaneously a confinement-deconfinement transition [Thi09b].

Figure (2.12) shows INS data in the Luttinger liquid regime. The temperature of T = 250 mK is

well within the Luttinger liquid but still significantly higher than the transition temperature into

the 3D ordered phase. At half magnetisation m = 0.5 the excitation spectrum of the ladder equals

the spectrum of the spin- 12 antiferromagnetic chain, as can be expected within the XXZ-chain

mapping ansatz. Such spectra (2.12b) were already observed in chain materials [Lak05]. They are

gapless and show a continuum of excitations, that extends over much of the Brillouin zone. But

in a ladder these spectra are induced by the magnetic field. Figure (2.12a) shows the evolution

of the spectrum for magnetic fields that correspond to a magnetisation of 0.25 or 0.75. Figures

(2.12a) and (2.12b) are theoretical predictions. The white dashed lines indicate the experimental

data shown in (2.12c-f), constant-E scans at 0.2 meV and 0.4 meV at 7.9 T (m = 0.25) and 12.3 T

(m = 0.75). The solid red line is the prediction from the XXZ-chain mapping and the grey shaded

area indicates the total experimental error. The dashed red line is the XXZ-chain prediction for

m = 0.5 from figure (2.12b).

Figures (2.12a) and (2.12b) also show the shift of spectral weight from the center of the Brillouin

zone to the zone boundaries, if the magnetic field approaches the critical fields. Furthermore the

incommensurate wave vector is controlled by the magnetic field.

Beyond the second quantum critical point at Bc2 the spectrum becomes gapped again, with ele-

mentary triplon excitations. Once more the QCP may be regarded as a field-driven spinon binding-

unbinding transition. Figure (2.13c) shows the dispersion relation along the ladder direction from

constant-Q scans [Thi09b]:

ǫ(Qh) = gµB(B −Bc2) + Jleg(1 + cos(2πQh)). (2.18)

The spin gap increases linearly for B > Bc2 and may be used to determine Bc2, figure (2.13a). The

red lines are fits of the data according to equation (2.18) for Bc2 and B = 14.8 T. Figure (2.13b)

shows data perpendicular to the ladder direction. Figures (2.13d) and (2.13e) show constant-E

scans at 50 mK and 14.8 T with Gaussian fits as red solid lines. They prove that the spectrum

is once more gapped. In the fully polarised phase, a mean-field treatment is exact, because all

quantum fluctuations are quenched.
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Figure 2.11: Inelastic neutron scattering measurements of (Dpip)2CuBr4 in the quantum disordered (spin liquid)

regime at T = 50 mK, from [Thi09b]. Refer to the text for a detailed explanation of the data.

Figure 2.12: Inelastic neutron scattering measurements and simulations of (Dpip)2CuBr4 in the Luttinger liquid

regime, from [Thi09b]. The temperature of T = 250 mK is well within the Luttinger liquid regime, but still far

above the 3D ordering temperature of 100 mK. Refer to the text for a detailed explanation of the data.
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Figure 2.13: Inelastic neutron scattering measurements of (Dpip)2CuBr4 in the fully polarised regime above the

upper critical field Bs at T = 50 mK, from [Thi09b]. Refer to the text for a detailed explanation of the data.

INS proves the existence of a broad continuum of spinon excitations in the Luttinger liquid regime.

In contrast to that discrete triplon excitations occur in the quantum disordered and fully polarised

regime. The magnetic field drives the change between these two kinds of excitations. Apart from

the excitation spectra, INS allows the determination of the critical magnetic fields by measuring

the spin gap as a function of the magnetic field. The dispersion relations of the quantum disordered

and the polarised phase provide two independent ways to determine of the coupling constants Jrung

and Jleg [Thi09b].

Neutron diffraction

Neutron diffraction is a useful tool to investigate the transition from the 1D Luttinger liquid

to the 3D ordered regime. The observed order parameter is the transverse (antiferromagnetic)

magnetisation mx at half integer lattice sites. Furthermore ordering temperature, spin structure,

and the critical exponents around the transition can be determined. Neutron diffraction results on

(Dpip)2CuBr4 presented here were published by Thielemann et al. [Thi09c].

Figure (2.14a) shows Q-scans along the wave vector (1.5,0,0). Well within the Luttinger liquid

regime at 470 mK and 8.6 T no neutron signal is observed, but if the sample is cooled below the

transition temperature of approximately 100 mK, magnetic Bragg peaks appear, demonstrating

long-range antiferromagnetic order. The magnetic Bragg peak does not change position, but its

intesity decreases with increasing field. Figure (2.14b) shows the temperature dependence of the

Bragg peak at constant field. The intensity is proportional to the square of the transverse mag-

netisation. The vanishing of m2
x indicates the cross-over from 1D to 3D order. This information is

used to construct the phase diagram in figure (2.15). The asymmetric shape of the phase boundary

can be explained by the changing influence of the upper triplet states.
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Figure 2.14: Neutron diffraction of (Dpip)2CuBr4 from [Thi09c]. (a) Q-scans show the appearance of magnetic

Bragg peaks below the 3D ordering temperature of 100 mK. In the Luttinger liquid regime (green dots) no magnetic

Bragg peak is observed. (b) Temperature dependence of the Bragg intensity at Q = (1.5 0 0), which allows the

mapping of the phase boundary between 3D long-range order and 1D Luttinger liquid. The measured intensity is

proportional to the transverse magnetisation mx.

In the background, magnetocaloric effect measurements between 100 mK and 300 mK are shown

as a contour plot, to map the transition from the quantum disordered to the Luttinger liquid to

the fully polarised regime. The cross-over temperature was fitted to

TLL ∝ (B −Bc)
1/ν . (2.19)

From LL theory one expects ν = 1, but the experiment yields a value of 2.1(1). The reason is

probably that the critical regime is very narrow and the universal exponent is not reached, before

3D order sets in and cuts off the Luttinger liquid regime.

By recording the intensity of 26 antiferromagnetic Bragg peaks, the magnetic structure of the 3D

phase was solved. The result is shown in figure (2.2). In order to model the interladder coupling, it

is sufficient to introduce only one interladder coupling J3D, which is shown in green in the figure. It

connects ladders with opposite orientations, but the sites of the copper atoms are displaced by one

unit. Along this exchange path, the spins are aligned ferromagnetically and they are completely

unfrustrated.

A quantitative determination of J3D was tried, using mean-field DMRG and Quantum Monte

Carlo, but results vary between 30 mK and 80 mK.

Neutron diffraction also allows a somewhat noisy measurement of the uniform magnetisation mz,

which adds a small ferromagnetic signal on top of nuclear Bragg peaks [Thi09c].

Theoretical approaches to quantum spin ladders

There are a number of theoretical methods that allow to study ladders and their coupling to

each other. The following is just a brief overview, inspired by the work of Bouillot et al. [Bou11].

• Exact diagonalisation (ED) The eigenvalues and eigenvectors of a n-rung ladder are cal-

culated exactly by diagonalising the matrix of equation (2.2). They then allow the determi-

nation of physical properties such as heat capacity and magnetisation at finite temperatures.
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Figure 2.15: Phase diagram of (Dpip)2CuBr4 below 300 mK, from [Thi09c]. The transistion from quantum disordered

to Luttinger liquid to fully polarised regime is mapped with magnetocaloric effect measurements, shown as contour

plot in the background. The phase boundary to the 3D ordered regime was derived from the neutron diffraction

measurements.

ED is mainly limited by today’s computer capabilities and allows only the calculation of

systems with a small number of spins and/or small S. For a 2-leg spin- 12 ladder, Hilbert

space grows as 4n, with n the number of rungs. Typical ladders sizes are 8 to 10 rungs.

• DMRG Density matrix renormalisation group theory is a numerical method, used to deter-

mine static and dynamic properties at zero and finite temperatures. The total Hilbert space

of a many body system quickly grows too large to be treated exactly, therefore the DMRG

algorithm uses a reduced effective space. The optimal reduced effective space is chosen by a

variation principle.

• Bethe Ansatz If the ladder is in the gapless phase and Jrung >> Jleg, the ladder problem

can be reduced to a simpler chain problem. The upper triplet states |t0 > and |t− > are

ignored and the remaining triplet and the singlet state are identified with the up and down-

states of an effective spin- 12 antiferromagnetic chain. The Hamiltonian of this XXZ-chain

[Bou11]

HXXZ = Jleg
∑

l

(S̃x
l S̃

x
l+1 + S̃y

l S̃
y
l+1 +∆S̃z

l S̃
z
l+1)− B̃zM̃z + L(−Jrung

4
+

Jleg
8

− B̃z

2
) (2.20)

is exactly solvable and gives analytic expressions for the eigenfunctions, but calculating ther-

modynamic properties remains difficult. Refer to chapter 5 for details on the Hamiltonian

and expressions for the thermodynamic properties.

• Luttinger liquid The dynamics of free bosonic excitations with a linear spectrum are gov-



2.2 Spin Ladder Properties 25

erned by the Luttinger liquid Hamiltonian [Bou11]

HLL =
1

2π

∫

(uK[∂xΘ(x)]2 +
u

K
[∂xΦ(x)]

2)dx. (2.21)

K is the dimensionless Luttinger liquid parameter, u the velocity of sound, and Θ and Φ

are canonically commuting bosonic fields: [Θ(x), ∂yΦ(y)] = iπδ(x − y). The spin- 12 XXZ

Heisenberg chain (2.20) in the gapless phase belongs to the Luttinger liquid universality

class. The local spin operators may be expressed through the bosonic fields:

S̃±(x) = e∓iΘ(x)(
√

2Ax(−1)x + 2
√

Bx cos[2Φ(x)− 2πm̃zx]), (2.22)

S̃z(x) = m̃z −
∂xΘ(x)

π
+
√

2Az(−1)x cos[2Φ(x)− 2πm̃zx]. (2.23)

Here x is given in units of the lattice spacing, m̃z is the magnetisation per chain site and Ax,

Az and Bx are model dependent parameters. Graphs for these parameters and u and K for

(Hpip)2CuBr4 with respect to m̃z are published by [Bou11].

• Mean-field approximation may be used in order to treat the interladder coupling and the

3D ordered regime. If the external magnetic field is applied along the z-axis (ladder axis) of

the system, 3D order will occur in the xy plane first. A mean-field Hamiltonian is introduced,

which corresponds to a single ladder in a site-dependent magnetic field [Bou11]:

HMF = JrungHrung + JlegHleg +
ncJ3Dmz

4

∑

l,k

Sz
l,k +

ncJ3Dmx
a

2

∑

l,k

(−1)l+kSx
l,k. (2.24)

nc = 4 is the rung connectivity for (Hpip)2CuBr4, m
z the uniform component of magnetisa-

tion in the z-direction and mx
a a staggered component in the x-direction. This Hamiltonian

must be solved in a self-consistent way for mz and mx
a, for example by DMRG or analytically

by a modified Luttinger liquid Hamiltonian. The mean-field approximation fails very close

to the critical magnetic fields.

• Quantum Monte Carlo (QMC) The mean-field approach neglects the detailed coupling

structure of interacting spin ladders. Here the Quantum Monte Carlo technique may be ap-

plied. Calculations for the phase boundary to the 3D ordered phase are shown by Thielemann

et al. together with mean-field results [Thi09c].

So much for theory, let’s return to the experiments now!
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3 The Cantilever Magnetometer

The preceeding chapter showed that magnetic field and temperature are key parameters for the in-

vestigation of quantum magnetism. We take the 2-leg antiferromagnetic spin ladder (Hpip)2CuCl4

as an example: Here, the magnetic field drives this system through two quantum critical points. It

also serves as a chemical potential that determines the number of excitations in the gapless regime.

If the value of the magnetic field is between the two critical fields, then the temperature controls

the dimensionality of (Hpip)2CuCl4. With decreasing temperature, weakly coupled ladders change

from a quantum disordered paramagnet to a one-dimensional system and further to a 3D long-

range ordered antiferromagnet. How temperature and magnetic field affect the physical properties

of spin ladders was also shown in the preceeding chapter.

In order to investigate such quantum phenomena, a high sensitivity magnetometer was constructed,

that can be operated at very low temperatures and in high magnetic fields: the cantilever mag-

netometer. A 10 mK dilution refrigerator and a 17 T superconducting magnet serve as sample

environment (CM17T)1.

At the beginning of this thesis the dilution refrigerator was operational, but no magnet system

and no measurement options - other than resistivity - existed [Ryl08]. Much experimental work

was necessary to install and characterise the magnet and to construct and test the cantilever. In

addition to the magnetometer, measurement options for other physical properties were constructed

as well, such as resistivity and dielectric properties, but they were not used for this thesis. A caloric

setup for heat capacity and magnetocaloric effect measurements is almost complete.

The following chapter starts by describing the magnet system of the CM17T, which consists of

three individual magnets. Knowing the exact specifications of these magnets is crucial for the

operation of the cantilever magnetometer. This magnet section is followed by a short review about

the generation of millikelvin temperatures, using a dilution refrigerator. Afterwards different mag-

netometry techniques at low temperatures and in high magnetic fields will be introduced briefly.

This allows a comparison between the different methods and shows the advantages and strengths

of the cantilever magnetometer. The largest part of this chapter is devoted to the cantilever mag-

netometer itself. This section will explain the working principle and the features of the cantilever

magnetometer in detail. Thereafter the phase diagram of the one-dimensional spin chain linarite,

obtained from magnetisation measurements, will be shown as an example of sucessful cantilever

operation. A short summary concludes this chapter.

1The CM17T is part of the Laboratory for Magnetic Measurements (LaMMB), which is located at the Helmholtz-

Zentrum Berlin (HZB). LaMMB is dedicated to the measurement of physical properties at very low temperatures and

in high magnetic fields, mainly magnetisation, heat capacity, magnetocaloric effect, dielectric properties, resistivity,

and thermal transport.
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3.1 CM17T - Sample Environment

3.1.1 17 T Magnet System with Gradient Coil

The magnet system of the CM17T has three important components, figure (3.1a): a 17.1 T main

magnet, a 9.2 T/m gradient coil and a second 9.1 T magnet below the main coil. The measurement

options are placed in the center of the main coil, the gradient coil is necessary for the magnetisation

measurements and the secondary magnet will be used for a future PrNi5 nuclear demagnetisation

stage. The magnet system has been manufactured by Cryogenic Ltd. and was thoroughly tested

at HZB, using a hall probe mounted on a micropositioning stage, which could be positioned with

100 µm accuracy.

The 17 T magnet consists of two inner coils of multifilamentary Nb3Sn on stainless steel formers

and an outer coil of multifilamentary NbTi on an aluminium former. This coil design allows a

maximum field of 16.5 T at a temperature of 4.2 K. A lambda stage may reduce the magnet

temperature to 2.2 K, which increases the maximum field to 17.1 T. The main coil is divided

into different segments, which are equipped with cold diodes. The diodes shall prevent a damage

of the magnet coil by high normal conducting currents, that occur in the case of a quench. A

superconducting switch allows the magnet to run in persistent mode. A detailed view of the field

profile is shown in figure (3.2a). The insert shows the gradient of the field profile, which becomes

comparable to the gradient coil, if the sample is misplaced a few millimeter. The homogeneity

fulfills the specification of 0.1 % over 10 mm around the field center. At 17 T the main field was

found to decrease by 0.21 mT per hour in persistent mode (1.2·10−5 relative).

The demountable gradient coil is placed so that the zero crossing of the gradient field is exactly

at the maximum of the main field. The good linearity of the gradient field has been investigated.

Figure (3.3a) shows the measured field profile of the gradient coil at a maximum current of 60 A,

which corresponds to a gradient of 9.2 T/m. The insert shows the deviation from a linear fit. The

maximum gradient depends on the main field. Up to Bmain = 11.5 T a gradient of 9.2 T/m is

possible.
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Figure 3.1: (a) Measured profiles of the main magnet and the secondary magnet at 15 T and 8 T respectively and

of the gradient coil at a gradient of 9.2 T/m. The mixing chamber of the dilution refrigerator has a distance of

380 mm to the maximum of the main field. (b) Field compensation at the mixing chamber for a main field of 15 T

compared to zero field.
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Figure 3.2: (a) Detailed view of the main magnet field profile. The insert shows the gradient of the main field at

15 T. (b) Detailed view of the secondary magnet field profile. The insert shows the gradient of the secondary field

at 8 T.
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Figure 3.3: (a) Field profile of the gradient coil near the sample position at 9.2 T/m, which corresponds to the

maximum possible gradient current of 60 A. The insert shows the deviation from a linear fit. (b) Maximum magnetic

field gradient of the gradient coil in dependence of the main field. Each point indicates a quench of the gradient

coil.

Then the maximum possible gradient decreases to 2.5 T/m at Bmain = 16.5 T, figure (3.3b).

This behaviour determines the sensitivity of the cantilever at different magnetic fields. The points

above 11.5 T in this graph indicate a quench of the gradient coil. During these measurements,

a quench of the gradient coil did not quench the main magnet. It is possible to safely drive the

gradient coil with a sine current of 0.1 Hz frequency at a gradient of 1 T/m. The gradient coil has

no persistent switch.

Knowing the exact field profiles of the main magnet and the gradient coil is really important,

because the cantilever measurement is very sensitive to a misplacement of the sample.

The secondary magnet is demountable as well and may be operated with a field of 9.1 T. The

influence of the lambda stage cooling on the maximum field has not been investigated. A detailed

view of the profile at field maximum shows figure (3.2b), with the field gradient shown as insert.
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The specified homogeneity of 0.1 % over 10 mm at field center was fulfilled. At a magnetic field of

8 T the secondary field decreases by 0.17 mT per hour in persistent mode (2.1·10−5 relative).

The three magnets are each equipped with a 4-quadrant power supply, i.e. the sign of the field or

gradient may be changed.

For the benefit of thermometry, there are additional compensation coils of multifilamentary NbTi,

that reduce the stray field of the main magnet at the location of the dilution mixing chamber to

B < 10 mT, figure (3.1b). Furthermore the stray field of the main magnet at the location of the

secondary magnet is reduced as well. This is necessary since the demagnetisation cooling depends

on a low final field. Last but not least the stray field of the secondary magnet at the location of

the sample is compensated, too. It was further found that the mutual inductance between main

coil and secondary coil is negligible.

The important features of the three magnets are summarised in tables (2), (3) and (4).

Main magnet

Highest field at 4.2 K 16.5 T

Highest field at 2.2 K 17.1 T

Maximum current 109 A

Coil constant 0.1575 T/A

Inductance 113.8 H

Homogeneity at field center 0.1 % over 10 mm

Field compensation at mixing chamber B < 10 mT

Free inner diameter 64 mm

Table 2: Key features of the main magnet.

Secondary magnet

Highest field at 4.2 K 9.1 T

Maximum current 100 A

Coil constant 0.0910 T/A

Inductance 8.9 H

Homogeneity at field center 0.1 % over 10 mm

Free inner diameter 64 mm

Table 3: Key features of the secondary magnet.

Gradient coil

Maximum gradient 9.2 T/m

Maximum gradient at 17 T 2 T/m

Maximum current 60 A

Coil constant 0.1539 T/mA

Homogeneity at field center 0.2 % over 10 mm

Sweep frequency at 1 T/m 0.1 Hz

Free inner diameter 52 mm

Table 4: Key features of the gradient coil.
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3.1.2 3He4He Dilution Refrigerator

The physics of a dilution refrigerator is well described in textbooks, such as [Pob07], which served

as the source for the following section.

Every common cooling technique below temperatures of a few kelvin needs helium, either in its

gaseous, liquid or solid phase. So it is worthwhile to shortly review its properties. Two stable

isotopes of helium exist, 3He and 4He, which show remarkable differences and fascinating low tem-

perature behaviour. Some of their properties are listed in table (5) and the phase diagrams are

shown in figure (3.4).

For both isotopes the vapour pressure curve and the melting pressure curve do not intersect. That

means there is no triple point and no sublimation. The reason for that is the low mass of helium,

which leads to a high quantum mechanical zero point energy, in combination with the filled 1s shell,

that leads to a binding energy lower than the zero point energy. Helium stays liquid under its own

vapour pressure down to lowest temperatures, but more than that, it enters a completely new

phase, the superfluid state. Superfluids are the thermodynamic analogue to superconductors: they

have an infinite thermal conductivity and zero viscosity. Other fascinating phenomena are second

sound, quantised vortices, thermomechanical effect, and film flow. Since 4He is a spinless particle,

the superfluid state may be explained as the Bose-Einstein condensation into the ground state.

Suprisingly, the spin- 12 particle 3He becomes superfluid as well for temperatures below 2.5 mK.

Again the analogy to superconductivity proves useful. Two 3He particles form a bound pair and

thus become a bosonic particle, like two electrons forming a Cooper pair in a superconductor.

Another example for the strange physical properties of superfluid 3He is the A phase, which is a

liquid ferromagnet.

3He 4He

Spin 1
2 0

Occurrence in air 0 54 ppm

Configuration 1s full 1s full

Boiling temperature at 1 atm 3.19 K 4.21 K

Critical temperature 3.32 K 5.20 K

Superfluid transition 2.5 mK 2.18 K

Table 5: Important physical properties of the stable helium isotops.

Figure 3.4: The phase diagrams of 4He (left) and 3He (right).
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The very different transition temperatures of 3He and 4He into the superfluid state leads to the

question, how mixtures of these two isotopes behave. For temperatures between 0.87 K and 2.2 K

the transition from normalfluidity to superfluidity is supressed with increasing 3He concentration.

Below 0.87 K and at a 3He concentration of 67 % a phase separation sets in. Two not mixable

phases evolve: a 3He rich normalfluid and a 4He rich superfluid phase. Because of the smaller

density of the normalfluid, this phase stays on top of the superfluid phase like an oil film on a

water surface. The complete phase diagram is pictured in figure (3.5). When the temperature

approaches zero or rather 2.5 mK, the 3He concentration of the normalfluid phase increases to

almost pure 3He. On the other hand the superfluid phase - also called mixed phase - keeps a 3He

concentration of 6.4 % even to lowest temperatures.

This finite concentration can be explained as follows: The van-der-Waals forces between the two

helium isotopes are equal, but due to its higher mass 4He has a smaller zero point energy. That

also means that a 4He atom occupies a smaller volume. A 3He atom, which is surrounded by
4He atoms, is therefore stronger bound than a 3He atom, which is surrounded by its own kin.

But due to the fermion character of 3He this binding energy gain decreases with increasing 3He

concentration, which leads to the equilibrium concentration of 6.4 %.

Figure 3.5: The phase diagram of 3He-4He mixtures in the liquid state at saturated vapour pressure. Above 0.87 K

the transition temperature into the superfluid state decreases with increasing 3He concentration. Below 0.87 K

the phase separation into a superfluid 4He rich and a normalfluid 3He rich phase sets in. The line of the Fermi

temperatures TF of the 3He component is shown as well. Picture taken from [Pob07].
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It is the phase separation and the finite 3He concentration in the mixed phase that allow the

development of the dilution refrigerator. Since the transition of a 3He atom from the pure phase

into the mixed phase is analogous to evaporation, the temperature of the pure phase is reduced.

If the mixed phase is thought of as a heavy vacuum, then the 3He concentration in the mixed

phase corresponds to the vapour pressure. As explained above, this vapour pressure is almost

temperature independent for lowest temperatures.

By contrast, a 4He or a 3He refrigerator follows the Clausius-Clapeyron equation. Here we have

an exponential correlation between pressure and temperature.

In summary: the phase separation of helium mixtures presents a very effective quantum mechani-

cal pumping device, much more effective than conventional pumps.

The following section will now briefly explain the theory and the experimental realisation of a

continuous operating dilution refrigerator:

The cooling power Q̇ is proportional to the molar 3He flow ṅ3 and the enthalpy difference of liquid
3He in the pure phase Hp and the mixed phase Hm:

Q̇ = ṅ3 · (Hm(T )−Hp(T )). (3.1)

The enthalpy depends on heat capacity c(T ):

H(T )−H(0) =

∫ T

0

c(T )dT (3.2)

The heat capacity of pure liquid 3He is simply proportional to T below 50 mK, which means for

the enthalpy:

Hp(T ) = Hp(0) + 11 · T 2[
J

mol
], (3.3)

The heat capacity of the mixed phase further depends on the 3He concentration n3.

cm ∝ n3T. (3.4)

The enthalpy of the mixed phase for a concentration of n3 = 6.4 % in absolute numbers is then:

Hm(T ) = Hm(0) + 95 · T 2[
J

mol
]. (3.5)

In thermal equilibrium the chemical potential of pure phase and mixed phase are equal:

Hp(T )− SpT = Hm(T )− SmT (3.6)

and thus

Hp(T = 0) = Hm(T = 0). (3.7)

The combination of all these equations finally yields the cooling power of a dilution refrigerator:

Q̇ = ṅ3(95T
2
m − 11T 2

p ) · [W]. (3.8)

Tp is the temperature of liquid 3He at the last heat exchanger. The overall heat input to the

mixing chamber of the CM17T dilution refrigerator was measured to be 0.8 µW. According to

equation (3.8) a typical 3He flow of 150 µmole per second results in a base temperature of 8 mK.

This perfectly agrees with temperature measurements with a 60Co nuclear orientation thermometer.
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Figure 3.6: Photo of the CM17T cryogenic system. Important parts are labeled from top to bottom: (A) low

vibration platform for low noise electric signals (B) Oxford Instruments Kelvinox400 dilution refrigerator (C) 3He

turbo molecular pump (D) 3He-4He gas handling system (E) germanium γ-detector for 60Co nuclear orientation

thermometry (F) 3He-4He dumps (G) ye good olde leakage detector (H) liquid nitrogen cold trap (I) Cryogenic Ltd.

17T/9T cryomagnet. Measurement electronics are placed on top of the item frame; the magnet power supplies are

on the left outside the picture; 3He-auxillary pump, 4He-1K-pump and IVC pump are located in the next room

beyond the wall. No measurement option is attached to the dilution refrigerator.

In practice 3He enters the dilution refrigerator at room temperature and is liquified at the 1K-

pot, a small reservoir of liquid 4He, which is cooled to approximately 1.5 K by evaporation. The

liquid 3He passes a heat exchanger, where it is further cooled almost to base temperature (cold

plate). An impedance controls the 3He flow in order to allow optimal operating parameters.

Below the last heat exchanger is the mixing chamber with the phase separation line. A tube con-

nects the superfluid mixed phase via the heat exchanger with the still, which is situated between

cold plate and 1K-pot. By applying a small resistive heater power the still is warmed to approx-

imately 800 mK. Due to the different vapour pressures, almost only 3He evaporates. Thus the

concentration of the mixed phase decreases and 3He from the pure phase goes to the mixed phase,

by withdrawing heat from the mixing chamber.

The distilled 3He enters a gas-handling system at room temperature. A large 3He flow is achieved

by a turbo molecular pump. Before recondensing in the dilution refrigerator, the 3He gas is cleaned

by a liquid nitrogen and a liquid helium cold trap from dirt, such as water or oxygen.

The dilution refrigerator works, because the evaporation enthalpy of 3He - which is paid for at the

1K-pot - is larger than the enthalpy difference of ”warm” and cold liquid 3He. A too large 4He

concentration in the gas, e.g. because of a too warm still, changes this situation and reduces the

cooling power. On the other hand the 3He flow is determined by the still temperature, therefore a
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still temperature of approximately 800 mK guarantees maximum cooling power. So the still is the

gas pedal of the dilution process.

Today the dilution refrigerator is the only device that allows a continuous cooling down to a

few millikelvin. The alternative cooling methods - demagnetisation of a paramagnetic salt and

Pomerantschuk cooling - allow even lower temperatures, but are single shot techniques. This

makes the dilution refrigerator the preferred tool for measurements of physical properties at mK

temperatures [Pob07].
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3.2 Magnetisation Measurement Setups for Low Temperatures and High

Magnetic Fields

The preceding two sections discussed the sample environment of our measurement setup, i.e. the

generation of very low temperatures and high magnetic fields. Since we eventually want to measure

magnetisation, we now have to decide, which experimental technique we want to use.

Building an ultra low temperature magnetisation measurement setup poses many challenges to

the experimentalist: Since heat capacity and thermal conductivity approach zero for decreasing

temperature, any unwanted heat input on the sample - such as moving parts or fast changing mag-

netic fields - has to be minimised. For temperatures below 1 K the sample is usually not cooled

by exchange gas anymore, which further reduces the sample to bath coupling. The measurement

setup needs to work in highest magnetic fields and should have no background contributions due to

changing fields, changing temperature or the experimental environment. Often samples are small

or not available as a large single crystal, therefore a high sensitivity is required. The measurement

setup should yield absolute values and should be easy to calibrate, if possible in-situ. Last but not

least a high accuracy and reproducibility are necessary.

It is most difficult to fulfill all these requirements at once. The following section contains a brief

- and hopefully quite complete - comparison of various measurement methods that exist today.

Techniques which are not applicable at very low temperature were not considered. The following

list gives an overview and red script shows where the cantilever magnetometer fits in. Afterwards

the potential and limitations of these methods will be discussed shortly.

• FLUX methods detect a sample’s changing magnetic flux in a coil.

– AC susceptibility

– SQUID

– Vibrating Sample Magnetometer

– Vibrating Coil Magnetometer

– Sample extraction

• TORQUE results if magnetic field and magnetisation are perpendicular.

• FORCE results if the sample is in a magnetic field gradient.

– constant (DC) gradient

∗ natural field profile

∗ pole piece

∗ gradient coil

– alternating (AC) gradient

• A THERMODYNAMIC method will be explained in chapter 4 of this thesis.

• OTHER (neutrons, NMR, magnetostriction)
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The methods mentioned above concentrate on the uniform bulk magnetisation. Other forms of

magnetisation - such as local or surface magnetisation - require different experimental approaches,

e.g. nuclear magnetic resonance (NMR) or resonant magnetic x-ray scattering.

Flux methods

A very common technique is the measurement of the flux induced by a magnetic sample in a

coil or coil system. The actual measurement quantity is the voltage, which is induced by a flux

change. A flux change may be caused by

• a variation of the magnetic field. If the variation is small and periodic, one speaks of an AC

susceptibility technique.

• a periodic displacement of the sample. Depending on whether the sample or the pick-up coil

is moved, such a device is called a Vibrating Sample Magnetometer (VSM) or a Vibrating

Coil Magnetometer (VCM).

• an aperiodic displacement of the sample. The term ”extraction method” refers to the use

of a conventional pick-up coil. The alternative is a Superconducting Quantum Interference

Device (SQUID).

The main challenge of flux methods is the compensation of parasitic magnetic flux, which may be

caused by the pick-up coils, the refrigerator or the main magnetic field. The absolute sensitivity is

usually worse than the sensitivity of mechanical methods, if both very low temperatures and high

magnetic fields are required. Therefore a sample mass of approximately 1 g is often necessary.

AC susceptibility

An AC susceptibilty setup consists of a primary coil, that produces a weak magnetic AC field

B0 of 1 mT to 10 mT, usually at frequencies ω between 10 Hz and 10 kHz. The flux change of the

magnetic sample induces an AC voltage of the same frequency in a second coil, called pick-up coil.

In order to cancel out magnetic flux which does not originate from the sample, the pick-up coil

is wound as a first order or second order gradiometer. Obviously, lock-in techniques are very well

suited for AC susceptibilty. The induced voltage U is directly proportional to the susceptibility χ

and given by:

U = −B

I
χH0ωcos(ωt) (3.9)

The term B/I characterises the geometry of the pick-up coil. Note that the sensitivity increases

with increasing freqency.

Problems of the AC susceptibility method are usually caused by eddy currents, which produce a

parasitic background contribution to the voltage signal. They are reduced by a careful choice of

the setup materials. In competition to equation (3.9) the effect of eddy currents also increases with

increasing frequency. Furthermore this background contribution may be temperature or magnetic

field dependent, which requires careful calibration measurements of the empty magnetometer. An-

other problematic aspect is the sample heating due to eddy currents, which is especially serious at

millikelvin temperatures. Detailed descriptions of the AC susceptibility technique can be found in

many textbooks [Gig03], [Pob07].
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Recently Yin et al. [Yin10] described an AC susceptibility setup that worked well down to tem-

peratures of 1 mK and in magnetic fields up to 15 T. The ultra low temperatures were provided

by a dilution refrigerator with nuclear demagnetisation stage at NHMFL and controlled by an 3He

melting curve thermometer. A special focus was put on thermalisation of the sample, which was

immersed in liquid 3He.

Vibrating Sample Magnetometer

The Vibrating Sample Magnetometer is very common above temperatures of 2 K, but fails in

the millikelvin temperature range. Reasons are the difficult thermalisation of the sample, which

can no longer be kept in exchange gas and heat input on the sample due to the friction of moving

parts. These difficulties are avoided by a Vibrating Coil Magnetometer. The operation principle of

a VSM will be presented in chapter 4.5. A recent advancement of the VSM technique was published

by Benito et al. [Ben06], who descibes a fully atomated vector vibrating sample magnetometer.

Vibrating Coil Magnetometer

The theory of operation of a Vibrating Coil Magnetometer is the same as of a VSM. The main

challenge of a millikelvin VCM is the design of the vibration drive. Again heat input to the sample

has to be avoided. Recently, Legl et al. [Leg10] presented a loudspeaker drive design, which was

thermally anchored at the vacuum can (T = 4.2 K) of a dilution refrigerator. In contrast, the

sample and the pick-up coils were thermally anchored at the dilution mixing chamber. Magnetic

field control was provided by a 7 T solenoid magnet. They reported a sensitivity of 10−7 Am2

and a relative resolution of 10−6 for their setup. Furthermore a top loading dilution allows a fast

sample change.

The VCM design is a serious rival for the cantilever magnetometer, due to its speed and efficiency.

Still the cantilever offers a higher sensitivity by two orders of magnitude and has more features,

as will be shown later.

Extraction Method

Using the extraction method, a sample is moved linearly through a set of four pick-up coils,

which are connected in series opposition. Two coils are identical, while the other two coils fulfill

the condition nS = n′S′; n - number of turns, S - average cross-section. Again this coil setup is

necessary to cancel parasitic magnetic flux from the environment. The induced pick-up voltage

is amplified and has to be filtered with high pass and low pass filters. In a certain area of the

pick-up coils, the integral of the voltage is proportional to the magnetisation of the sample. A

typical speed of sample movement is 50 mm/s [Gig03].

Koyama et al. [Koy98] report an extraction setup for low temperatures of 0.5 K, high magnetic

fields of 20 T plus high pressures up to 13 kbar. The high pressure poses additional problems

due to the pressure cell, which requires a careful choice of strong, but non-magnetic materials.

The sensitivity of 5 · 10−6 Am2 is rather low. Using a hybid magnet, this setup was extended to

magnetic fields up to 28 T by Koyama et al. [Koy09].
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SQUID

SQUIDs offer the highest sensitivity among the flux methods, but they are limited to magnetic

fields smaller than 8 T. This is due to the difficulty of making very well compensated pick-up

coils of hard superconductors such as Nb3Sn. On the other hand they are applicable even in the

microkelvin temperature range, for example Takahashi et al. [Tak03].

An RF SQUID magnetometer works as a DC flux → voltage converter. This setup extends an

extraction setup by a Josephson ring and a parallel resonant circuit, which is operated at a MHz-

frequency. The Josephson junction reduces the critical current of the ring to a few microamperes

and thus allows the detection of magnetic flux quanta. Thus the high sensitivity. The sample is

extracted from the pick-up coils as well. Details of the working principle can be found in textbooks,

such as [Gig03].

A DC SQUID is made up of a superconducting ring with two Josephson junctions and is fed with

a bias current I0. The voltage across the SQUID is given by:

V =
R

2
(I0 − 2Ic0 + 2δi), (3.10)

with Ic0 the critical current of the Josephson junctions and δi the current induced by a changing

flux δi = δφ/L. A DC SQUID is operated in feedback mode, which keeps the voltage constant.

The featback current is then proportional to the change of flux δφ.

Torque methods

Torque methods are used to detect very small changes of magnetisation, for example de Haas-

van Alphen oscillations in 2D electron gases. Their incredibly high sensitivity of up to 10−15 Am2

exceeds even the sensitivity of a SQUID by orders of magnitude. They often use a current loop,

i.e. a defined magnetic moment for in-situ calibration. In-situ calibration is necessary to overcome

mechanical instabilities, that arise due to thermal cycling of the device. The big drawback of torque

magnetometers is that they are only sensitive to the perpendicular component of magnetisation.

But they provide a quick method for the detection of magnetic phase transitions.

The basic principle is quickly explained: the sample is attached to a flexible beam and placed in a

homogeneuos magnetic field. If the sample has a perpendicular component of magnetisation M , a

torque T on the beam results:

T = M ×B. (3.11)

The cantilever magnetometer may be used in torque mode, refer to section 3.3 for more details.

Naughton et al. introduce the silicon cantilever for magnetic measurements and shows the ap-

plicability in pulsed magnetic fields [Nau97]. Silicon is an advantageous material due to its good

mechanical stability and good thermal conductivity at low temperatures.

Today many alternative designs of torque magnetometers are available. The following paragraph

shows alternatives and possible future advances for the cantilever magnetometer.

Different techniques for the readout of the bending of a torque magnetometer were explored:

Schaapman et al. [Sch02] describe a torque magnetometer with optical readout. The sample is

suspended on a torsion wire. A laser beam is reflected by the sample and an angle change of the

laser is detected by a quandrant detector. A current loop with the sample allows for quantitative

and feedback measurements. Their minimum temperature is 1 K, their maximum magnetic field
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is 15 T.

A torsion wire with capacitive readout is presented by Matthews et al. [Mat04]. The static part

of their capacitator is equipped with two piezo-electric linear motors. By changing the distance

between stator and rotor the sensitivity of the device may be adjusted. Data down to 30 mK and

in magnetic fields up to 6 T is shown.

Another possibility is the piezoresistive readout. A U-shaped silicon cantilever is heavily doped

in the middle part. A bending of the cantilever then results in a significant change of resistivity.

A disadvantage is the necessary high excitation current of the resistivity measurement, that may

cause a heating of the sample. Lupien et al. [Lup99] report results in a dilution refrigerator with

a 15 T magnet.

Schwarz et al. [Sch00] present a micromechanical silicon cantilever, where the AlGaAs/GaAs sam-

ple is already integrated in the cantilever. The sample is used to study 2D electron gases. The

readout is done capacitively down to a temperature of 250 mK. A further development of this

device has been published by Ruhe et al. [Ruh06]. Integrated leads allow the in-situ measurement

of magnetotransport, i.e. longitudinal resistance. An interferometric optical readout provides a

sensitivity of 5 · 10−16 Am2 at 300 mK and 10 T [Spr07].

Another useful reference is [Ros96]. They introduce a vibrational drive to oscillate the cantilever

at a frequency near or at the resonance frequency, in order to increase the signal to noise ratio.

Force methods

A magnetic moment M in a magnetic field gradient ∇B experiences a force

F = M · ∇B. (3.12)

Obviously such a force measurement allows the determination of the parallel component of mag-

netisation, which is the big advantage compared to torque methods. Difficulties are the generation

of a well known field gradient, mechanical instabilities of the magnetometer and the elimination

of ubiquitous torque contributions to the read-out signal. Usually, the sensitivity of a force mag-

netometer is lower compared to a torque magnetometer, due to the geometry of the mechanical

components and the limited strength of the available field gradient. But compared to flux methods,

the sensitivity is up to two orders of magnitude higher. In principle, the same designs and read-out

methods as for a torque magnetometer are possible.

Sakon et al. [Sak00] placed a nickel pole piece below a capacitor, made of Cu-Be disks for a ca-

pacitive read-out. At an external magnetic field of 1 T, the nickel piece saturates and generates a

field gradient of about 5 T/m. The applicability in a 0.5 K 3He cryostat and a 27 T hybrid magnet

was shown. The big advantage of this system is its simplicity. It requires no special equipment

such as a gradient coil. Therefore it might be used for example in-situ in a neutron scattering

experiment. There are several disadvantages however: There are no means of an in-situ calibration

of the capacitor. The gradient field cannot be changed and torque contributions are not corrected

for. The method cannot be used quantitatively in magnetic fields smaller than 1 T, since the nickel

pole piece is not saturated.

The desire to make quantitative measurements was addressed by Kiefer [Kie04]. Here a cantilever

made of silicon was used, which offers excellent mechanical stability below 18 K. A current loop on

the cantilever allowed the generation of a defined magnetic moment and thus an in-situ calibration.

The magnetometer was placed in the natural gradient of a superconducting 14.5 T magnet with a
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260 mK 3He cryostat for temperature control. By rotating the probe head, a separation of force

and torque contributions was possible. The disadvantage is again, that magnetic field and field

gradient cannot be chosen independently.

This is possible, if a gradient coil is used. Sakakibara et al. [Sak94] report on a 100 mK and 9 T

setup with a gradient coil of 10 T/m. Their device has a resolution of 1 · 10−7 Am2, which is

rather low for a force magnetometer, and no means of in-situ calibration. Note that the natural

gradient of a superconducting magnet can be up to one order of magnitude higher, than that of

a typical gradient coil. Placing a magnetometer in the natural gradient may be preferable, if a

higher sensitivity is required.

But a gradient coil also offers the opportunity to apply an AC gradient, which automatically can-

cels torque contributions. The major difficulty is the avoidance of eddy current heating. Bindilatti

et al. [Bin94] placed a diaphragm magnetometer in a 20 mK plastic dilution refrigerator with

gradient coil. Measurements at a frequency of 3.8 Hz with an amplitude of 0.5 T/m are presented

as an example. They also observed problems with the reproducibility after thermal cycling.

The cantilever magnetometer, that is presented in this thesis, combines the advantages of these se-

tups. While the single components have been previously described in literature, their combination

in one device is new. It uses the mechanical stability and high sensitivity of a silicon cantilever,

the in-situ calibration with a defined magnetic moment, the control of the field gradient with a

gradient coil and the ability to chose between torque and force measurement mode by rotation of

the device; everything placed in a 10 mK dilution refrigerator with a 17 T magnet.

There are a number of other methods, from which magnetisation can be constructed, for example

neutron diffraction, nuclear magnetic resonance and magnetostriction. Some are briefly mentioned

elsewhere in this thesis.

Summary

Table (6) summarises the preceding section. It is supposed to give a comparative and qualita-

tive overview about the measurement techniques, which are in use and common today.2

feature/method AC VSM VCM Extr. SQUID Torque Force TD.

mK temperatures + - + + + + + +

highest magnetic fields + + + + - + + +

in situ calibration - - - - - + + -

measure angle dependent - + - - - + + -

parallal and perpendicular - + - - - - + -

magnetisation simultaneously

typical sensitivity [Am2] 10−7 10−10 10−7 10−7 10−11 10−11 10−9 10−7

Table 6: Comparison of low temperature magnetisation measurement techniques. TD is the abbreviation for the

thermodynamic method presented in chapter 4, Extr. is the abbreviation for the extraction method.

2Of course I cannot say that it will never ever be possible to design a millikelvin VSM or a high field SQUID.

Therefore a ”minus” just means that it either has not been demonstrated up to now, that it is really uncommon

and difficult, or that I just have not heard about it.
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I hope that I have convinced you, that a silicon cantilever magnetometer is the best approach to

measure magnetisation at millikelvin temperatures and in high magnetic fields. So if you now want

to buy one, then read the next section. It will explain the working principle in more detail and

show all of the features and some of the problems.
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3.3 Cantilever Magnetometer

Overview

The cantilever that is used in this setup is a micro machined silicon device that allows the mea-

surement of very small forces and torques. It is designed by Naugthon et al. [Nau97]. Its gold

covered underside forms the upper plate of a capacitor, the second plate is a gold structure which

is sputtered on a sapphire substrate, figure (3.7). Forces and torques bend the silicon lever and

thus change the capacitance of the capacitor. FEM simulations, that take the geometry of the can-

tilever into account, and calibration measurements, using a well defined magnetic moment, allow

the conversion of capacitance and force/torque to magnetic moment [Kie04]. A magnetic sample

in a magnetic field with a non zero gradient experiences both a torque and a force. This calls for a

way to separate force and torque contributions. Possible solutions are the rotation of the cantilever

[Kie04] or the change of the magnetic field gradient [Sak94].

Figure 3.7: (a) Photo of the cantilever magnetometer with (Hpip)2CuCl4 sample. The dimensions of the sapphire

substrate are 8 mm times 16 mm. (b) Dimensions of the flexible part of the silicon cantilever and the gold current

loop, determined with a x-y-table under a light microscope. The thickness of the paddle is ≈ 5 µm.

While the previously used cantilever setup from Kiefer [Kie04] was a modified commercial product,

the setup in this thesis was built from scratch. The steps from a pile of single components to a

complete measurement system include:

• The design of the experimental copper platform and assembly of the probe head, i.e. can-

tilever, sapphire substrate, ruthenium oxide thermometer, wires, etc.

• The cryostat wiring with special regard to low noise, low heat input, and good thermalisation.

• Characterisation of the capacitance measurement and signal to noise improvement.

• Determination of the exact dimensions of the silicon cantilever for FEM simulations.
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• Accurate mapping of the field profiles of the main magnet and the gradient coil (and de-

bugging the cryomagnet in the first place). Exact positioning of the probe head in the field

maximum.

• Test of the attocube rotator at mK temperatures, with special regard to free 360◦ movement

of the probe head.

• Integration of the gradient coil in the measurement procedure and establishment of a force

calibration.

• Comparison of the force calibration to the torque calibration and to

• actual measurements with the cantilever and measurements using the magnetocaloric effect

(chapter 4).

• Check of reproducibility, thermometer calibration, software, etc.

The most important points of this list will now be explained in more detail. Some early measure-

ments of the one-dimensional spin system linarite will be shown in the following section, as an

example of successful cantilever operation.

Note that the construction and debugging of the magnetometer and first sample measurements

were done simultaneously to a certain extent. The lowest temperature at which sample measure-

ments were performed with the cantilever magnetometer was 55 mK, the highest field was 14 T.

For the actual measurements presented here and in chapter 5, it was not always possible to achieve

lowest temperatures, due to problems with the dilution refrigerator.

The capacitance signal

The cantilever magnetometer is only applicable at temperatures below 18 K, as reported be-

fore on different silicon cantilever magnetometer [Kie04]. Above that temperature the capacitance

changes drastically and irreproducibly, as can be seen in figure (3.8). The reason for that is un-

known, even to the manufacturer. For lower temperatures there is a small linear slope of about

5 aF/K. The loss of the capacitor shows the same behaviour, figure (3.9).

The big advantage of the cantilever is its complete immunity to strong magnetic fields or field

gradients. During test measurements with the empty cantilever in fields up to 14 T and gradients

up to 9 T/m, no change of the capacitance could be seen within the measurement resolution.

The capacitance measurement is performed with an Andeen Hagerling Capacitance Bridge AH2550A

at a frequency of 1000 Hz. The empty cantilever has a capacitance of ≈ 0.4 pF. The formula for

the ideal plate capacitor

C = ǫ0
A

d
(3.13)

yields a distance of approximately 0.17 mm between the two capacitor plates. The typical resolution

is 1 aF peak to peak at a measurement frequency of 0.3 Hz (≈ 2 · 10−6 relative) and the long time

stability is 3 aF (≈ 6·10−6 relative), figure (3.10a). A capacitance resolution of 2·10−6 corresponds

to a distance resolution of ≈ 0.4 nm, which is about four times the size of a hydrogen atom.

An important improvement compared to the previous setup from Kiefer [Kie04] is the use of a

vibration damped platform, to which the dilution refrigerator is attached, refer to figure (3.6).

This yielded an increase of resolution by a factor of 10.
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Figure 3.8: (a) For temperatures above 18 K, the capacitance of the cantilever varies irregularly and changes after

thermal cycling. (b) For temperatures below 18 K only a small linear temperature dependence of the cantilever

capacitance of 5 aF/K is observed.
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Figure 3.9: (a) The loss of the cantilever capacitor shows the same irregular behaviour for temperatures above 18 K.

(b) Below 18 K the loss is as small as 0.5 pS, which corresponds to a resistance of 2 TΩ.
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Figure 3.10: (a) Resolution and long time stability of the cantilever signal. The resolution is 1 aF at a sample rate of

0.3 Hz and a voltage of 15 V. (b) Dependence of the total capacitance signal and the resolution on the measurement

voltage. With higher voltage the gap between the capacitor plates becomes smaller due to electrostacic attraction.
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The heat input caused by the capacitance measurement can easily be calculated by:

P =
U2

R
(3.14)

The electrical conductance at lowest temperatures is about 0.5 pS, which corresponds to a resis-

tance of 2 TΩ. The highest voltage excitation of the Andeen-Hagerling Capacitance Bridge is

U = 15 V, which according to equation (3.14) means a heat input of 113 pW. The total heat input

on the dilution mixing chamber is ≈ 1 µW for comparison. On the other hand, the excitation

power of a resistivity thermometer should not exceed 100 fW at lowest temperatures, to avoid

self heating effects. Although no temperature increase was observed so far while measuring the

capacitance, it may be necessary to decrease the excitation voltage at lowest temperatures at the

cost of signal resolution.

One then has to keep in mind, that the capacitance signal depends significantly on the excitation

voltage, as can be seen in figure (3.10b). The explanation for this behaviour is very simple: A

potential difference of the capacitor plates results in an attractive force. The higher the voltage

the closer the capacitor plates get and the higher is the capacitance. Note that this effect is not

cancelled out by the AC character of the excitation voltage. Figure (3.10b) also shows the depen-

dence of the capacitance resolution on the excitation voltage.

The attocube rotator

A small piezo-driven nanopositioner allows the rotation of the whole cantilever with respect to

the magnetic field. The rotator is necessary to change between force and torque operation of the

cantilever magnetometer and allows angle dependent measurements. The model ANRv51/Res was

purchased from attocube systems AG, Germany. It was especially designed for a low temperature

(10 mK), high vacuum (1 · 10−8 mbar), and high magnetic field (31 T) environment. The size is

9 mm times 20 mm times 22 mm and the maximum load is up to 20 g. It may turn 360◦ endlessly

with a minimal positioning step size of 6 ·10−3 degree (ANC). A potentiometer allows the resistive

readout of the position with 0.1◦ resolution at mK temperatures (ANR).

Figure 3.11: (a) Photo of the ANRv51/Res rotator with an attached cantilever magnetometer. (b) Schematic of a

piezo driven nanopositioner and explanation of the slip-stick technique, from attocube systems AG, Germany.
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Attocube usually offers these positioners with a body of titanium or copper beryllium, but ours

was custom made from silver. Silver was chosen with regard for a future nuclear demagnetisation

stage, because of its good thermal conductivity and small nuclear magnetic moment.

The rotator uses a slip-stick technique for its motion, figure (3.11b). A piezoelectric actuator is

attached to a guiding rod, which is connected to the body of the rotator only by friction. A very

fast elongation of the piezo causes the guiding rod to slip through the body without a net move-

ment of the body. Just think of the waiter who rapidly pulls the tablecloth without scattering the

dinnerware. But during a following slow contraction of the piezo the body sticks to the guiding

rod due to the fiction and net movement occurs. This is technically realised by a saw-tooth voltage

of up to 60 V along the piezo. In contrast to ordinary piezos the slip-stick technique allows an

endless motion of the rotator. The friction of this technique causes the cantilever setup to heat up

by several kelvin, depending on the speed of rotation, i.e. the voltage frequency and the number

of steps. But once the final position is reached, the attocube rotator may be turned off and thus

unwanted heat input or electrical noise is prevented.

Measurement modes

There are two ways to operate a cantilever magnetometer. The by far most common one is

the torque mode, where the cantilever is positioned parallel to the magnetic field. If the sample

has a perpendicular component of magnetisation with respect to the field, then a torque on the

cantilever results:

KT = M⊥ ×B = MyBzex. (3.15)

Obviously, the torque mode does not allow the measurement of the parallel component of mag-

netisation (cross product). Actually, the torque is independent of the angle between cantilever and

magnetic field. A rotation of the cantilever therefore allows the measurement of the perpendicular

magnetisation with respect to the sample’s crystallographic axis. Although other rotational effects,

for example gravity, must be considered.

Figure 3.12: The two measurement modes of the cantilever magnetometer: (a) Torque measurement mode with

cantilever parallel to the magnetic field. (b) Force measurement mode with cantilever perpendicular to the magnetic

field and the field gradient. Pictures from [Kie04].
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The other measurement mode is the force mode: If the sample is within a magnetic field

gradient, then a force on the sample results:

FF = M‖ ◦ ∇B = Mz
∂Bz

∂z
ez. (3.16)

The position of the sample on the lever L creates a ”force”-torque:

KF = L× F = LyMz
∂Bz

∂z
ex. (3.17)

If the cantilever is parallel to the magnetic field, the ”force”-torque is zero. Therefore a field gra-

dient does not influence any torque measurements, which makes torque measurements rather easy.

But if the cantilever is perpendicular to the magnetic field and the gradient, then both a torque

and a force is applied. Since L is about 5 mm, the torque will be 10 to 100 times bigger than the

”force”-torque, depending on the field and the gradient. This poses the problem of the separation

of force and torque contribution. Before I can address this problem, I have to explain the general

response of the cantilever to a force or a torque.

Calibration and FEM simulations

The cantilever responds differently to a torque and a force. For a homogeneous beam the bending

curve may be calculated analytically [Kie04]. A pure torque KT,x at the end of the beam results

in a parabolic bending curve:

wF =
KT,xy

2

2EI
. (3.18)

The bending curve of a pure force Fz is different:

wF =
3FzLy

2 − Fzy
3

6EI
. (3.19)

E is the elasticity modulus and I a constant that only depends on the geometry of the beam.

For the complex geometry of the cantilever, the bending curves have to be individually obtained

by FEM simulations, see figure (3.13). This difference between force and torque is important for
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Figure 3.13: (a) Simulated bending curve of the cantilever for a force (black line) of 1·10−6 N and a torque (red

line) of 3.4·10−9 N/m, that is applied near the end of the paddle at a distance of 5 mm (green dots.) (b) Deformed

geometry of the whole cantilever for a force of 1·10−6 N at 5 mm. The bending (coloured image) is exaggerated by

a factor of 20 with respect to the zero position (black line).
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Figure 3.14: These graphs show the z-displacement of the middle of the cantilever paddle for a varying sample

position y. The applied force was 1·10−6 N (a), the applied torque was 1·10−9 N/m (b). The influence of the

sample geometry - point-like, line-like or area-like - on the bending of the cantilever is shown as well. The insert in

(a) shows the deviation from linearity.

the conversion of the capacitance signal into absolute magnetisation values. Therefore the FEM

simulations were carried out in such great detail.

It was further investigated, how the shape of the sample influences the bending of the cantilever. A

point-like sample, a line-like sample of 1 mm length, a rectangular sample with an area of 0.2 mm2,

a rectangular sample with an area of 0.6 mm2 and a rectangular sample with an area of 5.38 mm2

were simulated. The last case corresponds to the size of the current loop, see below. This was

done for different positions along the middle line of the cantilever with a step size of 0.1 mm, figure

(3.14). The y-axis of these graphs shows the z-displacement of the middle point of the cantilever

paddle.

The force mode shows a strong linear dependence on the sample position as has to be expected,

while the geometry of the sample has no observable influence. The deviation from linearity is shown

in the insert of figure (3.14a). This strong linear dependence also means, that the calibration of

the cantilever in force mode is very sensitive to the actual sample position. Therefore the sample

position has to be determined carefully using a light microscope and a x-y-table.

In torque mode, the position of the sample has only a small impact on the bending of the cantilever,

but the sample geometry affects the bending. A small peak develops for a point-like sample, which

disappears when the sample area increases, but the relative error is small.

The FEM simulations were done with the help of Sascha Wolff and using the COMSOL software.

In order to calibrate the cantilever magnetometer in-situ, it is necessary to have a well known

magnetic moment. Therefore the cantilever has a rectangle gold loop on the paddle of the lever.

The area A of the loop is 4.13 mm times 1.30 mm and currents of ± 10 mA may be applied. This

allows the generation of a defined magnetic moment between −5.4 ·10−8 Am2 and +5.4 ·10−8 Am2.

Note that the maximum current should be applied in exchange gas only, in order to avoid serious

heating of the cantilever. The resistance of the gold loop is 6 Ω at room temperature. The low

noise Knick J152 current source was used.

This defined magnetic moment will be used to calibrate the absolute sensitivity of the cantilever
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magnetometer in-situ.

In principle there are two ways to perform a calibration measurement: in force mode and in

torque mode. I will consider the force calibration first, which is simpler if less accurate.

Force calibration

A force calibration is performed by applying a maximum field gradient ∇B, while the main field

is off. Switching the calibration current I of the gold loop from +10 mA to -10 mA will result in

a capacitance difference of about ∆Ccal = 30 aF, refer to figure (3.15a).

The uncertainity of ∆Ccal is about 2 % and at the limit of the measurement resolution. Since a

current of ±10 mA corresponds to a magnetic moment of ±5.4 · 10−8 Am2, the maximum absolute

sensitivity of this cantilever is easily calculated to be 2 · 10−9 Am2.

Using a different cantilever design, the sensitivity may be even improved by an order of magnitude.

The cantilever design in [Kie04] for instance was by a factor of 10 more ”flexible”.

For a force calibration, we start with the basic equation:

F = M · ∇B. (3.20)

From now on we consider the z-component of the vectors, because we can assume that ∇Bx and

∇By are zero. We replace M with a precisely known magnetic moment

Mcal = ∆I ·A (3.21)

and assume that the force is proportional to the capacitance signal ∆Ccal. A calibration constant

βF may be defined according to:

∆Ccal = βF∆IAL0 sinϕ0∇B. (3.22)

L0=4.25 mm corresponds to the middle of the current loop. ϕ0 is the displacement of the cantilever

with respect to the horizontal and should ideally be 90◦. A typical value for the force calibration

constant is 8.4 · 103 pF/Nm. An unknown magnetic moment is simply calculated by:

Mz =
∆C

βFLs sinϕ0∇B
. (3.23)

Ls is the sample position. Note that this equation is true only in a linear approximation. A force

on the cantilever changes the distance d between the capacitor plates, but the measured quantity

is the capacitance change ∆C, which depends non linearly on ∆d, equation (3.13). The error of

the linear approximation is ∆C/C. It is recommended to always use the non linear equation

Mz =
∆C

βFLs sinϕ0∇B

C0

C
, (3.24)

where C0 is the capacitance of the cantilever in the absence of a magnetic field or field gradient.

The FEM simulations in figure (3.14a) show a linear dependency between sample position and z-

displacement. This means that βF does not depend on the sample position, also refer to equation

(3.30).

There are several possible error sources for the force calibration:
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If the cantilever is not perfectly perpendicular to the magnetic field, a torque contribution to ∆C

results. Since the cantilever is much more sensitive to torque, even a few millitesla pose a significant

error. A source of uncontrolled magnetic field is the remanence of the main magnet or the field of

the gradient coil, if the vertical position of the cantilever is not correct. Remanence effects can be

checked by perfoming the force calibration for ∇B = 0 T/m, which should show no capacitance

change on the reverse of the polarity of the calibration current. Changing the sign of the gradient

field compensates any offset of the vertical position.

The resolution of the capacitance measurement allows a determination of ∆Ccal within 2 %.

The feed lines for the gold loop on the lever have an area of 0.452 mm2. This area is 8.5 % of the

loop on the paddle and also contributes to ∆Ccal. In a linear approximation only half of that area

has to be considered, since one end of the feed lines is at the beginning of the lever, which does

not bend.

The gold current lines also have a certain thickness, which causes an uncertainity of the loop area

A of 15 %. The error of the magnetic moment Mcal is assumed to be much smaller, if the current

is equally distributed in the gold structure.

It is difficult, to add up these errors to get a quantitative expression for the uncertainity of βF . A

realistic estimate would be about 5 %.

The defined magnetic moment creates a force that acts on the whole area of the paddle, while

a sample creates a point like, line like or small area force. Therefore the exact position of the

sample on the paddle must be measured to avoid serious errors, as seen in the FEM simulations

of figure (3.14a). Under a light microscop, Ls can be measured with an accuracy of up to 20 µm,

which is about 0.5 %, if the sample is placed near the middle of the paddle. For samples with a

large contact area, Ls is the geometric centre point of that area. If the sample has a really fancy

shape, it is always possible to check the response of the cantilever for this special case by a FEM

simulation.

In normal operation, the calibration is performed with a sample on the cantilever. Since high cali-

bration currents may heat the cantilever even in exchange gas, any (unknown) temperature change

of the sample could also contribute to ∆Ccal. A simple sign change of the current polarity will not

change the dissipated power, but changing the absolute value of the current during a calibration

is error-prone.

For a calculation of the total accuracy of the force magnetisation measurement we have to analyse

equation (3.23). The maximum relative error is

δMz

Mz
=

δ∆C

∆C
+

δβF

βF
+

δLs

Ls
+

δϕ0

tan(ϕ0)
+

δ∇B

∇B
. (3.25)

Under normal circumstances, the errors of the field gradient and the angle ϕ0 are neglectable. The

error of the calibration procedure βF was estimated to be 5 % and the error of the positioning Ls

to be 0.5 %.

The error of the actual capacitance measurement δ∆C is hard to quantify, since it depends on

the sample. Typical values for ∆C lie between 0.3 fF and 30 fF. The long time stability of the

capacitance signal was measured to be 3 aF, which corresponds to relative errors between 1 % and

0.01 %. This adds up to a total of 6 % for δMz/Mz. This value only shows, how good the absolute

value of magnetisation can be determined. The resolution is governed by the term δ∆C/∆C and

can be as good as 1 · 10−4.

Measurements of (Hpip)2CuCl4, linarite and ErMnO3 and their comparisons to VSM or MCE data

show an overall deviation of 3 % for the absolute magnetisation value for these measurements.
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Figure 3.15: (a) Force calibration: The magnetic moment of the current loop is positioned parallel to a field gradient

of 8.8 T/m and zero main field, so that a pure force results on the cantilever. A square current of 10 mA amplitude

is applied, which causes the capacitance to follow in a square-like function as well. On sign change of the current a

total capacitance change of 33.9 ± 0.9 aF is measured, which enters the calibration via equation (3.22). The square

current has the advantage of temperature stability of the cantilever, because any resistive heating power P = I2R

remains unaffected by the sign of the current. (b) Torque calibration: The magnetic moment of the current loop

is positioned perpendicular to a magnetic field of 10 T. A pure torque on the cantilever results, which changes

the capacitance. In a first approximation, the capacitance changes linearly with an applied current, i.e. magnetic

moment. For high currents, deviations from the linear behaviour occur, which have their origin in equation (3.13).

The cantilever is in helium exchange gas, to avoid a heating of the cantilever due to the calibration current.

Torque calibration

In comparison to the force calibration, a torque calibration has a better signal to noise ratio. This

also allows smaller calibration currents with less self heating at a better accuracy. The difficulty

however is the application of a torque calibration to a force measurement, since the mechanical

behaviour of the cantilever differs visibly for these two techniques, figure (3.13a). Another disad-

vantage is that the cantilever has to be turned by 90◦, if a torque calibration shall be applied to

a force measurement. That requires the use of the attocube rotator, which heats the sample and

dilution refrigerator while rotating.

For a torque calibration the cantilever is oriented such, that the current loop produces a defined

magnetic moment which is perpendicular to the magnetic field. Equation (3.15) applies. Similar

to equation (3.22) a calibration constant for the torque mode can be defined [Kie04]:

βT (C0, L0) =
1

Aeff cos(ϕ0)Bz

∂C

∂I
. (3.26)

Errors in the orientation enter via the angle ϕ0. Force contributions to the calibration are propor-

tional to sin(ϕ0). They might occur due to the natural gradient of the main magnetic field, if the

cantilever is misplaced in the z-direction. Both effects will contribute only little to the accuracy of

the torque calibration, because of the trigonometric dependence of ϕ0.

Aeff is an effective loop area. It differs slightly from the actual loop area A, because the loop

is not completely closed. Details on the calculation of Aeff from the geometry of the gold loop

can be found in literature [Kie04]. The effective loop area of the cantilever used in this thesis is
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Aeff = 5.69 mm2 in comparison to the actual area of A = 5.37 mm2, which is a plus of 6 %.

Figure (3.15b) shows the capacitance response for a changing current (magnetic moment) ∂C/∂I.

A small deviation from linearity is already visible. This is the deviation that is corrected by the

term C0/C in equations (3.24), (3.27) and (3.34).

The perpendicular component of magnetisation in absolute values is then

My =
∆C

βT (C0, L)Bz

C0

C
(3.27)

The sample position L enters equation (3.27) via

βT (C0, L) =
GT (L)

GT (L0)
βT (L0), (3.28)

but the effect is a small one.

If the different bending characteristics GF and GT (L) for force and torque mode are known, a

force calibration constant β′
F may be calculated from βT :

β′
F =

GF

GT (L0)
βT (L0), (3.29)

GF =
EIb

KF (L)
∆z(L), (3.30)

GT (L) =
EIb
KT

∆z(L). (3.31)

∆z(L) is the FEM simulated displacement from figure (3.14).

Although ∆z(L) in equation (3.30) depends on the sample position, GF does not. The linear

dependence of ∆z cancels with KF .

The uncertainity of the absolute perpendicular magnetisation My is

δMy

My
=

δ∆C

∆C
+

δβT

βT
+

δBz

Bz
. (3.32)

Typically the torque capacitance signal is ten times larger than the force capacitance signal, which

allows the approximation δ∆C/∆C < 0.1%. δβT /βT depends on the quality of the ∂C/∂I fit and

the calculation of the effective loop area. A typical value is 2 %.

For the parallel component of magnetisation with torque calibration, equation (3.25) remains valid,

but with a smaller error for the calibration procedure:

δβ′
F

β′
F

≈ δβT

βT
. (3.33)

The field dependent sensitivity in torque mode can be calculated by using equation (3.27). With

the typical values for ∆C = 3 aF and βT = 1.3 · 104 pF/Nm, the magnetometer achieves a sensi-

tivity of 2.3 · 10−10 Am2 at 1 T and 1.4 · 10−11 Am2 at 17 T.

The process of torque calibration was previously described by [Kie04], which is also the source of

the equations presented in this paragraph.

Note that the mechanical properties, i.e. the elasticity, of the cantilever may change with thermal

cycling. A difference in the sensitivity of the order of 10 % may result, which makes a calibration
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for each cool down necessary. For the same reason it is not possible to use a well known magnetic

substance for calibration.

Separation of force and torque contributions

If a sample on the cantilever experiences a magnetic field and a gradient, the capacitance re-

sponse ∆C = C−C0 is a sum of both a torque and a force contribution. Let us further consider an

angle ϕ between the cantilever and the magnetic field and a non linear behaviour of the capacitor

[Kie04]:

∆C
C0

C
= βF (C0)L sin(ϕ)Mz

∂Bz

∂z
+ βT (C0, L)MyBz (3.34)

Note that the field gradient may be produced by positioning the sample - voluntary or unvoluntary

- in the natural gradient of the main field as well as by a gradient coil or a pole piece. Rotation of

the cantilever by 180◦ obviously changes the sign of the force contribution, whereas the torque con-

tribution stays the same. This consideration remains also true, if the zero capacitance C0 changes

with rotation, e.g. due to the gravitational force.

Another option is the variation of the gradient. While it is in principle possible to do this within

the natural gradient of a magnetic field, this method is not really practical. The field profile must

be very well known and the positioning very accurate, in order to avoid serious errors. It is much

easier to use a gradient coil, in case you have one. The torque contribution is then eliminated

by subtracing two signals at different gradients. You can develop this idea further by driving the

gradient coil with a sine current and measure a sine response of the capacitor [Bin94]. Although

this requires a sophisticated sample holder to avoid eddy current heating. The gradient coil used

at the CM17T may be swept at a frequence of 0.1 Hz at 1 T/m without quenching.

Varying the gradient also allows to tune the response of the sample, i.e. operate the magnetometer

in feed back mode. If the sample has a huge magnetisation, you may apply only a small gradient

to keep the capacitor well in the linear regime.

Figure (3.16b) shows the raw capacitance data of a field dependent measurement of (Hpip)2CuCl4

at 112 mK and gradients of 8 T/m and -8 T/m. The spread of the two curves corresponds to

the parallel magnetisation. The green line shows the pure torque contribution to the capacitance

signal, calculated from the two measurement curves. Also note the linear behaviour of the capaci-

tance signal after saturation is reached above 4.5 T.

Positioning

The gold loop on the cantilever is not only useful for calibration purposes, it also allows an exact

positioning of the cantilever. By applying a sign changing current, one can obtain very accurately

the angle between cantilever and magnetic field. If the cantilever is horizontal and thus the mag-

netic moment parallel to the field, no capacitance change will be measured, figure (3.16a). A 360◦

measurement would show a sine shaped curve.

Another issue is the exact position of the sample in the center of the main magnet coil and the

gradient coil respectively. At maximum gradient, one millimeter offset adds ±9 mT to the value of

the main field. At an offset of 5 mm, the gradient of the maximum main field becomes comparable

to the gradient coil’s.
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Figure 3.16: (a) Using the cantilever current loop for an exact positioning of the magnetometer/attocube rotator,

see text. (b) Raw capacitance data of a (Hpip)2CuCl4 measurement at two different gradients.
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Figure 3.17: (a) Field profile of the main magnetic field measured with the cantilever magnetometer in torque mode

and compared to a Hall probe measurement. (b) Field profile of the gradient coil for positive and negative current

measured with cantilever magnetometer in torque mode.

Again the current loop of the cantilever proves useful, since it may be used to map the magnetic

field profile. In order to do this the cantilever was positioned in the torque mode and a current

of ±10 mA was applied. The measured capacitance difference between plus and minus current is

then according to equation (3.15) directly propotional to the magnetic field. Lowering the whole

dewar in millimeter steps then produces the field profile of figure (3.17). The measurement was

performed at a persistent field of B = 10 T and shows perfect agreement with a previous hall

probe measurement. Figure (3.17b) was measured at gradients of ±8 T/m and shows the linear

field profile of the gradient coil. The intersection gives the middle of the gradient coil. The ∆C

offset is due to the remanence (of a previous 10 T measurement).

The zero point of the x-axis is the field center as expected by the construction drawings, which

was 5 mm off. The cantilever is now positioned in the middle of the main field. The center of the
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main coil and of the gradient coil differ by 1 mm. This may become an issue, if a sample has very

sharp magnetic features. The main field must then be corrected with the changing value of the

gradient field. The same is true for samples, which are significantly high along the field direction.

At this point, we have a working cantilever magnetometer attached to a dilution refrigerator in a

17 T magnet. Soon, word of this wondrous device spread and colleagues started to bring samples.

One of the first measurements that I performed was on linarite, a frustrated 1D spin system with

complex magnetic phases. The scientific question was, how the phase diagram continues below

temperatures of 1.5 K. The answer will be given in the next section.
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3.4 Linarite CuPbSO4(OH)2

Linarite

Linarite is a rare, naturally occuring, blue mineral. The chemical formula is CuPbSO4(OH)2.

Linarite is monoclinic in the space group P 21/m and the lattice parameters are a = 9.701(2) Å,

b = 5.650(2) Å, c = 4.690(2) Å, and β = 102.65(2)◦. The crystal structure is visualised in

figure (3.18a). The molecular weight is 400.82 g per mole and it has a Mohs hardness of 2.5. That

means linarite is a rather soft and brittle material, which makes sample preparation with respect

to a crystallographic axis quite difficult.

The magnetic copper Cu2+ ions form a chain along the b-direction. Each ion is surrounded by

six oxygen atoms, that mediate the exchange interaction. The nearest-neighbour interaction is

ferromagnetic (J = −30 K) while the next-nearest-neighbour interaction is antiferromagnetic

(J = 15 K) [Bar06]. The absolute values of these exchange interactions are still under discus-

Figure 3.18: Crystal structure of linarite taken from [Bar06]; the investigated specimen magnified by a light micro-

scop; the sample mounted on the cantilever magnetometer; the experimental platform of the cantilever magnetometer

with the linarite sample. A simple copper block was used instead of the attocube rotator, which was in repair at

that time.
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Figure 3.19: Magnetisation measurements taken at constant temperatures. For temperatures above 368 mK the

data show no difference whether the magnetic field is increased or decreased. At T = 368 mK a new phase emerges,

which may only be entered on field increase. Further measurements were taken at temperatures of 290 mK, 368 mK

and 1.72 K, but are not shown here. The red and blue lines show the derivative of the magnetisation with respect

to the magnetic field, with peaks as indicators for phase transitions.

sion. This configuration makes linarite a quasi-one-dimensional frustrated system and a rich phase

diagram is to be expected [Hik10].

The investigated specimen, figure (3.18b), had a mass of 0.98±0.01 mg and the magnetic field was

applied along the crystallographic b-direction. The sample had a roughly cylindrical shape, with

the b-direction parallel to the z-axis of the cylinder. The diameter of the sample was approximately

0.72 mm and the length was approximately 1.9 mm. The geometry of the cantilever magnetometer

required that the b-direction of the sample was perpendicular to the surface of the cantilever, which

means that the linarite sample was standing like a needle on the tip, figure (3.18c,d). A disc shaped

sample would have been preferred, but the brittleness of linarite did not allow the preparation of

such a sample. An estimated uncertainity of the angle between b-direction and magnetic field of

3◦ has to be expected. Since the measured magnetisation signal is proportional to the cosine of

the angle, the error is as small as 0.2 %. The angular dependences of the magnetisation and the

g-factors were investigated by Szymczak et al. [Szy09].

The sample was fixed on and thermally contacted to the cantilever with Apiezon N grease. The
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Figure 3.20: (a) Magnetisation measurements taken at constant magnetic field. Indicators for phase transitions are

local extrema of the curves and pronounced jumps in the magnetisation. Further measurements for magnetic fields

of 0.5 T, 1 T and 2.7 T were taken, but are not shown. (b) Susceptibility of linarite, as derived from the temperature

scans.

whole experimental platform, figure (3.18d), was surrounded by a copper radiation shield, which

was in good thermal contact to the experimental platform (thermal bath). This prevented a heat-

ing of the sample due to radiation from the 4.2 K inner vacuum chamber. A temperature calibrated

Cernox 1010 resistivity thermometer on the experimental platform was used to monitor the stabil-

ity of the bath temperature. Another temperature calibrated Cernox 1030 and two temperature

calibrated ruthenium oxide resistivity thermometers were placed near the mixing chamber in the

field compensated area.

During measurements at constant temperature, figure (3.19), the whole experimental platform was

heating up when the magnetic field or the gradient field was changed. On the other hand the

thermal contact of the sample to the thermal bath was not too good, due to the small contact

area between sample and cantilever and due to the 5 µm thin silicon paddle of the cantilever.

Consequently, the measurements were taken point by point and long waiting times in between

were necessary to ensure the thermalisation of the sample.

Measurements at constant magnetic field were taken continuously between T = 0.9 K and T = 3 K,

figure (3.20). Sweep times were between 3 mK per minute and 6 mK per minute. The main field

was in persistent mode between 0.5 T and 7 T. The sample was warmed up with no gradient

field applied, and afterwards cooled down at a gradient of 8 T/m. This automatically yields the

perpendicular magnetisation as well, which also allows the determination of the phase transitions.

For the phase transitions, no hysteresis was found within the measurement resolution of ±5 mK.

Note that there was no weak thermal link between mixing chamber and experimental platform.

Since the phase separation of 3He-4He-mixtures takes place below 0.8 K, it is then quite impossible

to make measurements above 0.8 K with a dilution refrigerator in normal operation. But it is

possible to circulate just a small amount of 3He-4He-mixture and thus achieve a base temperature

of e.g. 0.9 K. Fortunately, the temperature range below 0.9 K is well covered by the field scans,

which are anyway better suited, due to the decreasing field dependence of the phase transitions at

lower temperature.

Figure (3.21) shows the phase diagram of linarite, obtained from measurements with the cantilever
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Figure 3.21: The phase diagram of linarite was obtained from magnetisation measurements at constant temperature

or constant magnetic field. The error bars are smaller than the symbol size.

magnetometer. The magnetic structure of the individual phases is still under investigation. Neu-

tron diffraction measurements show, that the low field phase below 2.5 K has a helical structure

[Wil12]. Linarite demonstrates, how low-dimensionality in combination with frustration leads to

rich phase diagrams with possibly new states of matter.

From an experimental point of view, the linarite measurement demonstrates the capability of

the cantilever to determine complex low temperature phase diagrams. Later, the phase diagram

was confirmed by measurements of heat capacity and magnetocaloric effect at HZB, using the same

sample specimen. The very narrow phase transitions of linarite showed, how important an exact

sample positioning is. Here, offsets in the z-direction would cause serious measurement artefacts.

It also uncovered a problem with absolute measurements at higher magnetic fields:

Up to magnetic fields of 8 T, the absolute values of the magnetisation data are in very good

agreement with measurements made with a VSM. For higher magnetic fields, the cantilever over-

estimates the absolute magnetisation and does not reach saturation, figure (3.19a). The reason

for that remains yet unknown. Some ideas can be ruled out though, such as the actual choice

of the field gradient, the excitation voltage of the capacitance bridge or a small position offset in
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the z-direction. This effect is indeed very strange, because any systematic errors that are caused

by a change of magnetic field should be compensated by the measurement at two different field

gradients. An explanation would be, that the mechanical characteristics of the silicon cantilever

change with magnetic field, although this seems unreasonable.

Furthermore it was checked, that the empty cantilever has no magnetic moment. No magnetisation

of the empty cantilever could be found within the measurement resolution. A dirty linarite sample

could be ruled out as well by a following VSM measurement at 1.8 K.

Very recent measurements of a different material in magnetic fields up to 12 T show no problems

with the measurement of absolute values or saturation (copper nitrate saturates at 4.5 T). I suspect

that the strange behaviour of the linarite sample has some geometric cause and is probably related

to the uncommon way in which the sample was mounted (like a neddle on the tip). Anyway, this

strange effect should be watched for in the future.

This measurement series was performed in cooperation with our coworkers K. Rule and B. Wil-

lenberg, who also provided the sample. The results were published by Willenberg et al. [Wil12].
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3.5 Summary

The cantilever magnetometer is a sophisticated multipurpose tool for the investigation of quantum

magnetism. Its main advantages to other available setups are:

• the ability to operate at lowest temperatures and in highest magnetic fields

• the high resolution even for tiny samples

• the different in-situ calibration methods that allow the measurement of real physical units

• the ability to simultaneously measure the parallel and perpendicular component of magneti-

sation

• the possibility to do angle dependent measurements

• and the possibility to take measurements in a feed back mode.
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4 Measurement Setups and Experimental Methods

A magnetometer is a powerful tool, but for a thorough investigation of quantum magnets com-

plementary experiments are needed. Two very useful properties are the heat capacity and the

magnetocaloric effect. Both properties are used to map the phase diagrams of our spin ladder

samples and allow us to test our Hamiltonian (2.1) and theoretical models (chapter 2.2). They al-

low the determination of quantum critical points and the investigation of criticality in general. By

combining heat capacity and magnetocaloric effect, we get the entire entropy information S(T,B)

of (Hpip)2CuCl4. For those reasons the next chapter is dedicated to these experimental techniques.

An alternative way to measure magnetisation will be presented in the second half of this chapter: It

is possible to obtain the magnetisation by combining a magnetocaloric effect and a VSM measure-

ment. Therefore the Physical Properties Measurement System (PPMS) and its Vibrating Sample

Magnetometer option will be introduced briefly. As this is the first such kind of measurement

the method and analysis are explained in detail. Experimentally, this method is very interesting,

because low temperature magnetisation is determined from a caloric measurement. This method

was applied to all available samples of (Hpip)2Cu(ClxBrx−1)4.

4.1 CM14.5T

The CM14.5T is a measurement setup at the Laboratory for Magnetic Measurements at the

Helmholtz-Zentrum Berlin and especially designed for caloric measurements. It consists of a 14.5 T

cryomagnet, a 3He low temperature insert and a purpose built calorimeter. It is described in more

detail in the thesis of Kiefer [Kie04].

14.5 T cryomagnet

A vacuum shielded and liquid helium cooled dewar houses the superconducting NbTi/Nb3Sn

solenoid magnet. The magnet’s critical field at 4.2 K is 12 T at a superconducting current of

95.46 A. This cryostat also features a lambda stage refrigerator. The operating lambda stage

reduces the magnet temperature to 2.2 K and increases the maximum magnetic field to 14.5 T

respectively. The homogeneity at the field maximum is better than 0.1 % over a distance of 10 mm.

3He insert

A 3He refrigerator uses the evapouration enthalpy of liquid 3He for cooling. Since there are

no natural resources of 3He on earth, it has to be produced at fission reactors via the following

reactions:

Li + n →3 T+4 He;3 T →3 He + e− + ve. (4.1)

As one can image, this is a very expensive process. Current prices for 3He exceed 1000 euro/NPT

litre. Therefore the 3He of the refrigerator is kept in a closed volume and the necessary reduction of

vapour pressure is achieved by physisorption with active coal instead of mechanical pumps. Active

coal adsorbs helium when cooled below 30 K. This makes the 3He insert a single shot refriger-
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ator. Base temperature may be kept for 12 to 24 h, before the active coal must be heated and

the 3He recondensed. The whole process depends on the precooling with liquid 4He in a 1K-pot.

Temperatures as low as 260 mK can be achieved. According to Clausius-Clapeyrons relation this

corresponds to a vapour pressure of 10−3 mbar.

Microcalorimeter

The micro calorimeter is made up of a 10 mm times 10 mm times 0.2 mm sapphire single crystal,

which is suspended on four nylon wires and weakly coupled to the thermal bath via 4 electrical

leads. The thermal conductance between calorimeter and bath and its dependence on temperature

is shown in figure (4.4b). The thermal bath is a frame of high purity oxigen free copper with a

field calibrated Cernox resistance thermometer to determine the bath temperature. A meandering,

nanometer thin layer of gold is sputtered on the sapphire chip, as a resistive heater of the calorime-

ter, with a temperature dependent resistance of about 40 kΩ. The last part of the calorimeter

chip is a field calibrated Cernox resistance thermometer (Cernox 1030 BC). The calorimeter is

especially designed in regard to low heat capacity (addendum) and good internal thermalisation.

This setup is able to do both heat capacity and magnetocaloric effect measurements, using the

same sample specimen.

Figure 4.1: Schematic (drawn by B. Klemke) and photo of the CM14.5T calorimetric setup. The temperature of

the copper thermal bath TR is monitored with a Cernox resistance thermometer. The sapphire calorimeter chip is

suspended on 4 nylon wires and thermally coupled to the thermal bath via the heater and thermometer electrical

leads.
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4.2 Heat Capacity

The heat capacity C tells how much energy dQ is needed to increase a materials temperature

T by one kelvin. This is actually the first law of thermodynamics, if changes in magnetisation,

polarisation, pressure etc. are neglected.

CdT = dQ. (4.2)

In a real setup, the heat capacity of the calorimeter C2 adds to the samples heat capacity C1 and a

part of the applied energy dQheat dissipates through the electrical leads dQR and radiation dQdiss.

Using the one-dimensional equation for heat transfer

dQR = − 1

R
(T1 − T0)dt (4.3)

these considerations yield the following differential equation:

(C1 + C2)dT1 = dQheat −
1

R
(T1 − T0)dt+ dQdiss. (4.4)

R is the thermal resistance, T0 the temperature of the thermal bath and T1 the calorimeter temper-

ature. Equation (4.4) neglectes the thermal resistance between sample and calorimeter. Further-

more dQdiss may often be neglected as well. The different measurement techniques originate from

the timescale on which the heater power dQheat(t) is applied: short pulses, long pulses, continuous

heating or cooling, sine wave excitation, etc.

Quasi-adiabatic method

Imagine a Dirac heat pulse is applied to an ideal calorimeter:

P (t) = Qheat · δ(t− tad). (4.5)

Then the system temperature would discountinuously jump to Tad and afterwards relaxes to equi-

librium exponentially, red line in figure (4.2a):

T (t) = Tad · e
−t
τ + T1(t = 0). (4.6)

This assumes that heat flows into the sample instantly and that thermal equilibrium is achieved

instantly. The heat capacity is then given by:

C = C1 + C2 =
Qheat

Tad − T1(t = 0)
(4.7)

Unfortunately, equation (4.5) cannot technically be realised, since real heat pulses have more of

a rectangle shape. According to this, the system shows a fast, continuous temperature rise and

follows equation (4.6) only for times bigger than the duration of the heat pulse, black dots in

figure (4.2a). But it is possible to fit equation (4.6) to the real data anyway and get Tad from an

interpolation. This requires that the area under the measured temperature-time curve equals the

area under the ideal temperature-time curve.

The quasi-adiabatic method works well for medium and large values of heat capacity. It fails for

very small values of C, when the relaxation time τ = RC comes into the range of the pulse time.
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Figure 4.2: (a) Example of a quasi-adiabatic heat pulse measurement (black dots). The red curve shows the ideal

behaviour, with no thermal resistance between sample and calorimeter and instant thermal equilibrium. The areas

under both curves are the same. (b) Example of a relaxation measurement. The temperature rise T1(∞)−T0 yields

the thermal resistance R between calorimeter and bath. The time constant then allows the calculation of the heat

capacity via C = τ/R.

Relaxation method

The system shall be in thermal equilibrium at a constant temperature T0. When a constant

heating power Pheat is applied, the system relaxes to a new equilibrium temperature T1(t = ∞).

This relaxation is discribed by an exponential function:

∆T1(t) = PheatR(1− e
−t
τ ). (4.8)

This equation is actually the solution of the differential equation (4.4) and:

τ = (C1 + C2)R. (4.9)

After the heating power is switched off at toff , the system temperature relaxes back to T0:

∆T1(t) = ∆T1(toff )(1− e
−t+toff

τ ). (4.10)

The thermal resistance may be calculated from:

R =
∆T1(∞)

Pheat
. (4.11)

∆T1(∞) is the temperature rise which the sample has after an infinite waiting time. In a real

measurement this value is obtained from an extrapolation. Finally the heat capacity is:

C = C1 + C2 =
τ

R
. (4.12)

Due to fast electronics, very small values of τ and thus very small values of heat capacity may be

measured.

The equations in this heat capacity section were taken from Kiefer [Kie97].

Both the quasi-adiabatic method and the relaxation method have temperature-time profiles that

can be described by single exponential functions, equations (4.6) and (4.8). But if the thermal
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Figure 4.3: (a) Heat capacity of the calorimeter chip. Nuclear paramagnetism or impurities create a Schottky peak,

that vanishes for magnetic fields higher than 6 T. (b) Heat capacity of Apiezon N. The amount of grease corresponds

to what is typically used for an addenda measurement. There are no magnetic contributions.

coupling between sample and calorimeter is poor, then a second exponential function must be

added to accurately describe the temperature-time profiles. This τ2 effect can be minimised by

a careful choice of the sample specimen, i.e. a thin sample with a smooth surface for optimal

thermal coupling. A very weak τ2 effect can be seen for example in figure (4.2a) as a small peak

at t = 1 s. While the quasi-adiabatic method is quite robust in that regard, the τ2 effect plays a

role in relaxation calometry. A correction for the τ2 effect was published by Shepherd [She85] and

used in the data evalution if necessary.

In chapter 6 we will see that other effects may also cause τ2 behaviour, figure (6.21). Here a

physical interpretation and evaluation of heat capacity is more difficult, especially if τ1 and τ2 have

similar values.

Addenda

As seen above, any high precision heat capacity measurement has to correct for the heat capacity

of the calorimeter chip and the Apiezon grease. These are called addenda for short. The Apiezon

N is necessary to establish a good thermal contact between sample and calorimeter. Furthermore

it fixes the sample mechanically. In principle, it is possible to measure the heat capacity of the

clean calorimeter and calculate the heat capacity of the Apiezon grease. But that would require

the exact mass of the grease, which is difficult to obtain. Therefore every measurement presented

in this thesis has a seperate addenda measurement, i.e. the heat capacity of the calorimeter and

the grease on the calorimeter were determined, before the sample was fixed on the chip. This

guarantees highest precision.

The heat capacity of the calorimeter chip shows a dependence on magnetic fields. A possible ori-

gin is nuclear paramagnetism of the thermometer components or impurities of the sapphire chip.

The contribution to the addenda becomes significant for temperatures below 5 K and magnetic

fields below 6 T, as can be seen in figure (4.3a). Of course this was also considered for every

addenda measurement. In the next section we will see, that those magnetic contributions also ap-
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pear in the magnetocaloric measurements. The Apiezon N grease has no distinguishable magnetic

contributions, figure (4.3b).
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4.3 Magnetocaloric Effect

The adiabatic magnetocaloric effect Θ is defined as the change of sample temperature T , caused

by a changing magnetic field B [Tis03]:

Θ =
dT

dB
|S (4.13)

A nice application of the magnetocaloric effect is cooling with an adiabatic demagnetisation refrig-

erator [Pob07].

Adiabatic conditions mean that the total entropy S is constant. Applying a magnetic field forces

the magnetic (spin) system into a certain order and therefore changes the magnetic (spin) entropy.

This must result in a change of lattice entropy, i.e. temperature. Putting this into a formula looks

like:

dS = 0 =
∂S

∂B
dB +

∂S

∂T
dT (4.14)

which can be rearranged to

dT

dB
= −

∂S
∂B
∂S
∂T

. (4.15)

Using some of Maxwell’s relations

∂S

∂T
=

cp
T
,
∂S

∂B
|T =

∂M

∂T
|B (4.16)

then yields:
dT

dB
= − T

cp

∂M

∂T
. (4.17)

An adiabatic coupling between the sample and the thermal bath is actually a very strict condition

for an experiment at millikelvin temperatures: If your sample is only weakly coupled to the thermal

bath, then how do you cool the sample?

This problem was addressed by Kiefer [Kie04], who proposes a ”quasi-isothermal” measurement

of the magnetocaloric effect. Here the measured quantity is the amount of heat dQ, which is

generated or absorbed by the sample for a changing magnetic field dB. If you keep in mind that

dQ = cpdT , then
dQ

dt
= Pheater + Psample = ctotal

dT

dt
(4.18)

Pheater is just an offset power for temperature regulation and ctotal refers to the heat capacity

of sample and calorimeter. Experimentally, the power Psample is determined by the temperature

difference between thermal bath and the sample or rather the calorimeter.

Psample = −Pheater +
Tsample − Tbath

R
= −Pheater +

∆T

R
. (4.19)

R is the thermal resistance between calorimeter and bath, which must be precisely known to allow

a quantitative MCE measurement. The thermal resistance is measured in a separate step by

applying a constant heating power P via the calorimeter heater and measuring ∆T . Furthermore

R must be independent of the magnetic field, which is the case for our setup.

Also equation (4.19) requires a slow change of the sample temperature dT/dt ≈ 0, i.e. a steady

state. We then get the following relation:

dQsample(B)

dB
=

1

dB/dt
(−Pheater +

∆T

R
). (4.20)
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We assume that the magnetocaloric effect is the only cause for a heat generation in the sample.

dB/dt is the sweep rate of the magnetic field.

If the heat capacity ctotal(B) is known, the adiabatic magnetocaloric effect Θ may be calculated

Θ(B) =
1

ctotal(B)

dQsample

dB
, (4.21)

but dQ/dB is much more interesting, because

dQ/dB

T
= − ∂S

∂B
= −∂M

∂T
|B . (4.22)

If the magnetocaloric effect is measured quasi-isothermally, it yields - using once more Maxwell’s

relations - the entropy and the derivative of the magnetisation with respect to temperature.

Furthermore the magnetocaloric effect is a useful tool to map out phase diagrams, because it is

measured as a function of the magnetic field and thus complementary to heat capacity measure-

ments c(T ), for example [Jai04], [Rue08].

The measurements in this thesis were done by linear sweeps of the magnetic field dB/dt = const,

with a sweep rate of 75 mT per minute. Sweeping the field up and down again eliminates temper-

ature changes that arise from other effects than the sample’s magnetocaloric effect: deviations in

the bath thermometer calibration, eddy current heating, sudden changes of the bath temperature.

Figure (4.4a) shows example temperature traces of the compound (Hpip)2CuCl4 for up and down

sweeps of the magnetic field. It shows the temperature of the sample, i.e. the calorimeter, as

well as the bath temperature. The fast increase in temperature of the up traces shows the onset

of eddy current heating caused by the changing magnetic field. The same can be seen in the

bath temperature and is therefore compensated by equation (4.19). Since eddy current heating

decreases with increasing magnetic field, the traces have in general a negative slope. Figure (4.4b)

shows the thermal conductance k = 1/R between calorimeter and thermal bath as a function of

temperature. The expected linear behaviour may be observed, with only small deviations at the

lowest temperatures. Evaluation of these data according to the equations (4.20) and (4.22) yield

the data, which is presented in chapters 5 and 6.

The heat capacity section showed that there is a small, temperature and field dependent, para-

magnetic background signal of the calorimeter chip (addendum), which needs to be substracted

from the actual sample measurement. The same is true for the magnetocaloric effect. An example

is shown in figure (4.4c), which compares the MCE of the empty calorimeter (red) at 320 mK to a

measurement of (Hpip)2CuCl4 (black). The black curve shows the sum of sample and calorimeter

signal.

For more details regarding the magnetocaloric effect I refer to the very complete textbook about

The magnetocaloric effect and its applications by Tishin and Spichkin [Tis03].
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Figure 4.4: (a) Example of magnetocaloric effect temperature traces of sample/calorimeter and thermal bath.

Apart from the sample signal, it shows the onset of eddy current heating at the beginning of a sweep and the

general decrease of eddy current heating with increasing magnetic field. (b) Thermal conductance k = 1/R between

calorimeter and thermal bath. (c) Magnetocaloric effect of the addendum (calorimeter chip and Apiezon N grease)

compared to an actual sample measurement ((Hpip)2CuCl4 and addendum).
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4.4 Physical Properties Measurement System

The Physical Properties Measurement System (PPMS) is a fully automated cryomagnetic system

for the investigation of condensed matter. This multi purpose tool is commercially available from

the company QuantumDesign. A plug-in system allows the installation of various measurement

options, e.g. AC susceptibility, heat capacity, electrical and thermal transport, vibrating sample

and torque magnetometry. It is available with superconducting magnets up to 16 T for sample

environment. In the basic model, cooling is provided by the evaporation of liquid 4He (VTI prin-

ciple). Thus the temperature ranges from 1.7 K up to 400 K and more. It may also be fitted with

a 3He or dilution refrigerator for measurements (of heat capacity and electro-transport) at mK

temperatures.

The PPMS is easy to handle and allows a fast data acquisition, but it has at least in my opinion one

drawback. The fully automated system strongly discourages a critical reflection of the measured

data.

The PPMS at the Laboratory for Magnetic Measurements in Berlin consists of a 14 T supercon-

ducting magnet and a 4He evaporation stage with a minimum temperature of 1.7 K. For this thesis

only the Vibrating Sample Magnetometer option was used.

Figure 4.5: (a) Photo of the Physical Properties Measurement System at LaMMB-HZB. The VSM option is mounted.

(b) VSM samples of (Hpip)2CuCl4 (orange) and (Hpip)2Cu(Cl0.1Br0.9)4 (black) on glass sample holders, glued with

GE varnish.
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4.5 Vibrating Sample Magnetometer

The vibrating sample magnetometer is a simple, versatile, and high accuracy magnetometer, which

was first proposed 1956 by Foner [Fon56]. The sinusoidal displacement

z = z0 · cos(ωt) (4.23)

of a magnetic sample inside a pick-up coil induces - due to the change of magnetic flux φ - a voltage

signal of the same frequency ω

U0 · cos(ωt) = −dφ

dt
= M

d(B/I)

dz

dz

dt
. (4.24)

The amplitude of the vibration is z0, the amplitude of the voltage signal is U0 and dz/dt is the

actual sample velocity. M is the macroscopic magnetic moment. The pick-up coil is a first order

gradiometer, that means two identical coils which are wound contrariwise. Here B/I only char-

acterises the geometry of the pick-up coils, since no current is fed to the coils and it is treated

as a calibration constant by QuantumDesign. Actually the ”field profile” of the pick-up coil is

a complex function of z and the radial component r. The sample is placed in the center of the

gradiometer, where the gradient is maximal [Gig03]. Exact sample positioning is determined prior

to each measurement and needs to be checked regularly. The axis of the pick-up coil coincides with

the axis of the 14 T magnet.

The typical oscillation amplitude of the QuantumDesign VSM is between 0.5 mm and 3 mm and

the oscillation frequency is 40 Hz, which allows a fast data rate of 1 Hz. A sample experiences a

maximum acceleration of 95 m/s2 ≈ 10g at a vibration amplitude of 3 mm.

A lock-in amplifier measures the voltage signal. This cancels all frequencies other than the mea-

surement frequency and allows a high resolution of 10−9 Am2 [Qd].

Due to the large acceleration, the sample must be carefully glued - e.g. with GE Varnish - to the

sample stick, which has a D shape and is made of glass to provide a small, uniform background.

Sample sticks with different geometries and materials are available as well. The sample thermalises

in exchange gas and 1.7 K is the minimum sample temperature of our QuantumDesign VSM.

Size and shape of the sample influence the voltage signal and may cause deviations of the absolute

magnetisation value of several percent. The reason for that can be seen in equation (4.24): The

gradient of the pick-up coil dB/dz is not constant, but a function of z and the radial component

r. That means the larger the sample in z or r direction or the larger the oscillation amplitude,

the larger the deviations. A radial sample offset on the sample stick causes deviations as well,

for the same reason. QuantumDesign [Qd] offers a table with correction values for pointlike and

cylindrical samples only. Those are calculated from the pick-up coil geometry.
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4.6 Combining MCE and VSM

The measurement of magnetisation at very low temperatures and in high magnetic fields is noto-

riously difficult. The various approaches with their advantages and disadvantages were presented

in the preceding chapter, together with a new design, which - in my opinion - offers the best so-

lution to this experimental challenge: the cantilever magnetometer. Now a completely different,

thermodynamic technique will be presented as an alternative. This is the second magnetometry

technique, that I established at LaMMB-HZB during my thesis.
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Figure 4.6: Graphic sketch of the calculation: The MCE data consists of quasi continuous field sweeps at constant

temperature (c). Blue lines in (a) represent all MCE sweeps, with a contour plot in the background. Cutting

through the sweeps at a fixed field (green dots) yields (b), which is then interpolated and integrated. Adding an

integration constant from a VSM measurement gives M(T ) (d). A loop of this calculation for all magnetic fields

provides the complete M(B, T ).
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The vibrating sample magnetometer is capable of measuring magnetisation in absolute val-

ues with great accuracy at temperatures above 1.7 K. The quasi-isothermal magnetocaloric effect

determines the change of magnetisation with respect to temperature down to millikelvin temper-

atures, also with great accuracy. To obtain low temperature magnetisation data, it is possible to

combine an ”easy” high temperature VSM measurement with a low temparature magnetocaloric

effect measurement:

M(B, T ) = MV SM (B, T0) +

∫ T

T0

∂MMCE

∂T ′
dT ′ (4.25)

The details of the calculation will be explained now: The MCE allows the calculation of ∂M/∂T |B ,
but the individual measurements are a function of the magnetic field and not the temperature.

The temperature is assumed to be almost constant during a MCE measurement, figure (4.6c). But

in order to integrate, one needs ∂M/∂T as a function of T . Therefore one has to measure at as

many different temperatures as possible and then cut through all the sweeps at a fixed magnetic

field B0, refer to figure (4.6a). Blue lines indicate the temperatures, at which MCE sweeps were

measured, while the green dots show the cut at B0 = 2.5 T, which is also shown in figure (4.6b).

Interpolating the single points and integrating yields M(T ) at one fixed field, figure (4.6d). The

unknown integration constant is provided by a VSM measurement at T0 and B0. For the VSM

measurements it is in principle sufficient to have one set of data at a fixed temperature T0 for

varying magnetic field. Since the magnetocaloric effect and the VSM data can be measured quasi

continuous with respect to the magnetic field, one just repeats this procedure for quasi infinitisimal

steps of B to get the complete M(B, T ) data.

This calculation is very robust, since the relevant information is obtained by integration. If the

integral’s upper boundary T is far away from the staging point T0, any noise of the interpolation

function will be cancelled out. If T0 approaches T , noise will have a bigger influence, but at the

same time, the integral approaches zero, which only leaves the ”exact” VSM data. Secondly, there

is a good statistics. Although figure (4.6b) consists of only 15 points, there is another curve like

this for every 1.5 mT.

It is necessary, that the MCE data and the VSM data overlap in a certain temperature range.

The bigger the overlap, the easier it is to control the quality of the calculation. Figure (4.7) shows

the results of this method. The VSM measurement at T = 1.7 K was used according to equation

(4.25). There is very good agreement between the calculation and the VSM measurements at 2 K,

2.5 K, and 3 K. A measurement with the cantilever magnetometer at 380 mK also shows very

good agreement. Figure (4.7b) presents the derivative of the magnetisation data, which is also well

suited to show the very good agreement between the cantilever and the thermodynamic technique.

Another comparison between the thermodynamic technique and vibrating sample magnetometry

between 1.7 K and 4 K shows figure (4.8), this time for the compound (Hpip)2CuCl2Br2. Figure

(4.8b) shows the deviation of both methods in absolute units as well as percent. Results for lower

temperatures will be shown later in chapter 6. Knowing the sample mass of 2.71 mg (for the MCE

measurement), a resultion of 2·10−7 Am2 can be estimated.

To my best knowledge, this method was never published as a means to get magnetisation data at

millikelvin temperatures, but it offers many advantages:

No special equipment - such as a gradient coil, low temperature positioning equipment or super-

conducting coaxial cables - is needed, apart from a superconducting magnet and a cryostat. The

measurement setup is the same as for heat capacity measurements, which allows the simultanous

determination of heat capacity and magnetisation of the same specimen. This eliminates system-
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Figure 4.7: (a) Comparison of the thermodynamic measurement of magnetisation with the vibrating sample mag-

netometer and the cantilever technique. Solid lines are the calculations from magnetocaloric effect data, open

circles are from a Quantum Design VSM and full circles from the cantilever magnetometer presented in chapter

3. T0 = 1.7 K was used as a staging point, therefore MCE and VSM data are identical at this temperature. (b)

Derivation of the calculated magnetisation data with respect to magnetic field. Peaks indicate the cross-over into

the Luttinger liquid regime.
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percent.
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atic errors that arise from e.g. misorientation of the sample in the magnetic field, sample quality

and impurities, calibration of temperature sensors. It might also be an interesting idea, to combine

this setup in-situ with neutron scattering.

I want to point out though, that this measurement technique is far from easy. Only a high ac-

curacy temperature measurement and temperature stability allow the quantitative calculation of

magnetisation from magnetocaloric effect data. An important issue is that the quasi-isothermal

magnetocaloric effect (chapter 4.3) directly determines dQ/dB. The more common adiabatic mag-

netocaloric effect determines only dT/dB. This would require a separate heat capacity measure-

ment to calculate magnetisation. Just remember that

dQ/dB

T
=

dT

dB

cp
T

= −∂M

∂T
. (4.26)

It is also necessary to know the exact mass of the sample specimen, to get a correct transfer between

VSM data and MCE data. Of course it would be best, to use the same specimen for the VSM and

the MCE measurement. Unfortunately, the metal organic spin ladder compounds investigated in

this thesis are very brittle, which made a good control of the sample mass sometimes difficult. The

high g-forces, which the sample experiences in a vibrating sample magnetometer, may also lead to

a loss of mass. Another small disadvantage is the following: The maximum field is limited by the

maximum field of both the VSM and MCE setup, which ever is smaller.

In summary the magnetocaloric effect allows the quantitative measurement of magnetisation by a

thermodynamic technique. It is applicable in a 3He cryostat or a dilution refrigerator and in high

magnetic fields.
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Now we make use of all the experimental techniques, that were developed or explained in the last

two chapters. This chapter presents thermodynamic and magnetic measurements of (Hpip)2CuCl4

and discusses their results with respect to the physics of the quantum spin ladder. After a short

reminder of the spin ladder phase diagram and an outline of the discussion, measurements of heat

capacity, magnetocaloric effect, and magnetisation will be shown and compared to theory data,

calculated by XXZ-mapping of the spin ladder Hamiltonian and exact diagonalisation. Further-

more the combination of heat capacity and magnetocaloric effect allows the calculation of the

magnetic entropy in absolute units. The results of this calculation are shown and compared to

exact diagonalisation data as well.

For (Hpip)2CuCl4 the leg coupling Jleg is smaller than Jrung. So at zero magnetic field it has a

gapped excitation spectrum with a dispersion relation of band width ≈ 2Jleg and a gap ∆ ≈ Jrung.

The ground state is the singlet state, the first excited state is a triplet state. With increasing field

the gap closes due to the Zeeman splitting of the triplet band. At a first critical field Bc1 the energy

of the |t+ > band, the lowest triplet band, equals the ground state energy of the singlet state and

the system becomes gapless. This gapped regime below Bc1 is called quantum disordered, because

quantum fluctuations are responsible (via pairing) for the lack of any long-ranged spin ordering.

It is also called spin liquid regime. Excitations are S = 1 triplon excitations, that occur on the

rungs of the ladders.

Above Bc1 the magnetisation increases monotonically until it reaches saturation at a second criti-

cal field Bc2. Between the two critical fields the low energy magnetic excitations of (Hpip)2CuCl4

may be described as a spin Luttinger liquid. For strongly coupled ladders, the excitations can be

mapped to the Hamiltonian of the spin- 12 antiferromagnetic XXZ-chain.

For sufficiently low temperatures interladder interactions become significant again. The system

then resembles a long-range ordered 3D antiferromagnet. Triplon excitations are mobile between

the ladders and may undergo Bose-Einstein condensation.

Above Bc2 the system is in a completly polarised state. It is once more gapped, but this time the

|t+ > triplet state has a lower energy than the singlet state. These regimes were already shown in

figure (2.1).

Both the heat capacity and the magnetisation measurements allow the determination of the critical

magnetic fields. If the g-factor is known, the exchange interactions Jleg and Jrung of the ladder

may be derived by pertubation theory. This further yields the dispersion relation and the energy

gap. Inelastic neutron scattering as a complementary way to measure the dispersion relation shows

good agreement with the thermodynamic and magnetic data.

Given the exchange couplings, the heat capacity and magnetisation may be calculated as a function

of temperature or magnetic field using the XXZ-chain mapping or exact diagonalisation. Com-

parison to the measurements will show that the XXZ-chain mapping can only give a qualitative

picture, since it is limited to strongly coupled ladders Jleg << Jrung. The XXZ-chain mapping

required, that the upper triplet states are neglected. But with increasing Jleg the band width

increases as well, which means a growing influence of the upper triplets.

Especially the heat capacity will reveal the failure of the XXZ-chain mapping. The coupling ratio

of (Hpip)2CuCl4 of Jrung/Jleg = 2.6 is closer to the isotropic limit and therefore requires a dif-
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ferent theoretical approach. Exact diagonalisation is well suited and in good agreement with the

measurements. It works, because it takes all the triplet states into account. It further allows a

prediction of the thermodynamic and magnetic properties of spin ladders with varying coupling

ratio.

The high quality samples, which I used for my measurements, were provided by our coworker

Christian Rüegg from PSI and grown by Karl Krämer from the university of Bern. Simon Ward,

who investigates (Hpip)2Cu(ClxBr1−x)4 by neutron scattering, is another of our helpful coworkers.
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5.1 Heat Capacity

Sample, measurement conditions and background treatment

Heat capacity of (Hpip)2CuCl4 was measured at the CM14.5T calorimetric system, which was

described in chapter 4. The sample was a 0.2 mm thin rectangular plate of approximately 7 mm

times 1 mm size. It is shown in figure (4.1) mounted on the calorimeter chip. The crystallographic

a-axis of the sample is parallel to the magnetic field, thus the legs of the spin ladder are parallel

to the field as well. The sample mass was 3.73 ± 0.01 mg, the molar mass of (Hpip)2CuCl4 is

377.48 g per mole. The specimen was chosen for its smooth underside and flat shape, that guar-

antee a good thermalisation of the sample. Apiezon N grease was used to thermally contact the

sample on the calorimeter chip.

Prior to the actual measurement an addenda measurement was performed for temperatures be-

tween 290 mK and 30 K and for magnetic fields of 0, 0.5, 1, 1.5, 2, 3, 4, 5, 6, 8 and 12 Tesla. The

relaxation method was used for the addenda measurement.

Measurements of (Hpip)2CuCl4 were performed at constant magnetic field or at constant temper-

atures. The total heat capacity is a sum of three terms, which will be described in the following:

ctotal(T,B) = cphonon(T ) + cnuclear(T,B) + cmag(T,B). (5.1)

Temperature scans at 33 different fields were taken with the magnet in persistent mode. The scans

range from 290 mK up to 30 K. The measurements between 10 K and 30 K were originally taken

in order to determine the non-magnetic phonon contribution to the heat capacity.

Unfortunately, the separation into magnetic and lattice contribution is usually difficult for these

kinds of organic materials [Kop75], [Aff00]. While simple crystallographic structures are well de-

scribed by Debye’s model over a wide temperature range, low-dimensional magnetic compounds

often have rather complex molecular structures. Several possible solutions are published in the

literature:

A first simple approach would be the substraction of the zero field data from the measurements

with magnetic field. For (Hpip)2CuCl4 this is not applicable. Due to the presence of an energy

gap and a Zeeman splitting, the zero field data is among the scans with the highest heat capacity,

see figure (5.2a). Consequently, substraction would produce negative heat capacity.

By replacing the magnetic copper ions with non-magnetic ions like Zn2+, a reference sample with

only phononic heat capacity might be designed, but such a sample was not available, and it may

also have a different structure.

Kopinga et al. [Kop75] suggest that chemical structures which are held together by hydrogen bonds

may be described as a system of loosely coupled layers or chains. Using a pseudoelastic approach

for the frequency distribution function, they offer a rather complicated expression, which includes

n-dimensional Debye integrals and 5 independent fitting parameters [Kop76].

Another approach was used by Affronte et al. [Aff00]: They used a combination of an Einstein’s

term and a Debye’s term to account for accoustic and optic-like modes. For the case of a non-linear

dispersion relation, the Debye’s term was expanded by a T 5 and a T 7 contribution.

For (Hpip)2CuCl4 another fortunate circumstance was used: The compound magnetically saturates

at about 4.5 T, but measurements were taken up to 12 T. That means that for low temperatures

and high magnetic fields, the lattice contribution becomes dominant again. A Debye fit for T

< 950 mK at 12 T showed good results and also agrees with the zero field data between 5 K and
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10 K, as seen in figure (5.2a):

cphonon(T ) =
12π4R

5mmol

T 3

Θ3
. (5.2)

The Debye temperature in this model is 66 K, which is sufficiently high compared to the maximum

temperature of the fitted data. This fit seems to work excellent up to 2 K and still good up to 10 K,

figure (5.2b-d). For temperatures higher than 10 K, the simple Debye model becomes unreliable,

due to the complicated phonon spectrum D(ω). Example spectra of similar organic compounds

are shown in [Kop76]. For very low frequencies ω, i.e. very low temperatures, they also merge into

the Debye behaviour, because the higher frequencies freeze out. This justifies the application of

equation (5.2).

For temperatures higher than 15 K, no more field dependence is observed. One can assume that

here the pure phononic background is visible as well. Here a more complicated backgroud fit, as

stated above, would be required and might also improve data below 10 K. Between 10 K and 15 K

no reliable data for the magnetic contribution is available, but this temperature range is of little

physical interest and was not used in any way for the following discussion.

Another small background contribution was due to the magnetic heat capacity of nuclear magnetic

moments, which was approximated by:

cnuclear(T,B) = const · B
2

T 2
(5.3)

Obviously, the influence of nuclear magnetic moments increases with very low temperatures and

high magnetic fields. In contrast to the compound (Hpip)2Cu(Cl0.1Br0.9)4 (chapter 6) nuclear heat

capacity plays only a minor role in (Hpip)2CuCl4.

Only the magnetic heat capacity cmag, which corresponds to the ladder behaviour, is shown in the

following pictures.

In addition to the temperature scans, field scans between 0 T and 12 T were performed at 15 dif-

ferent constant temperatures between 290 mK and 3.08 K. The field step size was 0.1 T. Phonon

and nuclear heat capacity were substracted as well.

Both temperature and field scans were used to draw a contour plot of the magnetic heat capacity,

which consists of a total number of 2957 data points. Each single data point was evalutated ac-

cording to equation (4.6) or (4.8). The large variation of the heat capacity of 5 orders of magnitude

required the use of both relaxation and quasi-adiabatic measurement techniques.

A note on temperature uncertainity: heat capacity measures the temperature rise ∆T of a calorime-

ter on heat input ∆Q, refer to chapter 4.2. The heat input was chosen so that the temperature rise

was 2 % of the base temperature. The temperature in the plots is in the middle of that temperature

rise, which accounts for an temperature error of at least 1 %.

Magnetic heat capacity results

The contour plot of the heat capacity perfectly resembles the expected phase diagram of a spin

ladder. Figure (5.1) shows the magnetic contribution of the heat capacity divided by temperature.

The Luttinger liquid regime is clearly visible as a dome below a temperature of 0.7 K and between

magnetic fields of 2 T and 4 T. The transition into the Luttinger liquid is not a sharp phase tran-

sition but rather a smooth cross-over. Well inside the Luttinger liquid, heat capacity is expected

to depend linearly on temperature. This linear dependence is due to the one-dimensionality of the
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Figure 5.1: Contour plot of the magnetic heat capacity of (Hpip)2CuCl4 divided by temperature, consisting of 2957

single data points. The points originate from 48 different scans at constant magnetic field or constant temperature.

The contour plot perfectly resembles the expected phase diagram of a quantum spin ladder. It shows the quantum

disorderd regime, the closing of the Zeeman gap, the spin Luttinger liquid and the gapped, fully polarised regime.

magnetic system. A simple analogue for the linear temperature dependence yields the Debye model

of phonon heat capacity. Heat capacity is defined as the temperature derivative of the energy E:

E =

∫ ωD

0

D(ω) · n(ω) · h̄ωdω. (5.4)

In a 3D lattice the density of states D(ω) is proportional to ω2, thus results the well known T 3

law for low temperatures. In a 1D lattice, the density of states is constant, which yields a T 1

dependence. This analogue works, because the problem of non-interacting bosons can be mapped

to the problem of spinless fermions. And the excitations in the Luttinger liquid regime behave

essentially as interacting spinless fermions (which can be mapped to the XXZ-chain model) [Mil98].

The correct equation for the heat capacity within Luttinger liquid theory is

cLL(T ) =
Tπk2B
3uh̄

, (5.5)

where u is the spinon velocity [Bou11]. Note that cLL(T ) is calculated for a ladder with finite

length and has the dimension J/Km.

Note the slight asymmetry of the Luttinger liquid dome. It will be shown later, that this is due to

the ratio of Jrung and Jleg, which does not fulfill the strong coupling approximation.

The contour plot shows a ridge of the heat capacity between (0 T,1 K) and (2 T,0.3 K). This

ridge corresponds to the closing of the Zeeman gap. Again equation (5.4) helps for a qualitative
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Figure 5.2: (a) Total heat capacity data for magnetic fields between 0 T and 12 T. The solid blue line is a T 3 fit

to the 12 T data below a temperature of 0.95 K and to the zero field data at 10 K. (b-d) Magnetic heat capacity

at constant magnetic field in the Luttinger liquid, quantum disordered and polarised regime. Lines are theoretical

data, calculated by exact diagonalisation. (e) Magnetic heat capacity at constant temperature, lines are only a

guide for the eye.
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understanding. Heat capacity measures the density of states. Near zero field, the three triplet

bands are close together. The density of states is high and accordingly the heat capacity is high as

well for T ≈ ∆/kB . With increasing magnetic field the bands move apart. The density of states

decreases and the heat capacity smears out. The extrapolation of these Zeeman maxima to zero

temperature allows the determination of the first critical field Bc1.

Starting from 4.5 T and 0.3 K the contour plot shows another ridge in heat capacity, that becomes

less pronounced with increasing field and temperature. It is in general weaker than the closing of

the Zeeman gap. The explanation is very similar though. The singlet state and the |t+ > triplet

band once more form a gapped two level system, that cause a maximum in heat capacity. But

this time, due to the increasing magnetic field, the triplet state is the energetically more favorable

state, i.e. the lower state. Because the |t0 > and the |t− > band also continue to separate with

increasing field, their influence on heat capacity weakens. That is why the closing of the Zeeman

gap looks more pronounced in heat capacity than the reopening of the gap.

For a high magnetic field above 6 T, the magnetic heat capacity quickly drops below the lattice

heat capacity. Here another picture becomes helpful, the connection between heat capacity and

entropy:

cp = T
dS

dT
. (5.6)

For high magnetic fields the spins are completely polarised. At low temperatures the thermal

energy is too small to afford a spin flip, which means that the magnetic entropy remains constant.

Then equation (5.6) requires the heat capacity to be zero.

Figure (5.2) shows single scans of the heat capacity for constant temperature or constant magnetic

field. Figure (5.2a) shows the total heat capacity data for magnetic fields between 0 T and 12 T

and the substracted T 3 background fit as a blue line.

Figure (5.2b) shows the cross-over into the Luttinger liquid for decreasing temperature. On enter-

ing the Luttinger liquid, a significant bend occurs, followed by a fast linear drop of heat capacity.

This bend may be used to define the phase boundary.

The next figure (5.2c) shows the closing of the Zeeman gap in the quantum disordered regime.

The heat capacity behaviour corresponds to the classical textbook example [Kit06] of a two level

system.

The heat capacity peak of the high field gap in the fully polarised regime are shown in figure (5.2d).

The most instructive figure is (5.2e), which shows scans at constant temperature for varying mag-

netic field. In contrast to the previous figures, heat capacity was divided by temperature for a

better comparison. The data at 310 mK show a plateau of almost constant heat capacity between

2.5 T and 3.5 T, where the Luttinger liquid regime is. To the left and the right of the Luttinger

liquid are the peaks that indicate the closing of the Zeeman gap and reopening of the gap in the

polarised regime. Again the asymmetry is due to the small coupling ratio. Note that the asym-

metry cannot be caused by a faulty background substraction, since the phononic contribution is

expected to be field independent and therefore constant at constant temperature.

Figure (5.3) shows a detailed view of the Luttinger liquid regime as contour plot. Crosses

indicate the maxima in heat capacitiy due to the Zeeman splitting, open white circles are the zero

transitions of the magnetocaloric data, refer to the next section for details. A linear extrapolation

of the maxima and the Luttinger dome allows the determination of the critical magnetic fields
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Figure 5.3: Detailed view of the contour plot of the magnetic heat capacity in the Luttinger liquid regime. Crosses

indicate maxima in the heat capacity due to Zeeman splitting, open circles are the zero transitions of the magne-

tocaloric effect. A linear extrapolation of these features yields the critical magnetic fields Bc1 = 1.76± 0.10 T and

Bc2 = 4.45± 0.10 T.

Bc1 = 1.76± 0.10 T and Bc2 = 4.45± 0.10 T. Unfortunately, heat capacity data exists only down

to temperatures of 290 mK, which is the reason for the quite large errors of the critical fields.

But measurements of magnetisation and inelastic neutron scattering will confirm these values and

provide smaller uncertainties. For the following theoretical calculations exchange couplings of

Jrung = 3.42 K and Jleg = 1.34 K were used. They are in good agreement with magnetisation and

neutron data (INS), as will be shown later.

Figure (5.4) shows once more the heat capacity in the Luttinger liquid regime, this time divided by

temperature to check the expected linearity. The data at 2.75 T is best suited to show the linear

behaviour, because it is near the maximum of the Luttinger liquid dome. Between temperatures of

0.3 K and 0.4 K the curve is almost constant at a value of 8.6 mJ/gK2. Since the linear behaviour

is only visible in a small temperature range, heat capacity measurements well below 300 mK would

be required. At a magnetic field of 2.5 T the heat capacity curve only starts to become flat at low

temperatures, while heat capacity at 2.25 T and 2.13 T is clearly non linear, because these data

are near the edge of the Luttinger liquid dome.

Deviations from the linear behaviour are also expected, when the transition into 3D long-range

order takes place. For a 3D long-range ordered magnet, the magnetic heat capacity should show a
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Figure 5.4: Linearity of the heat capacity of (Hpip)2CuCl4 in the Luttinger liquid regime. The magnetic heat

capacity cmag is divided by temperature. If heat capacity depends linearly on temperature, the curve becomes flat

at low temperatures. This is best visible for the data at 2.75 T. Lines are a guide to the eye only.

T 3 dependence on temperature, also refer to equation (5.4). But for (Hpip)2CuCl4 this is expected

to happen below 30 mK only.

Theoretical modelling

Two different approaches were used to model the heat capacity data theoretically: XXZ-chain

mapping of the Hamiltonian and exact diagonalisation. The first one is limited to strongly coupled

ladders and is useful for a qualitative understanding. Exact diagonalisation is used for a quantita-

tive comparison and confirms the experimentally obtained couplings Jrung and Jleg.

The Hamiltonian of the spin- 12 ladder can be mapped onto the Hamiltonian of the spin- 12 XXZ-

chain. The singlet state and the lowest energy triplet state then form an effective spin S̃ = 1
2 on

each rung of the ladder, the upper triplet states |t0 > and |t− > are omitted.

HXXZ = J
N
∑

i

(S̃i
xS̃

i+1
x + S̃i

yS̃
i+1
y + δS̃i

zS̃
i+1
z )− gµBB̃

N
∑

i

S̃i
z. (5.7)

This equation is valid for a ladder in the strong coupling limit: Jleg << Jrung so that J = Jleg

and δ = 1
2 is the anisotropy parameter. The effective field corresponds to the ladder exchange

interactions:

B̃ = B − Jrung +
1
2Jleg

gµB
= B −Bmiddle. (5.8)

That means if the ladder is at half magnetisation at B = Bmiddle, the effective field B̃ in this

model is zero. Or in other words, the ladder at Bmiddle looks like the chain at zero field. At this
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point, one can see that the XXZ-chain mapping must be symmetric.

This model is well suited to describe the low temperature heat capacity cp and magnetisation M ,

as long as T < J . A mean-field approach of equation (5.7) via Jordan-Wigner transformation

yields the dispersion relation for spinless interacting fermions in a magnetic field, which is valid

for this system:

ǫk = −J(1 + 2δΩ)cos(ka)− gµBB̃ + 2Jδm. (5.9)

The parameter Ω quantifies the renormalisation of the dispersion relation with changing magnetic

field and is obtained by:

Ω =
a

π

∫ π/a

0

cos(ka)fkdk, (5.10)

where fk is the Fermi distribution function:

fk =
1

exp(ǫk/kBT ) + 1
. (5.11)

Finally magnetisation and heat capacity may be calculated:

M = −1

2
+

a

π

∫ π/a

0

fkdk, (5.12)

cp =
Na

π

∫ π/a

0

dfk
dT

ǫkdk. (5.13)

These equations were taken from [Sol09].

The ALPS software (Algorithms and Libraries for Physics Simulations) was used for the full diag-

onalisation of the single spin ladder Hamiltonian, equation (2.2). ALPS is an open source software

project, which develops libraries and application programs for the simulation of strongly correlated

quantum lattice models [Bau11]. Using the full and exact diagonalisation option, ladders of up to

8 rungs were simulated. It was found that an even or odd number of rungs overestimates or un-

derestimates, but results quickly converge with an increasing number of rungs.

The lines in figure (5.2 b-d) are ED calculations for a 8 rung ladder. They show very good agree-

ment with the measurements. Small deviations start to occur for temperatures above 3 K, where

the substracted background model begins to differ from the ideal T 3 behaviour. As mentioned

above, this might be improved by a more difficult background fitting, but this high temperature

regime is of little physical interest. At low temperatures the calculations overestimate the bend,

that indicates the cross-over into the Luttinger liquid. This error of the ED calculation is due to

the finite length of the computed ladder.

Figure (5.5) shows the results of the XXZ-chain mapping and the ED in comparison to measured

data at constant temperature. At low temperatures, the XXZ-chain mapping is in acceptable

agreement with the data, but fails to cover the asymmetric shape of the curve. The reason for

that is the assumed strong coupling limit, which is no longer valid. The ratio Jrung/Jleg is 2.55.

At high temperature, the XXZ-chain model fails completly for (Hpip)2CuCl4, as T approches Jleg.

This is an innate problem of the XXZ-chain ansatz, which only takes the singlet and the lowest

triplet state into account. At higher temperatures, the other two triplet states are accessed by

heat capacity measurements as well.

The exact diagonalisation results are in general in good agreement with the measurements at all



5.1 Heat Capacity 87

0 2 4 6 8
Magnetic Field [T]

0

2

4

6

8

10

C
m

ag
/T

[m
J/

g
K

2 ]
measurement
ED
xxz-mapping

T = 310 mK

(a)

0 2 4 6 8
Magnetic Field [T]

0

2

4

6

8

10

C
m

ag
/T

[m
J/

g
K

2 ]

measurement
ED
xxz-mapping

T = 466 mK

(b)

0 2 4 6 8
Magnetic Field [T]

0

2

4

6

8

10

C
m

ag
/T

[m
J/

g
K

2 ]

measurement
ED
xxz-mapping

T = 618 mK

(c)

0 2 4 6 8
Magnetic Field [T]

0

2

4

6

8

10

C
m

ag
/T

[m
J/

g
K

2 ]
measurement
ED
xxz-mapping

T = 1.04 K

(d)

Figure 5.5: Comparison of magnetic heat capacity measurements at constant temperatures with theoretical data

calculated by XXZ-chain mapping and exact diagonalisation of the ladder hamiltonian. The failure of the XXZ-chain

mapping is due to the small coupling ratio of Jrung/Jleg = 2.55.

temperatures. They overestimate the absolute heat capacity in the Luttinger liquid regime by

about 5 %, as was already seen in the temperature scans. Once more the finite length of the

computed ladder is the cause for the deviations.

All in all heat capacity measurements perfectly confirm the assumption, that (Hpip)2CuCl4 is

an antiferromagnetic spin- 12 ladder. A minimal Hamiltonian, equation (2.2), which just takes a

rung and a leg exchange into account, is sufficient for a theoretical modelling.

We now turn to a different observable: the magnetocaloric effect.
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5.2 Magnetocaloric Effect, Entropy, and Grüneisen Parameter

The measurements of the magnetocaloric effect were performed in the same run as the heat capacity

measurements, therefore the same sample specimen was used. The temperature of the 3He insert

was always kept at a base temperature of 280 mK, while the calorimeter heater was used to set

the sample temperature. At constant sample temperature - or rather at constant heating power

- the magnetic field was swept from 0 T to 12 T and back at a sweep rate of 75 mT/min. That

means that each measurement took 5.5 hours time, which poses a high demand on the stability of

the bath temperature. During a field sweep, the variation of the sample temperature is as much as

±7% at 320 mK and decreases to ±0.3% at 3.1 K. This gives the uncertainity of the temperature

in the graphs. Measurements were taken at 16 different temperatures, varying between 0.32 K and

3.1 K.

The results are displayed in figure (5.6). The average between up and down sweep was calculated, to

rule out any random temperature events. The raw data shows a small increase at highest magnetic

field, which becomes larger with decreasing temperature. This is the paramagnetic background of

the calorimeter chip. This background was determined by fitting

ΘChip = a ·B + b ·B2 (5.14)

to the high field tail of each sweep. The exact fitting function would be derived from the Langevin

function L(x), but it can be approximated, if the magnetic field is small compared to the saturation

field (of the calorimeter chip):

M = NL(ξ), (5.15)

ξ =
µBB

kBT
, (5.16)

L(x) = coth(x)− 1

x
≈ x

3
− x2

20
, (5.17)

ΘChip =
∂M

∂T
= −N

3

µB

kB

B

T 2
+

N

40

µ2
B

k2B

B2

T 3
. (5.18)

For T > 1 K, the background becomes insignificantly small. Furthermore the magnetocaloric effect

of the empty chip was measured, to ensure that this is really a calorimeter and not a sample effect,

see figure (4.4c). The background is substacted in figure (5.6).

All magnetocaloric effect data were normalised with respect to the sample mass.

A detailed view of the data in the Luttinger liquid regime shows figure (5.6c). Note that all sweeps

intersect at one point, but not at Θ = 0. Exact diagonalisation will prove, that this is a real sample

effect and not a measurement artefact.

Figure (5.7) shows a contour plot of the magnetocaloric effect for a field range between 0 T and

8 T and for temperatures below 1.5 K. Similar to the heat capacity, this picture represents the

phase diagram of the spin ladder. Clearly visible are the two quantum critical points, the quantum

disordered, Luttinger liquid and polarised regime.

The magnetocaloric effect data were used fourfold:

First, the zero transitions, which indicate the cross-over into the Luttinger liquid, are shown to-

gether with heat capacity in figure (5.3). Here they helped to determine the critical magnetic fields.

Remember that zero transitions of the magnetocaloric effect correspond to extrema in magnetisa-

tion, see equation (4.22). Also note the asymmetry in the measurements. Only for temperatures

below 420 mK, there are zero transition on the left side of the Luttinger liquid dome, while the
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0 2 4 6 8 10 12
Magnetic Field [T]

-4

-2

0

2

4
(d

Q
/d

B
)/

T
[m

J/
T

K
g]

320 mK
380 mK
420 mK
470 mK
520 mK

(a)

0 2 4 6 8 10 12
Magnetic Field [T]

-4

-2

0

2

4

(d
Q

/d
B

)/
T

[m
J/

T
K

g]

730 mK
1.03 K
1.54 K
2.04 K
3.07 K

(b)

1.5 2.0 2.5 3.0 3.5 4.0 4.5

Magnetic Field [T]

-1.0

-0.5

0.0

0.5

1.0

(d
Q

/d
B

)/
T

[m
J/

T
K

g]

320 mK
380 mK
420 mK
470 mK
520 mK
570 mK
630 mK

(c)

0 2 4 6 8
Magnetic Field [T]

-4

-2

0

2

4
(d

Q
/d

B
)/

T
[m

J/
T

K
g]

-4

-2

0

2

4

S
[m

J/
K

g]

MCE data
MCE ED
Entropy data
Entropy ED

T = 320 mK

(d)

0 2 4 6 8
Magnetic Field [T]

-4

-2

0

2

4

(d
Q

/d
B

)/
T

[m
J/

T
K

g]

-4

-2

0

2

4

S
[m

J/
K

g]

MCE data
MCE ED
Entropy data
Entropy ED

T = 470 mK

(e)

0 2 4 6 8
Magnetic Field [T]

-2

0

2

4

6

(d
Q

/d
B

)/
T

[m
J/

T
K

g]

-2

0

2

4

6

S
[m

J/
K

g]

MCE data
MCE ED
Entropy data
Entropy ED

T = 1.04 K

(f)

Figure 5.6: (a) Single scans of magnetocaloric effect of (Hpip)2CuCl4, showing Luttinger liquid and polarised regime.

(b) Single scans of magnetocaloric effect, showing the high temperature regime. (c) Detailed view of the MCE scans

in the Luttinger liquid regime. (d-f) Comparison between experiment and ED simulations of the MCE (red) and

entropy in the background (blue).
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right side shows zero transitions up to 570 mK.

Secondly, from the magnetocaloric effect, the uniform magnetisation was calculated, using the pro-

cedure described in chapter 4. The results will be presented together with further measurements

in the next section.

Thirdly, a direct comparison to calculations by exact diagonalisation is possible. The quasi-

isothermal magnetocaloric effect and the magnetic entropy are linked by

−∂M

∂T
=

1

T

dQ

dB
= − ∂S

∂B
. (5.19)

According to this equation, a more correct name for this measurement technique would be magneto

entropic effect.

The ALPS software also calculates the magnetic entropy. A comparison between the derivative

of the simulated entropy and the data show figures (5.6d-f). Once more, the agreement is very

good. The fact that the various sweeps do not intersect at Θ = 0 and the asymmetry is reproduced

as well. In the background of figures (5.6d-f), the measured and simulated entropy is shown. At

lowest temperatures, finite size effects of the ED calculation become once more apparent.

Last but not least, the entropy was calculated for the whole phase diagram. Since (Hpip)2CuCl4

magnetically saturates at high fields and low temperatures, it is possible to calculate the entropy

in absolute units. This is done by integration of the equations (5.19) and (5.6). The fact that

the magnetic entropy is zero in the polarised regime yields the necessary integration constants.

To prove that S = 0 J/K in the polarised regime, the correlation between entropy and partition

function Z is needed:

S =
∂

∂T
(kBT lnZ). (5.20)

In the polarised regime all spins are aligned, i.e. there is only one possible state and Z = 1, which

then means ln(Z)= 0.

The magnetic entropy divided by temperature is shown in figure (5.8) as a contour plot. Approach-

ing the quantum critical points, the entropy shows two maxima, that are seperated by a minimum,

where the Luttinger liquid is. At first glance the entropy contour plot resembles the heat capacity

contour plot, but there are differences. Heat capacity showed further maxima for the closing of the

Zeeman gap, especially near zero magnetic field, see figure (5.3). Those are missing in the entropy

plot.

Theoretically, an accumulation of entropy was expected on approaching a quantum critical point

[Zhu03], [Wu11]. Experimentally, this was only recently shown for Sr3Ru2O7 by Rost et al. [Ros09].

But Sr3Ru2O7 has two more first order phase transitions at low temperatures obscuring the quan-

tum critical point. For (Hpip)2CuCl4 entropy is only influenced by the two QCPs at Bc1 and

Bc2. Therefore (Hpip)2CuCl4 might be better suited to study entropy behaviour near QCPs.

Unfortunately the temperature seems still too high to fit the data with a critical function:

S

T
∝ |B −Bc

Bc
|−ν , (5.21)

The data at least confirms the idea that entropy accumulates and stresses the need to push for

lower temperatures.
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diagram of the quantum spin ladder is reproduced. Clearly visible are the two quantum critical points, the Luttinger
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dome like phase boundary into the Luttinger liquid and show where magnetic saturation sets in.
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Figure 5.8: Entropy plot of (Hpip)2CuCl4 calculated by field integration of the magnetocaloric effect data and

temperature integration of the 11 T heat capacity data. The fact that S = 0 J/K in the polarised regime and

the combination of MCE and heat capacity determine the necessary integration constant. Entropy is divided by

temperature for a better comparison.
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Grüneisen parameter

Analog to the Grüneisen parameter, which is the ratio of thermal expansion and heat capac-

ity, refer to equation (2.17), a magnetic Grüneisen parameter ΓB can be defined as the ratio of

the temperature derivation of the magnetisation (quasi-isothermal magnetocaloric effect) and the

magnetic heat capacity:

ΓB = − (∂M/∂T )B
cmag

=
1

T

∂T

∂B
|S . (5.22)

The role of the Grüneisen parameter for a quantum critical point was investigated by Zhu et al.

[Zhu03]: At a classical phase transition, thermodynamic properities like heat capacity or thermal

expansion diverge and thus help identify the phase transition. A QCP is at a temperature of

zero kelvin, where heat capacity and thermal expansion are zero as well, due to the third law of

thermodynamics. But heat capacity approaches zero faster than thermal expansion, which means

that the Grüneisen parameter diverges. In other words, the divergence of the (magnetic) Grüneisen

parameter allows the identification of a quantum critical point.

The correlation length ξ and the correlation time ξT diverge as well close to a QCP:

ξ ∝ |B −Bc

Bc
|−ν , (5.23)

ξT ∝ ξz. (5.24)

The temperature dependence of ΓB at the critical magnetic field yields information about the

critical exponents:

ΓB(T,Bc) ∝ T−1/(νz) (5.25)

If the tempeture approaches zero, ΓB obeys the following equation:

ΓB(T → 0, B) = −Gr
1

B −Bc
, (5.26)

where Gr is a combination of the critical exponents and the dimensionality d

Gr =
ν(d− y0z)

y0
(5.27)

and y0 characterises the temperature power law of the heat capacity [Zhu03].

Figure (5.9a) shows the magnetic Grüneisen parameter with respect to the magnetic field. Grey

lines mark the critical fields, that were determined from caloric and magnetisation measurements.

Qualitatively one can see, that the magnetic Grüneisen parameter increases with decreasing tem-

perature and that a singularity develops at the critical fields, according to equation (5.26). But

for an exact fit of the data to equation (5.25), the temperature is still too high.

Figure (5.9b) shows the temperature dependence of ΓB at the critical fields with double loga-

rithmic scaling. A T−1-curve and a T−3/2-curve are drawn for comparison. Also shown in grey

is the magnetic Grüneisen parameter at B = 1.9 T. If the magnetic field is slightly off, ΓB shows

no power law behaviour. If B approaches Bc1 the data points become a straight line. Thus the

critical regime was found to be very narrow: ∆Bc1,c2 = ±100 mT.

It is a surprising result that the exponents differ for the two critical points, at least within

the XXZ-chain mapping ansatz, which is symmetric. Equation (5.28) suggests a T 1/2 behaviour
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Figure 5.9: (a) Magnetic Grüneisen parameter of (Hpip)2CuCl4 with respect to the magnetic field. Grey lines

indicate the critical magnetic fields. (b) Temperature dependence of the magnetic Grüneisen parameter at the two

critical fields and at B = 1.9 T.

for magnetisation (see next section), which means a T−1/2 behaviour for the magnetocaloric effect.

This would result in a T 1 behaviour for the heat capacity at Bc1 and a T 1/2 behaviour for the heat

capacity at Bc2.

But the XXZ-chain ansatz neglects the upper two triplet branches. At Bc1 the thermal access to

these triplet branches is easier than at Bc2, because the bands continue to separate with increasing

field. So what we see in the critical behaviour is possibly the changing influence of the upper triplet

branches.

That the upper triplets have a subtle influence even at very low temperatures was also witnessed

by Thielemann et al. [Thi09c], when mapping the phase transition from Luttinger liquid to 3D

order by neutron diffraction, also refer to figure (2.15).

In this thesis ΓB was determined by separately measuring ∂M/∂T and cmag as a function of

B. For the measurement of ∂M/∂T the quasi-isothermal magnetocaloric effect was used. Note

that ΓB can also be measured directly using the adiabatic magnetocaloric effect ∂T/∂B|S , also
refer to equation (5.22). I want to point out once more, that the measurements of the adiabatic

and the quasi-isothermal magnetocaloric effect require two different experimental techniques. The

advantage of the quasi-isothermal magnetocaloric effect is that it yields entropy in absolute values

and allows the measurement of magnetisation.

A measurement of ΓB by the adiabatic magnetocaloric effect in the vicinity of a quantum critical

point was done by Wolf et al. [Wol11]. They show the divergence of the Grüneisen parameter for

the spin- 12 antiferromagnetic Heisenberg chain [Cu(µ-C2O4)(4-aminopyridine)2(H2O)]n (abbrevi-

ated CuP). As a spin- 12 chain, CuP features only one QCP at a magnetic field of Bs = 4.09 T, the

saturation field, and thus also allows a very good experimental access. Rather than investigating

critical behaviour, Wolf et al. show the applicability of spin- 12 antiferromagnetic chains for mag-

netic cooling. They conclude that such materials indeed can compete with the common magnetic

refrigerators, which use paramagnetic salts.
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Another approach to determine ΓB is the direct measurement of magnetisation as a function

of temperature, which also easily allows the calculation of ∂M/∂T . A separate heat capacity mea-

surement must then be performed in order to calculate ΓB .

This was done for example by Tokiwa et al. [Tok09]. They proved the divergence of the magnetic

Grüneisen parameter for the first time, investigating the heavy-fermion metal YbRh2Si2, which

has a critical magnetic field of 0.06 T. The critical behaviour of this type of material could be

analysed and critical exponents could be determined.

Despite the excellent results of Tokiwa et al. this experimental approach might not be the op-

timal one. First, they need to measure ΓB as a function of temperature. Contrary to that, the

method used in this thesis allows the measurement of ΓB as a function of the magnetic field, which

is the control parameter of the quantum phase transition. Secondly, using the quasi-isothermal

magnetocaloric effect for the measurement of ΓB requires only one experimental setup, a calorime-

ter, while the method of Tokiwa et al. requires a calorimeter plus a magnetometer. This might

introduce systematic errors, that are for example due to different sample specimen, different orien-

tations of the sample in the magnetic field (misorientation), and different thermometer calibrations.

In summary: This section showed that the measurement of the quasi-isothermal magnetocaloric

effect is a most powerful tool for the investigation of quantum critical behaviour. It allows the

identification of quantum critical points via the accumulation of entropy, which can be easily calcu-

lated from the magnetocaloric effect. Furthermore it allows an exact measurement of the magnetic

Grüneisen parameter, which diverges at a quantum phase transition, and thus allows the determi-

nation of critical exponents.

In principle, this measurement technique is applicable to lowest temperatures. So the next step

would be the continuation of these measurements down to e.g. 50 mK. In the near future, this

will be possible using the calorimeter option of the CM17T system. Then (Hpip)2CuCl4, and

also (Hpip)2CuBr4, will be excellent reference materials for the investigation of quantum phase

transitions.
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5.3 Magnetisation

The LaMMB setup for caloric properties (CM14.5T) allows measurements of heat capacity and

magnetocaloric effect down to a temperature of 280 mK. The results were shown in the last two

sections. But for a more accurate determination of the critical magnetic fields Bc1,c2 even lower

temperatures are desirable. Furthermore 3D antiferromagnetic order is expected to occur.

The next section will present measurements of magnetisation down to 112 mK (55 mK), that were

obtained using my cantilever magnetometer (chapter 3) and magnetisation data up to 3 K, that

were obtained using my thermodynamic method (chapter 4).

Although no clear sign of 3D order was found, these data confirm the previous results and show

very good agreement with theoretical models as well.

Samples and measurements

There are three data sets for the magnetisation of (Hpip)2CuCl4, which were measured in dif-

ferent temperature regimes and using three different experimental methods:

High temperature regime: For 6 different temperatures between 1.7 K and 5 K the Vibrating

Sample Magnetometer of the PPMS was used to measure magnetisation as a function of the mag-

netic field up to 14 T. Furthermore a temperature scan at a fixed magnetic field of B = 1 T was

performed for temperatures between 1.7 K and 300 K. The oscillation frequency was 40 Hz and

the amplitude 1 mm. These data are shown in figures (6.3) and (4.7). The sample was shaped like

a flat rectangle of 5 mm times 2 mm size and had a mass of 10.09± 0.01 mg. It is shown in figure

(4.5b). The temperature scan shows the general antiferromagnetic behaviour of (Hpip)2CuCl4

with a maximum in magnetisation at 2.13 K for B = 1 T. It can be found in figure (6.2) in the

next chapter. Apart from that the minimum PPMS temperature of 1.7 K is too high to reveal any

spin ladder physics.

Intermediate temperature regime: These data are calculated from the magnetocaloric effect data,

which were shown in the last section, using the method described in chapter 4. They cover the

temperature range from 0.32 K to 3 K for magnetic fields up to 12 T. The sample was the same

as for the heat capacity measurements with a mass of 3.73± 0.01 mg.

Figure (5.10) shows the magnetisation as a function of magnetic field and the derivative with respect

to the field. For low temperatures an inflection point evolves at half magnetisation. This inflection

point corresponds to the double peak feature, which is visible in the derivative for T < 0.72 K.

The peaks indicate the cross-over into the Luttinger liquid regime, which has a dome-like shape

in the temperature-field-phase diagram. These measurements show only the upper part of the

Luttinger liquid dome and do not allow the exact determination of the critical fields. Therefore

measurements at lower temperature were necessary. In the susceptibility data, figure (5.11), the

transition into the Luttinger liquid can be seen as a local minimum of susceptibility for magnetic

fields smaller than 2.8 T and as a local maximum for magnetic fields larger than 3.3 T.

Low temperature regime: These measurements were taken using the cantilever magnetometer

for temperatures between 112 mK and 382 mK in magnetic fields up to 6 T, see figure (5.12). The

sample had a kind of pyramid shape and a mass of 0.73±0.01 mg. The broad base of the pyramid
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Figure 5.10: Magnetisation of (Hpip)2CuCl4 as a function of magnetic field (a) and its derivative (b), obtained from

the combination of magnetocaloric effect and VSM measurements, see chapter 4. Peaks in the derivative signal the

transistion into the Luttinger liquid.
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Figure 5.11: Susceptibility of (Hpip)2CuCl4 as a function of temperature (a) and a detailed view of the Luttinger

liquid regime (b), obtained from the combination of magnetocaloric effect and VSM measurements. Close to the

critical fields, local extrema indicate the transition into the Luttinger liquid.
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Figure 5.12: Magnetisation of (Hpip)2CuCl4 as a function of magnetic field (a) and its derivative (b), obtained

from the cantilever magnetometer. For a temperature of 382 mK a curve obtained from magnetocaloric effect

measurements is drawn in brown for comparison.

was fixed on the cantilever with a small amount of Apiezon N grease. The mounted sample can

be seen in figure (3.7).

The measurements were taken with a magnetic field step size of 100 mT, the 175 mK scan with

a step size of 25 mT. Each step required a waiting time of several minutes in order to wait for

thermal equilibrium after a change of magnetic field (eddy current heating). The temperature was

monitored using a calibrated ruthenium-oxide resistivity thermometer at the cantilever and two

more ruthenium-oxide sensors at the dilution mixing chamber in the field compensated area.

The main temperature error is due to the commercial calibration of the temperature sensor. The

manufacturer LakeShore typically specifies an error of 5 mK for temperatures below 150 mK and

an error of 10 mK for temperatures above 150 mK. Another error source are small drifts of the

base temperature. Overheating of the sample should be ruled out due to the long waiting times

after each field sweep.

All samples were aligned with the magnetic field parallel to the copper spin ladder.

Saturation

At 1.7 K and a magnetic field larger than 10 T the saturation of (Hpip)2CuCl4 is clearly visi-

ble, refer to figure (6.3). The raw PPMS measurement gives a saturation value of 0.01397(1) Am2

per gramm. At this point one has to remember the influence of sample size and oscillation am-

plitude on the accuracy of the VSM measurement. For a cylindrical sample of 2 mm diameter

and 5 mm length at a vibration amplitude of 1 mm the PPMS manual states that the measured

value is 96.9 % of the true value. The measured speciman was not perfectly cylindrical, but this

correction yields a saturation value of 0.01442(1) Am2 per gramm (5.445(4) Am2 per mole). This

corresponds to a g-factor of 1.95, which seems slightly too small [Pat90].

The deviation may be caused by defects of the sample. Susceptibility measurements of (Hpip)2CuBr4

samples from the same source showed a defect concentration of 0.94(5) % [Thi09a]. Defect rungs

may be caused by impurities and by crystal defects, i.e. beginning and end of a ladder segment.

The distance between defective rungs was estimated to be 0.16 µm [Sol09].



98 5 (HPIP)2CUCL4

For the cantilever measurements, saturation is already visible at 6 T at 112 mK. Here an absolute

saturation value of 0.0147(11) Am2 per gramm (5.55(41) Am2 per mole) was determined. The

corresponding g-factor is 1.99 ± 0.15. The relative error is 7.3 %, it is the sum of the calibration

error (6 %, see chapter 3) and the error of the sample mass (1.3 %). The deviation between VSM

and cantilever measurement is 2 %, which is very good, because for the calibration of the cantilever,

a maximal uncertainity of 6 % was estimated. For the figures, the VSM data were multiplied with

a factor of 1.02, to allow a better comparison between cantilever, VSM and MCE data.

All in all, both the VSM and the cantilever magnetisation measurement seems not very well suited

to accurately measure the g-factor. For all theoretical calculations a g-factor of 2.06 was deter-

mined to deliver the best fit to the data. A g-factor of 2.06 is also in good agreement with single

crystal ESR measurements of (Hpip)2CuBr4 for a magnetic field parallel to the a-axis, i.e. parallel

to the ladder [Pat90].

The exact knowledge of the g-factor is not critical to the calculations, since it only shifts the mag-

netic field by a small factor. All theoretical calculations were also performed with a g-factor of

1.95, the value obtained from the VSM data, and a g-factor of 1.99, the value obtained from the

cantilever, but the agreement between measurement and theory was worse for these values.

Magnetisation results

The maxima in the derivative of magnetisation with respect to field may be taken as an indi-

cator for the transition into the Luttinger liquid, figures (5.10) and (5.12). Extrapolation to zero

temperature yields critical fields of Bc1 = 1.67 ± 0.05 T and Bc2 = 4.34 ± 0.10 T. Those are in

good agreement with heat capacity measurements (Bc1 = 1.76± 0.10 T and Bc2 = 4.45± 0.10 T).

Another possibility to extract the critical fields is a square root fit to the magnetisation curve.

The square root behaviour is expected for a perfect 1D system at zero temperature [Gia99]. Figure

(5.13) shows fits to the curve at 175 mK. This curve was chosen because it is at reasonably low

temperature and has the highest number of points. Critical fields of Bc1 = 1.72 ± 0.05 T and

Bc2 = 4.36± 0.10 T are obtained from these fits.

Near the critical fields, the fit and the data disagree. In (Hpip)2CuCl4 this is possibly due to

the temperature, which is still too high and causes thermally activated spin flips. For even lower

temperature, a deviation from the square root behaviour is actually expected, because such a de-

viation would be an effect of the 3D coupling. In this case, magnetisation very close to the critical

fields depends linearly on the magnetic field.

This was shown for (Hpip)2CuBr4 at a temperature of 40 mK by Klanjsek et al. [Kla08]. They

used the nuclear magnetic resonance of 14N and its hyperfine coupling to the magnetic Cu2+ ions

to obtain the magnetisation curve. A uniform magnetisation of the copper ions shifts the position

of the NMR quadrupole doublet, while an antiferromagnetic, staggered magnetisation causes the

NMR line to symmetrically split into two lines. The antiferromagnetic staggering doubles the

number of inequivalent N-sites, thus the split, which is an indication for the 3D order, see figure

(5.14).

For (Hpip)2CuCl4 the exchange couplings are smaller by a factor of 4 than in (Hpip)2CuBr4. If

the 3D interaction scales similarly, it would require a temperature of at least 10 mK, in order

to observe the 3D ordered phase by direct measurement of the uniform magnetisation. This low

temperature would be necessary to rule out temperature effects, as seen if figure (5.13). A mea-

surement at 10 mK is below the capabilty of the CM17T system. Although the dilution refrigerator
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Figure 5.13: Extraction of the critical magnetic fields by applying square root fits to the magnetisation curve of

(Hpip)2CuCl4 at T = 175 mK. Deviations near the critical fields are possibly due to the temperature and not the

onset of 3D order, see text.

Figure 5.14: (a) Crystal structure of (Hpip)2CuBr4 with highlighted inequivalent nitrogen atoms. NMR spectra

at 120 mK (Luttinger liquid phase) and 40 mK (3D ordered phase) at 9 T. (b) Uniform magnetisation at 40 mK

reconstructed from NMR measurements. The insert shows the linear behaviour of the magnetisation near the upper

critical field, as expected for a 3D system. Pictures taken from [Kla08].
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Figure 5.15: Comparison of the measured magnetisation data (red dots) with the XXZ-chain mapping (light green

line) and exact diagonalisation (dark blue line). The derivative of magnetisation with respect to field is shown with

the same scaling for the measurement (brown dots) and the simulations (dark green line, light blue line).

can in principle achieve 8 mK base temperature, the experiment remains warmer. This is due to

heat input via the cables, radiation, and the capacitance measurement. One also has to keep the

distance between experiment (field center) and mixing chamber in mind, which is about 38 cm.

Remember that Fourier’s law of heat transfer depends linearly on the distance. The second 9 T

magnet of the CM17T system in combination with a nuclear demagnetisation stage would decrease

the base temperature to about 0.5 mK and might enable such measurements in the future.

On the other hand, the transition into the 3D ordered phase would already be expected at about

30 mK and might be directly observed by low temperature neutron scattering.

Once more the measurements of magnetisation are compared to theoretical calculations, using

XXZ-chain mapping and exact diagonalisation. The same exchange couplings as for the heat ca-

pacity were used. Figure (5.15) shows the results. Again XXZ-chain mapping allows a qualitative

comparison, but fails to cover the asymmetric shape of the magnetisation. The derivative, as shown

in the same figure for each temperature, is especially suited to check the quality of the fit. The

asymmetry of the peaks was already experimentally observed by [Wat01] for (Hpip)2CuBr4, but

not compared to a model other than the XXZ-chain. In (Hpip)2CuBr4 the asymmetry was less

obvious and might have been caused by measurement uncertainties. The compound (Hpip)2CuCl4
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Figure 5.16: Magnetisation at the critical magnetic fields as a function of temperature. If the sample obeys the 1D

scaling laws, data (black dots) is expected to follow a square root function (red line). Deviations would hint at 3D

order, but data at lower temperature is still lacking.

verifies, that this asymmetry is due to the smaller coupling ratio. Another similarity to Watson’s

data is, that the XXZ-chain mapping overestimates the sharpness of the double peak feature.

All in all, the difference between experimental data and XXZ-chain mapping is much less apparent

then in the heat capacity data. Another contrast to heat capacity is that for higher temperature

the XXZ-chain fit becomes better, while becoming worse for the heat capacity. But that also

means, that heat capacity is more sensitve to a changing coupling ratio and thus better suited to

experimentally determine it.

In contrast to that, exact diagonalisation shows a very good agreement between experiment and

theory. Here a 8 rung ladder calculation was used.

Knowing the temperature dependence of magnetisation in the vincinity of the critical field, one

may check if the universal scaling laws for 1D magnetisation are obeyed. Under the assumptions

T < Jleg, gµB |B−Bc| < JlegkB , gµB |Bs−B| < JlegkB and Jleg << Jrung the following equations

are valid [Wat01]:

M(B, T )

Ms
=

√

2kBT

Jleg
M(

gµB(B −Bc1)

kBT
), (5.28)

1− M(B, T )

Ms
=

√

2kBT

Jleg
M(

gµB(Bc2 −B)

kBT
). (5.29)

The universal function M is the fermion density [Wat01]. Plotting the magnetisation at the critical

field for various temperatures, we expect a square root behaviour, figure (5.16). Deviations from

the square root behaviour at lower temperatures might hint at 3D order, but again the strong

coupling assumption is weak. Measurements at temperatures as low as 10 mK would be required.

As it is, figure (5.16) gives another proof for the one-dimensional behaviour of (Hpip)2CuCl4.
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Figure 5.17: (a) Magnetisation of (Hpip)2CuCl4 with the magnetic field perpendicular to the a-direction, measured

with the cantilever magnetometer. Data with B ‖ a at 112 mK is shown in dark grey. (b) Derivative of magnetisation

with respect to the magnetic field.

The last figure (5.17) shows the magnetisation with the magnetic field perpendicular to the

a-direction. The data were measured using the cantilever magnetometer down to a temperature

of 55 mK and in fields up to 6 T, with a step size of 25 mT. The sample mass was 1.57±0.01 mg.

Figure (5.17b) shows the derivative with respect to the magnetic field. The magnetisation with B

parallel to a at 112 mK is shown in dark grey for comparison. The difference in the saturation

values is due to the different g-factors and the measurement uncertainity of about 6 % for both

measurements. The derivative shows that there are differences in curve shape for the two directions,

which cannot be explained with different g-factors. This is possibly due to the fact that there are

two inequivalent ladders per unit cell, figure (2.2). These measurements show that B parallel to a

is the preferred orientation for measurements.
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5.4 Critical Fields, Coupling Ratios, Energy Gap, and Dispersion Rela-

tion

The critical magnetic fields of (Hpip)2CuCl4 were determined by measurements of heat capacity

in combination with magnetocaloric effect and magnetisation. They are summarised in table (7).

The critical fields allow the determination of the coupling ratios Jrung and Jleg and therefore the

dispersion relation ω(Q) and the energy gap ∆.

For the upper critical field, a simple relation exists:

Bc2 =
(Jrung + 2Jleg)kB

gµB
. (5.30)

This equation is not modified by a finite diagonal coupling [Thi09a]. Basically for a spin flip, you

have to pay for the interaction with the nearest neighbours, and that is one neighbour on each

rung and two on the leg.

The energy gap ∆ is in a first approximation caused by the rung coupling. A vanishing rung

coupling would correspond to the case of isolated antiferromagnetic chains, which are gapless. The

dispersion relation and the energy gap may be determined by pertubation theory [Rei94], [Oit96].

The inverse coupling ratio serves as the pertubation parameter:

γ =
Jleg
Jrung

. (5.31)

The following equations show the energy gap for 3. order and the dispersion relation for 2. order

pertubation [Rei94]:

∆ = Jrung(1− γ +
1

2
γ2 +

1

4
γ3 +O(γ4)), (5.32)

ω(Q) = Jrung(1 + γ cos(2πQ) +
1

4
γ2(3− cos(4πQ)) +O(γ3). (5.33)

In the case of (Hpip)2CuCl4 the inverse coupling ratio is 0.39. The condition γ << 1, which is

necessary for the application of pertubation theory, is only partially fulfilled. Therefore pertubation

up to 8. order was used to determine Jrung and Jleg [Oit96]. Also refer to figure (2.3), where the

dispersion relation was shown for different γ, calculated by pertubation and exact diagonalisation.

With increasing magnetic field, the gap closes linearly. Thus the energy gap and the lower critical

field are related:

gµBBc1 = ∆kB . (5.34)

Solving equations (5.30), (5.32) and (5.34) yields the coupling ratios and ultimatively the disper-

sion relation. At this point I would like to stress that the actual values of Jrung and Jleg should not

be ultimatively trusted. They slightly depend on the theoretical method, that was used to obtain

Method Bc1 [T] Bc2 [T]

Heat Capacity 1.76 ± 0.10 4.45 ± 0.10

Magnetisation (dM/dB) 1.67 ± 0.05 4.34 ± 0.10

Magnetisation (square root fit) 1.72 ± 0.05 4.36 ± 0.10

Average 1.73 ± 0.06 4.38 ± 0.07

Tajiri et al. [Taj04] - magnetisation 1.8 4.9

Table 7: Critical fields of (Hpip)2CuCl4, determined by heat capacity and magnetisation measurements.
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them, for example the order of pertubation theory. The actual physics depends on the dispersion

relation and the energy gap. As long as those are calculated using the same method and verified

by experiments, everything is okay.

Inelastic neutron scattering offers a direct means to measure the dispersion relation. Figure (5.18)

shows measurements at zero magnetic field and a temperature of 50 mK, together with a com-

parison to theoretical values. The INS measurements and calculations were done by Simon Ward

(University College London) at the triple axis spectrometer IN14 at ILL. A fit to these data also

yields the coupling ratios, which are in good agreement with values from thermodynamic and mag-

netic measurements. The values from the different methods and the values, which were used for

the theoretical calculations, are summarised in table (8).

Figure 5.18: Dispersion relation of (Hpip)2CuCl4 by inelastic neutron scattering (IN14 ILL) at zero magnetic field

and T = 50 mK. The right side shows the comparison with theory. Picture with kind permission of Simon Ward.

Method Jrung [K] Jleg [K] Jrung/Jleg

cp, M 3.49 ± 0.07 1.28 ± 0.06 2.72

INS 3.53 ± 0.05 1.33 ± 0.04 2.65

ED calculations 3.42 1.34 2.55

Tajiri et al. [Taj04] 3.52 1.13 3.12

Table 8: Coupling constants and coupling ratios of (Hpip)2CuCl4 determined by heat capacity/magnetisation,

inelastic neutron scattering and values used for the theoretical calculations.
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A direct comparison to the previous measurements from Tajiri et al. [Taj04] shows good agreement

for the lower critical field Bc1 and the rung coupling Jrung, but deviations for the upper critical

field Bc2, the leg coupling Jleg, and the coupling ratio. This is possibly caused by the fact, that

their data was limited to higher temperatures.
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5.5 Summary

The magnetic and caloric properties of the metal organic spin ladder compound (Hpip)2CuCl4

were investigated. Magnetisation, heat capacity, magnetocaloric effect, and entropy show very

good agreement with exact diagonalistion calculations, using a minimal spin ladder Hamiltonian.

The coupling constants were determined to be Jrung = 3.42 ± 0.08 K and Jleg = 1.34 ± 0.06 K.

Two quantum critical points were identified at the critical magnetic fields Bc1 = 1.73 ± 0.06 T

and Bc2 = 4.38 ± 0.06 T. This parameter set is valid for all results, including inelastic neutron

scattering. The coupling ratio of 2.55 identifies (Hpip)2CuCl4 as a ladder somewhere between the

strong and the isotropic coupling limit. The XXZ-chain mapping allows a qualitative description of

the data, but fails to provide an exact quantitative description. No sign of 3D interladder coupling

was found down to temperatures of 100 mK.

The behaviour of heat capacity, magnetocaloric effect, entropy, Grüneisen parameter, and magneti-

sation on approaching the quantum critical points was shown. It may be used for the identification

of a QCP in the doped compounds.

The very good agreement between measurement and exact diagonalisation allows the prediction

of physical properties of ideal spin ladders for varying coupling constants. For the transition from

the isotropic to the strongly coupled case, figure (6.28) in chapter 6 shows example calculations.

With the physics of (Hpip)2CuCl4 and (Hpip)2CuBr4 (chapter 2) understood, the basis for mea-

surements of mixed chlorine bromine samples is established, figure (5.19). Caloric and magnetic

measurements will be presented in the following chapter.
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Figure 5.19: Schematic phase diagram of (Hpip)2Cu(Clx−1Brx)4 for varying concentrations of chlorine and bromine.



107

6 Variation of the Superexchange

The doping of spin ladder materials has been an interesting field of research in the past. Most

attention was paid to cuprate ladders with hole doping. Those were predicted to become su-

perconducting due to charge pairing [Dag92]. Because of their strong similarity, cuprate ladders

are thought to provide a clue to the understanding of the high temperature superconductivity of

the cuprates. Spin ladders and hole doping were experimentally investigated using the following

materials [Nar05]:

• SrCu2O3 and Sr2Cu3O5: Those are prototypical two- and three-leg ladders, but no hole

doping was successful so far.

• La1−xSrxCuO2.5: Close to x = 20 an insulator-to-metal transition takes place, but no super-

conductivity could be found.

• Sr14−xCaxCu24O41: For x > 10 this material changes from insulating to metallic. Supercon-

ductivity appears when a high pressure is applied to metallic samples.

Apart from hole doping, another modification of ladder materials is possible: bond randomness.

Bond randomness means that the magnetic exchange between spins varies. For cuprate ladders,

this seems not possible, since bond randomness would require the replacement of oxygen atoms.

At this point, organic compounds become interesting: For (Hpip)2CuCl4 the magnetic exchange

is provided by the halide chlorine. Chlorine can chemically be replaced by bromine. The larger

bromine atoms also enlarge the distance between copper spins and thus modify the magnetic ex-

change. So the compound (Hpip)2Cu(Clx−1Brx)4 allows the study of bond randomness in an

antiferromagnetic spin- 12 ladder.

Also site randomness might be realised in (Hpip)2Cu(Clx−1Brx)4 by replacing a magnetic cop-

per ion with a non-magnetic Zn2+ ion. This creates an unpaired spin- 12 on a rung, figure (6.1).

Since those samples were not available for this thesis, no experimental data can be shown. But the

growth of such samples is possible. Therefore future measurements would allow a good comparison

between the effects of site and bond randomness using the same class of material.

These organic compounds offer another advantage. In contrast to cuprate spin ladders, their

excitation gap is much smaller and may be closed using a superconducting magnet. This means

that the influence of an external magnetic field on a ladder with bond or site randomness can be

investigated up to full magnetic saturation.

Also note that (Hpip)2Cu(Clx−1Brx)4, in contrast to some cuprate ladders, remains a non-charge

doped insulator.

For heavy doping, the bonds of rungs and legs become completely random. Such random 1D

antiferromagnets are interesting as well, because they represent another kind of physical problem:

the behaviour of one type of particle in a random magnetic field, i.e. in a random potential. This

would be for example an analogue to a particle in a carbon nanotube.

And there is another interesting physical issue: It was already shown that (Hpip)2CuCl4 is quan-

tum disordered. By replacing bromine with chlorine, randomness is introduced into the system

as well. Disorder and randomness are the ingredients for glassiness. Thus (Hpip)2Cu(Clx−1Brx)4



108 6 VARIATION OF THE SUPEREXCHANGE

Figure 6.1: Bond and site randomness of an antiferromagnetic spin- 1
2
ladder: (a) Weakening of the rung exchange

between two copper spins (bond dilution) by light doping. The rung remains in a singlet or triplet state. (b)

Replacing a magnetic with a non-magnetic ion (site dilution) creates an unpaired copper spin, i.e. a doublet.

may allow the study of 1D antiferromagnetic spin glasses.

Experimental data for ladders with bond randomness is still rare. A reason for that is that only

recently (Hpip)2CuBr4 appeared as an example for a perfect spin ladder. Other organic materials

have additional terms in their Hamiltonian, that deviate from the minimal ladder Hamiltonian

(also refer to chapter 2).

Measurements of magnetic and caloric properites of (Hpip)2Cu(Clx−1Brx)4 will be shown in this

chapter.
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Figure 6.2: Magnetisation as a function of temperature of (Hpip)2Cu(Clx−1Brx)4 between 1.72 K and 300 K at

B = 1 T. Theoretical data from a 8-rung exact diagonalisation using a minimal spin ladder Hamiltonian are plotted

as light blue lines. The insert shows the coupling constants Jrung and Jleg that were obtained from the fit as a

function of x.

The amount of bromine or chlorine in the metal organic compound (Hpip)2Cu(Clx−1Brx)4

tunes the strength of the magnetic exchange between the copper spins. Pure bromine has the

stronger exchange couplings and therefore higher critical magnetic fields, which are slightly too

high for comfortable experimental access to the high field regime. On the other hand it allows the

investigation of the 3D ordered phase at temperatures below 100 mK. Pure chlorine has a weaker

exchange, that requires lower temperatures for experimetal investigation, but has also smaller crit-

ical fields and therefore allows an easy access to the physics near the upper critical field. Both

compounds are an example for a 2-leg quantum spin ladder near the strongly coupled limit. An

equal amount of bromine and chlorine results in ladder material that seems closer to the isotropic

coupling limit, i.e. (Hpip)2CuBr2Cl2, which was investigated by Tajiri et al. [Taj04].

Other ratios of chlorine and bromine result in ladders with random bonds (doped ladders). One

may assume, that these doped materials interpolate between the strongly and the isotropic coupled

ladder. Whether this is true will be shown in the following paragraph.
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Figure 6.3: Magnetisation as a function of magnetic field of (Hpip)2Cu(Clx−1Brx)4 at 1.72 K and 3 K. The gapped

behaviour becomes visible with increasing bromine content. For samples with high chlorine content, saturation was

reached.

The two pure compounds (x = 0, x = 1) and the mixed compounds x = 0.1, x = 0.5 and

x = 0.9 were investigated using the PPMS VSM in magnetic fields up to 14 T.

Figure (6.2) shows magnetisation as a function of temperature between 1.72 K and 300 K at

a magnetic field of 1 T. Typical for an antiferromagnet, magnetisation develops a maximum at

low temperatures. For the pure chlorine compound the maximum occurs at a temperature of

2.13±0.02 K. With increasing bromine content, the maximum temperature increases as well up to

8.06±0.16 K for pure bromine. In a first approximation the rung coupling determines the location

of the maximum, while the leg coupling determines the width of the curve.

Theoretical data from a 8-rung exact diagonalisation are plotted as light blue lines above the mea-

surements. For the two pure compounds we observe a good agreement between measurement and

theory over the whole temperature range. For the mixed compounds, the fit is good in the high

temperature regime, but divergences appear at low temperatures. This indicates that additional

low energy excitations exist, which are thermally activated at low temperatures. This would also

mean that these materials can no longer be accurately described by a minimal ladder Hamiltonian.

This will be proven by the following low temperature measurements.

Despite the discrepancies the fitted rung and leg parameter are shown as an insert in figure (6.2).

While the pure compounds resemble a ladder near the strong coupling limit, it seems that for an

almost equal amount of bromine and chlorine the leg coupling exceeds the rung coupling.

Be aware that these data can only give an estimate of Jrung and Jleg, since the temperature is

still too high. Furthermore there are other small contributions to magnetisation, that were not

taken into account. There is a small diamagnetic contribution from all atoms and there might be

a paramagnetic contribution from impurities, refer to [Wat01].

Figure (6.3) shows field scans at constant temperatures of 1.72 K and 3 K. With increasing bromine

content the gapped behaviour becomes visible, while saturation is reached only for a high chlorine

content.
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These VSM measurements were combined with the magnetocaloric effect to produce magnetisa-

tion data down to 300 mK, which will be presented in the remainder of this chapter. In addition,

measurements of heat capacity down to 300 mK and up to 14.5 T for the mixed compounds

(Hpip)2Cu(Cl0.1Br0.9)4, (Hpip)2Cu(Cl0.5Br0.5)4 and (Hpip)2Cu(Cl0.9Br0.1)4 will be shown. Mag-

netic entropy will be calculated from the combination of heat capacity and magnetocaloric effect

measurements.
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6.2 (Hpip)2Cu(Cl0.1Br0.9)4

This section starts with a presentation of heat capacity, magnetocaloric effect, entropy, and mag-

netisation data of the chlorine doped compound (Hpip)2Cu(Cl0.1Br0.9)4. A qualitative discussion

of the data follows afterwards.

6.2.1 Heat Capacity

Heat capacity of (Hpip)2Cu(Cl0.1Br0.9)4 was measured in magnetic fields up to 14.5 T (using the

λ-stage of the CM14.5T setup). The magnetic field was oriented parallel to the crystallographic

a-axis, i.e. parallel to the legs of the ladder. The sample mass was 5.75 ± 0.01 mg. As always,

addenda measurements were performed beforehand.

There exist temperature scans at 25 different constant fields between 280 mK and 20 K, and field

scans up to 14.5 T at 9 different temperatures. A selection of representative scans is shown in

figure (6.4).

Since magnetic heat capacity sets in at higher temperatures than in (Hpip)2CuCl4, a pure T 3 law

was not accurate enough to account for the lattice heat capacity. Figure (6.4a) shows the overall

heat capacity across the whole temperature range. In two regions the magnetic heat capacity is

zero and the pure lattice contribution emerges: in zero magnetic field for temperatures below 0.5 K

and above 10 K, where the heat capacity is field independent. These points were fitted using a

logarithmic second order polynomial. This polynomial is just a fitting function, but it merges into

the expected T 3 behaviour for T < 1 K. The T 3 behaviour is also shown for comparison as a

purple line. The same Debye temperature as for (Hpip)2CuCl4 was used. Furthermore the total

heat capacity data had a significant nuclear magnetic contribution, that was substracted according

to equation (5.3).

The resulting magnetic heat capacity is presented in figure (6.4b-d). The field scans at constant

temperature (b) are especially instructive. For (Hpip)2CuBr4 a peak around 6 T marks the closing

of the Zeeman gap, refer to figure (2.10). For the doped compound, this peak is smeared out to

a shoulder at 5.5 T, while the peak that indicates the cross-over into the Luttinger liquid is split

into a double peak around 7 T.

The temperature scans at constant magnetic field show the typical triplet excitations in the quan-

tum disordered regime (c) and the linear dependence of heat capacity for T < 1.5 K in the Luttinger

liquid regime (d). The scan at 7 T is the first to show a clear bend at 0.5 K.

The magnetic heat capacity divided by temperature is also shown as a contour plot in figure (6.5).

It strongly resembles the heat capacity of (Hpip)2CuBr4, figure (2.10c), but a small side dome

appears between 6 T and 7 T and below 0.5 K. Crosses indicate the closing of the Zeeman gap,

while zero transitions of the magnetocaloric effect are drawn as white dots. A discussion concerning

critical magnetic fields and quantum critical points will be given in the ”discussion” section after

all available data was shown.

In order to check the linearity of magnetic heat capacity in the Luttinger liquid regime, figure (6.6)

shows the heat capacity divided by temperature. Within the Luttinger liquid regime, for magnetic

fields between 10 T and 13 T and for T < 1.4 K, the heat capacity curves start to flat out, but

they do not show a completely linear dependence of heat capacity on temperature. The deviations

might be caused by the substraction of background heat capacity, i.e. the lattice and the nuclear

contribution. Another explanation is the influence of the chlorine defects.

Most of the heat capacity raw data, i.e. the temperature-time-profiles, was well described by single
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exponential behaviour, according to equation (4.7). However, a small region in temperature and

field required at least two exponential functions in order to fit the raw data. This might indicate

two different magnetic systems, which interact on different time-scales with the phonon system.

The area is marked by white stars in the contour plot (6.5). More details are shown in section 6.3.
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Figure 6.4: (a) Representative temperature scans of the total heat capacity of (Hpip)2Cu(Cl0.1Br0.9)4 for the whole

magnetic field and temperature range. Blue points indicate the pure lattice contribution, with a fit through these

points shown as blue line. The purple line shows at which temperature this purely numerical fit merges into the

expected T 3 behaviour. (b) Field scans at constant temperature. A shoulder at 5.5 T indicates the closing of the

Zeeman gap. The cross-over from the quantum disordered to the Luttinger liquid regime is marked by a double peak

around 7 T. A single peak around 13.5 T indicates the cross-over into the fully polarised regime. (c) Temperature

scans in the quantum disordered regime, at low magnetic fields and (d) in the Luttinger liquid regime at high

magnetic fields.
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Figure 6.5: Contour plot of the magnetic heat capacity of (Hpip)2Cu(Cl0.1Br0.9)4, divided by temperature. Crosses

indicate the closing of the Zeeman gap. White dots are zero transitions of the magnetocaloric effect. White stars

outline the region, where the heat capacity raw data required two exponential functions for an accurate fit, see text.

The contour plot consists of 1056 individual data points.
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Figure 6.6: Linearity of the heat capacity of (Hpip)2Cu(Cl0.1Br0.9)4 in the Luttinger liquid regime. The magnetic
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the chlorine defects or the problematic substraction of other contributions to the total heat capacity, that is lattice

and nuclear contribution.
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6.2.2 Magnetocaloric Effect and Entropy

The magnetocaloric effect of (Hpip)2Cu(Cl0.1Br0.9)4 was measured up to magnetic fields of 14.5 T

at a sweep rate of 75 mT per minute. A total of 16 scans was measured between 320 mK and 3.1 K.

For temperatures below 700 mK an additional peak develops at 7 T, figure (6.7a). The scans at

higher temperature, figure (6.7b), resemble the data of (Hpip)2CuBr4, refer to figure (2.10). Note

that the signal strength of the magnetocaloric effect of (Hpip)2Cu(Cl0.1Br0.9)4 is weaker by a fac-

tor of 10 than for the pure chlorine compound (Hpip)2CuCl4. For that reason the data quality is

worse. In figures (6.7c,d) the calculated entropy is shown, shifted by a constant S0.

Figure (6.8) shows the magnetocaloric effect as contour plot. Next to the Luttinger liquid dome,

a small side dome appears, that coincides with a similar feature in heat capacity.

Furthermore the entropy is shown as 3D plot in figure (6.9). Since entropy was calculated by inte-

gration of heat capacity and magnetocaloric effect, an unknown integration constant S0 remains.

Because magnetic saturation is not reached for (Hpip)2Cu(Cl0.1Br0.9)4, S0 cannot be determined.

5 10 15
Magnetic Field [T]

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

(d
Q

/d
B

)/
T

[m
J/

T
K

g]

320 mK
370 mK
420 mK
480 mK
520 mK

(a)

5 10 15
Magnetic Field [T]

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6
(d

Q
/d

B
)/

T
[m

J/
T

K
g]

730 mK
940 mK
1.24 K
1.54 K
2.06 K

(b)

5 10 15
Magnetic Field [T]

0.0

0.5

1.0

1.5

2.0

S
-

S
0

[m
J/

K
g]

520 mK
480 mK
420 mK
370 mK
320 mK (c)

Bc’ Bc1

Bc2

5 10 15
Magnetic Field [T]

1

2

3

4

5

S
-

S
0

[m
J/

K
g]

2.06 K
1.54 K
1.24 K
940 mK
730 mK

(d)

Bc1
Bc2

Figure 6.7: The magnetocaloric effect of (Hpip)2Cu(Cl0.1Br0.9)4 shows an additional peak at low temperatures (a)

and resembles the MCE of (Hpip)2CuBr4 at higher temperatures (b). Graphs (c) and (d) show the entropy at low

and high temperatures shifted by a constant S0.
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Figure 6.8: Contour plot of the magnetocaloric effect of (Hpip)2Cu(Cl0.1Br0.9)4, built from 16 individual scans.

According to equation (4.22) the MCE shows the derivative of magnetisation with respect to temperature ∂M/∂T .

The typical dome like structure of the Luttinger liquid regime is visible, but due to the low energy chlorine defects,

a small side dome appears at 7 T. Black dots are a guide to the eye. Small grey dots in the background indicate, at

which temperatures there are MCE data.
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Figure 6.9: 3D plot of entropy divided by temperature of (Hpip)2Cu(Cl0.1Br0.9)4, from the integration of mag-

netocaloric effect and heat capacity measurements. The entropy is shifted by an unknown integration constant

S0.
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6.2.3 Magnetisation

How the additional MCE peak is transformed into magnetisation is shown in figure (6.10). A second

inflection point evolves at a magnetic field of 6.5 T. For comparison, the calculated magnetisation

curve of (Hpip)2CuBr4 at 320 mK is drawn in red, if interladder coupling is disregarded. This curve

was calculated using the XXZ-chain mapping. The insert shows the evolution of magnetisation

with temperature. The chlorine defects of the doped compound cause the magnetisation to set in

earlier, compared to the pure compound.

At a temperature of 320 mK this extra inflection point is still only weakly pronounced. It becomes

clearer, if the derivative of magnetisation with respect to the magnetic field is calculated, figure

(6.11a). There an additional peak appears at 6 T and below temperatures of 520 mK.

The peak that indicates the cross-over from the Luttinger liquid to the fully polarised regime is at

the edge of the operating field range and not visible.

Finally, susceptibility is presented in figure (6.11b). Local extrema show the phase boundary of

the Luttinger liquid regime, with a small side structure at 7 T, that is in agreement with the MCE

data.
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Figure 6.10: Magnetisation of (Hpip)2Cu(Cl0.1Br0.9)4 at a temperature of 320 mK, calculated from the magne-

tocaloric effect data. Hardly visible, an additional inflection point appears at 6.5 T. The red line is the theoretical

calculation for (Hpip)2CuBr4 using the XXZ-chain mapping, also at 320 mK with interladder coupling neglected.

The insert shows the course of magnetisation at higher temperatures.
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Figure 6.11: (a) Derivative of magnetisation with respect to magnetic field of (Hpip)2Cu(Cl0.1Br0.9)4. An additional

peak at 6 T indicates a second weak inflection in magnetisation. (b) Susceptibility of (Hpip)2Cu(Cl0.1Br0.9)4, open

circles show local extrema.

6.2.4 Discussion

One issue when dealing with new quantum materials is the identification of quantum critical points.

This is often difficult, since a quantum phase transition takes place at zero kelvin, while a real

experiment is limited to low but finite temperatures. The example of (Hpip)2CuCl4 in chapter 5

showed which physical properties indicate a QCP in an antiferromagnetic spin- 12 ladder. Since the

magnetic field serves as the control parameter, which drives the quantum phase transitions, it is

convenient to regard these properties as a function of the magnetic field. The following indicators

were found:

• Maxima in heat capacity c(B) show the closing and reopening of the excitation gap.

• An accumulation of entropy near a QCP leads to local maxima of S(B).

• The magnetisation M(B) shows an inflection point. This leads to maxima in the derivative

dM/dB.

• The susceptibility χ(T ) shows local extrema, when entering the Luttinger liquid. Those

correspond to zero transitions of the magnetocaloric effect Θ(B).

Using these indicators, one may check for QCPs in (Hpip)2Cu(Cl0.1Br0.9)4. All the above men-

tioned features are visible and hint at three quantum critical points at magnetic fields of

B = 6.1 ± 0.3 T, B = 7.1 ± 0.2 T and B = 14.0 ± 0.1 T. Maxima in heat capacity are visible

in figure (6.4b). Three maxima in entropy are visible at lowest temperatures in figure (6.7c), the

two maxima at 6.1 T and 7.1 T merge into one maximum at higher temperatures, figure (6.7d).

Magnetisation at 320 mK has two inflection points, figure (6.10), which corresponds to three max-

ima in dM/dB, figure (6.11a). Zero transitions of the magnetocaloric effect are shown in figures

(6.7a) and (6.7b), and are especially marked in the contour plot (6.8). All these properties are no

clear proof of the existence of three quantum critical points in (Hpip)2Cu(Cl0.1Br0.9)4, but strong

indicators.

But measurements of (Hpip)2CuCl4 also showed, that for the study of criticality and the determi-

nation of critical exponents, experiments at even lower temperatures are required.
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Figure 6.12: Visualisation of bond dilution of a spin ladder: (a) undoped ladder, (b) slightly doped ladder: leg

dilution enhances the rung singlets (dark grey), while rung dilution creates singlets with lower exchange coupling

(white), (c) couplings between diluted rungs at higher doping. Picture taken from [Tri].

Apart from criticality, (Hpip)2Cu(Cl0.1Br0.9)4 allows the investigation of doping of a ladder ma-

terial in a magnetic field. The two different possibilities of doping were already introduced: site

dilution and bond dilution. Very recently, both cases were theoretically investigated by Trinh et

al. [Tri] using Quantum Monte Carlo simulations. These authors make predictions for correlation

phenomena and magnetic susceptibility, which can now be put to the test by experimental data.

For (Hpip)2Cu(Cl0.1Br0.9)4 we can think of a ladder with bromine exchange pathways, where a

small number of the halide atoms is replaced with chlorine. Doping with chlorine causes a smaller

exchange coupling, thus the case of bond dilution is realised. The case of site dilution could be

realised by replacing copper with Zn2+ ions, although such samples were not available for this thesis.

The doping with chlorine influences both the rung and the leg exchange pathway. Intuitively,

the dilution of a rung bond should have a bigger effect than the dilution of a leg bond: First,

we regard strongly coupled ladders. The physics of these materials is primarily influenced by the

dimerisation of the rung spins. Secondly, there are two legs per ladder. The possibility that both

leg bonds are defective is very small (about 3 %).

What happens when a rung bond or a leg bond is diluted? A diluted leg bond causes a strength-

ening of the adjacent rung bonds and consequently increases the energy gap locally, see figure

(6.12b).

If a rung bond is diluted, two localised moments are created, that still couple antiferromagneti-

cally, but with a smaller exchange Jeff . The smaller Jeff may lead to a local closing of the energy

gap, also shown in figure (6.12b).

This reduction of the energy gap is in agreement with the experimental data shown in the last

sections. The magnetisation data is especially instructive. Figure (6.10) shows that magnetisation

of (Hpip)2Cu(Cl0.1Br0.9)4 sets in at considerably lower magnetic fields than magnetisation of the

pure compound (Hpip)2CuBr4.

With increased doping, the distance between dimers with diluted rung bond decreases. Then these

dimers can start to correlate with each other. This situation is visualised in figure (6.12c). The

weaker exchange of the diluted dimers leads us to suspect, that such correlation phenomena occur

at lower temperatures, when compared to the pure compound. In order to check for correlation

between diluted dimers, two things must be known: the average distance between two diluted
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Figure 6.13: Possible exchange pathways of (Hpip)2Cu(Cl0.1Br0.9)4. The configuration shown in this picture was

randomly created. The leg exchange is mediated via two halide atoms. The exchange of the rungs is mediated via

two separate pathways of two halide atoms per pathway. Diluted rungs and legs are shown in purple.

Exchange pathway Probability [%]

Leg: 2 bromine 81.0

Leg: 1 bromine 1 chlorine 18.1

Leg: 2 chlorine 0.9

Rung: 4 bromine 65.3

Rung: 3 bromine 1 chlorine 29.3

Rung: 2 bromine 2 chlorine 5.0

Rung: 1 bromine 3 chlorine 0.4

Rung: 4 chlorine <0.1

Table 9: Probabilities of different rung and leg exchange pathways of (Hpip)2Cu(Cl0.1Br0.9)4.

dimers, i.e. the chlorine concentration, and the correlation length of diluted dimers as a function

of temperature.

In order to determine how frequent diluted rungs or legs in (Hpip)2Cu(Cl0.1Br0.9)4 are, the chem-

ical structure has to be considered. A possible configuration of a 9 rung ladder is shown in figure

(6.13). This configuration was randomly created.

The leg exchange is mediated via two halide atoms. A chlorine concentration of 10 % means that

81 % of the bonds are bromine-bromine, while 18 % are bromine-chlorine. Remember that there

are two leg bonds for each rung bond.

On the rungs, two exchange pathways each with two halide atoms exist. For the 10 % doping, the

most common configuration is the undiluted one with a probability of 65 %. 29 % of the rungs

have one chlorine atom, while the rest is shared among three more configurations. That means

roughly every third rung bond is diluted. The possible exchange pathways and their probabilities

are summarised in table (9).

Furthermore it is necessary to understand how doping influences the correlation length between

diluted rungs. For a pure ladder, the correlations decay exponentially in the direction of the legs

due to the presence of the energy gap. The change of correlation length ξ with increased doping

was simulated by Trinh et al. by Quantum Monte Carlo [Tri], refer to figure (6.14). For weak

doping the correlation length remains unchanged. It increases with increasing concentration of

bond dilution z until it reaches a maximum at about z = 22%. Here the correlation length equals

the average length of ladder segments, i.e. the average number of rungs between two diluted dimers.



6.2 (Hpip)2Cu(Cl0.1Br0.9)4 121

Figure 6.14: (a) Dependence of the correlation length ξ of a spin ladder on doping z, note that β = kBT . The

ladder parameters are L = 128 and Jleg = Jrung . (b) Dependence of the correlation length ξ of a spin ladder on

temperature T . The ladder parameters are L = 128 and Jleg = Jrung as well. Pictures taken from [Tri].

The simulations are valid for a ladder with Jleg = Jrung. The evolution of the correlation length

with temperature can also be seen in figure (6.14).

The theoretical calculations of Trinh et al. do not exactly apply to (Hpip)2Cu(Cl0.1Br0.9)4, because

the theory assumes Jleg = Jrung. But they may serve for a qualitative understanding. It would be

nice to have similar calculations performed with the exchange values of (Hpip)2Cu(Cl0.1Br0.9)4 or

at least with different rations of Jrung/Jleg.

For (Hpip)2Cu(Cl0.1Br0.9)4, the rung and leg couplings are of the order of 10 K and 5 K, while

the lowest temperature in the experiment was 0.3 K, which correspond to a temperature of 3·10−2

in relative units, i.e. temperature in units of J . At this temperature, the correlation length of the

diluted bonds become comparable to the undiluted ladder. The fact that the correlation length

almost equals the distance of diluted rung bonds (every third bond) shows, that these bonds indeed

can correlate.

This is possibly shown in the experimental data. The contour plots of heat capacity, figure

(6.5), and magnetocaloric effect, figure (6.8), show the dome like feature of a pure spin ladder

between magnetic fields of 7 T and 14 T. This feature can be attributed to the undiluted rungs.

But below a temperature of 0.5 K another dome like feature appears between 6 T and 7 T. This

dome possibly indicates the correlation of diluted rungs.

The influence of doping on the susceptibility is another hint and predictions are made by Trinh

et al. [Tri]: The antiferromagnetic susceptibility of a pure ladder vanishes exponentially at low

temperatures. A heavy doping allows the formation of clusters that give rise to a paramagnetic

contribution in the susceptibility, in addition to the expected antiferromagnetic contribution. Two

situations are possible: odd-numbered clusters have a collective spin- 12 and therefore behave as

doublets. Trinh et al. [Tri] conclude, that the probability of odd-numbered clusters is just a small
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Figure 6.15: (a) Phase diagram and magnetisation curve of dimers on a cubic lattice, showing Bose-Einstein-

condensation of triplons. (b) Phase diagram and magnetisation curve of dimers on a cubic lattice with randomly

doped intradimer bonds. It shows the BEC of the doped dimers (region III) and the undoped dimers (region VI).

Furthermore there are two regions where Bose-glass behaviour is proposed (regions II and IV). Pictures taken from

[Noh05].

one. The second situtation are even-numbered clusters with sublattices with a different number of

spins.

Figure (6.2) shows that the susceptibility of (Hpip)2Cu(Cl0.1Br0.9)4 at low temperatures indeed

deviates from the ideal spin ladder behaviour, but the temperature range where the deviations

occur is very narrow (note the logarithmic scaling of the x-axis). Unfortunately no susceptibility

data at B = 1 T is available below 1.7 K, therefore no definite statement can be made. Such

measurements should be performed in the future.

Last but not least I want to draw the readers attention to the work of Nohadani et al. about

”Bose-Glass Phases in Disordered Quantum Magnets” [Noh05]. Using Quantum Monte Carlo, they

investigated dimers of antiferromagnetic spin- 12 Heisenberg spins on a cubic lattice with random

intradimer bonds, that show Bose-Einstein-condensation of triplons. Although they simulated an-

other physical system, their proposed phase diagram and magnetisation curve show a remarkable

resemblance to the measurements of (Hpip)2Cu(Cl0.1Br0.9)4, refer to figure (6.15) for the theory

part and figures (6.5) and (6.10) for the measurements. In addition, they propose the existence of

Bose-glass phases (regions II and IV) before and after the minicondensation phase (region III). The

2-tau region in the heat capacity contour plot between 4 T and 5 T, figure (6.5), might indicate the

1D equivalent to the Bose-glass of region II. A further explanation and discussion about glassiness

in relation to heat capacity measurements will follow in the next section. Also magnetisation of

(Hpip)2Cu(Cl0.1Br0.9)4 between 4 T and 5 T increases faster than magnetisation of (Hpip)2CuBr4,

in agreement with the theory.
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6.3 (Hpip)2Cu(Cl0.5Br0.5)4

This section starts with a presentation of heat capacity, magnetocaloric effect, entropy, and mag-

netisation data of the compound (Hpip)2CuCl2Br2, followed by a qualitative discussion.

6.3.1 Heat Capacity

Heat capacity of (Hpip)2CuCl2Br2 was measured in magnetic fields up to 14.5 T (using the λ-stage

of the CM14.5T setup). The magnetic field was oriented parallel to the crystallographic a-axis, i.e.

parallel to the legs of the ladder. The sample mass was 2.71 ± 0.01 mg. Addenda measurement

were performed between 0.3 K and 30 K up to magnetic fields of 12 T.

Temperature scans were measured at half-integer fields between 0 T and 14.5 T. Field scans up

to 12 T were performed at 13 different constant temperatures. A representative choice of single
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Figure 6.16: (a) Representative temperature scans of the total heat capacity for the whole magnetic field and

temperature range. The blue line indicates the pure lattice contribution. The purple line shows T 3 behaviour, using

the same Debye temperature as for (Hpip)2CuCl4 and (Hpip)2Cu(Cl0.1Br0.9)4. (b) Magnetic heat capacity divided

by temperature of (Hpip)2CuCl2Br2 at constant temperature. (c) Magnetic heat capacity of (Hpip)2CuCl2Br2 at

constant magnetic field. (d) A detailed view of the low temperature heat capacity shows a minimum in a narrow

field range between 8 T and 10 T.
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Figure 6.17: Contour plot of the magnetic heat capacity of (Hpip)2CuCl2Br2, divided by temperature. Crosses

indicate the closing of the Zeeman gap. White stars outline the region, where the heat capacity raw data required

two exponential functions for an accurate fit, see discussion section. The contour plot consists of 1199 individual

data points.

scans is shown in figure (6.16b-d). Example scans of the total heat capacity data are depicted in

figure (6.16a). For the phonon contribution, the same background as for (Hpip)2Cu(Cl0.1Br0.9)4

was used, with only a small modification at high temperatures.

A new feature appears at very low temperature between 8 T and 10 T, a minimum in heat capacity

cmag(T ), see figure (6.16d). Of course the third law of thermodynamics requires the heat capacity

to be zero at zero kelvin. This means that these minima are actually caused by a magnetic contri-

bution (maximum) in heat capacity at even lower temperatures. Note that the minima cannot be

caused by nuclear magnetic moments according to equation (5.3), because they disappear again at

higher magnetic fields.

6.3.2 Magnetocaloric Effect and Entropy

Heat capacity and magnetocaloric effect were measured in different runs, but the same sample

specimen was used. Due to the small sample mass, and thus a small signal, MCE measurements

are noisier than e.g. the (Hpip)2CuCl4 data. The measurement conditions for the magnetocaloric

effect were the same as for (Hpip)2CuCl4. A total of 16 scans were performed between 330 mK

and 3.1 K in magnetic fields up to 12 T.

Figure (6.18) shows the results for low temperatures (a), for high temperatures (b) and as contour

plot over the whole temperature and field range (c).
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Figure 6.18: Magnetocaloric effect and entropy of (Hpip)2CuCl2Br2. Figure (a) shows the low temperature data,

were the Luttinger liquid is expected. Figure (b) shows measurements in the quantum critical and paramagnetic

temperature regime. (c) Contour plot of the magnetocaloric effect, constructed from 16 individual scans. A Luttinger

liquid dome is no longer observable. (d) Entropy calculated from the MCE data for chosen temperatures.

Figure (6.18d) shows the magnetic entropy, which was calculated according to equation (5.19), in

combination with the integration of the heat capacity scan at 0 T, equation (5.6). The integration

actually requires an integration constant, which remains unknown. For (Hpip)2CuCl4 this was

no problem, since saturation was reached, which means S = 0 for high magnetic fields. For

(Hpip)2CuCl2Br2 saturation was not yet reached, so a constant S0 was added. Apart from this

constant, figure (6.18d) shows entropy with the correct physical units.

The magnetocaloric effect was once more used to obtain the uniform magnetisation. The results

are presented in the following section.

6.3.3 Magnetisation

The uniform magnetisation of (Hpip)2CuCl2Br2 was investigated using the VSM and the magne-

tocaloric effect. VSM measurements at 1.72 K and 3 K are shown in figure (6.3). The magne-

tocaloric effect extends the temperature range down to 330 mK, figure (6.19a), using the procedure
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Figure 6.19: (a) Magnetisation of (Hpip)2CuCl2Br2 calculated from magnetocaloric effect. (b) Derivative of mag-

netisation with respect to the magnetic field.

described in chapter 4. The derivative of magnetisation is shown in figure (6.19b).

From the magnetisation data, (Hpip)2CuCl2Br2 appears to have an energy gap, that closes around

1.8 T. This is in agreement with the heat capacity data and measurements of [Taj04]. No further

inflection points are visible, but the magnetisation increases monotonically. The curve shape also

deviates significantly from what one would suspect of a minimal spin ladder - even in the isotropic

coupling limit - and no fit to the data was possible.

6.3.4 Discussion

One might expect, that (Hpip)2CuCl2Br2 shows uniform spin ladder behaviour, interpolating the

phase diagrams of (Hpip)2CuCl4 and (Hpip)2CuBr4. The heat capacity contour plot, figure (6.17),

looks a little bit like that: a dome-like structure between 2 T and 11 T, with vanishing heat capac-

ity at lower and higher magnetic fields, were a gap exists. Furthermore there are once more peaks

at low fields that indicate the closing of the gap.

But despite the equal amount of chlorine and bromine, (Hpip)2CuCl2Br2 cannot simply be de-

scribed by a minimal spin ladder Hamiltonian. Fitting the data with exact diagonalisation calcu-

lations was not successful. The reason is the chemical structure, which allows a large number of

different bond configurations, refer to figure (6.20) and table (10).

On the legs, the mixed chlorine-bromine bond is the most common with a probability of 50 %. A

pure bromine or pure chlorine bond has each a probability of 25 %.

Two chlorine atoms plus two bromine atoms occur on 37.5 % of the rungs. One chlorine plus three

bromine atoms have a probability of 25 % and vice versa. Pure bonds each have a probability of

6.25 %.

This makes (Hpip)2CuCl2Br2 a highly random 1D antiferromagnetic system.

The last section showed that the energy gap of a ladder decreases with bond dilution, due to

the creation of localised moments, that interact with a smaller exchange coupling. It is further

possible, that a doped ladder becomes gapless, because local clusters form spin- 12 chains. Such a

gapless Griffith phase was observed in (CH3)2CHNH3Cu(ClxBr1−x)3 by Manaka et al. [Man01].
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Figure 6.20: Possible exchange pathways of (Hpip)2CuCl2Br2. The configuration shown in this picture was randomly

created. The leg exchange is mediated via two halide atoms. The exchange of the rungs is mediated via two separate

pathways of two halide atoms per pathway. A bromine-bromine exchange is drawn in blue, a bromine-chlorine

exchange is drawn in purple and a chlorine-chlorine exchange is drawn in red.

Exchange pathway Probability [%]

Leg: 2 bromine 25.0

Leg: 1 bromine 1 chlorine 50.0

Leg: 2 chlorine 25.0

Rung: 4 bromine 6.25

Rung: 3 bromine 1 chlorine 25.0

Rung: 2 bromine 2 chlorine 37.5

Rung: 1 bromine 3 chlorine 25.0

Rung: 4 chlorine 6.25

Table 10: Probabilities of different rung and leg exchange pathways of (Hpip)2CuCl2Br2.

This compound was previously identified as a random alternating Heisenberg chain, but more

recent investigations tend to describe it is as a ladder [Mas06]. There are differences however.

(CH3)2CHNH3CuCl3 has ferromagnetic rungs and weak antiferromagnetic legs, which makes it a

S = 1 1D AFM. Furthermore it has a diagonal coupling, which is of the same order of magnitude as

the rung and leg coupling. (CH3)2CHNH3CuBr3 on the other hand couples antiferromagnetically

on the rungs. The mixed compound therefore makes a transition between a Haldane phase and a

singlet dimer phase. The spin gaps of (CH3)2CHNH3CuCl3 and (CH3)2CHNH3CuBr3 are approx-

imately 14 K and 98 K and thus require the use hybrid or pulsed magnets for an investigation of

the complete phase diagram.

For different concentrations of chlorine and bromine, Manaka et al. [Man09] suggest a gapless, a

Bose glass state for bromine rich compounds, and a spin-gap state for chlorine rich compounds.

In contrast to these predictions, (Hpip)2CuCl2Br2 (x = 0.5) appears to be still gapped, in agree-

ment with the magnetisation measurements of Tajiri et al. [Taj04]. In fact the total value of the

gap seems to monotonically increase with increasing bromine concentration.

For (CH3)2CHNH3Cu(ClxBr1−x)3 the gapless phase appeared between x = 0.87 and x = 0.44,

with a quite abrupt disapperance of the gap [Man01]. Further measurements with different con-

centrations are necessary to confirm whether (Hpip)2Cu(ClxBrx−1)4, and minimal spin ladders in

general, have a Griffith phase or not.

Another interesting aspect is the appearance of a second exponential function in the heat ca-

pacity temperature-time profiles. Figure (6.21a) shows examplary profiles at a temperature of

410 mK and various magnetic fields. At a magnetic field of 5 T, the temperature-time profile is
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Figure 6.21: (a) Temperature-time profiles of the heat capacity raw data of (Hpip)2CuCl2Br2 in half-logarithmic

scaling. (b) Ratio of the two time constants τ1,2. The 2-tau behaviour disappears again at 12 T, i.e. τ2/τ1 = 0.

well described by a single-exponential function according to equation (4.7). Using a logarithmic

scaling for the temperature axis, this results in a straight line. With increasing magnetic field a

kink develops, which is most pronounced at B = 10.8 T. This kink possibly means that there are

two magnetic systems, which couple with different time constants τ1,2 to the phonon temperature

bath. At magnetic fields higher than 12 T, this 2-tau behaviour disappears again.

A physical interpretation of this 2-tau behaviour might be the existence of a glassy spin state. The

appearance of 2-tau behaviour in relaxation calorimetry was also found for example in the low

temperature heat capacity of silica glasses [Mei04]. In a silica glass, an atom can tunnel between

two equilibrium positions of similar energy. These tunneling processes give rise to low energy

excitations, that can be seen in heat capacity. Analogue to that, there might be different spin

configurations of similar energy for (Hpip)2CuCl2Br2, that cause these 2-tau relaxation processes.

Heat capacity also showed minima between 8 T and 10 T, that were at the low temperature limit of

the measurement equipment. The location of the minima in the temperature-field phase diagram

coincides with the location of the 2-tau behaviour. So these minima might be the onset of a larger

glass heat capacity contribution.

All in all (Hpip)2Cu(ClxBrx−1)4 seems to be a well suited material for the study of 1D spin glasses.

Plotting the ratio of τ2 and τ1, figure (6.21b), allows the determination of the border between 1-tau

and 2-tau behaviour. This region covers quite a large area between 7 T and 12 T and below tem-

peratures of 0.9 K, refer to figure (6.17). Since the transition between 1-tau and 2-tau is smooth,

it is difficult to exactly determine this border.

Remarkably, such a region appears in all three doped samples at different magnetic fields, but

not in the pure (Hpip)2CuCl4, indicating the formation of a glassy state due to doping. Another

explanation might be the decoupling of magnetic and lattice system, since the heat capacity tech-

nique can only measure the phonon temperature. But the location of the 2-tau regime in all

three doped compounds hints at a connection to the minority bonds: For (Hpip)2Cu(Cl0.1Br0.9)4

the 2-tau regime appears only below 0.6 K and between 4 T and 5 T. In this temperature and

field range, the chlorine doped bonds are easily thermally populated, while the bromine bonds,

which are the majority for this compound, are still in the gapped regime. On the other hand
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(Hpip)2Cu(Cl0.9Br0.1)4 shows 2-tau behaviour below 1.1 K and between 6 T and 9 T, where the

minority bromine doped bonds are thermally populated.

There seems to be no clear link to the behaviour of the magnetisation or magnetocaloric effect,

but the 2-tau effect is too conspicuous to be a measurement artefact. The measurement of thermal

conductivity and diffusivity in this region would be most interesting.
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6.4 (Hpip)2Cu(Cl0.9Br0.1)4

This section presents measurements of heat capacity, magnetocaloric effect, entropy, and magneti-

sation of the bromine doped compound (Hpip)2Cu(Cl0.9Br0.1)4, followed by a qualitative discussion

of the data.

6.4.1 Heat Capacity

Heat capacity and magnetocaloric effect of (Hpip)2Cu(Cl0.9Br0.1)4 were once more measured at

the CM14.5T calorimetric system. The sample mass was 2.81± 0.01 mg and the orientation of the

magnetic field was parallel to the legs of the ladder, i.e. the crystallographic a-axis. An addenda

measurement was performed as temperature scans at 12 different magnetic fields between 0 T and

12 T prior to the actual measurement.

Temperature scans between 280 mK and 30 K were taken at 42 different magnetic fields up to

12 T. Magnetic field scans between 0 T and 12 T were taken at 14 diffent temperatures between

300 mK and 3 K. For the determination of the phononic background, the same function and Debye

temperature as in chapter 5 was used, although the magnetic heat capacity does not completely

vanish even for 12 T and 280 mK.

Figure (6.23) shows the contour plot of the magnetic heat capacity, which consists of 3316 indi-

vidual points. At first glance, it strongly resembles the contour plot of (Hpip)2CuCl4, showing

the closing of the Zeeman gap at low fields, a dome like structure between 2 T and 4.5 T and the

reopening of the spin gap above 5 T.

The individual scans in figure (6.22) reveal some differences though. Figure (6.22e) shows the

measurements at constant temperature. The peak at high magnetic fields, which indicates the

reopening of the gap is just barely visible. One needs to take a close look at the green line at

616 mK and 7 T to see a small bump. Instead, a broad continuum exists, which decreases much

slower with increasing field than (Hpip)2CuCl4. In this continuum the bonds with bromine defects

are thermally activated.

Figure (6.22c) shows the typical behaviour for the closing of the Zeeman gap. Figure (6.22b)

shows the field regime, where the Luttinger liquid is expected, but a clear transistion feature is

not visible. There is neither the small peak or a sharp kink, as for the pure chlorine compound.

The scans at high field in figure (6.22d) confirm, that there is still magnetic heat capacity even at

lowest temperatures and highest fields.

Figure (6.24) shows a detailed view of the contour plot at low temperatures. Using the Zee-

man maxima to extract the critical fields yields values of Bc1 = 1.9± 0.1 T and Bc1 = 6.2± 0.2 T.

The zero crossing of the magnetocaloric effect measurements are shown for comparison. They

indicate a critical field close to 1.7 T.

Once more a large region in the phase diagram appears, were the temperature-time profiles of the

heat capacity show 2-tau behaviour.
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Figure 6.22: (a) Total heat capacity data of (Hpip)2Cu(Cl0.9Br0.1)4 for magnetic fields between 0 T and 12 T and

the substracted T 3 lattice contribution. (b) Data in the field region, where the Luttinger liquid is expected. No

clear transition feature, like a small peak or kink, is observable. (c) Magnetic heat capacity at low fields show the

closing of the Zeeman gap. (d) At high fields, the spin gap reopens, but the magnetic heat capacity vanishes more

slowly with increasing field and decreasing temperature. (e) Field scans at constant temperature show clearly the

closing of the gap. A peak at the opening of the gap is only barely visible between 6 T and 7 T on top of a broad

continuum.
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Figure 6.23: Contour plot of the magnetic heat capacity of (Hpip)2Cu(Cl0.9Br0.1)4, constructed from 56 individual

scans at constant temperature or constant magnetic field. The total number of data points is 3316. The closing and

reopening of a spin gap at low and high fields is clearly visible, with a dome like structure of high magnetic heat

capacity in between.
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Figure 6.24: Contour plot of the magnetic heat capacity of (Hpip)2Cu(Cl0.9Br0.1)4 at low temperatures. Crosses

indicate the Zeeman maxima, while white circles are the zero crossings of the magnetocaloric effect. An unambiguous

determination of critical magnetic fields seems not possible.
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6.4.2 Magnetocaloric Effect and Entropy

0 2 4 6 8 10 12
Magnetic Field [T]

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

(d
Q

/d
B

)/
T

[m
J/

T
K

g]

320 mK
380 mK
420 mK
520 mK
630 mK

(a)

0 2 4 6 8 10 12
Magnetic Field [T]

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

(d
Q

/d
B

)/
T

[m
J/

T
K

g]

730 mK
1.03 K
1.54 K
2.04 K
3.07 K

(b)

0 2 4 6 8 10 12
Magnetic Field [T]

0

2

4

6

8

10
S

-S
0

[m
J/

K
g]

1.53 K
1.24 K
930 mK
630 mK
320 mK

(d)

Figure 6.25: Magnetocaloric effect and entropy of (Hpip)2Cu(Cl0.9Br0.1)4. Figure (a) shows the low temperature

MCE, were the Luttinger liquid is expected. Figure (b) shows measurements in the quantum critical and paramag-

netic temperature regime. (c) Contour plot of the magnetocaloric effect, constructed from 19 individual scans. A

Luttinger liquid dome is no longer observable. (d) Entropy calculated from the MCE data for chosen temperatures.

As before, heat capacity and magnetocaloric effect were measured in the same run. The mea-

surement conditions for the magnetocaloric effect were the same as for (Hpip)2CuCl4. A total of

19 scans were performed between 300 mK and 3 K in magnetic fields up to 12 T.

Figure (6.25) shows the results for low temperatures (a), for high temperatures (b) and as contour

plot over the whole temperature and field range (c). Up to a magnetic field of 3 T, the data looks

as expected for a spin ladder. Above that field, significant deviations occur once more. Especially

no more zero transition exists for B > 3 T, so no phase diagram can be derived from the MCE. The

zero transitions of the magnetocaloric effect for low fields are plotted together with heat capacity

in figure (6.24).

Figure (6.25d) shows the magnetic entropy, which was calculated according to equation (5.19), in

combination with the integration of the heat capacity scan at 0 T, equation (5.6). The integra-

tion actually requires an integration constant, which remains unknown. For (Hpip)2CuCl4 this

was no problem, since saturation was reached, which means S = 0 for high magnetic fields. For
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(Hpip)2Cu(Cl0.9Br0.1)4 saturation was not yet reached, so a constant S0 was added. Apart from

this constant, figure (6.25d) shows entropy with the correct physical units.

The magnetocaloric effect was once more used to obtain the uniform magnetisation. The results

are presented in the following section.

6.4.3 Magnetisation
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Figure 6.26: (a) Magnetisation of (Hpip)2Cu(Cl0.9Br0.1)4 calculated from magnetocaloric effect. (b) Derivative of

magnetisation with respect to the magnetic field.
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Figure 6.27: Susceptibility of (Hpip)2Cu(Cl0.9Br0.1)4 calculated from magnetocaloric effect. Figure (b) shows a

detailed view of the supposed Luttinger liquid regime, where the cross-over might be indicated by broad minima.

The uniform magnetisation of (Hpip)2Cu(Cl0.9Br0.1)4 was investigated using the VSM and the

magnetocaloric effect. VSM measurements at 1.72 K and 3 K are shown in figure (6.3). The

magnetocaloric effect extends the temperature range down to 320 mK, figure (6.26a), using the

procedure described in chapter 4.

Once more the low field data qualitatively agree with spin ladder behaviour, while at high magnetic

fields saturation is reached rather slowly. Consequently, the derivative of magnetisation (6.26b)

shows only one peak. Extrapolation of this peak to zero temperature yields a critical field of
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1.65± 0.1 T in agreement with the zero transitions of the magnetocaloric effect, but slightly lower

than the critical field obtained from heat capacity.

Susceptibility, figure (6.27), shows broad minima between 2.3 T and 2.9 T, that also indicate the

cross-over, but no broad maxima for higher fields.

In the temperature range between 1.7 K and 3 K, where the data of VSM and MCE overlap,

there is very good agreement between both methods. However at 0.32 K and low magnetic field

the calculated data are slightly negative, about 0.6 % of the saturation value. The quality of the

magnetisation data may not be optimal for two reasons, namely sample mass and sample quality.

The combination of VSM and MCE data works best, if the same specimen is used, but that was

not possible in this case. Sample characterisation by neutron diffraction done by colleagues at PSI

indicate a significant disparity in sample quality and stoichiometry. Secondly, exact sample masses

are required, but the brittleness of the sample in combination with the high g-forces of the VSM

allow for a rather large systematic error. Furthermore only samples with masses smaller than 3 mg

were available.

6.4.4 Discussion

The physical properties of (Hpip)2Cu(Clx−1Brx)4 with mixed bromine-chlorine content can no

longer be described by a minimal spin ladder Hamiltonian. This is exemplarily shown for the

measurements of (Hpip)2Cu(Cl0.9Br0.1)4.

Figure (6.28) shows theoretical calculations of magnetisation, magnetocaloric effect, heat capacity,

and entropy for different coupling ratios. The method of exact diagonalisation was used. The aver-

age of a 7-rung and a 8-rung calculation are shown, the temperature is 520 mK. The coupling ratio

varies between the isotropic case (Jrung/Jleg = 1) and the strongly coupled case (Jrung/Jleg = 3).

Calculations are displayed with coloured lines, while the measured data is shown in grey in the

background.

None of the theoretical curves fit the measurement. The deviations become especially obvious for

high magnetic fields.

Also note that the ED calculations fail for very low temperatures or for a coupling ratio close to

one. So it seems that experiments are still justified.

Is there at least a way to understand the measurement qualitatively? Doping with bromine en-

hances the bonds of rung and leg. Analogue to bond dilution, one can distinguish between en-

hancement of a rung bond and enhancement of a leg bond.

An enhanced leg bond weakens the adjacent rungs and has the effect of locally lowering the energy

gap.

An enhanced rung bond increases the coupling Jeff and leads to a local increase of the en-

ergy gap. This local increase is clearly visible in the heat capacity data. For (Hpip)2CuCl4

the magnetic heat capacity quickly vanishes for magnetic fields larger than 6 T. Compared to that,

(Hpip)2Cu(Cl0.9Br0.1)4 shows a much slower decrease of heat capacity with increasing magnetic

field, i.e. there are still enhanced rung bonds that can be thermally populated.

The slow increase of the magnetisation to saturation is another effect of the increased Jeff .

In contrast to (Hpip)2Cu(Cl0.1Br0.9)4, no conclusion regarding the correlation of enhanced rungs

can be made, using this set of experimental data.
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Figure 6.28: Exact diagonalisation calculations of magnetisation (a), magnetocaloric effect (b), heat capacity (c),

and entropy (d) at T = 520 mK. The average of a 7-rung and a 8-rung ladder was used. The coupling ratio varies

between the isotropic case (Jrung/Jleg = 1) and the strongly coupled case (Jrung/Jleg = 3). Dark grey points

show the measured data of (Hpip)2Cu(Cl0.9Br0.1)4 at the same temperature. For Jrung ≈ Jleg or for very small

temperatures the ED calculation becomes unreliable.

At least figure (6.28) gives an overview, how the physical properties of ideal spin ladders change

for varying coupling ratios.
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6.5 Summary

In this chapter the compound (Hpip)2Cu(Clx−1Brx)4 was investigated for three chemical compo-

sitions: x = 0.1, x = 0.5 and x = 0.9.

Measurements of heat capacity, magnetocaloric effect, and magnetisation were presented for

(Hpip)2Cu(Cl0.1Br0.9)4 down to temperatures of 280 mK in magnetic fields up to 14.5 T. The

magnetic entropy was calculated from the magnetocaloric effect.

Deviations from normal spin ladder behaviour become apparent. Rung bond dilution with chlorine

atoms creates energy states below the bromine triplet band. Thus the high field regime changes

little compared to (Hpip)2CuBr4, while for low magnetic fields new features appear. The most

significant feature is a low temperature peak in the magnetocaloric effect, which corresponds to a

second inflection point in magnetisation at 6.5 T. This can be attributed to the correlation of rungs

with a lower exchange Jeff , also due to rung bond dilution. The possibility to study correlation

effects is the most important feature of this compound.

Measurements of heat capacity, magnetocaloric effect, and magnetisation were presented for

(Hpip)2CuCl2Br2 down to temperatures of 300 mK in magnetic fields up to 14.5 T. The magnetic

entropy was calculated from the magnetocaloric effect.

Once more, the data can no longer be explained using a minimal spin ladder Hamiltonian, due

to the complicated chemical structure and the large number of different exchange couplings. The

appearance of a gapless Griffith phase could not be validated; the investigation of more samples

with different doping is necessary. Also heat capacity measurements hint at a large area in the

temperature-field-phase diagram where glassy behaviour occurs. Therefore this material seems

very well suited to study 1D random antiferromagnets.

Measurements of heat capacity, magnetocaloric effect, and magnetisation were presented for

(Hpip)2Cu(Cl0.9Br0.1)4 down to temperatures of 280 mK in magnetic fields up to 12 T. The mag-

netic entropy was calculated from the magnetocaloric effect.

Bromine doping locally enhances rung bonds and thus creates energy states above the chlorine

triplet band. These defects mainly affect the properties at higher magnetic fields, while the low

field data still agrees with a minimal spin ladder Hamiltonian. A quantum critical point at a

magnetic field of 1.8 ± 0.2 T was identified, an unambiguous indentification of a second quantum

critical point was not possible.

All three compounds show regions in their temperature-field-phase diagrams where the heat ca-

pacity temperature-time profiles can only be fitted by two exponential functions. These regions

might indicate a 1D spin glass state in all three compounds.
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7 Summary and Outlook

Summary

A silicon cantilever magnetometer for the investigation of quantum magnetism at millikelvin tem-

peratures and in high magnetic fields was constructed and tested. It was successfully operated

down to a temperature of 55 mK and in magnetic fields up to 14 T. It is a versatile tool with

a high sensitivity and allows quantitative and angle dependent measurements. The parallel and

perpendicular component of magnetisation can be measured simultaneously.

Alternatively the magnetocaloric effect was combined with vibrating sample magnetometry in or-

der to measure the uniform magnetisation in absolute values. The applicability of this method was

proven for different samples down to a temperature of 300 mK and in magnetic fields up to 14 T.

The main advantage of this method is, that it does not require any special equipment, apart from

a high accuracy thermometry.

Both magnetometers were applied to the metal organic spin ladder compound (Hpip)2CuCl4,

which is an example of a spin- 12 antiferromagnetic 2-leg Heisenberg ladder.

Figure (7.1a) shows the excellent agreement between the two different techniques as well as theo-

retical calculations. Those were obtained by exact diagonalisation of a minimal single spin ladder

Hamiltonian (2.2).

The exchange couplings of (Hpip)2CuCl4 were determined to be Jleg = 1.34± 0.06 K and

Jrung = 3.42±0.08 K. Only those two exchange couplings were necessary in order to fully describe

the measurements and to compare them with exact diagonalisation calculations. Those compar-

isons show very good agreement over the whole temperature and magnetic field range.

Two quantum critical points were identified at magnetic fields of Bc1 = 1.73 ± 0.06 T and

Bc2 = 4.38 ± 0.06 T. These values are in good agreement with further measurements of heat

capacity, magnetocaloric effect, and inelastic neutron scattering.

The influence of the quantum critical points on entropy, heat capacity, magnetocaloric effect, and

magnetisation was shown with high accuracy measurements of these properties. This data was

also used to map the whole temperature - magnetic field - phase diagram down to 100 mK and up

to 12 T, where the magnetic moments are fully polarised.

The spin ladder is an example of a one-dimensional quantum magnet. By replacing a certain

amount of chlorine atoms with bromine, randomness is introduced. The influence of such doping

on heat capacity, entropy, magnetisation, and magnetocaloric effect was investigated as well.

Figures (7.1b-d) show exemplary field scans of these quantities near a temperature of 300 mK.

Physics that is accessed with these compounds include the study of correlation phenomena, Grif-

fith’s phase and Bose glass behaviour.

Outlook

This thesis showed that (Hpip)2CuCl4 is an excellent material to experimentally study quan-

tum phase transitions, quantum critical points, and critical behaviour of 1D quantum magnets.

This thesis also showed that it is possible to identify a quantum critical point via measurements of

entropy and the divergence of the Grüneisen parameter, using a powerful experimental tool: the
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Figure 7.1: (a) Magnetisation of (Hpip)2CuCl4 at a temperature of 382 mK. There is an excellent agreement between

measurements takes with the cantilever magnetometer (black dots), measurements by magnetocaloric effect (red line)

and exact diagonalisation of a minimal single spin ladder Hamiltonian (green line). The derivative is shown as well

in darker colours. (b) The evolution of magnetic heat capacity with increasing bromine content. The temperatures

of the scans differ slightly between 300 mK and 400 mK. (c) Magnetisation at 320 mK of (Hpip)2Cu(ClxBrx−1)4.

(d) The evolution of magnetocaloric effect with increasing bromine content.

quasi-isothermal magnetocaloric effect.

Furthermore (Hpip)2CuCl4 is an outstanding material, regarding the theoretical treatment. It can

be described by a minimal spin ladder Hamiltonian without additional couplings.

Although the measurements down to a temperature of 300 mK show very promising results, es-

pecially entropy and Grüneisen parameter, the temperature is still too high for a quantitative

analysis of the critical behaviour, for example the determination of critical exponents. Therefore

measurements down to 50 mK or even 10 mK would be great. This would allow a detailed study

of thermodynamic properties, such as entropy, in the vicinity of quantum critical points.

The same is true for spin ladders with random bonds, that can be experimentally realised with

the compound (Hpip)2Cu(Clx−1Brx)4, and for ladders with site dilution, that can be realised by

replacing copper in (Hpip)2CuCl4 with zinc.

The exchange couplings of (Hpip)2Cu(ClxBrx−1)4, that were also investigated in this thesis, show

that such compounds can be investigated up to full polarisation of the magnetic moments.
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So from an experimental point of view, (Hpip)2CuCl4 shows that measurements at even lower

temperatures than presented in this thesis are required.

The work on the CM17T measurement system at HZB, that was done for this thesis, was an im-

portant step in that direction, i.e. the installation of the magnet system and the construction of

the cantilever magnetometer.

Two more major advances are expected to happen in the near future: The completion of the mea-

surement option for heat capacity and magnetocaloric effect, for which a large amount of work was

done as well during this thesis. And an improved temperature control of the dilution refrigerator,

that was supposed to have a base temperature of 10 mK, but that was unfortunately a little un-

reliable.

From a physical point of view, (Hpip)2CuCl4 shows that the Hamiltonian of a minimal spin ladder

is realised in nature to excellent approximation. Although this Hamiltonian is easy to write down,

the physics behind it is nontrivial. It is well suited to study quantum effects in one dimension,

criticality, disorder, and - by doping - randomness and glassy behaviour.

First of all, this requires the continuation of the measurements of this thesis down to 50 mK. Other

promising future measurements would be transport measurements of doped samples, for example

thermal diffusivity, to investigate the origin of the heat capacity 2-tau behaviour; measurements

with other chlorine/bromine ratios to check whether there is a gapless Griffith’s phase; and mag-

netic and caloric measurements of Zn2+ doped samples to study the influence of site dilution over

the whole magnetic field range.

Another aspect is a thorough theoretical treatment of the data of this thesis, for example by DMRG

or Quantum Monte Carlo techniques.
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